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The general aspects of energy exchange among the electron, ion, and molecule constituent gases, and their 
energy transfer to the boundary, are examined for a partially ionized gas. Coulomb collisions between elec- 
trons and ions are identified to contribute significantly to thermal energy transfer from the electron gas, 
even in very weakly ionized gases. 

Experiments were performed to determine the time required for electron temperature deviations from 
equilibrium to return to equilibrium with the ion and molecule temperature. The method of guided micro- 
wave interaction within the plasma was employed for selectively heating the electron gas to increments 
above that of the ion and gas temperatures, and for sensing the subsequent electron temperature deviations 
through the electrical conductivity of the plasma. In addition, phototube detection of the plasma luminous 
intensity is employed to detect electron temperature deviations. 

The experimental results show that energy exchange between electron and ion gases is predominant in the 
experimental plasmas, under appropriate conditions, where the ionization is less than 0.001%. In a plasma 
produced in neon gas at 2.25 mm Hg, 300°K, the characteristic time for equipartition of excess mean electron 
energy with the ion gas varies from 11 to 5 usec as the ion concentration increases from 1.6 to 5.810" per 
cm, These times are much shorter than the 160 usec which would be required for the electron temperature 
to return to equilibrium in the absence of Coulomb collisions. The expected behavior with respect to ion 
concentration and ion mass is confirmed, but an anomaly with respect to electron temperature is found. 





INTRODUCTION velocity distribution with a mean energy different from 
that of the ion gas, exchanges excess mean energy with 
the ion gas. The time required for equipartition of 
energy, which establishes the net time rate of energy 
exchange between the electron and ion gases, is the 
principal physical quantity of interest. 

Several theoretical studies of energy exchange be- 
tween electron and ion gases have been made which 
pertain to this work. Landau! developed a kinetic gas 
theory for the case of Coulomb collisions between gases 
of electrically charged particles. Landau calculated the 
time rate at which electrons exchange energy in elastic 
collisions with ions where each gas has a Maxwellian 
velocity distribution corresponding to its respective 
temperature. In their review article on the plasma state 
of gases, Rompe and Steenbeck? discuss the subject of 
energy exchange between the constituents of the plasma 
through Coulomb collisions. They indicate that Steen- 


HEN the electron and ion gases in a gaseous 
plasma are not in thermal equilibrium, there is 
a net exchange of thermal energy through Coulomb 
collisions between electrons and ions. The time rate at 
which this energy is exchanged is of fundamental in- 
terest in the physical properties and behavior of plas- 
mas. This paper reports an experimental study of that 
energy exchange. 

We restrict our attention here to energy exchanged 
solely through elastic Coulomb collisions of electrons 
with ions. Energy exchange processes identified with 
the stopping power of the plasma to an incident charged 
particle, and with departures of the electron or ion 
velocity distributions from Maxwellian distributions 
are not considered. Rather, we consider the details 
whereby an electron gas, which has a Maxwellian 
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beck® has speculated that an appreciable fraction of the 
electron energy in a plasma, perhaps due to the far- 
reaching Coulomb forces, first is transmitted to the ions 
as kinetic energy and subsequently exchanged to the 
neutral gas through collisions of ions with neutral 
molecules. 

An analogous problem in the field of stellar dy- 
namics was studied independently by Spitzer and 
Chandrasekhar.® The gravitational forces between stel- 
lar masses have a similar inverse square (of separation 
distance) law as do the Coulomb forces between electrical 
charges. Spitzer and Chandrasekhar calculated the time 
rate of approach of two star systems with Maxwellian 
velocity distributions toward an energy equilibrium 
state. Through changes of variables from gravitational 
force to Coulomb force, and by employing the Debye- 
Hiickel® shielding radius in place of the mean distance 
between stars as the maximum collision impact pa- 
rameter which is used to evaluate an otherwise divergent 
integral, their results pertain to Coulomb collisions 
between gases of electrons and ions. Spitzer’ has em- 
ployed the appropriate changes of variables and deter- 
mined from his earlier result for stellar collisions the 
time rate at which energy is exchanged between two 
gases of electrically charged particles. 

Allis* has discussed Coulomb collisions of electrons 
with ions and has derived the transport coefficients 
through use of the Fokker-Planck equation. 

In an experimental study of ionization through 
strong shock waves in gases, Petschek and Byron’ 
interpret energy transfer from ions to electrons as a 
predominant energy source for ionization. However, 
experimental substantiation of the theoretical pre- 
dictions apparently has not appeared in the literature. 
This fact, combined with the advent of microwave ex- 
perimental techniques for plasma research and the 
recognition that Coulomb collisions may play a domi- 
nant role even in very feebly ionized gases, encouraged 
the experimental research reported here. Ginsburg” 
calculated the high-frequency electrical conductivity 
of the plasma, showing that even for very weakly 
ionized gases the Coulomb collisions of electrons with 
ions may predominantly determine the conductivity. 
Anderson and Goldstein" subsequently measured the 
electron-ion collision contribution to the conductivity. 
Their experimental results agreed closely with the 
theory of Ginsburg and verified that Coulomb collisions 
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may play a dominant role in plasma behavior, even in 
very feebly ionized gases of less than 0.001% ionization. 

A suitable experimental method for investigating the 
energy exchange between electron and ion gases is that 
of guided microwave interaction of two electromag- 
netic waves propagated through the plasma, a method 
which was described by Anderson and Goldstein" and 
which was employed in this study. One microwave 
source served to selectively heat the electron gas so 
that an initial nonequilibrium thermal state with re- 
spect to the ion gas is established. A second microwave 
source provided electron temperature sensing through 
the high-frequency conductivity which is electron- 
temperature dependent. Also, photoelectric detection 
of the plasma luminous intensity afforded additional 
observation of electron temperature deviations. This 
latter technique is based on the observations of Kenty” 
and of Goldstein, Anderson, and Clark” who have 
identified the luminous intensity from electron-ion 
recombination within plasmas as being highly sensitive 
to electron temperature deviations. 

The subsequent text reports our additional theo- 
retical considerations, the theory and details of the 
experiment, and the experimental results. 


ENERGY FLOW FOR A BOUNDED PLASMA 


Plasmas produced in the laboratory generally occur 
in partially ionized gases. They may be nonuniform, and 
are subject to boundary effects due to their finite di- 
mensions. Therefore, it is necessary to examine the 
general aspects of energy exchange among the electron, 
ion, and molecule gases which constitute the plasma, 
and their energy transfer to the plasma boundary. 
Energy exchange between the electron and ion gases is 
but one process within a complex system, rather than a 
unique process in an ideal system, and it must be 
interpreted within its relation to the other processes. 

Let the electron gas be subjected to a selective energy 
source, such as a microwave electric field, which 
supplies thermal energy solely to the electron gas con- 
stituent of the plasma. The resultant energy flow from 
the electron gas to the ion and molecule gases, and to 
the boundary, is shown in Fig. 1. U., Ui, Um, and U, 
represent, respectively, the mean thermal energy per 
particle of the electrons, ions, molecules, and the 
reservoir (boundary). The net time rate at which 
electrons exchange mean thermal energy with ions is 
denoted by dU,;/dt, with a similar notation for energy 
exchange between the other plasma constituents. 

Based on the principles of conservation and equi- 
partition of thermal energy, the following system of 
three simultaneous equations“ describes analytically 
the time rates of energy change of the plasma 


12 C, Kenty, Phys. Rev. 32, 624 (1928). 
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4 Rationalized mks units are used in all equations. Quantities 
may be given in other units which are expressly stated. 

















Fic. 1. Energy flow diagram for a bounded plasma in the 
presence of a selective energy source. 
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In Eq. (1a), dU g./dt represents the time rate at which 
thermal energy is supplied to an electron by the se- 
lective energy source, a microwave electric field in our 
experiment. The quantities denoted by 7, with appro- 
priate subscripts, are defined as the characteristic 
times for equipartition of energy and have the dimen- 
sions of time. The time rate at which excess mean 
electron energy is transferred to the ion gas is given by 
the term (U,—U;,)/re« in Eq. (1a). 7¢i, the principal 
subject of this study, is the characteristic time for 
equipartition of energy through electron collisions with 
ions. When dU ,,/di is zero, the thermal equilibrium 
state, i.e., U<=U;=Um=U,, is clearly a solution to the 
set of equations. 

Equations (1a, b,c) may be simplified for plasmas 
in weakly ionized gases where the mean electron energy 
is not deviated appreciably from thermal equilibrium. 
In our experimental plasmas the ratio of ion concen- 
tration (and electron concentration) to the neutral 
molecule concentration is less than 10~*. 

The thermal energy per unit volume in the electron 
gas is 3knT,/2, and in the molecule gas is 3kNmTm/2, 
where k is Boltzmann’s constant, » and N,, are the 
electron and molecule concentrations, and 7, and T,, 
are the electron and molecule temperatures, respec- 
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tively. With (n/N,,) <10-5, electron energy transferred 
to the molecules, either directly or through the inter- 
mediary of the ions, cannot increase significantly the 
molecule temperature for only small electron energy 
deviations from thermal equilibrium. In addition, there 
exists strong thermal contact between the ion and 
molecule gases due to the comparable masses through 
which the average fraction of excess energy exchanged 
in a single encounter is the order of unity. This results 
in tim being much smaller than 7,; in Eq. (1b), which 
precludes the ion temperature from increasing signi- 
ficantly above the molecule temperature. Therefore, 
throughout small deviations of the electron energy 
from thermal equilibrium, the mean thermal energies of 
the ions, molecules, and obviously that of the reservoir 
remain very nearly equal to the equilibrium value 
U;=U,,=U,. With this simplification for plasmas in 
gases of weak ionization, we need to consider only 
Eq. (1a) which reduces to 


dU, dUUxr f1 1 1 
“ —+—+—)(U-Uin. (2) 


Tem Tei Ter 








dt dt 


The characteristic time for equipartition of energy 
through elastic electron collisions with molecules, Tem 
in Eq. (2), was calculated by Cravath'® and, for com- 
parable electron and molecule temperatures, is 


oe peer 


where m and M are the electron and molecule masses, 
respectively, N,, is the concentration of molecules per 
unit volume, and gq is the effective cross section per 
molecule for electron collisions. Cravath’s result can be 
expected to be accurate for electron collisions with 
monatomic gases in electron energy ranges where g 
is relatively constant. 

The characteristic time for equipartition of energy 
through elastic electron collisions with singly charged 
ions, te; of Eq. (2), for comparable electron and ion 
temperatures, is 











Mi\a,(m)*ee(rkT,)! 
“ (=) (m) ) (4a) 
2m/ Ne \n(a2,A) 
where 
a(kT.€)! 
A=————_;; (4b) 
e(N;)! 


Landau! has a;=6v2 and a,=8/z, Spitzer” has a; 
=6v2 and a2=12, and Chandrasekhar® has a;=4.50V2 
and a2=12. In Eq. (4), M; is the ion mass, N; is the 
ion concentration, €9 is the permittivity of free space, 
and é¢ is the electron charge. 


18 A. M. Cravath, Phys. Rev. 36, 248 (1930). 
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During this study we have derived! an alternative 
expression for 7.; for a limiting model of the plasma. 
It is 


* o(m)bec?(ekT)! 
Nee{(Ci(1/aoA) P+[(x/2)—Si(1/ash) FP} 


where a;=8V2, a2=4v2, and Ci(x) and Si(x) are the 
cosine and sine integrals!’ of x, respectively. 

Whereas energy exchange from the electron gas to 
the ion and molecule gases occurs within the plasma 
volume, independent of the plasma boundary, energy 
transport through the electron gas from within the 
plasma to the boundary is embodied in the determina- 
tion of r.,. The principal process through which thermal 
electron energy is transported to the boundary is ther- 
mal conduction in the electron gas. Since we are con- 
cerned primarily with equipartition of energy among 
the plasma constituents and the boundary, electron 
energy loss associated with diffusion of electrons to the 
boundary need not be considered here. 

Ter can be calculated by straightforward solution of 
the thermal diffusion equation, employing the appro- 
priate coefficient of thermal conductivity for the elec- 
tron gas, for plasmas with a near uniform electron con- 
centration and known boundary conditions. However, 
Ter iS not so simply susceptible to computation for 
energy transport to the walls of discharge tubes. The 
complications arise from the increasing thermal im- 
pedance identified with the relatively low electron con- 
centrations in the near vicinity of the walls. Effectively, 
a thermal barrier exists there which can be expected to 
greatly decrease electron energy transport to the walls. 
A quantitative calculation of 7., requires the prior de- 
termination of the small, but finite, electron concentra- 
tion in the near vicinity of the walls. Schirmer'® con- 
cludes that electron thermal conduction near the tube 
walls cannot be effective, and that only the molecule 
thermal conduction is effective in transporting energy 
to the walls. Therefore, in view of this discussion, we 
take (1/rer)=0 in Eq. (2) as an approximation, 
recognizing that some residual electron energy loss to 
the boundary may occur in the experiment. With this 
approximation, and relating the mean thermal energies 





(5) 


16 On a microscopic scale of a binary collision, the fraction of 
initial electron energy transferred to the ion in a single encounter 
is evaluated. This is averaged over the impact parameter and the 
azimuthal angle. The time rate at which binary encounters occur 
in the dense system is calculated, from which the time rate of 
electron energy transfer to the ions is obtained. Only direct 
electron-ion encounters are considered, inverse encounters being 
neglected. Averaging this electron energy transfer over the Max- 
wellian distribution of electron speeds determines the r-; of Eq. (5). 

17 E. Jahnke and F. Emde, Function Tables (Dover Publications, 
New York, 1945), fourth edition. 

18H. Schirmer, Appl. Sci. Research B5, 196 (1955). 
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to the temperatures, U.=$kT,, etc., Eq. (2) becomes 


aT, 2 dUr, 1 1 
¥ (-) = (—+-) (T.—Tim,s). (6) 
dt 3k dt Tem Tei 


The predominant energy exchange occurs between 
the electron and ion gases, rather than between the 
electron and molecule gases, when 7-;< Tom. The ratio 
of re; tO Tem, disregarding the logarithm term in Eq. 
(4), has the proportionality of (rei/Tem) « gT 2/(Ni/Nm). 
Therefore, the most favorable experimental! conditions 
for studying energy exchange between the electron and 
ion gases prevail in ionized gases with low electron 
temperatures, small electron-molecule collision cross 
sections, and suitable degree of ionization. Electron 
temperatures as low as the molecule temperature exist 
in plasmas in the afterglow of pulsed electrical dis- 
charges in gases. 

It is of interest to evaluate r,, and 7.i, Eqs. (3) and 
(4), for such a plasma in neon gas where, for example, 
ion concentrations of N;=5X10" per cm*® can be 
achieved at a pressure of 1 mm Hg which corresponds 
to a molecule concentration of N,,=3.22X10'* per cm? 
at T,,=300°K. Evaluating Eq. (3) for (M/2m)=1.85 
104, g=1.12K10-'* cm’, and T.=300°K, then Tem 
= 363 usec. Evaluating Eq. (4) for a; and a2 from 
Landau, (M ;/2m) =1.85X10!, T.=300°K, V;=5X10" 
per cm*, then 7,;=11.7 sec. With 7.;=11.7 usec and 
Tem= 363 psec, the calculation predicts that energy 
exchange between the electron and ion gases will pre- 
dominate even though the ionization is only 0.001%. 








EXPERIMENTAL APPARATUS 


The experimental apparatus, Fig. 2, consists of (1) a 
gaseous discharge tube in which the plasma is periodi- 
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Fic. 2. Diagram of experimental apparatus. 
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cally produced by a recurrent electrical discharge 
through the gas, (2) an X-band microwave circuit with 
two microwave sources to provide both selective heating 
of the electron gas, and measurement of the high- 
frequency electrical conductivity of the plasma, (3) a 
multiplier phototube for detecting the luminous in- 
tensity of the plasma, (4) a pulse-timing and video 
display system, and (5) a vacuum and gas-filling system 
for evacuating and admitting gas to the tube. 

The discharge tube was fabricated from round Pyrex 
glass tubing of 20-mm o.d. and 1-mm wall thickness. 
This tube and the wave-guide assembly in which it is 
enclosed, were made with a 180° bend at the midpoint. 
The assembly was contained within a large Dewar flask 
which permitted cooling the gas to temperatures below 
room temperature (300°K) with coolant baths of 
liquid nitrogen (77.3°K) or solid carbon dioxide 
(195°K). The effective length of the plasma in the dis- 
charge tube was 72 cm. 

The cross section of the wave guide which accom- 
modates the discharge tube is square with inner dimen- 
sions of 2.07 cmX2.07 cm. The TE, mode is utilized 
in the propagation of the electromagnetic waves. Two 
reflex klystron oscillators generate microwave power 
at separate frequencies of 8600 and 9100 Mc/sec. The 
8600 Mc/sec klystron delivers up to 400 milliwatts 
power incident to the discharge tube, and serves as the 
selective heating source for the electron gas. We desig- 
nate this wave as the “heating” wave. A directional 
coupler couples the power from the second klystron, 
9100 Mc/sec, to the wave-guide circuit at a much lower 
level (a fraction of a milliwatt). This 9100 Mc/sec 
wave is of insufficient amplitude to heat the electron 
gas significantly; its propagation through the plasma 
is dependent on the high-frequency conductivity of the 
plasma. This latter wave is designated as the “sensing” 
wave. 

Both waves are guided through the discharge tube, 
traverse the Uniline (a unilateral ferrite microwave 
transmission device), and are incident on the band-pass 
cavity filter resonating at 9100 Mc/sec. The heating 
wave, 8600 Mc/sec, is rejected by this filter and subse- 
quently absorbed in the Uniline. Therefore, only the 
sensing wave is detected at the crystal detector. Micro- 
wave interaction between the two waves occurs due to 
alteration of the conductivity, which is effected through 
heating of the electron gas by the heating wave, in- 
fluencing the propagation of the sensing wave through 
the plasma. 

For measurement of the shift in phase of the sensing 
wave due to the plasma conductivity, the wave-guide 
shorting switch is employed to reflect the sensing wave 
in the reverse direction through the discharge tube. The 
resultant standing wave, in the absence of the heating 
wave, is detected at the slotted wave-guide section. 
Measurement of the phase shift permits determination 
of the electron (and ion) concentration in the plasma. 
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Electrical breakdown of the gas and establishment of 
the plasma occur during the application of a high- 
voltage pulse to the anode and cathode of the discharge 
tube. The pulse duration is from 2-10 usec at a repeti- 
tion frequency of 250 cps. Throughout the 4000-ysec 
period between pulses, the plasma disintegrates. The 
pulse timing system supplies modulation pulses to both 
klystrons which transmit the heating and sensing waves 
through the disintegrating plasma at appropriate time 
intervals. 

A multiplier phototube, RCA type 931A, detects the 
luminous intensity of the plasma. The light passes 
through a 1.6-mm diameter aperture in the wave-guide 
wall, located along the axis of the discharge tube, 14.5 
cm from.the tip. 

A vacuum system capable of evacuating the dis- 
charge tube to 10-7 mm Hg was employed. Laboratory 
grade gases (Linde, mass spectrometer controlled) were 
admitted to the discharge tube through an activated 
coconut charcoal filter (cooled) which isolates the tube 
from the system. Neon, helium, and neon 99.9% plus 
argon 0.1% gases were used in these experiments. 


THEORY OF THE EXPERIMENT 


The experiments are performed in the disintegrating 
plasma. In this plasma, the electron temperature re- 
turns to thermal equilibrium with the ion, and molecule, 
temperature. Selective heating of the electron gas is 
effected by the pulsed heating wave, resulting in devia- 
tion of the electron temperature from equilibrium. This 
electron temperature deviation affects the conductivity, 
and the rate of electron-ion recombination. We deter- 
mine quantitatively here the resulting absorption of the 
sensing wave, and the change in luminous intensity of 
the afterglow. 

_ The rms current density J, and electric field intensity 
E, of the heating wave are related through the complex 
conductivity o, by Jx=onEx, where ox=o,n+join. The 
quantities o,, and o;,, are the real and imaginary parts 
of the conductivity, respectively. The differential heat- 
ing wave power, dP.,, absorbed in the differential 
plasma volume dV is dP.,=Re(J,-E,*)dV. Therefore, 
dP 4,=Eio,ndV. Since there are ndV electrons in dV, 
the mean time rate at which an electron receives energy 
(dU z./dt) from the heating wave is 


dU. dPar Ejorn 
dt ndVoon 
The real part of the conductivity for the heating 
wave of angular frequency wa is o-,=ne?(vi+ ym) /mur?, 
where (vi+¥m)*<wy?; vi and vm are the effective colli- 


sion frequencies for momentum transfer of the elec- 
trons with ions and molecules, respectively. Ginsburg!® 


gives v; and vm, as 
8kT.\3 
m=teVe(—). 
™m 











(7) 


Nie! In(4v2A) 
Vi= ’ 
6(2m)*eo?(rkT.)! 
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Comparison of »; and vm with 7-; [Eq. (4a), Landau ] 
and tem [Eq. (3)] yields »;=(M;/2m)(1/rei) and vm 
=(M/2m)(1/rem), except for a negligible difference due 
to slightly different factors within the logarithm terms. 
For ions of the parent gas, M=M;,. Therefore, v;+m 
= (M;/2m)[(1/rei)+(1/Tem) J. 

The electron temperature balance equation, Eq. (6), 
upon substitution of Eq. (7) and the above relation for 
(v;t+vm) becomes 








dT, 1 1 
_ —+—)tar.— (T.— Tim) ], 
di is Wom 
where 
MeE? 
AT,= : (9) 
3kmw,? 


Time-dependent solutions to Eq. (9) are to be deter- 
mined for the pulsed heating wave field which has the 
time variation of E,(#)=0 for t<t,, E,(t)=E, for 


ty <i<th, and E,(t)=0 for ¢>t,. Under the restriction ° 


that the electron temperature deviation is sufficiently 
small so that 7,; and tem may be considered as con- 
stants, and with the initial condition of T,(t;)=T;,m, 
the solutions for T,(¢) are, for 4; <<t<te, 





t-—t 
Ta)=Tont aT] 1-exp((- *) (10) 
7 
and for f2<?, 


T.(t) = Tim 


to—ty t—te 
+ar]1—ex(— )]ex(- ). (11) 
v T 


The quantity 7 is defined through the relation, 








1 « 1 
snare (12) 


T Tet Tem 


The electron temperature responses to the pulsed heat- 
ing wave field are exponential with the time constant r. 
Upon termination of E, at tz, T, returns exponentially 
to Few 

If the heating wave has a sufficiently long pulse 
duration such that tg—1;>>7, then as t — fe, the electron 
temperature reaches a quasi-equilibrium value equal to 
Timt(M Ei? /3km*w,?). This quasi-equilibrium tem- 
perature is independent of the electron concentration 
and effective collision frequencies, but is dependent on 
the ion (and molecule) mass. In particular, a given 
heating wave field E, will effect larger electron tempera- 
ture deviations in the heavier ion and molecule gases. 

Transient behavior is effected in the absorption of 
the sensing wave propagating through the plasma by 
deviations in T,. The differential sensing wave power 
absorbed dP, in the differential plasma volume dV is 
dP a.=Efo,dV, where o-,=ne?(vitvm)/mw,?. The ef- 
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fective collision frequencies have an electron tempera- 
ture dependence of v;+vm=AT.'!+BT,}, assuming q¢ 
is relatively independent of T,. For small deviations in 
T., the time-dependent 7 ,(/) can be expanded in series 
to obtain T,4(¢) and T,-}(t); an example, for t; <t<to, 
is 


3AT, t—t, 
TM)—Tex 1 [1-exn(- I}: (13) 
ite T 








Therefore, the conductivity o,,(¢) has the time de- 
pendence for t; <t<te, 


ne AT, 
| Vit Vm + ( ra—3y)( ) 
mw? 2T.. 


t—t, 
x|1-e(- ik (14) 
T 
and for fe<f, 


ne AT, 
| ct act (om —30)( ) 


me, 2 T;, ss 


lo—t, t—le 
x|1-exn( - ) Je(-—)}. (15) 
T T 


where vy; and v», are the initial values at /=¢,. Since o,, 
decreases during the heating wave pulse if 37;>m, the 
plasma is more transparent to the sensing wave; since 
it increases if ¥> 3v;, the plasma is more absorbing. 

Integration of dP..(t)=E,’0,.(t)dV over the plasma- 
filled wave-guide volume V determines the total sensing 
wave power absorbed within the plasma. The observable 
in our experiment is the transmitted sensing wave 
power P,,(¢) which emerges from the plasma. It is the 
difference between the incident and absorbed power, 
any reflected power being negligibly small. Assuming 
that 7 is not spatially dependent within the plasma, as 
for a uniform plasma, the integration yields the time 
dependence of the transmitted sensing wave power 
P(t), for t) <t<te and (t.—t)>>r, as 


P1,(t) = Pes(tr) ie 
+[Pa(t)— Putt) | 1-exn( - ‘) | (16) 








Ore(t)= 











o,s(t)= 
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and for t> ls, 
t—t 
Pue(t) = Ps(ti) + LP te(te)— Pre(tr) J exp(- ‘) (17) 





The time constant of the exponential response of P;,(t) 
is r, where (1/r) = (1/7e:)+(1/Tem), Which affords direct 
measurement of the characteristic time for equipartition 
of electron energy with the ion and molecule gases. 
The luminous intensity J in the late afterglow is 
proportional to the electron-ion recombination coeffi- 
cient a as J=Ky,anN,, where K, is a proportionality 
constant. The recombination coefficient may have the 




















electron temperature dependence of T,~! as suggested 
by Bates," and implied by the electron-ion collision 
frequency v; of Eq. (8). Therefore, the luminous in- 
tensity becomes J = K.nN ;T~', where I decreases with 
increasing T. However, for small electron temperature 
deviations, the exact dependence of a on 7, is im- 
material since the exponential time dependence of the 
electron temperature will effect an exponential time 
variation of the luminous intensity. The transient 
response of J (¢) resulting from the electron temperature 
variation in Eq. (13) is, for 4; <¢<t. and (t.—t))>r, 


t—t, 
1)=14)~L1(4)-104))] -ew(-—)], (18) 


a 
and for ft. <1, 


1()=1(4)—[1(h) —1(4)] exp(-—). (19) 


T 


The luminous intensity affords an additional, and 
independent, measurement of the characteristic time 
for equipartition of electron energy with the ion and 
molecule gases. 

Correlation of the experimentally determined 7,; 
with the ion concentration N; requires experimental 
measurement of N;. In a plasma containing predomi- 
nantly singly charged ions, space-charge neutrality 
requires that n=N;. Therefore measurement of m de- 
termines V;. A solution for microwave propagation 
through an inhomogeneously filled wave guide con- 
taining plasma with complex conductivity was given by 
Anderson and Goldstein." Evaluating their integrals 
for a plasma of uniform electron concentration, which 
is characteristic of plasma disintegration through vol- 
ume recombination at the relatively high electron and 
ion concentrations of interest here, is determined as a 
function of the shift in phase of the sensing wave. It is 


n= N,=1.76X10'*A,, per m’, (20) 


Electron Temperature T,, degrees Kelvin 
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Fic. 3. Effective collision frequency of electrons with ions and 
molecules in ionized helium gas at 77°K. 


1D. R. Bates, Phys. Rev. 78, 492 (1950). 
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Fic. 4. Microwave interaction in ionized helium gas at 77°K. 


where A,, in meters, is the total shift ir. the minimum of 
the standing wave at the slotted wave-guide section, 
due to the plasma. 


EXPERIMENTAL OBSERVATIONS AND RESULTS 


Comparison of the expected role of Coulomb colli- 
sions between electrons and ions in the plasma with 
experimental observations of microwave interaction is 
shown in Figs. 3 and 4. Absorption of the sensing wave 
was determined through the conductivity ¢,,, where 
Ors iS proportional to v;+v». For electron-ion collisions, 
v; is expected to vary as T,~!; whereas for electron- 
molecule collisions in helium gas, v, varies as T,?. 
Evaluation of Ginsburg’s results, Eq. (8), for »it+ym as 
a function of T, in helium at 77.3°K is shown in Fig. 3 
for several combinations of ion and molecule concentra- 
tions. Here, V,,=1.25X10"" per cm* per mm Hg, and 
q=6.75X10~'* cm? (reference 11). N; and p (gas pres- 
sure) are selected to give vit+vm=3.0X10° per sec for 
T.=77.3°K in each instance. For N;=4, 3, and 2X10" 
per cm*, y;+vm at first decreases with increasing T7,, 
then reaches a minimum value and subsequently in- 
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Fic. 5. Experimental observations of microwave interaction and 
plasma luminous intensity for determination of r. 


creases. This shows the transition from »; predominating 
to vm predominating as T, increases; it is to be con- 
trasted with v;+», for Nj=5X10" per cm*, and p= 3.86 
mm Hg, which uniquely increases as T, increases from 
77°K, where the electron-ion collisions are no longer 
predominant for the smaller ion concentration. Micro- 
wave interaction in a plasma produced in helium gas 
cooled to 77°K, at 0.54 mm Hg, is shown in Fig. 4. 
Interaction between the incident heating wave a and 
the transmitted sensing wave without 6 and with c the 
heating wave is shown for a time interval of 20 usec, 
starting at 420 usec after the discharge pulse. At this 
time in the disintegrating plasma, the electron (and 
ion) concentration is 1.8210" per cm’, and it does not 
change appreciably throughout the 20 usec interval. 
In Fig. 4(A), the transmitted sensing wave increases in 
amplitude as the electron gas is heated to temperatures 
above 77°K by the heating wave, which corresponds to 
a decrease in the absorption of the sensing wave. This 
decrease in absorption is characteristic of the pre- 
dominant contribution to ¢,, of the electron-ion colli- 
sions. Upon termination of the heating wave, the 
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transmitted sensing wave returns to its original ampli- 
tude as the electron temperature decreases, the excess 
mean electron energy being transferred to the ions and 
molecules. In Figs. 4(B) and 4(C), incident heating 
wave power 5.1 and 13 times higher, respectively, than 
in 4(A) increases the electron temperature more rapidly, 
and to higher values. This results in the transmitted 
sensing wave increasing in amplitude at first, then its 
slope changes and it begins to decrease. Its amplitude 
decreases to less than its initial value in 4(C), prior to 
termination of heating. Then upon termination of 
heating, its amplitude increases again through its 
original value, maximizes, and subsequently returns to 
its original value. Decrease in transmission of the 
sensing wave during heating occurs due to a transition 
from v; predominating at low electron temperatures to 
vm becoming predominant at higher electron tempera- 
tures, in agreement with theory. 

Experimental observations for the measurement of 
7, the characteristic time for equipartition of excess 
mean electron energy with the ion and molecule gases 
are shown in Fig. 5. The plasma in this instance was 
produced in a gas mixture of 99.9% neon plus 0.1% 
argon at a gas temperature of 300°K and 2.25 mm Hg 
pressure. Both methods for measurement of 7 are em- 
ployed here. Figures 5(A) and 5(C) show the microwave 
interaction and luminous intensity, respectively, for a 
time interval of 20 usec, starting at 800 usec after the 
discharge pulse. Figure 5(B) shows the luminous in- 
tensity as a function of time from 0 to 1000 usec after 
the discharge pulse; after 160 ysec the intensity de- 
creases as a smooth function of time, presumably upon 
T, approaching 7;=T,, in the disintegrating plasma. 
The incident heating wave a in 5(A) and 5(C), has a 
pulse duration of 4 usec, during which time it deviates 
the electron gas temperature from its initial 300°K 
temperature. Trace c in 5(A) and 5(C) shows the re- 
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Fic. 6. Comparison of experimental and theoretical 7,; versus 
ion concentration in ionized neon plus 0.1% argon gas at 300°K. 
p=2.25 mm Hg. 
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sultant effect on the transmitted sensing wave and 
luminous intensity, respectively. The transmitted sens- 
ing-wave amplitude increases during heating, which is 
again characteristic of electron-ion collisions pre- 
dominating ; upon termination of heating, its amplitude 
returns to the original value which is in accordance with 
Eq. (17). The luminous intensity decreases during 
heating, and returns to its original value upon ter- 
mination of heating, as predicted by Eq. (19). The 
times required for the amplitudes to return to (1/e) 
=0.37 of the deviations existing after termination of 
heating give the experimental values of 7; in 5(A), 
7r=8.8 usec and in 5(C), r=10.2 usec. These agree 
within 16%, which is within the probable cumulative 
experimental accuracy. 

The experimental 7; is calculated from 7 through 
use of Eq. (12), upon evaluation of tem in Eq. (3). 
For the neon-argon mixture in Fig. 5, where the low- 
percentage argon content does not contribute signifi- 
cantly to electron-molecule collisions, V,,= 3.22 10'*p 
per cm*, (M/2m)=1.85X10', and g=1.12X10~"* cm*. 
Therefore Temn=363/p usec, where p is the gas pressure 
in mm Hg, at 300°K. For p=2.25 mm Hg, tem=161 
usec. The experimental r,,’s are plotted in Fig. 6 as a 
function of the experimentally measured ion concen- 
tration, and compared to the various theoretical 7,;’s. 
The experimental r,; is in favorable comparison with the 
theory of this work ; the theoretical 7,; of Chandrasekhar 
is approximately 1.7 times larger, and that of Landau, 
and Spitzer, is approximately 2.3 times larger. The 
theoretical computation assumes singly charged, atomic 
neon ions. The time r,; decreases with increasing ion 
concentration, in accordance with the theory for energy 
exchange through Coulomb collisions. The electron 
temperature returns to equilibrium in 5 to 10 usec, 
whereas a time of 161 usec would be required in the 
absence of electron-ion collisions. 
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Fic. 7. Comparison of experimental and theoretical 7.4; versus ion 
concentration in ionized helium gas at 225°K. 
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Fic. 8. Comparison of experimental and theoretical 7,; versus ion 
concentration in ionized helium gas at 77°K. 


Additional experimental results for 7.; are shown in 
Figs. 7 and 8 for plasmas produced in helium gas cooled 
to 225°K and 77°K, respectively. We have used N,, 
=4.29X10'* and 1.25X10" per cm* per mm Hg at 
225 and 77°K, respectively, g=6.75X10~* cm?*, and 
(2m/M)=2.72X10~ to evaluate rem. The theoretical 
teis are calculated under the assumption of single 
charged atomic helium ions. At 225°K, the experimental 
TeiS are intermediate between the theoretical r7,; of 
Chandrasekhar and that of this work. In Fig. 8, at 
77°K, the experimental r,,’s also decrease with increas- 
ing ion concentration, but are well above the theoretical 
values. They are approximately twice the theoretical 
predictions of Landau, and of Spitzer. 

Experiments were also performed in plasmas pro- 
duced in neon at 300°K, neon plus helium at 300°K, 
neon at 225°K, 99.9% neon plus 0.1% argon at 77°K, 
and neon at 77°K, which yielded results for r,; com- 
parable to those reported above. The experimental r,; 
in neon, and neon plus argon, at 77°K was also approxi- 
mately twice‘the theoretical value of Landau, and of 
Spitzer, as was found in helium at 77°K. 


DISCUSSION AND CONCLUSIONS 


Coulomb collisions between electrons and ions are 
determined to contribute significantly to electron colli- 
sion phenomena in the gaseous discharge plasmas in- 
vestigated in this work, although the ionization never 
exceeds 0.001%. The method of microwave interaction 
between the heating and sensing waves, which are 
propagated through the plasma, permitted quantitative 
determination of the role of these Coulomb collisions. 
The characteristic time, r,;, for equipartition of energy 
through electron collisions with ions, determines the 
time rate of energy transfer between the electron and 
ion gases with mean thermal energies of U, and Uj, 
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respectively, through the relation (U.—U/,)/re:. These 
experimental results show that 7,; varies inversely with 
the ion concentration, in accordance with theory. 
Further, the experimental dependence of 7,; on the ion 
mass M; agrees reasonably well with the linear depend- 
ence predicted by theory. The ratio of neon to helium 
atomic ion masses is 5.02; the ratio of the experimental 
7-’s in neon and helium plasmas varied from 4 to 6 
for equivalent ion concentrations and electron tempera- 
tures. Whereas the experimental 7,; has the expected 
dependence with respect to the ion concentration and 
ion mass, the trend with respect to electron temperature 
is not in agreement with theory. The results in Figs. 6, 
7, and 8 at gas (and presumably) electron temperatures 
of 300, 225, and 77°K, respectively, show that 7,; 
varies from values slightly less than the theory of this 
work at 300°K, to values approximately twice the theory 
of Landau, and of Spitzer, at 77°K. If the electron 
temperature dependence of 7,; were that of 7}, in 
the absence of secondary processes, it would be expected 
that 7-; would come into consistent agreement with one 
or another of the theories, which it does not do. 
Several secondary processes occur within the experi- 
mental plasmas which may intervene and impede a 
more refined comparison between these experimental 
results and the theories. Molecular ions, such as Ne,* 
and He;*, are known to form in appreciable quantities 
in the post-discharge period. Dependent on the relative 
proportions of atomic and molecular ions present, the 
average ion mass will be intermediate between one to 
two times the atomic ion mass, which results in a similar 
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indeterminancy in r,;. Another secondary process is the 
possible heating of the electron gas through long-life 
metastable atom collisions with electrons in which the 
metastable atom energy is transferred to kinetic energy 
of the electron. Such a source of energy could prevent 
the electron gas from reaching thermal equilibrium 
with the ion and molecule gases, which results in an 
indeterminancy in T,. To eliminate possible electron 
heating through this process, experiments were per- 
formed with 0.1% argon impurity in the neon gas. 
Destruction of the neon metastable states occurs 
through the familiar Penning effect whereby the poten- 
tial energy of the metastable atom is adequate to ionize 
an argon atom. In addition, transport of excess electron 
energy through thermal conduction in the electron gas 
to the boundaries, although expected to be negligibly 
small, may nevertheless result in some residual electron 
energy loss. Therefore, a more refined comparison be- 
tween theory and experiment for energy exchange 
through Coulomb collisions between electrons and ions 
will require techniques to further remove these indeter- 
minancies. The experimental results reported here do, 
however, attest to the approximate correctness of the 
theoretical predictions. 
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The phenomenon of heat conduction in gaseous plasmas is observed in order to explore the problem of 
the mutual electron interaction. In addition to the technique of interaction of pulsed microwaves in decaying 
plasmas, the phenomenon of “‘afterglow quenching” is exploited in the experiments. The experimental values 
of the thermal conductivity, in low-gas-pressure neon and xenon plasmas of adequately high charge density, 
are determined by two different methods. They have been found to be of the order of 10-*— 10-5 (joules/cm 
sec degree) for the electron density range 10"-10% (cm™*) at room temperature (~300°K). The most 
significant result of these experiments is that the thermal conductivity in the plasmas described is chiefly 
determined by heat flow in the electron gas of the plasma. Thus the mutual interaction of the electrons plays 
a predominant role in the phenomenon of heat conduction. The experimentally obtained values of the 
thermal conductivity are in agreement within less than one order of magnitude with those given by the 


theory of Spitzer and Harm. 





1. 


OR the complete description of gaseous plasmas, 

the knowledge of the interaction processes that 
occur among all plasma constituents is necessary. In 
recent years, efforts have been directed toward the 
detailed studies of'-* the interactions between the 
electrons and neutral molecules (excited and non- 
excited) and electrons and ions in gaseous plasmas. 
This was made possible by the advent of new and 
improved experimental techniques. However, in view 
of the methods used in those investigations where the 
electrical conductivities were studied, the problem of 
the mutual interaction of the electrons in plasmas was 
not accessible to experimental studies. Indeed the 
mutual interaction of electrons on the electrical con- 
ductivity of a plasma is a second-order effect in the 
slightly ionized gases investigated. The purpose of this 
work is to remedy this situation. The paper reports the 
first results of an experimental study of thermal con- 
ductivity in gaseous plasmas where the mutual inter- 
action of the electrons plays a predominant role. 


2. 


The technique of interaction of pulsed microwaves in 
decaying plasmas previously described'**.* is employed 
for two purposes: (1) to heat selectively the electron 
gas of the plasma to increments above the temperature 
of the ions and molecules, initially at 300°K, and (2) to 
detect the change in electron temperature in the heated 
volume as well as at various known distant points along 
the plasma. The selective heating of the electron gas 
takes place in a very limited volume of the plasma, of 
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small cross section but elongated. The rise in tempera- 
ture away from the heated portion is studied in an 
equally small volume of plasma. In addition to the 
microwave technique, the phenomenon of “afterglow 
quenching’”’ due to electron temperature increase is 
also exploited to detect the change in the electron 
temperature both in the heated volume and at all points 
along the plasma. 

The plasma is contained in a 5-mm diameter thin- 
wall cylindrical glass tube which traverses, perpen- 
dicularly in the center, the broad walls of two identical 
rectangular wave guides as shown in Fig. 1. These wave 
guides are specially designed, both in height and width 
(4X33 mm), in order (1) to enhance heating of the 
plasma electrons for any given radio-frequency input 
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Fic. 1. Main part of experimental setup—glass tube and 
two special waveguides. 


’ Goldstein, Anderson, and Clark, Phys. Rev. 90, 486 (1953). 
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power, (2) to permit relatively high resolution in 
position, and (3) to accommodate the gaseous discharge 
tube without undue disturbance of wave propagation, 
thus permitting a more precise determination of the 
appropriate plasma parameters which are to be meas- 
ured (electron number density , and collision frequency 
v). The heating of the electrons in a rather limited 
volume of the plasma—contained in the guide (0.075 
cm*)—takes place in wave guide 1. The maximum 
power level available for this purpose is ~5/10 watt. 
Guide 2 is used for probing the electron temperature 
deviation at any distant point from the heated volume 
of plasma. The distance (d) between the two wave 
guides can be varied and fixed at any desired value by 
a screw mechanism. Both guides are connected to 
standard X-band wave-guide systems (independent or 
not) through tapered sections. A small aperture 
(diam<1 mm) is provided in the narrow walls of each 
wave guide, enabling photomultiplier tubes to detect 
the visible light radiated from the particular limited 
volume of the decaying plasma. 

The plasma is produced in low-pressure noble gases 
(Xe, to 5 mm Hg; Ne, to 12 mm Hg) by short-duration 
(2-usec) high-voltage dc pulses at a repetition frequency 
of 400 per second. At appropriate times in the afterglow, 
delayed with respect to the discharge pulse, the micro- 
wave heating signal (~8600 Mc/sec) is propagated in 
the lower guide (No. 1) in pulses of 2- to 30-usec duration. 
The probing 9000-Mc/sec frequency wave, whose 
amplitude is insufficient to effect any detectable heating 
in the plasma, is continuous. 


3. 


As mentioned above, we are concerned with decaying 
plasmas in low-pressure Xe and Ne gases. The measure- 
ments of thermal conductivity K in such plasmas are 
performed after the electrons have attained thermal 
equilibrium with the heavier plasma constitutents 
which are isothermal at 300°K. It has been previously 
shown! that, in view of the long range of the Coulomb 
forces, the interaction of the electrons with ions is more 
important than with the neutral plasma constituents in 
plasmas with a degree of ionization of >10-*. The 
properties of the decaying plasma vary as a function of 
time since the degree of ionization decreases in time. 
However, such a plasma is suitable for the study of 
thermal properties as a function of electron density. 
The thermal properties cf such a plasma are expected 
to be a function of the temperature of the electron gas, 
its temperature gradient, and its geometrical configu- 
ration, as well as of the degree of ionization. 

The determination of the thermal conductivity in 
the plasmas as defined above, in which the electron gas 
is locally heated above the initial plasma temperature 
To, involves the measurements—at appropriate times 
in the decay—of the electron density (m,), electron 
temperature (7.), and its gradient (VT7.). In the 


L. GOLDSTEIN AND T. 


SEKIGUCHI 


determination of the thermal conductivity (K) in such 
plasmas, it is necessary to know the “relaxation time’’® 
(r) or the corresponding electron collision frequency 
for momentum transfer (v). The quantities m,(¢) and 
v(t) are determined, for the geometry of Fig. 1, from 
the measurements of the complex reflection coefficient 
of the heating microwave signal. It is also possible to 
measure v or + by two different and independent 
methods, described elsewhere.':*> The knowledge of v 
or r enables us to estimate the electron temperature 
(T.). 

The experimental value of the thermal conductivity 
K has been determined by two different methods. One 
is based upon the measurements of the “time element”’ 
involved in heat propagation, and the other is based 
upon the analysis of the “quasi’”-steady-state tempera- 
ture distribution along the plasma. These are referred 
to hereafter as the “transient method” and the “steady- 
state method,” respectively. 

The energy balance equation for the electron gas in 
a plasma, written on a per electron basis, is 


—<_ his 4 1 
at "4 dt i % ’ )-[-~v- «evry " 


where U.=$kT, (k being Boltzmann’s constant) is the 
mean thermal energy of an electron and Up=$kT~ is 
the mean thermal energy of a neutral molecule and/or 
an ion. In view of the low degree of ionization, even a 
high transient electron temperature rise cannot produce 
a noticeable temperature increase of the neutral and 
ionic plasma constituents. The mean thermal energy of 
these heavy plasma constituents can be considered as 
always equal to the kinetic energy corresponding to the 
initial temperature To. The left-hand side of Eq. (1) 
represents the net time rate of energy increase of an 
electron. The first term of the right-hand side is the 
time rate of energy absorbed by an electron from the 
heating microwave, and is given by 


(if w>>v*) 


k Ug cE, @EY 
—_—-_ = = Vv 
dt source 


Ne 


CE? 1 
- ie (2) 
mxrG 


where w=2xf and E, are the angular frequency and 
root-mean-square value of electric field of the heating 
microwave signal in the plasma, respectively; o is the 
electrical conductivity of the plasma; e and m are the 
charge and mass of an electron, respectively ; and r is the 
“relaxation time” referred to above, which is related 
to the effective collision frequency (v) through the 
expression v=1/Gr, where G=2m/M (M being the 


8 The relaxation time (r) represents the characteristic time for 
— of energy through electron collisions with molecules 
and ions. 
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mass of a molecule or an ion). The second term, 
—(1/r)(U.—Uo), is the time rate at which the excess 
mean electron energy is transferred to the neutral 
molecules and ions (through elastic collisions). In Eq. 
(1), —V-(KVT,) represents the time rate at which the 
thermal energy flows outward because of heat conduc- 
tion from the unit volume of plasma. The division of 
this quantity by the number density of the electrons 
(n.) gives the time rate at which a single electron loses 
its thermal energy by heat conduction. 
Strictly speaking, the thermal conductivity K, being 
a function of n,., T.,and VT, will vary along the plasma. 
However, for a small temperature deviation, for a 
slight temperature gradient and constant n,, the 
‘quantity K can be regarded as a constant. Hence 
V-(KVT.)=KV°T.. 
Equation (1) can be written in terms of T, as 


OT, fATao\ 1 
-( )--(2.-19+D"T, (3) 


at T T 


where 


D=2K/3kn., 
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D can be regarded as the “diffusivity” of the plasma. 
For d7,/dt=0 and D=0, T,=T o+AT.; hence AT .o 
would be the electron temperature rise in the heated 
plasma volume under steady-state conditions in the 
absence of outward heat flow due to heat conduction. 

Equation (3) includes neither the possibility of heat 
transfer by mass diffusion, which is proportional to 
(Vn,-VT,), nor heat losses by radiation and absorption 
of quanta. As will be apparent later, both of these 
effects may be considered negligible under the conditions 
of our experiments. 

The “transient” method is based upon the time ele- 
ment that is involved in heat propagation which takes 
place in the nonheated region of the plasma (x>0) at 
time ¢>0, when the electron temperature at /=0 is sud- 
denly raised by AT» in the plane x=0. The smaller of 
the time constants involved in the energy transfer from 
the warm electrons to the heavy plasma constituents 
within the heated volume is about one order of magnitude 
larger than the measured time length of the electron 
temperature increase detected at distances of one 
centimeter or more away from the heated volume. For 
this reason it seems justifiable to neglect, in a first 
approximation, the term —(1/r)(7.—To). Heat loss 
to the wall of the tube, where the electron density is 
considerably reduced, occurs through direct electron 
transport by diffusion. However, on grounds of experi- 
mental observations, the time element involved in this 
process is also considerably longer than the time 
mentioned above. Consequently, such a term can also 
be neglected within this approximation. On the basis 
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of these considerations the problem can be treated as 
a one-dimensional case. Thus Eq. (3) reduces to 
dT ./dt=D(T,./dx*). 

The solution of this equation is given by 


ari)=(ato|1-2(—— | (6) 


where AT,(x,/) is the electron temperature rise at the 
plane x at the time /, and © is the error function, 


2 z 
(z) 4 exp(—)’*)dx. 


Equation (6) gives the curve of AT, versus time ¢ for 
fixed value of x. The point of maximum slope (‘“‘in- 
flection point’’) on the time axis, fo, is 


to=x7/6D. (7) 


It can be readily seen from Eq. (6) that the value of 
AT, at t=t is only about 8% of the final temperature 
deviation (AT o). This particular value of the time 
(t=to) will be referred to hereafter as the “delay time.” 
Equation (7) provides a means to determine the experi- 
mental value of the thermal conductivity K for known 
values of m,., through the diffusivity D, by direct 
measurement of the delay time (fo). 

On the other hand, the “steady-state” method is 
based upon the temperature distribution along the 
plasma in the steady state of heating while only a 
limited volume of it is heated continuously. In our 
experiments, pulsed microwave heating occurs. The 


‘ duration of the heating pulse is such that steady-state 


conditions are reached within the pulse duration. 
Therefore we observe a “quasi’’-steady-state tempera- 
ture distribution along the plasma. Upon again as- 
suming one-dimensional heat flow in the elongated 
plasma, Eq. (3) for the nonheated region reduces to 


"ie DD 
D —-(T,— To) =0, (8) 


de of 


since dT ,/dt=0. 

If it is assumed that the range of variation of electron 
temperature is rather limited so that 7 as well as K can 
be regarded as constants, the solution? of Eq. (8) has 
the functional form of e~**; @ is the electron tempera- 
ture “attenuation” constant of the plasma and is given 
by a=1/(Dr)!. A “relaxation distance” po or charac- 
teristic length can also be defined as 


po=1/a=(Dr)!. (9) 


A direct measurement of the relaxation distance po 
allows an independent determination of the thermal 


® The distribution of steady-state temperature in both the 
heated and nonheated regions of plasma will be presented in 
detail in a later paper. 
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Fic. 2. Heat propagation phenomenon: for xenon plasma at 2 mm Hg pressure. Heating microwave pulse (trace a, 20 usec 
duration, applied 400 usec after the dc high-voltage discharge pulse) and the consequent “delayed” light “quenching” pulse (trace c) 
observed at various distances (d) from the heated volume of the plasma. Incident rf power level of the heating wave, Pin=215 milliwatts 
(fixed). Electron number density ,=9.9X 10" (cm) ; electron temperature 7?,~300°K. Time scale =2 usec per division. The base line 
of the light output traces coincides with the highest horizontal line of the scale. 


conductivity K, provided that the electron density 
(n,) and the effective relaxation time (7) are known. 


4. 


It has been ascertained previously from the observa- 
tion of the light “quenching” pulse in the heated volume 
(guide 1) that the increase of the electron temperature 
in the heated volume starts with no measurable delay 
with respect to the leading edge of the heating wave 
pulse. The phenomenon of heat propagation in the 
plasma is demonstrated by a typical series of photo- 
graphs of. the oscilloscope traces in Fig. 2. Each photo- 
graph in this figure shows the detected envelope of the 
heating wave pulse in waveguide 1 (trace a) and the 
corresponding “delayed” light ‘quenching’ pulse 
(trace c) observed at various distances (d) from the 
heated volume of the plasma for a fixed incident power 
level (Pin) of the heating wave. Trace b is the base line 
of the detected microwave signal and trace d is the 
photocurrent output that is produced by the afterglow 
in the absence of any heating microwave 400 usec after 
the gas discharge pulse. Both the detected amplitude 
of the heating microwave and the magnitude of the 
light output are increasing with downward deflection 
of the oscilloscope traces. The experimental conditions 
are those indicated in the legend of Fig. 2. It is seen that 
the “delay time,” corresponding to % as defined by 
Eq. (7), varies with the distance (d). 

A sequence of photographs, such as shown in Fig. 2, 
has been taken at various power levels of the heating 
wave as well as at various values of d, under different 


experimental conditions both in Xe and in Ne. These 
photographs reveal that the “delay time’ (to) is 
proportional to the square of the distance (d) for fixed 
values of Pin. This result is an experimental justification 
of the validity of Eq. (7). The slope of the curves of to 
versus d* (straight lines) determines the value of the 
diffusivity D [Eq. (7) ]. By knowing D we may find the 
experimental value of the thermal conductivity K, 
through Eq. (4), the electron number density , having 
being determined independently. The values of the 
thermal conductivity K obtained by the “transient” 
method are shown in Fig. 3 as a function of the power 
level of the heating wave (P;,) for both xenon and neon 
under the experimental conditions indicated in Table I. 

We shall now describe the results for K obtained by 
the ‘“quasi”-steady-state analysis. The luminous in- 
tensity, J, of the afterglow, which results from recom- 
bination of electrons with positive ions within the 
decaying plasma, is proportional to the electron-ion 
recombination coefficient, the electron density (m,), 
and the ion density (N;). The recombination coefficient 
is dependent upon the electron temperature. If one 
assumes a temperature dependence of 7~!, as suggested 
by Bates," the luminous intensity becomes (for 


# Since the inflection point on the light-quenching pulse was not 
always clear, the time point at which the light-output trace begins 
to diverge from that in the absence of heating pulse has been taken 
here to determine the value of to. This seems to be justified to some 
extent, since, as mentioned before, the electron temperature 
deviation at the inflection point is theoretically only 8% of the 
final (quasi-)steady-state temperature deviation. 

1D. R. Bates, Phys. Rev. 7 492 (1950). 
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ne= Ns) 
Tan2TS. (10) 


The analysis of the light output from the afterglow 
showed that the electron-ion recombination process is 
the predominant disintegrating mechanism of the 
plasma in the time range in the afterglow where our 
experiments have been carried out. Except for a very 
high power level (Pin) of the heating wave, no ap- 
preciable variation of m, has been observed either during 
the application of the heating or in its wake. Therefore, 
the decrease in light output at various points along the 
plasma in the “quasi”-steady state (from J» to J; in 
Fig. 2) may be attributed to the increase of the electron 
temperature due to heat conduction. Consequently 
Eq. (10) yields an estimated electron temperature 
deviation AT, 


AT.=T{(J0/1,)'—1], 


where 7, is the initial electron temperature. 

If the temperature distribution along the plasma can 
be expressed by a single exponential e~** as described 
before, the curve of In(AT,) versus the distance (d) for 
fixed values or Pi, must be a straight line. The slope of 
this curve determines a or the relaxation distance po. 
Examination of the photographically recorded data, 
obtained under varied experimental conditions, shows 
that the above statement is verified by the experiments 
for larger values of d and lower levels of heating power 
(Pin). This is no longer the case for smaller values of d 
and higher levels of Pin. This is understandable because 
in the latter cases the temperature gradient may be so 
large that the temperature decay along the plasma 
cannot be expressed by a single exponential. Other 
reasons are that due to drastic electron heating (up to 
inelastic collision levels) “excitation” of the heated 
plasma and enhanced diffusion of the electrons occur. 
The effect of “excitation” has been observed on the 
light output for the higher range of Pin. Therefore, the 
determination of a (i.e., po) and consequently K from 
the slope of such straight lines is applicable only for the 
case of relatively small temperature gradients, which 
corresponds in these experiments to the lower values 
of Pin (Fig. 3). 

The values of the thermal conductivity K, deter- 


(11) 


TABLE I. Experimental conditions of Fig. 3. 
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Fic. 3. Experimental results of thermal conductivity (K) 
‘(by “steady-state method” and “transient method’). 


mined from the analysis of “quasi’’-steady-state data, 
are also shown in Fig. 3 in horizontal, short, solid lines. 
Each of these lines corresponds to the curve of K, with 
the same number, that has been obtained by the 
“transient” method. 

Inspection of Fig. 3 shows that the experimental 
values of the thermal conductivity K in the plasma 
described, which are determined by the two different 
methods, are in fair agreement. This agreement is 
closest for the lowest heating power level (Pj), the 
only case where the “quasi’’-steady-state treatment is 
applicable. 


5. 


The most significant result of these experiments is 
that the thermal conductivity in plasma of low gas 
pressure but adequately high charge density (degree 
of ionization 10-*-10-*) is determined by the heat 
flow chiefly in the electron gas of the plasma. Indeed, 
the rate at which thermal energy is transferred from a 
small volume of warm electron gas to equal volumes of 
cool electrons within the same plasma is considerably 
faster (at least one order of magnitude faster) than the 
rate of heat transfer to any of the two other heavy 
plasma constituents (ions and neutral atoms). 

This conclusion is also borne out by the experimental 
fact that at the same electron density m, in one gas 
(here Xe) no gas pressure dependence on the thermal 
conductivity is observed (compare curve No. 3 with 
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No. 4, or No. 8 with No. 9 in Fig. 3 and Table I). A 
further support for the above conclusion is provided 
by the fact that, again at the same charge density, the 
mass of the gas (here xenon and neon) has little or no 
influence on the thermal! conductivity in these plasmas 
(compare the curves No. 5, 6, and 7). A rather strong 
dependence of this thermal conductivity on the electron 
density, however, is apparent. 

The most appropriate comparison of the experi- 
mentally obtained coefficient of thermal conduction in 
the above-mentioned plasmas can be made with the 
recent detailed calculations of Spitzer and Harm.” 
These calculations are relative to plasmas in fully 
ionized gases. The comparison of our experimental 
results with this theory is appropriate because in the 
plasmas described in our work the interaction of 
electrons with the charged constituents (electrons and 
ions) predominates over that with the neutral gas 
constituents of the plasma owing to the long range of 
the Coulomb force. This comparison shows that the 
experimentally obtained values of thermal conductivity 
are in agreement, within less than one order of magni- 


12 L, Spitzer, Jr., and R. Harm, Phys. Rev. 89, 977 (1953). 


AND T. 
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tude, with those given by the theory of Spitzer and 
Harm. A closer comparison with theory at this stage 
of the experiments does not appear to be justified in 
view of the present uncertainty of the initial values of 
the electron temperature (7,) in the experiments per- 
formed with xenon. The initial values of the electron 
temperatures in the decaying neon plasmas investigated 
are known, however, with more certainty. In this case 
the experimental and theoretical values of the thermal 
conductivity of the plasma are in rather excellent 
agreement. (See Fig. 3.) 

These experiments are being extended to other gases 
and it is expected that their continuation will yield 
more precise measurements of the plasma parameters. 
A subsequent paper will contain a more detailed de- 
scription of the experiments and their results as well as 
a more complete comparison with theory. 
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Shape of the High-Energy End of the Electron-Bremsstrahlung Spectrum* 
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The elastic scattering of photons by the 15.11-Mev level in C” has been used to study with good energy 
resolution the number of photons at the high-energy end of a bremsstrahlung spectrum. The bremsstrahlung 
was produced by electrons accelerated in a betatron, the energy of which was varied in 35-kev increments. 
Targets were: a 0.025-inch-diameter tungsten wire and the following foils, 0.001- and 0.010-inch tungsten, 
0.002-inch thorium and 0.010-inch nickel. The foils were used to study the dependence of the spectrum 
shape upon target thickness and atomic number. When compared with Bethe-Heitler spectra corrected for 
target thicknesses, the data indicate an excess number of photons in the tip of the spectrum. The experi- 
mental number depends on the atomic number of the target and cannot vary more rapidly than Z}. 


I. INTRODUCTION 


HERE have been a number of experimental meas- 
urements of the bremsstrahlung spectra generated 

by electrons having energies in the range from 1 to 20 
Mev. A review of these experiments and the comparison 
of the experiments with the available theories is given 
by Starfelt and Koch.! The data indicate that for high 
energies the general shape of the bremsstrahlung spec- 
trum is well described by the results obtained from a 
calculation made in Born approximation when the 
effect of screening by the atomic electrons is taken into 
account.2 The absolute magnitudes of the brems- 
* This work was partially supported by the U. S. Air Force, 


through the Office of Scientific Research of the Air Research and 
Development Command. 
1N. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956). 
2H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 


strahlung cross section for electrons with energies in 
the 10- to 20-Mev range have been found to agree with 
the Born approximation result to within about 10%."* 

Up to the present time there have been no detailed 
measurements or satisfactory theoretical calculations of 
the shape of the high-energy tip of the bremsstrahlung 
spectrum (energies within mc? of the incident electron 
kinetic energy). The shape of the spectrum in this 
energy range is of utmost importance in interpreting 
the breaks that have been found in activation curves.‘ 
Poor instrumental resolution has been the principal 
reason for the lack of experimental information about 
this portion of the bremsstrahlung spectrum. The 
failure to obtain a satisfactory theoretical prediction 
for the shape of the tip of the spectrum can be laid to 


~ 9E.,V. Weinstock and J. Halpern, Phys. Rev. 100, 1293 (1955). 
*A.S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 
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Fic. 1. The experimental] arrangement. 


the extreme difficulties encountered when calculations 
must be made using the exact wave functions to de- 
scribe the incoming and outgoing electron. 

The technique of studying the shape of the brems- 
strahlung spectrum by use of the photoexcitation of 
nuclear energy levels has been shown to be possible at 
low energies® and in the 10- to 20-Mev range.*:* This 
paper will describe an experiment in which this tech- 
nique was employed. In addition to the spectrum from 
a 0.025-inch tungsten wire target, which is normally 
used in the National Bureau of Standards betatron, 
spectra were also measured from 0.010-inch nickel, 
0.001-inch tungsten, 0.010-inch tungsten, and 0.002- 
inch thorium foil targets placed inside the accelerating 
tube. The results for the shape of the high-energy tip 
of the spectrum are compared in this paper with spectra 
calculated from the Born approximation result given by 
Bethe and Heitler.’ 


Il. EXPERIMENTAL METHOD 


In this experiment the shape of the bremsstrahlung 
spectrum was studied by observing the scattering by 
the 15.11-Mev level in C” as a function of the maximum 
energy of the betatron. In the laboratory system the 
threshold for scattering by this level is 15.12 Mev. 
The width of this level has been shown to be 79+ 16 ev.® 
The number of photons scattered is then a measure of 
the number of photons in a very narrow energy band 
of the bremsstrahlung spectrum. For this work the 
yield curve is defined as the curve giving the relative 
number of 15.12-Mev photons per Mev in the total 
bremsstrahlung spectrum as a function of the peak 
energy of the spectrum. The object of the experiment 
was to study the shape of the yield curve for various 

5 W.C. Miller and B. Waldman, Phys. Rev. 75, 425 (1949). 

6 Fuller, Hayward, and Svantesson, Bull. Am. Phys. Soc. 
Ser. II, 1, 10 (1956); Sargent, Bertozzi, and Demos, Bull. Am. 
Phys. Soc. Ser. II, 1, 343 (1956). 

7W. Heitler, Quantum Theory of Radiation (Oxford University 


Press, New York, 1954), third edition, Eq. ( . fe 245. 
8 FE. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 


types of bremsstrahlung targets placed inside the 
betatron donut. 

The experimental arrangement used is shown in 
Fig. 1. The counting rate for the photons scattered by 
the 15.11-Mev level was optimized by placing as much 
aluminum absorber as space would allow in the scat- 
tered beam. This procedure had the effect of decreasing 
the counting rate resulting from low-energy photons 
and electrons relative to that resulting from the high- 
energy photons. The absorber in the primary beam was 
then adjusted until it was possible to run with full 
output from the betatron at 16 Mev without having 
appreciable pile-up in the peak of the pulse-height 
distribution produced by the photons scattered by the 
15.11-Mev level. The pulse-height distribution pro- 
duced by the photons scattered from a 2-g/cm? graphite 
target is shown in Fig. 2. The pulses between A and B 
on this distribution were used as a measure of the 
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Fic. 2. The pulse-height distribution obtained when the carbon 
target was irradiated by 16- to 17-Mev bremsstrahlung beams. 
The number of counts between A and B were taken as a measure 
of the number of 15.12-Mev photons in the bremsstrahlung beam. 
This distribution contains relatively many more small pulses than 
the one shown in reference 8 because of the degradation of the 
scattered photons in the large aluminum filter used in the present 
experiment. 
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number of 15.12-Mev photons in the incident spectrum. 
At 19 Mev the counting rate was approximately 200 
counts per hour in this region of the pulse-height 
distribution. 

When data were obtained for bremsstrahlung spectra 
with operating energies greater than 20 Mev, there was 
some evidence that counts in the region from A to B 
were produced by one or all of the following: (1) feeding 
of the 15.11-Mev level by higher levels in C”, (2) the 
incomplete absorption by the NaI(T]) crystal of higher 
energy photons scattered by the target, and (3) back- 
ground produced by neutrons generated in the target. 
This background was determined by making a self- 
absorption measurement® with a 2-g/cm? carbon ab- 
sorber in the incident beam when the betatron was 
operated at energies above and below 20 Mev. At 40 
Mev the background amounted to a 10% correction. 

Each run was monitored in terms of the charge 
collected from the transmission ionization chamber. 
This chamber was calibrated by comparing its reading 
with that of a standard chamber placed in the same 
beam. The standard chamber had been calibrated by 
the total spectrum method of Koch, Leiss, and Pruitt.® 

The properties of the various targets used are listed 
in Table I. The target normally used in the betatron is 
a tungsten wire with a diameter of 0.025 inch. This 
target is located at a smaller radius than the equilibrium 
orbit in the betatron. The other targets were mounted, 
four at a time, in a special holder that allowed any one 
of the four to be rotated into position within the 
donut without breaking the vacuum or changing the 
donut position. These targets were all positioned at 
a radius larger than the equilibrium orbit but inside the 
radius of the injector. 

In the case of the normal betatron target, x-rays were 
obtained by applying a rather slow pulse to an electron- 
orbit shift coil whose radius was smaller than that of 
the donut. The x-ray pulse from the betatron under 
these conditions was roughly triangular in shape with a 
base length of about 4 microseconds. For the data taken 
near the threshold for scattering by the 15.11-Mev line, 
the time width of the x-ray pulse and the rate of change 
of the betatron magnetic field resulted in an energy 


TABLE I. Target properties. 











Beam width 
Energy at one-half Observed 
loss* maximum energy loss> 
Target kev Mev-radians kev 
0.025 in. W wire 1100 2.3 130+ 40 
0.001 in. W foil 44 2.0 117+ 23 
0.010 in. W foil 440 2.7 370+ 70 
0.010 in. Ni foil 240 2.4 350+ 84 
0.002 in. Th foil 49 2.3 112+ 34 








* Based on collision-energy loss expression as given by Goldwasser, Mills, 
and Hanson, Phys. Rev. 88, 1137 (1952). 

> Based on Muirhead et al, (reference 10) and on measured angular 
distribution of the bremsstrahlung beam. 


® Koch, Leiss, and Pruitt, Bull. Am. Phys. Soc. Ser. II, 1, 199 
(1956). 
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spread of about 80 kev. For the targets mounted at a 
radius larger than the equilibrium orbit, yield was 
obtained by applying a large pulse to a pair of coils 
located above and below the equilibrium orbit. This 
procedure resulted in an x-ray pulse whose width was 
less than 0.1 microsecond at the base. In this case the 
spread of the beam was less than 2 kev. 

During all spectrum measurements, the x-ray in- 
tensity from the betatron was kept below a limit fixed 
by the counting rate of an integral discriminator biased 
at about 1 Mev. This limit was fixed at about one-half 
the counting rate at which pile-up was observed in the 
region A to B of the pulse-height distribution given in 
Fig. 2, when the yield of counts in this region was 
measured as a function of the counting rate of the 
integral discriminator. The measurements were made 
for both the “slow-contract” and the “fast-expand” 
targets. 

The energy scale of the betatron was based on the 
thresholds for the (7,7) reactions in Be®, Au’, and Cu® 
and on the threshold for scattering by the 15.11-Mev 
level in C”, The latter threshold is by far the sharpest 
observed in this laboratory. A change of 20 kev on the 
energy scale produced a fivefold increase in counting 
rate. The threshold for this scattering was used to 
monitor any changes in the betatron energy scale. As 
would be expected, the energy calibration was different 
for the “expand” target and for the “contract” target. 
For any one type of machine operation, however, the 
energy calibration was constant to within 20 kev for 
the three-month period during which measurements 
were made. It was found that this stability could be 
obtained by warming up the betatron for about one 
hour before starting to take data. 

For each of the targets used an attempt was made to 
determine the effective target thickness by measuring 
the angular distribution of the bremsstrahlung. These 
measurements were made by exposing a copper strip 
on the betatron side of the collimator. The strip was 
located on a diameter of the beam (see Fig. 1). After 
exposure of the strip to either 19- or 21-Mev brems- 
strahlung (the energy differed for different targets), the 
10-minute activity induced in the strip was counted as 
a function of position across the strip. After corrections 
were made for the decay of the induced radioactivity, 
the data gave the angular distribution for those photons 
in the high-energy part of the bremsstrahlung spectrum. 
Strips were exposed both vertically and horizontally. 
The angular distributions were not different within the 
errors of measurement. The measured angular distribu- 
tions were used to determine the effective target thick- 
nesses by comparing them with the angular distribu- 
tion given by Muirhead ef al. For the 0.001-inch 
tungsten and 0.002-inch thorium targets there seems 
to be some evidence for multiple traversals of the target, 
since the target thicknesses in kev as inferred from 


10 Muirhead, Spicer, and Lichtblau, Proc. Phys. Soc. (London) 
A65, 59 (1952). 
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Fic. 3. The yield of 15.12-Mev photons obtained when electrons of energy, Eo, were slowly contracted into the 
0.025-inch wire target normally used in the betatron. The solid curve is the Schiff spectrum normalized to the 
experimental curve near 20 Mev. The target thickness, as determined by a measurement of the angular distribution 


of the bremsstrahlung, is 130 kev. 


reference 10 were larger than the collision-energy loss 
expected for these foils. The data for the 0.025-inch 
tungsten wire target clearly show the effect of a slowly 
contracted beam just grazing the edge of a target. 


Ill. RESULTS 


Figure 3 shows the yield curves obtained using the 
0.025-inch tungsten wire target into which the betatron 
electron beam was slowly contracted. The ordinates of 
Fig. 3 are in units of the relative number of 15.12-Mev 
photons per Mev in the beam. Also plotted is the yield 
curve obtained from the Schiff bremsstrahlung spectrum 
as tabulated by Penfold and Leiss."' These tables are 
frequently used in the analysis of activation curves. 
The theoretical curve has been normalized to the experi- 
mental data near 20 Mev. The approximations made 
by Schiff” in evaluating the differential bremsstrahlung 
cross section of Bethe and Heitler were that the energies 
of both the incoming and outgoing electron were large 
compared to the rest energy of the electron. He also 
neglected certain screening terms in integrating over 
the outgoing electron angles. In integrating over the 
outgoing photon angle the approximation was made 
that the angles involved are small. These approxima- 
tions produced the finite threshold to the yield curve 
shown in Fig. 3(a). If the theoretical curve shown in 
Fig. 3(a) is modified, by a method to be described later, 
to take into account the finite thickness of the target 
and the energy spread of the primary electrons, a con- 


11 A. S. Penfold and J. E. Leiss, Phys. Rev. 95, 637 (1954); and 
private communication. 
2 L. I. Schiff, Phys. Rev. 83, 252 (1951). 


siderably better fit can be obtained to the experimental 
data for energies near the threshold. The agreement of 
the experimental curve with the modified theoretical 
curve near threshold is only fortuitous, since the 
approximations made by Schiff are not valid in this 
energy region. 

The yield curve for the tungsten-wire target was 
measured for electron energies up to 40 Mev, and is 
given in Fig. 3(b). The coincidence of the measured and 
calculated yield curves demonstrates, within the rather 
large experimental errors, the validity of the energy 
dependence of the monitor calibration used for these 
interpretations as well as the general validity of the 
Schiff calculations. The data are not accurate enough 
to distinguish between the Schiff integrated spectrum 
and the corrected forward spectrum.” 

Figure 4 shows the measured yield curves obtained 
by using the “thin” targets into which the electron 
beam was expanded." The solid curves are plots of a 
15.12-Mev yield curve calculated from the Bethe- 
Heitler expression’ normalized to the experimental data 
at 16.75 Mev.'® This formula represents the brems- 


18 A. Sirlin, Phys. Rev. 106, 637 (1957); E. Hisdal, Phys. Rev. 
105, 1821 (1957). 

4 Data were also taken by using a 0.020-inch aluminum target. 
These were not considered reliable because there was evidence 
that the x-rays came from two sources in the betatron. The 
measured angular distribution was very broad and the spectrum 
and magnitude of the yield obtained were consistent with the 
assumption that the x-rays came from both the aluminum target 
and the tungsten support for the assembly. The aluminum target 
was the only one for which this effect was expected. 

15 The normalization factor was a function of Z, varying by 
11% from nickel to thorium. This difference is of the right magni- 
tude and sign to be attributed to a screening effect. 
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Fic. 4. The yield curves obtained when the electrons 


were rapidly expanded into targets of 0.010-inch nickel, 


0.001-inch tungsten, 0.010-inch tungsten, and 0.002-inch thorium foils. The solid curves have been calculated from 
the Bethe-Heitler formula modified to take into account target thickness effects. Target thickness used was that 
determined from a measurement of the angular distribution of the bremsstrahlung from each target. This thickness 


is given in kev. 


strahlung cross section integrated over the outgoing 
electron and photon angles. It should provide a more 
legitimate test of the validity of the Born approximation 
than would Schiff’s calculation. The value of zero for 
the cross section at the threshold of the yield curve is a 
consequence of the Born approximation. It is evident 
that the experimental yield curves rise more rapidly 
from threshold for the heavier nuclei than do the 
theoretical curves. 

The theoretical curves shown in Fig. 4 have all been 








modified to take into account the finite thickness of 
the various targets. The target thickness used for each 
target is given in kev on the graphs. The effective target 
thicknesses were determined from the angular distribu- 
tion as described above. The distortions produced by 
multiple scattering and energy loss in the target may 
be taken into account by integrating the contributions 
to the bremsstrahlung generated in elements of target 
thickness, dx.!* If N(15.12, Eo) is the elementary yield 


16 Motz, Miller, and Wyckoff, Phys. Rev. 89, 968 (1953). 
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curve, then the modified curve will be: 


r dE 
N’(15.12,Eo) = f dx (a)N (18.12,E0+—de)), 
0 


x 


where S(x) is the probability that a photon generated 
in dx is detected. S(x) therefore depends on the target 
properties and the acceptance angle of the detector. 
The functions, S(x), have been calculated using a pro- 
cedure outlined by Penfold’’ for the targets and the 
acceptance angle of 0.01 radian used in this experiment. 
In this approximation energy loss and scattering were 
treated as independent processes and radiation strag- 
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Fic. 5. A comparison of the calculated thin-target yield curve 
with those modified for tungsten targets 100, 300, and 500 kev 
thick. 


gling was completely neglected. Penfold has shown that 
these simplifications do not alter the results signifi- 
cantly, but do make hand computation feasible. 

The effects of the finite target thickness on the shape 
of a yield curve are shown in Fig. 5. The upper curve is 
a plot of the undistorted 15.12-Mev yield curve calcu- 


17 A. S. Penfold (private communication). 
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TABLE II. Ratio of observed counts/Mev to the modified 
Bethe-Heitler distribution. 











Ni W WwW Th 
Energy 0.010 in. 0.001 in. 0.010 in 0.002 in. 
15.51 0.96+0.06 1.05+0.10 
15.36 0.87+0.06 1.22+0.10 1.48+0.11 1.48+0.13 
15.33 1.09+-0.13 1.43+0.11 1.50+0.12 
15.30 1.02+0.08 1.52+0.08 1.50+0.10 
15.27 1.05+0.10 1.45+0.10 1.98+0.12 1.63+0.16 
15.24 1.03+0.10 1.68+0.08 1.74+0.12 1.78+0.19 
15.21 1.0 +0.12 1.92+0.11 2.4 +0.12 1.68+0.17 








lated from the Bethe-Heitler formula. The three lower 
curves resulted from folding the thick target weighting 
functions, S(x), into the latter to take into account the 
effects of energy loss and multiple scattering in tungsten 
targets 100, 300, and 500 kev thick. The differences are 
not very great. ; 

A cursory inspection of Fig. 4 reveals that the yield 
curve measured using the nickel target agrees well with 
that given by the Bethe-Heitler formula corrected for 
target thickness. Within 300 kev of the tip of the 
spectrum the tungsten and thorium data lie above the 
calculated distributions. The ratio of the experimental 
points of Fig. 4 to the modified Bethe-Heitler distri- 
bution in the energy range 15.12 to 15.51 Mev are 
given in Table II. The ratios of the order of two near 
the tip for high atomic number targets are similar in 
magnitude to those found by Starfelt and Koch! for 
very thin gold targets and similar outgoing electron 
energies. These data indicate that for the heavy target 
nuclei there is an excess in the number of photons in 
the high-energy tip of the bremsstrahlung spectrum 
over that given by the Born-approximation calculation. 
The data may also indicate that there is a finite value 
for the end of the bremsstrahlung spectrum which 
depends somewhat upon the nuclear charge. To be 
consistent with the present data, this end point cannot 
vary faster than Z}. An exact calculation is expected to 
result in a finite end point to the spectrum.!* None of 
the various attempts to approximate a correction to the 
Bethe-Heitler cross section yields a result consistent 
with the data given in Table II. 
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Emission Mechanism of Cold-Cathode Arcs* 


K. G. HERNQVIST 
Radio Corporation of America, RCA Laboratories, Princeton, New Jersey 
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A new theory for the electron emission mechanism of cold-cathode arcs is proposed in which excited 
atoms play a predominant role as a source for ion generation in the vicinity of the cathode surface. The 
processes of resonance ionization of excited atoms at the cathode surface and of ionization of excited atoms 
in the strong electric field at the cathode surface are considered. 

Special emphasis is given to the dispersed (or D-type) arc which operates with a relatively low emission 
current density. An analysis of the D type of arc is given based on the proposed theory. Recent studies of 
this arc are shown to corroborate the theory. 

The rapid decrease of electron plasma temperature and population of excited atoms during arc-current 
interruption offer an explanation for the short extinguishing time of cold-cathode arcs. 








I. PROBLEM OF THE EMISSION MECHANISM 
OF MERCURY POOL ARCS 


TUDIES of the mercury pool arc! have indicated 
that electrons emitted from the cathode come from 
the top of the Fermi energy distribution in the cathode 
and not from the top of the potential barrier of the 
undisturbed mercury surface. The behavior is analogous 
to that of field emission? (tunnel effect) where there is a 
large electric field at the cathode. There are two 
important questions to be answered in connection with 
the field emission mechanism of mercury pool arcs: 
(1) How is the high electric field necessary for field 
emission maintained at the cathode surface? (2) Why 
does the emission cease after arc-current interruptions 
as short as 10~* to 10~* second? 
To answer the first question, the electric field at the 
cathode surface due to the ion space-charge sheath 





je=6.11X 10-—_—_—_—\ 


¥ 
v2) 2-1 
met Ge 


For the mercury pool arc!:* ¢= 4.52 volts, V.-~10 volts, 
(m,/m,)*=600, and j,/j-~1/50 yielding 7,~1.2X 10° 
amperes/cm?. The effects of the image force and field 
enhancement due to the roughness of the cathode 
surface have not been taken into account in Eq. (3). 
These effects may be expected to somewhat lower the 
requirement on current density. Although current den- 
sities in excess of 10° amperes/cm? have been observed,® 
it is doubtful if they are sufficiently high to satisfy the 
Mackeown theory. Furthermore, measurements on 


* Part of this research was supported by the U. S. Air Force 
through the Office of Scientific Research of the Air Research and 
Development Command. 
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between the plasma and the cathode is usually con- 
sidered.** The electric field E. in volts/cm is given by 
the Mackeown relation, 


my\* j 
p2=731x10.3 (™") “a, 
mM, Je 


where V ,, is the cathode drop in volts, j, is the electron 
emission current density in amperes/cm’, 7, is the ion 
current density in amperes/cm? and m,/m, is the ion- 
to-electron mass ratio. The expression for j, is given by 
the Fowler-Nordheim relation? for field emission : 


(1) 


E? 
je=6.2X10-*— exp[—6.8% 107(¢3/E.)], (2) 
d 


where ¢ is the work function of the cathode. Equations 
(1) and (2) yield 


¢* 





a (3) 





anchored arcs’ have yielded lower values for the emis- 
sion current density. This dilemma was highlighted in 
1953 when Smith* reported on what was thought to be 
a special mode of the mercury pool arc, called the dis- 
persed or D type of arc, for which the current density 
may be as low as 10 amperes per square centimeter. 

The second question relates to the extremely short 
extinguishing time’!° of mercury pool arcs. If a short 
negative pulse is applied to the anode of a running dc 
arc such as to cut off the anode current during times 
as short as 10~ second, the arc will not refire when the 
anode voltage is brought back to a high value. Plasma 
density decay is negligible during times as short as 10° 
second.' The ion current density j,, which is propor- 
tional to the plasma density, therefore stays constant. 





7L. Tonks, Physica 6, 294 (1935). 

*C. G. Smith, Brit. J. Appl. Phys. 4, 252 (1953). 
®G. Mierdel, Z. tech. Phys. 17, 452 (1936). 

©. Engelbrecht, Arch. Elektrotech. 36, 515 (1942). 
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Thus if the electric field at the cathode surface is 
maintained only by positive ions generated in the 
plasma, this field would be at least as large after arc 
extinguishing as before. Thus it is seen that the 
Mackeown theory also fails to give a satisfactory answer 
to the question of the short extinguishing time. 

Because of the importance of the emission current 
density for an understanding of the emission mechanism 
of cold cathode arcs this paper deals primarily with 
studies of the D type of arc. The implications of these 
studies for the mercury pool arc are discussed. 


Il. DISPERSED TYPE OF COLD CATHODE ARC 
1. Methods of Establishing the Arc 


The basic electrode geometry for the D type of arc 
is illustrated in Fig. 1. A cylindrical pure molybdenum 
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Fic. 1. Basic set-up for activation and — of the D type of 
cold-cathode arc discharge. 


electrode having a slightly rounded top, protrudes 
through the surface of the pool of mercury, with the top 
surface of the electrode about 1 centimeter below a 
cylindrical stainless steel anode. An electromagnet 
provides a variable magnetic field (up to 7000 gauss) 
oriented parallel to the axis of the two electrodes. The 
mercury pool communicates with a reservoir through a 
manometer arrangement, permitting adjustment of the 
mercury level with respect to the top surface of the 
molybdenum electrode. During normal operation the 
tube is continuously pumped. 

When first immersed in the mercury pool, the 
molybdenum electrode is not wetted by the mercury, 
the meniscus being bent downwards as shown in Fig. 2. 
A hydrogen glow discharge is first operated in the tube. 
After this cleaning operation the electrode is completely 
wetted, the meniscus being bent upwards, as shown in 
Fig. 2. When the arc is started the cathode spot anchors 
at the meniscus and encircles the electrode with a 
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Fic. 2. Shape of mercury meniscus. 


bright ring of light. A magnetic field of a few thousand 
gauss can now be turned on without extinguishing the 
arc. This type of discharge [Fig. 3(a) ] in the presence 
of a parallel magnetic field appears to be quite stable, 
and is the one which is normally encountered. The 
D type of arc cannot be obtained under these condi- 
tions. 

The process hereafter taking place is a quite tedious 
one requiring several hours of operation of the dc arc 
in the presence of the magnetic field. A condition is 
eventually obtained when a slowly increasing area at 
the top surface of the molybdenum electrode appears to 
be unwetted by the mercury. Presumably the intense 
ion bombardment uncovers parts of the bare molyb- 
denum surface leaving it exposed to the residual gases 
present in the tube. Eventually this unwetted area 
extends down to the wetting line at which the arc is 
anchored. The arc can no longer operate stably in its 
normal mode, the bright circular cathode line suddenly 
leaves the meniscus boundary, hops up onto the 
unwetted top surface of the molybdenum electrode and 
spreads out uniformly over a large area, as shown in 
Fig. 3(b). The molybdenum electrode appears to be 
wet with mercury except for the top surface which 
appears to be unwetted, the meniscus being bent 
downwards as shown in Fig. 2. 

Once established, the D type of arc appears to be 
quite stable over a wide range of magnetic fields 
(1000-7000 gauss) and anode currents (2 to 6 amperes). 
The D type of arc requires an arc drop of about 14 volts 
as compared to 10 volts for the normal mode. Oscillo- 
graphic observations of the arc drop indicates noise 
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Fic. 3. (a) Arc operating in “normal” mode with magnetic field 
applied parallel to discharge. (b) Arc operating in “dispersed” 
mode with magnetic field applied parallel to discharge. 
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Fic. 4. Cathode for D type of arc. 





components of an amplitude approximately 2% of the 
average arc drop. The frequency spectrum of the noise 
has a quite sharp maximum at about 10 megacycles per 
second due to more or less coherent oscillations. As long 
as the side surfaces of the molybdenum electrode are 
well wetted with mercury the meniscus level of the 
mercury pool can be brought down as much as 1 cm 
from the top surface, however the mercury pool can- 
not be completely removed from the tube without 
extinguishing the arc. Presumably the presence of 
mercury in the vicinity of the discharge region is 
necessary to maintain sufficient vapor pressure. From 
the temperature of the mercury pool the vapor pressure 
is estimated to be about 1 mm of Hg. 

It seemed quite probable that the process of estab- 
lishing the D type of arc described above involves an 
oxidation of the top surface of the molybdenum elec- 
trode by the residual oxygen in the tube while keeping 
the sides of the electrode wetted for anchoring of the 
arc in its normal mode. Therefore a cathode was pre- 
pared based on the following principles: (1) The 
cathode work function must be high. (2) Means for 
anchoring of the arc in its normal mode must be 
provided. (3) The arc must be made unstable in its 
normal mode when a longitudinal magnetic field is 
applied. 

In Fig. 4 is shown a cathode structure based on these 
principles. The cathode is made of tungsten whose top 
surface is polished and oxidized in air to yield a high 
work-function surface"! (¢>6 volts). For anchoring of 
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Fic. 5. Optical arrangement of ultra-high-speed camera. 
1 R, C. L. Bosworth and E. K. Rideal, Proc. Roy. Soc. (London) 


A162, 1 (1937). 
12K. H. Kingdon, Phys. Rev. 24, 510 (1922). 
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the arc cathode spot, a sleeve of copper wetted with 
mercury is mounted on the tungsten electrode as 
shown in Fig. 4. In order to break up the wetting line, 
a slit is cut in the copper sleeve, as shown. This tends to 
make the arc unstable in its normal mode when the 
magnetic field is applied, thus causing a mode jump. 
The electrode was partly immersed in a mercury pool 
in a manner similar to the molybdenum electrode 
described above. When the arc was fired, the cathode 
spot anchored at the copper sleeve. When the magnetic 
field was applied the arc turned immediately into the 
D type of operation. Thus it has been shown that the 
emission of the D type of arc occurs from an oxidized 
metal surface. The mercury pool only serves to provide 
a sufficient vapor pressure for the discharge. 


2. Ultrahigh-Speed Photographic Studies 


It is important to determine whether the electron 
emission in the D type of arc is uniform over the 
cathode surface, or occurs from rapidly moving spots 
or spots of short lifetime such as to give the illusion of 
uniformity as observed by the naked eye. Therefore, 
ultrahigh-speed photographic studies of the cathode 
surface were undertaken. 
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Fic. 6. Schematic diagram of circuit for electro-optical shutter. 


The optical arrangement of the camera used is shown 
in Fig. 5. The high-speed shutter consists of a Baird 
Associates model EV-1 Electro-Optic Light Modulator 
mounted between a pair of crossed linear polarizers. 
The basic unit is a plate of ammonium-dihydrogen- 
phosphate (ADP-crystal) placed between a pair of 
electrodes which allow light to pass in the same direction 
as the electric field between the electrodes. To open the 
shutter a high-veltage pulse is applied across the 
crystal for the duration of the exposure. A mechanical 
shutter is placed in series with the electrical shutter, 
as shown. The pulse equipment which opens the crystal 
shutter for the desired exposure time is synchronized 
with the mechanical shutter, which opens for 1/400 of a 
second. Since the electro-optic shutter is not perfect (it 
leaks considerable light even when closed), the mechan- 
ical shutter is essential in order to minimize the exposure 
of film due to leakage light. The lower limit of exposure 
time (about 10 microseconds) is determined by the 
leakage light through the electro-optic shutter while 
the mechanical shutter is open. 

Figure 6 shows schematically the electrical circuit 
that was used for opening the electro-optical shutter. 
The electrodes of the ADP crystal were connected 
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between the plates of two 5C22 hydrogen thyratrons. 
The first thyratron, Th I, was triggered directly by the 
flash synchronizing contact S of the mechanical shutter. 
When Th I fires, its plate attains ground potential and 
the B voltage (10 kv) appears across the ADP crystal. 
The triggering signal is transmitted throwgh the variable 
delay line, which determines the expgsure time, to 
Th II. When Th II fires, its plate potential also attains 
ground potential, thus removing the potential across the 
ADP crystal. 

Photographs were taken of the cathode surface of the 
D type of arc, using exposure times ranging from 10 to 
1000 microseconds. One of these is shown in Fig. 7. The 
arc current was 6.5 amperes and the cathode area (top 
surface of the molybdenum electrode) was approxi- 
mately 0.39 cm*. The photographs at different exposure 
times only show a difference in intensity of exposure. 
They show that the light emitted at the cathode is 
uniformly distributed over the whole cathode surface. 
No bright spots or graininess of the light emitted could 
be found in any of the pictures taken. 

Based on these photographic studies, the following 
two possibilities may be considered : 

(a) A small fast-moving cathode spot scans the whole 
cathode surface in 10 microseconds. Assume that an 
emission area (of diameter d) scans the cathode surface 
in an orderly fashion. If the spot velocity is v then the 
time 7 to scan the cathode surface is 


7 = D*/vd, (4) 
where D® is the area of the cathode surface. If the 


emission current is J, one obtains from (4) an upper 
limit to the current density j.: 


Je <1 (rv/D?*)?. (5) 
Studies of cathode-spot motion® indicate that 1< 10° 


cm/sec. Thus using the results from the photographic 
studies one obtains from (5) 7,<40 amperes/cm?. 





Fic. 7. Photograph of the cathode surface of the D type of arc 
taken with the camera inclined about 30° from the horizontal 
axis. The bright curved line is the outline of the cathode surface 
with some of the bright discharge column visible above. Exposure 
time = 1000 microseconds. 


18 R. M. St. John and J. G. Winans, Phys. Rev. 98, 1664 (1955). 
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Fic. 8. Spectrum of the D type of arc. 


(6) Emission occurs from small spots of short lifetime. 
Assume a spot lifetime ¢. The shortest time 7 to cover 
the whole cathode uniformly with light is then 


7= (D?/d?)t, (6) 
or 

je<11/D4. (7) 
Studies of plasma density decay! of the mercury pool 
arc indicate that ‘~1 microsecond and thus from (7) 
je<150 amperes/cm’. 

Assuming that the light originating at the cathode 
surface is a true measure of the distribution of electron 
emission current density it must be concluded from 
these measurements that the emission current density 
of the D type of arc is at least as low as 150 amperes/cm? 
and may be as low as 20 amperes/cm’. The electric 
field at the cathode surface calculated from (1) is then 
only 4X 10° volts/cm. The Mackeown theory then can- 
not account for the large field necessary for field 
emission. 


3. Spectrographic Studies 


A possible way to obtain information about the elec- 
tric field strength at the cathode surface is to study 
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Fic. 9. Densitometer trace of Fig. 8. 


the spectrum of the radiation originating in this region. 
In the presence of the nonuniform electric field, a con- 
siderable broadening of the spectrum lines occurs due 
to the Stark effect. If the Stark shift versus electric field 
relation is known, the maximum field strength at the 
cathode surface can be estimated. Such studies were 
made by St. John and Winans" for an anchored 
mercury pool arc. Both symmetric and asymmetric 
broadening were observed in agreement with the known 
Stark shift. The observed Stark shift indicated an 
electric field strength at the cathode surface which is 
much higher than that calculated from (1) using a value 
of j7-= 10000 amp/cm? as measured by Tonks.’ 

Spectrographic studies were made of the D type of 
arc. The spectrum emanating from the cathode surface 
is shown in Fig. 8. Figure 9 shows a densitometer trace 
of Fig. 8. The following results were obtained from these 
studies: (1) There is no essential difference in the 
spectrum originating from the cathode surface and 
from the main discharge plasma. (2) The broadening of 
the lines is symmetric and much less than in the 
spectrum of an anchored mercury pool arc.® This 
indicates that the conditions at the cathode surface of 
the D type of arc may be different from those of a 
normal mercury pool arc. 


4. Transient Behavior of the Arc 


To study the transient behavior of the arc, the fol- 
lowing experiment was performed on a D type of arc. 
A short negative voltage pulse was applied to a running 
de arc. The arc current and voltage were observed on 
oscilloscopes. It was found that during the application 
of the pulse the arc current approached zero as the 
anode voltage approached a value (5 to 6 volts) slightly 
higher than the work function of the anode. When the 
arc current reached the value zero the arc extinguished. 
No attempt was made to determine the minimum 
extinguishing time because at short pulse lengths such 
measurements are extremely difficult to perform due to 
the variation and noisiness of the arc current and 
voltage. However, it was determined that the ex- 
tinguishing time is less than } microsecond. 

It appears that the transient behavior of the D type 
of arc is quite similar to that of a mercury pool arc.',*° 


5. Theory of the Emission Mechanism of 
the D Type of Arc 


From the experiments on the D type of arc described 
above the following conclusions may be drawn: (1) The 
electron emission in the D type of arc occurs from an 
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oxidized metal surface of high work function. The 
D type of arc must therefore be regarded as a specific 
form of cold cathode arc and not as a special mode of 
the mercury pool arc. (2) The low emission current 
density of the D type of arc makes it possible to say 
with certainty that the ion flow from the plasma to the 
cathode cannot support an electric field at the cathode 
sufficient for field emission. This is corroborated by the 
spectrographic studies. (3) Studies of the transient 
behavior of the D type of arc have suggested that the 
emission mechanism is similar to that of field emission. 

In view of the apparent contradiction of these con- 
clusions a different source of positive ions must be 
sought: a source which can provide an electric field at 
the cathode sufficient for field emission. It is suggested 
here that the supply of ions is due to excited atoms 
which undergo resonance ionization at the cathode 
surface. 

Consider a cathode of a cold-cathode arc as shown in 
Fig. 10. Ions generated in the plasma will flow to the 
cathode giving rise to a positive ion space-charge 
sheath between the plasma and the cathode. The corre- 
sponding potential distribution is shown in Fig. 10, the 
electric field at the cathode surface being given by Eq. 
(1). Provided that (m,/m.)'!>>j./jp, the space-charge 
sheath thickness d in cm is given approximately by 
iy 

—, (8) 
Ip 


Me 
oxa.ssx10-(™) 


Mp 


where V, is the cathode drop in volts. In addition to 
the ions, a large number of excited atoms is generated 
in the plasma. Because of thermal diffusion some of 
these excited atoms will travel towards the cathode 
surface. If the lifetime of the excited atoms is long 
enough they will travel through the space-charge sheath 
and reach the cathode. The process“ taking place when 
the excited atom reaches the cathode depends on 
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whether the cathode work function ¢ is smaller than or 
larger than the difference between the ionization and 
excitation potential of the atom (Vi;—Vex). (1) If 
@<Vi—Vex, the excited atoms will most likely be 
de-excited resulting in Auger ejection of electrons from 
the cathode. The yield of electrons per excited atom 
may approach unity. (2) If ¢>Vi— Vex, the process of 
resonance ionization of the excited atom is most likely.’ 
In this process an electron is ejected from the excited 
atom into the cathode and thus an ion with only 
thermal velocity is generated close to the cathode 
surface. If the lifetime of the ions is sufficiently long, a 
layer of positive ions may be generated at the cathode 
surface. These ions may give rise to the field emission 
of a large number of electrons in a manner similar to 
that in the Malter effect.'* 

Since the excited atoms are generated in the plasma, 
they must have a long lifetime in order to penetrate 
the sheath and reach the cathode. Except for extremely 
large current densities (thin sheaths), this requirement 
is fulfilled only for metastable states. If the lifetime of 
excited atoms is r.x, then the mean distance travelled 
by excited atoms is 7-x¢, where @ is the average thermal 
velocity of the atoms. Thus the effects of resonance 
ionization on the electron emission may be expected to 
occur only under the following conditions: (1) 
o> Vi— Vex, where Vx refers to a metastable state, and 
(2) d< ree. 

It is easily seen that these conditions are indeed 
satisfied for the D type of arc operated in a mercury 
vapor. For mercury vapor the two metastable states 
6*P, and 6*P,) have Vi—V-.x equal to 4.95 and 5.72 
volts, respectively. Oxidized tungsten" !* is known to 
have a work function ¢ larger than 6 volts, thus satis- 
fying the condition ¢>V;— V.x. For the D type of arc 
V.=14 volts, 7,=10 amp/cm? and j./7,=50, yielding 
d~=10~* cm from (8). Assuming ¢~10* cm/sec, the 
requirement d <7rex¢ yields tex > 1077 sec. This require- 
ment is certainly fulfilled for the metastable atoms of 
mercury’? moving through the space-charge sheath. 

For a quantitative evaluation of the proposed emis- 
sion mechanism, the following quantities must be con- 
sidered: (1) the density of excited states in the plasma, 
N.z cm™; (2) the fraction of excited atoms which 
undergo resonance ionization at the cathode, x; (3) the 
lifetime of ions generated at the cathode surface, 7, 
sec; and (4) the number of electrons emitted from the 
cathode per second per ion, 7. 

Under the assumption that the lifetime of the excited 
state is larger than the transit time of the atom through 
the space-charge sheath, the influx of excited atoms to 
the cathode surface is given by 


I'.x= N,¢/4 atoms per second per cm?. (9) 


With the above-defined quantities, one obtains the 





18 A. Bihl, Helv. Phys. Acta 6, 231 (1933). 
16. Malter, Phys. Rev. 50, 48 (1936). 
17C, Kenty, J. Appl. Phys. 21, 1309 (1950). 
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electron emission current density, 
Je=e(N20/4)xr pn, 


where e¢ is the electronic charge. Since the ion current 
density is given by 


(10) 


jp=e(NE/4), (11) 
Eq. (10) can be written 
Je/jp=Kt pn(N2/N). (12) 


Here N is the plasma density in cm~. 

In considering Eq. (12), certain limits must be 
imposed on the electron-to-ion current density ratio 
je/jp. An upper limit is j-/j»<(m,/m.)' at which the 
electron current from the cathode is space-charge 
limited. A lower limit is set by the plasma energy- 
balance requirements. The energy-balance equation can 
be written as! 


ae & kT, 
Va=o4t+—+—(VitVa—b4t+¢.)+2—, (13) 


T4 1 e 


where Va=anode voltage, J4=anode current, ¢4 
=work function of the anode, 7,=ion current flowing 
to the cathode, 7.=electron current flowing from the 
cathode, ¢.= work function of the cathode, P..= power 
lost in generating excited atoms, k= Boltzmann con- 
stant, and 7,.=electron plasma temperature. Since 
I4=1,+1, and I,/I1,=j-/j», Eq. (13) can be written as 


kT.\ (5. 
Pact (Vi-6.-2 — )( “+1) 
e/Njp 
= (Vt Vi-o+6)| (14) 


Part of the power P.x is lost in radiation from the dis- 
charge. Write this part as a fraction x of the total 
power input to the tube or xV 4/4. Another part of P.x 
supplies the influx of excited atoms to the cathode. 
From Egs. (9) and (11), one can therefore write 


Pex> Vex(Nz/N)IptalaV a. (15) 


Equations (14) and (15) give a lower limit of j./j, or 





Vex(Nz ‘N)+ Vit Va — oa +¢. Je Mp , 
. <“<(™) . (16) 


kT, ] 
ou Jp 


mM, 





Va-—Ga—2 
e 


Assuming a Maxwellian velocity distribution for the 
plasma electrons, the population of excited atoms can 
be written as!” 





me 


me \3 e 
Nem 4n( ) NAN >. 122 104%— 
2rkT, a 2 


xf ga(V)V exp(—10’eV/kT.)dV, (17) 
0 
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where the sum is to be taken over the a excited states 
considered. Here V.=density of neutral gas, r2=the 
mean life of the state a, and ga(V) = atomic cross section 
for excitation of the state a by an electron of V electron 
volt energy. No attempt will be made here to analyze 
in detail the effects of transition between excited states. 
For mercury the two metastable states 6 *P: and 6 *P» 
are of primary interest. For these states one finds from 
Eq. (17) and known values" of g(V), for an electron 
temperature of 15 000°K, 


N./N ~4X10"[12+0.270 |p. (18) 


Here r2 and ro are the mean lifetimes of the 6*P:2 
and the 6*Po states, respectively, and p is the gas 
pressure. At the current density used in the D type of 
arc (10 amp/cm? or higher) the lifetimes of the meta- 
stable states are primarily determined by quenching by 
electrons.!7"* From the current density, the plasma 
density N of the D type of arc can be estimated to be 
of the order of 10% cm“. Taking Kenty’s data!’ of 
T2=4X10- sec, >= 6X 10 sec for N=2.1XK 10" cm, 
one obtains for the D type of arc under the assumption 
that 74 is inversely proportional to V, r2>=2X10~? sec, 
and ro>=3X10~7 sec. Finally, from (18) and assuming 
p=1 mm of Hg, one obtains V,/N ~ 10. 

Returning now to relation (16), one finds for the 
D type of arc in mercury vapor V.x=5 volts, V,/N = 10, 
V = 10 volts, V4=14 volts, ¢-~6 volts, ¢4=4.5 volts, 
and 2(kT,./e)=3 volts. The lower limit of j./ 7, is shown 
in Table I as a function of x. Thus it is seen that 7./j> 
cannot be less than about 10, but, since it must be 
assumed that at least 25% of the input power is lost 
in radiation, j./j, is more likely to be of the order of 
50 which is a value found for the ordinary mercury 
pool arc.? 

Very little is known about the actual value of the 
ion yield of resonance ionization x. The effect has been 
experimentally observed by Biihl'® for metastable 
mercury atoms. No data on yield have been reported. 
However, since under the condition ¢.>Vi— Vex the 
probability for Auger de-excitation is very much less 
than for resonance ionization," it seems reasonable to 
assume that the yield x is not much less than unity. 

The factors 7, and 9 are extremely difficult to eval- 
uate. However, the product 77 is intimately connected 
with the secondary emission yield due to the Malter 
effect. For the Malter effect, positive charges are 


TaBLeE I. Electron-to-ion current ratio j./j, versus fractional 
energy lost in radiation x as determined by Eq. (16). 
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created in a metallic film on top of an oxidized cathode 
by secondary electron emission. Considering Eq. (12) 
and assuming j,/j,=50, x=1, and N./N~10, one 
finds r,n=5. A yield of this order of magnitude is quite 
modest for the Malter effect. Thus the proposed emis- 
sion mechanism for the D type of arc appears to be 
acceptable from order of magnitude considerations. 

It is seen from Eq. (18) that in order to obtain a 
sufficiently high value for N,/N, the pressure p must 
be large. This is believed to be the reason why the 
mercury pool must be in close contact with the cathode 
electrode, thus providing a sufficient evaporation rate. 

A satisfactory theory for the emission mechanism of 
cold-cathode arcs must provide an explanation for the 
short arc-extinguishing time. As mentioned in Sec. I, 
the Mackeown space-charge sheath theory cannot 
account for this effect, since plasma decay is negligible 
during times less than one microsecond.! However, 
there are two plasma parameters that may change in 
such a short time upon current interruption. The first 
one is the electron temperature. As will be shown in 
Sec. III.2, electron cooling is very rapid due to evapor- 
ation of fast electrons from the plasma and due to 
inelastic collisions of the fast electrons. This results in 
an immediate reduction in the generation rate of 
excited atoms. The population of excited atoms in the 
plasma will therefore decay in times which may be of 
the order of 7-x=3X10~’ sec for the D type of arc. 
Furthermore a very rapid decay of the number of ions 
present at the cathode surface must be expected when 
the electron emission is quenched. A similar behavior is 
observed for the Malter effect.'® For the D type of arc 
the buildup time of ions at the cathode surface must 
be considered. This time, of course, is of the order of 
Tp. The following two cases must be considered: (1) 
Tp>Tex. In this case, which is probably the more 
likely one, the population of excited states has 
decayed before a positive-ion layer has had time to 
build up at the cathode surface and the extinguishing 
time is immeasurably small. (2) 7,><7ex. In this case 
the extinguishing time would be of the order of 1, or 
about 3X10~’ sec for the D-type of arc. 

In Table II are shown some of the assumptions and 
conclusions drawn from the proposed theory for the 
emission mechanism of the D type of arc together with 
their experimental corroborations. 


III. THE MERCURY POOL ARC 
1. Emission Mechanism 


In Sec. II.5 it was pointed out that the D type of 
arc must not be considered as a special mode of the 
mercury pool arc since emission occurs from an oxidized 
metal cathode of high work function. However, there 
are sufficient similarities between the two phenomena 
to warrant certain conclusions concerning the mercury 
pool arc: For both types of arc, pulse measurements 
indicate some sort of field emission mechanism. In 
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TABLE II. Theoretical postulates and experimental verification 
for the proposed emission mechanism of the D type of arc. 








Theory 


Experiment 





Field emission 

Not a mode of the mercury 
pool arc 

Space-charge sheath theory 
inadequate 

Cathode work function high 

Insulating film on surface 

o> V; — Vex 


d< Text 
Pressure must be sufficiently 
high to make N,/N large 


Extinguishing time 
<3X10~’ sec 


T40 as Va 

Emission area not wetted by 
mercury 

Low current density and spec- 
troscopic studies 

Oxidized metal surface 

Oxidized metal surface 

Satisfied for metastable states 
of mercury and oxidized 
tungsten surface 

Satisfied in the D type of arc 

Mercury pool must be in 
close contact with the 
cathode electrode 

Extinguishing time 
<5X 1077 sec 








neither case can the ions generated in the plasma 
provide a sufficiently high field at the cathode surface 
to yield field emission. Both arcs exhibit the phenom- 
enon of a very short extinguishing time, which cannot 
be accounted for by the space-charge sheath theory. 

Spectrographic studies by St. John and Winans" on 
the mercury pool arc have indicated that the field at 
the cathode surface is much larger than can be 
accounted for by the Mackeown space-charge sheath 
theory. Therefore other sources of ions must be looked for 
which can provide more positive space charge at the cathode 
surface. One such source of ions may be excited atoms 
which are generated in the plasma and become ionized 
in the space-charge sheath. In applying these ideas to 
the mercury pool arc, the following facts are of im- 
portance: (1) The current density of the mercury pool 
arc is very much higher than for the D type of arc. 
Consequently the cathode field E. as determined by 
Eq. (1) is very high though presumably not high 
enough for field emission. Also the sheath thickness d 
is very small. (2) The work function of the mercury 
pool is only 4.52 volts and there is no insulating film at 
the emitting area. (3) The plasma density is very high 
due to the high current density (V~10'* cm~). This 
yields a very short mean life 7.x even for metastable 
states due to quenching by electrons. (4) The vapor 
pressure adjacent to the cathode surface is very high, 
possibly of the order of hundreds of mm of Hg.” 
(5) The complicated pressure and geometry conditions 
make an evaluation of the emission phenomena of the 
mercury pcol arc very difficult. Owing to the high 
plasma density, the lifetimes of all excited states may 
be expected to be in the range 10-* to 10~® second for 
the plasma of the mercury pool arc. However, as seen 
from Eq. (18) this is counteracted by the higher vapor 
pressure to give about the same population of excited 
states as for the D type of arc. 

One effect of excited atoms to be considered is 


19 J. Rothstein, Phys. Rev. 73, 1214 (1948). 
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resonance ionization at the cathode surface. Since the 
work function of mercury is 4.52, the criterion 
¢-> V:—V x is fulfilled only for states higher than the 
6 *P, state. Because of the thin sheath thickness d, even 
ordinary excited atoms may reach the cathode surface. 
A calculation of the transition rate from the 6*P; to 
the 7 *S, using the known cross section for this process!”:*° 
indicates that the population of the 7 *S; state may be 
of the same order of magnitude as the plasma density. 
This, then, represents a possible source for ion genera- 
tion near the cathode surface. A second effect to be 
considered is the ionization of excited atoms due to the 
strong electric field near the cathode surface." This 
field, which may be of the order of 10° to 10? volts/cm 
for the mercury pool arc,” may be sufficient to ionize a 
fraction of the excited atoms penetrating the space- 
charge sheath. The ions generated by these processes 
will spend much longer times in the immediate vicinity 
of the cathode surface than the ions generated in the 
main plasma. Newton” has shown that individual ions 
in the strong average electric field may give rise to the 
emission of a large number of electrons provided that 
the ions are moving slowly in the immediate vicinity 
of the cathode surface. 

A different way in which excited atoms may con- 
tribute to the emission has been suggested by Robson 
and von Engel.” This is the mechanism of Auger ejec- 
tion of electrons due to excited atoms approaching the 
cathode. There are several reasons, however, why this 
mechanism of electron emission is unlikely to be the 
exclusive one. For the states 6*Po, 6*P;, and 6*Po, 
which would be the most important ones, the yield of 
emitted electrons per excited atom cannot exceed 
unity. However, unless the generation rate of excited 
atoms were much higher for the mercury pool arc 
than for the D type of arc, it is seen from Eq. (12) 
that the yield must be Jarger than one, taking the 
measured value of j./7,=50 and the calculated value 
of N./N=10. On the other hand, it is difficult to 
conceive that more than half of the excited atoms can 
diffuse to the cathode. Assume that the most favorable 
case in which all energy input to the tube goes into 
formation of excited atoms and that the yield be one. 
In this case the anode voltage V4 must be at least equal 
to double the excitation potential or about 9.8 volts 
for mercury. However, it is known™ that the mercury 
pool arc operates at anode voltages as low as 7 to 8 
volts. Thus, although the effect of Auger ejection of 
electrons may be important, it is probably not the 
exclusive one. 


* B. Yavorsky, Compt. rend. 48, 175 (1945). 

21 C. Lanczos, Z. Physik 65, 431 (1930) ; 68, 204 (1931). 

2R.R. Newton, Phys. Rev. 73, 1122 (4 948). 

% A. E. Robson and A. von Engel, Nature 178, 646 (1955). 

*M. J. Druyvesteyn and F. M. Penning, Revs. Modern Phys. 
12, 87 (1940). 
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2. Extinguishing Time of the Mercury Pool Arc 


A crucial test of a theory for the emission mechanism 
of the mercury pool arc is its ability to account for the 
short extinguishing time as discussed in Sec. I. It will 
be shown in this section that if the excited atoms play 
a predominant role in the emission mechanism, a very 
short extinguishing time should be expected. This is due 
to the rapid decrease in the production rate and popu- 
lation of excited atoms during arc-current interruption. 

The decrease of population of excited atoms is deter- 
mined by the mean life 7.x. Since the plasma density of 
the mercury pool arc is several orders of magnitude 
higher than for the D type of arc, rex may be expected 
to be of the order of magnitude 10~* to 10~ second for 
all excited states. 

The production of excited atoms depends very criti- 
cally on the electron temperature since 7, enters as 
an exponential factor in Eq. (17). For instance, a drop 
in the electron temperature from 15 000 to 11 100°K 
will lower the production rate of the 6*P2 state by a 
factor of about 4. Thus one need only consider the first 
very fast drop in electron temperature. This initial fast 
change of the electron temperature is due to two effects, 
one being inelastic collisions and the other evaporation 
cooling of the electron gas. These two effects result in a 
rapid speed reduction and a removal of the fast elec- 
trons of the Maxwellian velocity distribution respec- 
tively. 

In evaluating the effects of inelastic collisions, the 
excitation of the 6 *Po, 6*P;, and 6 *P2 for mercury will 
be considered. Let the sum of cross sections for such 
collisions be g(V). The mean time between collisions of 
this kind 7, can be written as 


1 


= : (18) 
5.95X10'Vig(V)Na 





From the known value"’ of g(V) the collision time r, is 
as shown in Table IiI as a function of the electron 
energy V in electron volts at a vapor pressure of 1 mm 
of Hg. It is seen that 7, is of the order 10- to 10-* 
second for a vapor pressure of 1 mm of Hg, which would 


TABLE III. Mean collision time 7, for inelastic collisions in 
mercury vapor at a pressure of 1 mm of Hg asa function of electron 
energy V in electron volts. 
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apply to the D type of arc. For the mercury pool arc 
T- is one or two orders of magnitude lower due to the 
higher vapor pressure. After the time r, most of the 
energy carried by the fast electrons has been removed 
from the electron gas. This however does not imply 
that there is no excitation occurring after the time 7-. 
Because of the high plasma density it must be assumed 
that the relaxation time of the electron gas is sufficiently 
short to allow a continuous redistribution of the velocity 
distribution to a Maxwellian distribution. Assuming 
that after a time 7, all electrons of velocity larger than 
v, of the original velocity distribution have lost their 
energy and that the energy redistribution occurs 
entirely within the electron gas, one obtains 


f 3m.v" exp — 3 (m.0?/kT eo) |v"dv 
Te Yo 


Teo - ‘ 
f 4m. exp[ —4(m2°/kT eo) \v*dv 
0 


-{ cerds | f ze~*dz, (19) 
0 0 


where 7'eo is the initial electron temperature, Te; is the 
electron temperature after 7r., and 2.=4}(m.v27/kTe). 
Equation (19) can be written in terms of the incomplete 
factorial function” as 


Te (1, 11 600V./T eo)! 


Teo 


where V,=m,v,’/2e. Thus the electron temperature Te, 
after a time m7, is 


(21) 





(1,11 600V,/Te,)! 
Ten=Teo I] 
n (1, oo )/ 


As an example, in Fig. 11 we have plotted the electron 
temperature as a function of multiples of 7. assuming 
Teo= 15 000°K and V,=5 volts. It is seen that the 
electron temperature has fallen below 11 000°K after 
5r-. After this time the electron temperature falls off 
more slowly until elastic collisions become the more 
important factor in cooling of the electron gas. 
Contrary to the above-discussed effect, the evapo- 
ration cooling is due to a preferential removal of the 
fast electrons of the plasma. In the arc-extinguishing 
experiment, the anode voltage is suddenly reduced to 
5 to 6 volts for a time r. This makes it possible for the 
fast electrons to climb the potential hill at the cathode 
edge of the plasma and escape to the cathode. In order 
to preserve charge neutrality of the plasma, this electron 


25 FE. Jahnke and F. Emde, Tables of Functions (Dover Pub- 
lications, New York, 1945), fourth edition, pp. 22, 23. 
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current to the cathode must be equal to the ion current. 
The total number of electrons escaping from the plasma 
is therefore equal to 7(J,/e), where J, is the ion 
current flowing to the cathode at the dc arc. The actual 
energy loss of the electron gas then depends critically 
on the size of the discharge plasma. In view of Eq. (11) 
the fractional loss to the total number of electrons of 
the plasma is 

An/n=71(@/4D), (22) 
where D is the plasma thickness. Taking an experi- 
mental value” of D=4X10~ cm for the mercury pool 
arc and assuming €=2X10* cm/sec, Eq. (22) yields 
An/n=1% for r= 10-* sec. This corresponds to a tem- 
perature reduction of several thousand degrees for a 
15 000°K plasma. 

Thus it is seen that if the excited atoms play a pre- 
dominant role in the emission mechanism of the mercury 
pool arc, an arc-extinguishing time of the order of 10~° 
to 10-* second should be expected. 


CONCLUSIONS 


The D type of arc operates in mercury vapor. The 
cathode consists of an oxidized metal surface of high 
work-function. The emission current density is as low 
as 10-100 amperes per square centimeter which indi- 
cates that the high electric field at the cathode surface 
necessary for field emission cannot be supported by 
ions formed in the plasma. Excited atoms play a pre- 
dominant role in the, emission mechanism. Excited 
atoms generated in the plasma diffuse to the cathode 
surface. If the work function of the cathode is higher 
than the difference between the ionization potential and 
the excitation potential of the atom, the excited atom 
will be ionized due to resonance ionization at the 
cathode surface. Because of field emission these ions 
cause a large number of electrons to be emitted from 
the cathode in a manner similar to that of the Malter 


26 C. G. Smith, Phys. Rev. 69, 96 (1946). 
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effect. The rapid decrease of electron plasma tempera- 
ture and population of excited atoms during arc-current 
interruption offer an explanation for the short ex- 
tinguishing time of cold-cathode arcs. The similarities 
between the D type of arc and the mercury pool arc 
suggest that excited atoms play a predominant role in 
the emission mechanism of low-boiling-point metal arcs. 


K. G. HERNQVIST 
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Cross Quenching of Fluoresence in Organic Solutions* 
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Concentration quenching is usually considered to occur only between excited and unexcited molecules of 
the same kind. It is here investigated whether such quenching may also occur between molecules of different 
structure. Equations are given for testing its occurrence. By using gamma-ray induced fluorescence of solu- 
tions containing a combination of two solutes, it is found that concentration quenching occurs between 
molecules of different structure if their energy levels are close to each other. 


I. INTRODUCTION 


HE fluorescence output under light or high-energy 
excitation of a single solute solution measured as 

a function of solute concentration first increases and 
eventually decreases with increasing concentration at 
large enough concentrations; this decrease is brought 
about by concentration (or self) quenching.’* The 
answer to the question of which elementary process is 
primarily responsible for this quenching is not yet 
definitely known although many mechanisms have 
been proposed. All of these mechanisms have the com- 
mon assumption that in an encounter between an ex- 
cited and an unexcited molecule of the same kind a 
resonance interaction becomes effective which may be 
attractive or repulsive. This interaction either de- 
creases the emission probability of the molecule (if the 
lowest state of the two molecules together is less radia- 
tive) or it may increase the quenching probability (by 
bringing the respective molecules closer to each other). 
Which of these processes is the more important has 
not yet been ascertained, but in any case it is generally 
assumed that such a quenching process occurs only 
between molecules of the same kind. There is the ques- 
tion of whether only identical molecules give rise to the 
concentration quenching interaction. Does this inter- 
action occur, for example, with molecules which differ 
from each other only in the position of various groups 
within a molecule? It is noteworthy in this respect that 

* This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

1 Peter Pringsheim, Fluorescence and Phosphorescence (Inter- 
science Publishers, Inc., New York, 1949); also contains an ex- 
tensive bibliography. 

2H. Kallmann and M. Furst, Phys. Rev. 79, 857 (1950). 

3M. Furst and H. Kallmann, Phys. Rev. 85, 816 (1952). 





compounds having related structures and only slight 
differences in absorption and emission spectra may have 
large differences in self-quenching, e.g., anthracene and 
9,10-diphenylanthracene. The concentration quenching 
of the latter is about 30 times less than the former. 
Compounds like anthracene and 2-methylanthracene, 
on the other hand, exhibit a similar amount of con- 
centration quenching. 

It might be expected that concentration quenching 
and lifetimes of the molecules in solution are correlated, 
if one conjectures for instance that this quenching is 
brought about by a resonance interaction proportional 
to the emission probability per unit time. This proba- 
bility is proportional to the area under the extinction 
coefficient curve (as a function of wavelength) in the 
wavelength region corresponding to the lowest excited 
electronic energy state; this is proportional to the 
transition dipole moment responsible for the resonance 
interaction. Another possibility, just the reverse of the 
previous, is that concentration quenching is inversely 
related to the lifetime of the molecule since longer lived 
molecules have a greater chance for quenching en- 
counters. Neither surmise agrees with experimental 
evidence obtained from a large number of substances 
investigated in this laboratory. Consider again, for 
example, anthracene and 9,10-diphenylanthracene. 
Anthracene in solution possesses one of the shortest 
lifetimes but also very large concentration quenching 
and 9,10-diphenylanthracene has a long lifetime and 
small concentration quenching. Thus the reasons for 
large differences in concentration quenching have not 
yet been determined. There is, however, one result 
which is consistently found in experiments: it is the 
decrease of concentration quenching when the mole- 
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cules are less mobile; as an example, solutions in poly- 
styrene (plastic) show little or no quenching. This 
paper deals mainly with the question of the degree of 
“sameness” which is necessary for concentration 
quenching. 


2. EXPERIMENTAL METHOD 


The problem is attacked by measuring the fluores- 
cence of solutions containing two solutes of related 
fluorescent properties and comparing the fluorescence 
with that of solutions containing each solute by itself. 
If light excitation is used and the solutes are directly 
excited, there is often difficulty because of a consider- 
able difference in absorption strength of the substances 
at a given wavelength. In such a case equal numbers of 
excited molecules of both types can be obtained only 
by having different concentrations of each molecule in 
the solution ; but then the actual concentration quench- 
ing of the substances is quite different because of the 
concentration differences, even when each substance 
alone displays a similar degree of concentration quench- 
ing. On the other hand, when high-energy radiatien is 
used to excite the solutions, it is found that energy 
transfer from solvent to solute depends essentially on 
the relative masses of the dissolved solutes when a 
solvent suitable for energy transfer like xylene or 
p-dioxane is used, and thus a uniform distribution of 
excitation between the two types of molecules is easily 
obtained. Light excitation may be used instead if 
wavelengths predominantly exciting the solvent mole- 
cules are employed. These light excitation experiments, 
however, are more limited than those under high-energy 
excitation because absorption by the solute in many 
cases becomes noticeable at rather moderate concentra- 
tions. Consequently this study has so far been carried 
out with high-energy excitation. Light could also be 
used advantageously to excite one of the solutes when 
a difference in absorption edges of the solutes exists. 
In this case the exciting wavelengths should be in the 
region where only one of the solutes absorbs. The effect 
of the nonabsorbing solute on the fluorescence of the 
absorbing solute can then be studied, but again this can 
work only in a rather limited number of cases. However, 
experiments of this type are contemplated. 


3. THEORETICAL CONSIDERATIONS 


In many solutions containing a single solute under 
excitation by high energy, the fluorescence intensity, 
I, as a function of solute concentration c has been 
shown? to be well represented by an expression of the 


form: 
Pc 


[=——_____-. (1) 
(Q+c)(R+c) 

The parameter (Q is inversely related to energy transfer 

from solvent to solute, and P and R depend inversely 

on concentration quenching of the solute. When two 
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solutes are present, the behavior depends greatly on 
the absorption and emission spectra of the solutes. If 
emission from one of the solutes lies within the absorp- 
tion region of the other, the light output from the solu- 
tion is in the region of the latter solute at concentrations 
usually employed. The effects of internal quenching* in 
the finally emitting solute very often overwhelm those 
due to concentration quenching. In order to study cross 
quenching between different solutes when the energy 
is transferred from the solvent, it is thus necessary to 
use solutes which do not match in these spectra to any 
sizable extent. This is perhaps most conveniently 
assured by investigating substances both of which emit 
in approximately the same spectral region. 

In solutions containing two such solutes the high- 
energy induced fluorescence light output J as a function 
of total (both solutes) solute concentration, c=c,;+co, 
is calculated basically as in references 2 and 3, and 
results in formula (2) for the particular case where the 
solutes do not mutually interact in the manner of 
concentration quenching. 


f Q Pi 4 P» 
— +0LOL(R/ +e] OLR/A—f)+eH 


(2) 


Here f is the fraction of the total solute comprising 
solute 1, and the other parameters relate to the be- 
havior when each solute is present alone in the same 
solvent, and Q=[//Q.+(1—/)/Q2}"'. Experiments 
have shown that energy transfer is the same for most 
fluorescent solutes so that the parameters Q; and (2 are 
usually nearly equal. If no interaction occurs, the over- 
all effect is a reduced quenching. Thus, for two non- 
interacting substances of identical fluorescence, the 
maximum emission occurs at a greater total concentra- 
tion than that found using either solute alone, and the 
fluorescence decreases more slowly at high concentra- 
tions than does that of the single solute. 

When the two solutes are “similar,” by which it is 
meant that they interact from the concentration quench- 
ing point of view, then the following more complicated 
expression results: 


cQ 
[= 
(Q+c) 
Pif 





1 f+ (Gr2/Bu)(1 py vm +elo 
_— f+(@u/ei—f) I 


P,(1—f) 





+ 
(3) 





1— f+ (B21/B22) ; | : 
: f ee 1— f+ (B21/B22)f ; e 


All parameters have the same meaning as in (2); i; is 
a measure of the cross quenching produced on an ex- 
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Fic. 1. Gamma-ray-induced fluorescence in xylene solutions 
of 9,10-diphenylanthracene, of 1,6-diphenylhexatriene and of half 
and half (mass) of the two. 


cited molecule of type i because of interaction with an 
unexcited molecule of type j. In the limit when the two 
substances are “identical,” the cross quenching is that 
of either substance. The parameters 81; and 22 are a 
measure for concentration quenching between two 
molecules of type 1 and type 2, respectively. They are 
defined in the following way: Bic; is the probability 
per unit time of concentration quenching. Normally 
they occur in the R factor [R= 1/781] where 7 is the 
mean life of the excited solute molecule when there is 
no concentration quenching. 8;; and #22 can be deter- 
mined from these lifetimes and the R values. The cross 
quenching parameters 812 and 82; however can only be 
obtained from experiments similar to those described 
here. From (3) it follows that the over-all quenching is 
greater when cross quenching is present than that in 
(2). A check of whether cross quenching occurs can be 
carried out by comparing (2) with experimental results. 
If (2) provides a good representation of the measure- 
ments, this quenching does not occur. 


4. EXPERIMENTAL RESULTS 


Results of experiments are given in Fig. 1 to Fig. 4 
and in Tables I to IV. The first two figures and tables 
show the behavior of substances which might not be 
expected to interact from a concentration quenching 
point of view. Both of these figures and especially 
Fig. 2 show that there is little cross quenching in these 
instances since the curve of the combined solutes dis- 
plays much less decrease in light output at high con- 
centration than expected with cross quenching, and 
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Fic. 2. Gamma-ray-induced fluorescence in xylene solutions 
of 1,6-diphenylhexatriene, of fluorescent chartreuse and of half 
and half (mass) of the two. 


there is a shift in position of maximum intensity to 
higher concentration. In Fig. 2 there is even a crossing 
over at large concentrations by the curve of the com- 
bination of solutes above that of the higher intensity 
substance (1,6-diphenylhexatriene), and the maximum 
of the combination curve occurs at higher concentra- 
tions than those of the curves of the two substances 


TABLE I. Gamma-ray-induced fluorescence of xylene solu- 
tions of half and half (mass) of 1,6-diphenylhexatriene and 
9,10-diphenylanthracene. 








Concentration Intensity 





g/l Observed Calculated 
0.01 9.7 2 
0.05 14.5 8 
0.15 25 21 
0.35 41 39 
0.65 54 56 
1 64 67 
1.5 71 75 
2.5 76 80 
3.6 76 81 
8 62 75 
. Sees Ke 305¢ 
1,6-diphenylhexatriene [= 84.2)040 
; 8400c 
0- , ERS i 
9,10-diphenylanthracene J (0840)(704<) 
Combination foe 5 i le oar | 
; ~0.8+c) L0.8(4+4c) 0.814046) 
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Fic. 3. Gamma-ray-induced fluorescence in xylene solutions 
of anthracene, of 9-methylanthracene and of half and half (mass) 
of the two. 


alone despite the high concentration quenching of the 
individual solutes. 

It can be seen from Table I that the results experi- 
mentally obtained when 1,6-diphenylhexatriene and 
9,10-diphenylanthracene are in combination are not 
badly represented by Eq. (2) using parameters ob- 
tained when the solutes are used singly in the same 


TABLE II. Gamma-ray-induced fluorescence of xylene solutions 
of half and half (mass) of 1,6-diphenylhexatriene and fluorescent 


Intensity 
Calculated 
Calculated X0.798 
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* The values calculated from the combination formula are multiplied by 
a constant in order to take account of losses most likely due to absorption 
of the chartreuse of the diphenylhexatriene radiation. 
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Fic. 4. Gamma-ray-induced fluorescence in xylene solutions 
of anthracene, of 2-methylanthracene and of half and half (mass) 
of the two. 


solvent. The observed decrease in light emission as a 
function of concentration is more rapid than predicted 
by Eq. (2) at high concentrations, indicating that small 
cross quenching does occur. This will be discussed 
further below. The poor agreement of observed and 
calculated results at low concentrations is due to emis- 
sion from the solvent (which is considered negligible in 
the theory) and the smallness of the solute emission. 
In comparing the calculation with the experimental 
results, it must be borne in mind that the calculated 
curves are based on the parameters from the single 
compounds. 

The interpretation of Fig. 2 is somewhat different. 
The combination of 1,6-diphenylhexatriene and fluores- 
cent chartreuse is particularly interesting since these 
substances singly in solution exhibit nearly the largest 
concentration quenching found among all substances.‘ 
Equation (2) is a fairly good representation for the 
shape of the experimental curve indicating that cross 
quenching between the two substances is quite small 
although each substance alone shows strong concentra- 
tion quenching. However its absolute values are too 
high; multiplication of the calculated intensities by the 
factor 0.79 gives rather good agreement. Equation (2) 
contains no adjustable parameter. Now fluorescent 
chartreuse has an absorption spectrum somewhat more 
extended to the visible than that of diphenylhexatriene. 
Thus a portion of the fluorescence emitted by dipheny]- 
hexatriene is absorbed by the other substance and is 


‘ Furst, Kallmann, and Brown, J. Chem. Phys. 26, 1321 (1957). 
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TABLE III. Gamma-ray-induced fluorescence of xylene solutions 
of half and half (mass) of 9-methylanthracene and anthracene. 
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then re-emitted. There is a certain loss in light output 
since the efficiency of fluorescent chartreuse is not 
unity especially at large concentrations. The necessity 
of multiplying by a constant does not affect the con- 
clusion that cross concentration quenching does not 
occur since other processes such as absorption or energy 
transfer would tend to make the decrease in light output 
at large concentrations greater than that found. 

In order to clarify the situation, the influence of ab- 
sorption has been more thoroughly studied. It may be 
emphasized that in these experiments only a (small) 
portion of the emission spectrum of one substance 
overlaps the absorption spectrum of the other. Since 
absorption and re-emission are associated with a loss, a 
lower light output results. This effect might be thought 
to explain the larger theoretical values compared to 
experiment in the case discussed in Table I. This hy- 
pothesis was tested by repeating that experiment with 
a solution depth one tenth as great as before. Except 


TaBLE IV. Gamma-ray-induced fluorescence of xylene solutions 
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for the decrease in absolute values no appreciable 
change in shape was found. When the experiments of 
the type depicted in Fig. 2 were carried out at smaller 
depths there was also no change in shape compared to 
large depths, but the multiplication factor was larger 
(0.85) and therefore closer to unity as expected if ab- 
sorption occurs. It may appear peculiar that the effect 
of absorption shows up as a constant multiplicative 
factor rather than a decrease in emission at high con- 
centration. The explanation is that at medium con- 
centrations the part of the light which can be absorbed 
is already practically completely absorbed, and in- 
crease in concentration does not change the percentage 
absorbed appreciably. There is a rather sharp drop in 
absorption coefficient with increasing wavelengths. It is 
also possible that energy can go over via ‘“‘collision,” 
but this is not connected with a noticeable loss since the 
efficiency of each substance is about the same. 

In the solution containing diphenylhexatriene and 
diphenylanthracene there is an interaction between the 
two solute molecules. This interaction could be ex- 
plained by the assumption that energy transfer by 
“collision” occurs from diphenylanthracene to diphenyl- 
hexatriene. Since diphenylhexatriene has a smaller 
light-emitting efficiency, this would make the experi- 
mental curve lie below the calculated as is found. 
Measurements of the absorption characteristics of 
these substances, however, show that this cannot occur 
since the energy level of diphenylhexatriene is greater 
than that of diphenylanthracene. The interaction is 
also not one due to absorption effects (shown by experi- 
ments at different depths). It is therefore inferred that 
there is a concentration quenching interaction between 
diphenylanthracene and diphenylhexatriene although 
it is small. Its occurrence may be associated with the 
closeness in energy levels of these two materials so that 
interaction due to temperature effects is possible. 

The behavior when substances more closely related 
structurally as well as in fluorescent properties are in 
solution is shown in Figs. 3 and 4 and in Tables III and 
IV. An examination of the curves reveals a decided 
difference in behavior of the solutions in these cases. 
Here again, as in Fig. 2, the solutes used singly have 
rather similar characteristics. The intensity maximum 
of the solutions containing anthracene and 9-methyl- 
anthracene occurs at a higher concentration than that 
of either solute used singly. This is a feature which 
occurs when concentration quenching interation be- 
tween different molecules is small. Also the behavior at 
high concentrations, where the double solute fluores- 
cence is greater than either alone, indicates that there 
is little if any interaction between the molecules. 
Absorption by the 9-methylanthracene of anthracene 
radiation may account for the fact that the maximum 
of the combination curve is somewhat low similarly 
as for the substances shown in Fig. 2, but this does not 
alter the shape of the curve. Upon multiplying with a 
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constant, the calculated values from Eq. (2) agree 
rather well with experiment as is seen in Table ITI. 
The 2-methylanthracene anthracene solution, however, 
does not exhibit a shift of its maximum to a concentra- 
tion greater than that of the single solute solutions. 
This indicates that considerable cross quenching inter- 
action between the different types of molecules occurs; 
this interaction is, however, not so strong as that be- 
tween identical molecules. This is borne out by the fact 
that the combination curve eventually appears to cross 
the curves of both single solutes. Table IV shows that 
the shape of this curve is not well represented by Eq. 
(2). The decrease in emission at high concentrations is 
too great ; also energy transfer does not influence these 
curves appreciably. This is an instance of genuine cross 
quenching between two similar but not identical 
substances. 

In addition a number of other combinations of 
anthracene derivatives, and other combinations have 
been measured. Generally it was found that the over-all 
quenching is reduced when there are two solutes. Con- 
siderable cross quenching has been found to occur only 
when the compounds are closely related structurally. 


5. CONCLUSIONS 


The experiments show that concentration (cross) 
quenching occurs between nonidentical molecules espe- 
cially when their absorption and emission spectra and 
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their fluorescent properties are fairly similar. Thus 
anthracene and 2-methylanthracene exhibit mutual 
concentration quenching to a rather high degree 
whereas such cross quenching is already much less 
between anthracene and 9-methylanthracene. This is 
not unexpected since the 9 and 10 positions are the most 
reactive ones in anthracene. It is thus understandable 
that a substitution in the 9 position produces a more 
significant change in behavior than a similar one in the 
2 position. The shape of the molecule may also be of 
importance for the interaction. Substances with similar 
absorption and emission spectra but different struc- 
tures show only small cross quenching. From a theo- 
retical viewpoint, it is understandable that closely 
related but not identical substances exhibit cross 
quenching. Self-quenching is not a process which occurs 
with large collision cross sections. On the contrary, 
from the concentration at which self-quenching occurs, 
one computes a quite normal (geometrical) or even 
smaller cross section. Thus, to bring about a cross 
quenching, a very exact resonance is not required. 
Probably it is sufficient that the difference between the 
energy levels concerned is of the order of thermal 
energies, and this can occur with similar but not 
identical molecules. 

Studies of this type present the possibility of investi- 
gating dimer-like configurations of nonidentical mole- 
cules, one of which is excited. 
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Megacycle Attenuation and Bordoni Peaks* 


Norman G. EINspRUCH AND ROHN TRUELL 
Metals Research Laboratory, Brown University, Providence, Rhode Island 


(Received October 7, 1957) 


Results of Bordoni peak measurements made at 10, 30, and 60 Mc/sec in relatively impure deformed 
polycrystalline aluminum are compared with previous measurements at 5 Mc/sec and 40 kc/sec. The 
observed difference between the results of these measurements and those of previous measurements appears 


to depend on the purity of the material. 


N examination of ultrasonic attenuation in 

deformed polycrystalline aluminum in the tem- 
perature range between liquid-nitrogen and room 
temperature has shown the usual absorption peaks 
associated with Bordoni. The attenuation measurements 
were made at 10 Mc/sec, 30 Mc/sec, and 60 Mc/sec 
and the corresponding temperatures at which the peaks 
occurred were 143°K, 163°K, and 180°K, respectively. 
Figure 1 shows a plot of the logarithm of the frequency 
as a function of 1/7 for these data as well as two other 
points from data of Bordoni! at 40 kc/sec and of Hutch- 
ison and Filmer* at 5 Mc/sec. A straight line through 
our three points determines a slope of 0.107 electron 
volts and an intercept frequency of 4X10" cycles/sec. 

If the absorption mechanism is assumed to be that 
of the formation of pairs of dislocation kinks** under 
the combined influence of thermal fluctuations and 
applied stress and if the peaks occur when the applied 
oscillating shear stress is equal to the frequency of 
formation of the kink pairs, then the frequency v of 
the formation of the pairs of kinks is assumed to be 
given by 

y= yee WRT, 
where W is an activation energy for the kink pair 
formation, and the values W=0.107 ev and »»>=4X 10" 
cycles/sec are obtained as mentioned above. 

It is interesting to compare the values of W and vo 
from our data with those determined by the two points® 
of Bordoni and of Hutchison and Filmer. A line through 
these two points yields the same value of W but a 
slightly lower value vp= 10"° cycles/sec. 

The reason for this difference is not clear, but it 
seems to be more than a coincidence that the activation 
energies are identical. It does not seem possible that 
the displacement of the two curves can be ascribed to 
an error in the measurement of temperature since at 


*The work described here was supported by the Office of 
Ordnance Research, U. S. Army. These results were presented at 
the Canadian Metals Conference at Royal Military College, 
Kingston, Ontario, September, 1957. 

1P. G. Bordoni, Ricerca sci. 19, 851 (1949). 

2 T. S. Hutchison and A. J. Filmer, Can. J. Phys. 34, 159 (1956). 

3A. Seeger, Phil. Mag. 1, 651 (1956). 

4 Seeger, Douth, and Pfaff, Discussions Faraday Soc. 23, 19 
(1957). 

’ The data of Hutchison and Filmer yielded a temperature of 
155°K at a frequency of 5 megacycles/sec, and those of Bordoni 
yielded a temperature of 95°K at 40 kilocycles/sec. 


the Bordoni point the difference is roughly 10°K 
while at the 5-Mc/sec point of Hutchison and Filmer 
the temperature difference is 23°K and at higher 
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frequencies the difference would be 
higher. 

One might believe that strain amplitude could be the 
cause of this difference in the positions of the two lines, 
and it might be the case at 40 kc/sec. At 5 Mc/sec, 
however, this is not likely and it is still more unlikely 
that the two together would produce this result. 

One factor that does seem to be consistent is the 
purity of the samples. The aluminum used both by 
Hutchison and Filmer and by Bordoni is said to have 
a purity of 99.994%. The purity of the aluminum used 


temperature 
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in our experiments was nominally 99.80% which of 
course is very different from the higher purity. 

In order to try to settle this question of the effect of 
purity, experiments on high-purity aluminum are now 
being undertaken in our laboratory both on single 
crystals and on polycrystalline aluminum. 

Rough estimates of the ratio of the Peierls stress 
tp® to the shear modulus G based on the megacycle 
data yield rp°/G=1.2X10~*. Similar rough estimates 
of the width of the dislocation kink (based on reference 
3) yield w=170a, where a is the lattice constant. 
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Characteristic Energy Loss of Electrons in Graphite* 


Yosui H. 


IcHIKAWAT 


Laboratory of Nuclear Studies, Cornell Universiiy, Ithaca, New York 
(Received July 12, 1957) 


The problem of analyzing the characteristic energy loss of electrons in solids is discussed in some detail. 
Based on the genera] discussion developed in Secs. 1 and 2, the observed 7.5-ev loss line of graphite is tenta- 
tively identified as due to the collective excitation of x electrons. The theoretical analysis gives results which 
strongly favor this identification. Furthermore, it has been shown that the present theory together with 
detailed experimental studies is very useful for the determination of the z-electron band structure of 


graphite. 


I. INTRODUCTION AND SUMMARY 


N recent years,' many experiments have been carried 

out to observe the energy spectrum of electrons 
passing through thin solid foils, of thickness of the order 
of several hundred angstroms. Improvements in the 
experimental techniques made it possible to get an 
energy resolution of about 1 ev. The observed energy 
spectrum consists of several fairly sharp lines, whose 
positions are independent of the incident energy. The 
number of lines seems to increase with the thickness of 
the foils. The angular dependence of the energy loss 
has also been observed? as well as the angular depend- 
ence of the intensity,‘ though the results obtained by 
different workers are not always in agreement with each 
other. 

The essential facts, which are not favorable to the 
simple interpretation of the results as a single-electron 
excitation due to the interband transition, are the 
sharpness of the line width and the strong angular 
dependence of the observed energy loss. Although the 
interpretation of the observed energy loss is not con- 
clusive yet, the proposed identification of the transition 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

T On leave of absence from Tohoku University, Sendai, Japan. 

1 Marton, Leder, and Mendolowitz, Advances in Electronics 
7, 185 (1953); L. Marton, Revs. Modern Phys. 28, 172 (1956). 

2 F. Leonhard, Z. Naturforsch. 69, 727, 1019 (1954). 

3H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956). 

4 Marton, Simpson, and McGraw, Phys. Rev. 99, 495 (1955). 


involved in the formation of the discrete spectra may be 
classified as follows: 


(A) single-electron excitation of atomic origin, 
(B) single-electron excitation of crystalline origin, 
(C) collective excitation of valence electrons. 


An example of type (A) is a transition in the soft x-ray 
region.® A well-known process of type (B) is the transi- 
tion from a localized, bound state to one of the energy 
bands above the Fermi level, which is believed to be 
responsible for the fine structure of the K or L x-ray 
absorption edge.*.? Transitions of type (C) were first 
suggested by Pines on the basis of the plasma theory.® 

To utilize the energy-loss experiments as a tool for 
exploring the structure of matter, we must carefully set 
up criteria which enable us to identify the loss lines with 
specified transitions. First of all, if an observed line is 
of atomic origin, the corresponding line must be ob- 
served in the gaseous state of the element, as well as 
in some chemical compounds, probably with a slight 
and systematic shift of position. If a loss line, however, 
is observed only in the crystalline state of the element, 
it may be due either to a single-electron transition of 


5 L. Marton and B. Leder, Phys. Rev. 94, 203 (1954). 

® Leder, Mendolowitz, and Marton, Phys. Rev. 101, 1460 
(1954). 

7R. L. Kronig, Z. Physik 70, 317 (1931); 75, 191, 468 (1932); 
T. Hayashi, Sci. Repts. Tohoku Univ. 33, 123,1 83 (1949); 34, 
185 (1950). 

8D. Pines, Revs. Modern Phys. 28, i184 (1956). 
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type (B), or to the collective excitation of the valence 
electrons. It is rather difficult to discriminate between 
these two alternatives. The most conclusive discrimina- 
tion would be obtained by measuring the angular de- 
pendence of the energy loss, though for some cases this 
measurement also appears to be not conclusive. In 
Sec. 2, we shall discuss this point in detail. Ferrell has 
pointed out that the angular dependence of the in- 
tensity should not be relied upon to distinguish between 
the two alternative identifications (B) and (C).° 

Crucial tests for discriminating between (B) and (C) 
may be carried out in the following ways": 

(1): The dependence of the intensity of multiple loss 
peaks on thickness can depend only on the mean free 
path for the discrete excitation under consideration in 
case (B), while it may also be influenced by the excita- 
tion of higher harmonics in the collective excitation 
(C)." This influence becomes important especially as 
the thickness of a foil decreases. In many cases, however, 
the presence of a single-electron excitation line near the 
double-energy position of the line under consideration 
may disturb the application of this criterion. 

(II) : The fine structure of the K or L absorption edge 
seems to correlate with the discrete energy loss of an 
electron. Since x-ray absorption is a one-quantum proc- 
ess, the correlation with the loss line due to multiple 
excitations by an electron should decline to a great 
extent, because such an x-ray absorption can take place 
only for a higher order process which is very unlikely 
to occur. Therefore, the existence of a single-electron 
excitation line, which could be confused with a multiple 
excitation line, can be examined by comparison with the 
x-ray absorption line. The combination of these two 
methods may serve our purpose. 

In Sec. 3, we shall discuss the collective excitation of 
m electrons in graphite. The observed 7.5-ev loss line 
is identified as due to the collective excitation of 
electrons, based on the discussion developed in Sec. IT. 
From the observed value 7.5 ev, we can determine a 
resonance energy y: of the nearest neighbors between 
planes. The resonance energy Yo of the nearest neighbors 
in the plane is responsible for the dependence of fw, 
on the angle, ©, between the direction of the incident 
electron beam and the c axis of the graphite crystal. 
Various features related to the © dependence of fw, 
will be discussed in detail. The dependence of the energy 
loss on the deflection angle @ is also examined, and it is 
shown that the calculated coefficient of the & term is 
in good agreement with the observed result. 


®R. A. Ferrell, Phys. Rev. 101, 554 (1956). 

0 The discussions presented here, as well as in the next para- 
graph, are due mainly to Professor Hayakawa. The author wishes 
to express deep thanks to Professor Hayakawa for his helpful 
discussions. 

" Blackstock, Richica, and Birkhoff, Phys. Rev. 100, 1078 
(1956). The rather systematic discrepancy between the experi- 
mentally determined mean free path and the calculated mean free 
path of Bohm-Pines theory may be regarded as an evidence of the 
multiple plasmon emission. 
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Though the present investigation is concerned with 
the special case of graphite, it shows that the electron 
energy-loss experiments provide very useful tools for 
exploring the electron structure of solids, if one does the 
experiments with a single crystalline thin foil. Further- 
more, it can be seen after the discussions of Sec. II 
and III that the © dependence of the energy loss is a 
characteristic feature of the plasma excitation. If the 
energy loss is due to the single-electron excitation, 
process (B), it does not show such a © dependence. 
Therefore, the observations of the © dependence of the 
energy loss, together with that of the @ dependence, 
furnishes a definite criterion which discriminates be- 
tween the processes (B) and (C). 

It may be interesting to develop systematic studies 
of the energy loss of various organic compounds which 
have conjugated double bonds, because they may ex- 
hibit a characteristic behavior of w electrons of the 
conjugated double bonds.” 


II. ANGULAR DEPENDENCE OF ENERGY LOSS 


Watanabe’ has observed the angular dependence of 
the energy loss AE(@), and determined parameters a 
and 8, by expressing AE(@) as 


AE(6)=AE(0)+ake’+6E6', (1) 


where E is the kinetic energy of the incident electron. 
The values determined for a and @ are given in Table I. 
The table contains also the energy loss at @=0 and the 
calculated values fw,,ag from the Bohm-Pines dis- 
persion relation, 


hw =hw »+azE?+B pEe, (2) 
where w, is defined by the well-known formula 
wy? = (4re?/m)n, n=density of electrons (3) 
and ag and Bz are given as 
2 pe ' 
ag=— Z — | hey Ba=E 2h». (4) 
nV vp 2m 


Comparing a with ag, Watanabe concluded that the 
sharp lines observed in Be, Mg, Al were undoubtedly 


TABLE I. Observed data’ of the energy loss AE and the angular- 
dependence coefficients a and 8. Calculated values of the plasmon 
excitation energy and a, based on the Bohm and Pines theory 
are also exhibited in the third and fifth columns. 











Material AEev — hwpev a az 8x10 
Be 19 19 0.84+0.08 0.9 dates 
Mg 10.5 11 1.24+0.08 0.88 4+1 
Al 15 16 1,.00+0.10 0.9 341 
Ge 16.5 15.5 1.66+0.30 0.9 aie 

Graphite 7.5 12.38 2.0 +0.6 0.8% 








* Calculated value, by assuming that x electrons are free. 


as S Araki and T. Murai, Progr. Theoret. Phys. Japan 8, 639 
1952). 
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caused by the excitation of collective oscillations, since 
the angular-dependence parameters a were in agree- 
ment with the corresponding parameters ag obtainell 
from the Bohm-Pines dispersion relation. 

However, it should be pointed out that such an 
angular dependence of the energy loss is not necessarily 
considered as a characteristic feature of the Bohm- 
Pines dispersion relation. To show that, let us consider 
the single-electron excitation between an occupied band 
and an excited band. Then, the energy-momentum 
conservation is 


d p 
Ps Ral) = = + Fal) (5) 


2 


Pot+qo=p+4q, (6) 


where po, qo are the momenta of the incident and the 
target electrons, p, q are those of the scattered and the 
excited electrons, respectively. Since we are interested 
in the case of small momentum transfer, we are not 
considering the umklapp processes. From these equa- 
tions, we get the energy loss of an incident electron, 
AE(qo) as 

1 

AE(qo) =—(po?— (qo+Ap)— 
2m 


p’) = Em E,(qo), (7) 


where Ap=po—p is the momentum transfer of the 
incident electron. For the limit of small Ap, we may 
expand E,,(qo+Ap,) as 


Em(qQo+Ap) = En (qo)+ (Ap: ¥)Em(qo) 
+43(Ap- V)°En(qo). (8) 
Thus, AE(qo) is written as 


AE(qo) _ { En (qo) — En(qo)}+ (Ap- V) Em (qo) 
+3(Ap-¥)*Em(qo). (9) 


If there is no external field which may give a preferred 
direction in the crystal, because of a reflection sym- 
metry of the band structure, the contributions of the 
second term with positive values are balanced off by 
those with negative values. For small deflection angles 
6, Ap can be written as 


= pole, 


where e is a unit vector which is perpendicular to the 
direction of incident momentum pp. Hence, we get 


AE (qo) = {Em (qo) — En(qo)} 
+m(eVv)? 


(10) 


En(qo) - Ee, (11) 


18 Contrary to Eq. (11), for the in-band single-electron excita- 
tion in the unfilled valence band, the average excitation energy 
can be calculated by the Fermi gas model and it gives a linear 
independence on @ as follows,® 

4Eo 


4Eo sl '- Za) | 7 
3E Ol 12\HE 


where Ep is the Fermi energy and 0:.E= p/p. The author would 
like to thank Dr. R. A. Ferrell for his kindness in calling the 
author’s attention to this point. 
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where E= p,’/2m. Here, the average of the coefficient 
of E6’, corresponding to the case of random orientation 
of the single crystal or the case of a polycrystal, may 
nearly be equal to unity for very highly excited bands, 
though generally it may take positive values as well as 
negative values, depending on the electronic state. The 
angular independent term exhibits the width of the 
initial momentum distribution of the target electrons, 
which would be of the order of several ev. Thus, the 
above discussion gives us a conclusive criterion for 
excluding the possible interpretation of the energy loss 
as due to a single-electron band-band transition. 

Our interpretation of the 7.5-ev loss line of graphite 
as due to the collective excitation of electron is, on 
one hand, based on the experimental fact that the 7.5-ev 
line is lacking for some carbon compounds. On the 
other hand, it is supported by our theory which gives 
the collective eigenfrequency corresponding to 7.5 ev 
as well as an angular dependence parameter a of 2. 


III. COLLECTIVE EXCITATION OF = 
ELECTRONS IN GRAPHITE 


Though we have some evidence that the 7.5-ev loss 
line in graphite may be due to the excitation of collec- 
tive oscillations of m electrons, a remarkable discrep- 
ancy between the observed 7.5-ev loss and the free 
m-electron plasma frequency bas not been understood 
yet. Here, based on the general theory of the collective 
oscillation,* we shall analyze in detail the experimental 
results for graphite. 

Since, at absolute zero temperature, the first zone 
of electron state in graphite is completely filled up, the 
frequency of collective oscillation of the w electron is 
given by 


4reé* 1 
wf=——¥ 


m V p-r 


m 
~~ (eV ,)°En(p) tN (p-r), (12) 


where e is a direction vector of momentum transfer. It 
is perpendicular to a direction of momentum of incident 
electron for small deflection angle @. In the following 
discussion, we will assume the electron beam incident 
on a single-crystal foil at angle © with the c axis. 

Now, Wallace’s theory’ gives the following expres- 
sion for the energy band, 


E(p) = Eo—vy1 cos(cpz/2) 
—Lvi cos*(cp./2)+-0?| S|*}}, 
where yo is the resonance energy between the nearest 


neighbors im the plane, 71, is that of the nearest neighbors 
between planes. S is defined as 


(13) 


S=exp[ —ip.(a/v3) ] 
+2 cos(pya/2) exp[ip,(a/2v3)], (14) 


4 Y. H. Ichikawa, Progr. Theoret. Phys. a 18, 247 (1957). 
16 P. R. Wallace, Phys. Rev. 71, 622 (1947) 
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(4) 























Fic. 1. The © dependence of the z-electron plasma 
frequency in graphite. 


where a=2.46 A, c=7.72 A are the magnitudes of the 
lattice translational vectors, respectively. 

Usually, people transform the volume integral > .x 
into a surface integral by using a relation 


2V 


35 nee Bs,s 5 
a 8x* J 





(15) 


=a + ford — 


However, the above transformation is a very unde- 
sirable procedure to carry out, since it is well known 
that Wallace’s theory is inaccurate near the surface of 
a hexagonal Brillouin zone and thus it may introduce 
serious errors due to the defect of Wallace’s theory. So, 
instead of that, we will approximate E(p) by an ex- 
pansion at the center of Brillouin zone and carry out the 
volume integral. Errors introduced by such effective- 
mass approximation would be less serious than one 
might suspect, because there occurs no cancellation be- 
tween terms in second order of p. 
Finally, we get 
((e-V)°E(p)) = 0a" sin?O0+471¢ cos?O, (16) 


where the average is taken over the orientation of the 
crystal in the x—y plane. Thus, the w,? becomes 


4rre? 


m 
f= af 1- | 
m m(@)* 





(17) 
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where 





(18) 


a’y 0. 








lyi/fc\? 
sin?)+— “() cos’*® 
270 \a 


From this result, we can draw the following results: 
(1) w,? for 0=0 depends only on ¥; as 


1 1 | 
m(@)* 2h? 


4re? m 
o(0)= a -* 2] (19) 


m 


To give tw,=7.5 ev, which is obtained by Watanabe 
using a thin foil of single crystal, y; must be chosen to be 


71=0.32 ev, (20) 


which is consistent with currently evaluated values of 
41, 0.3 ev-0.5 ev.16:17 
(2) w,? for O=2/2 depends only on yo as 


4re m 
wi(4/2)= al 1-90], (21) 


m 
Thus, if yo<2h?/(ma*)=2.52 ev, we will observe the 
energy loss due to the plasma excitation for the over-all 
range of angle 0<@<~7/2, while if yo exceeds the above 
value, we will get a critical angle Oc, above which hw, 
becomes an imaginary number; thus, there ceases to 
exist a stable plasma motion of electrons. Figure 1 
shows the © dependence of fw, for various choices of 
parameter Yo. Figure 2 shows how the critical angle Oc 
changes with the yo. If we take an average of (18) 
over the 0, corresponding to a polycrystal foil, we get 


4re® ma? lyi/fcy? 
wf al 1 (14 “(-) )| (22) 
470 \a 


m 3h* 
Since y; is determined to be equal to 0.32 ev from 
Watanabe’s data, Eq. (22) gives yo dependence of the 
energy loss in polycrystalline foil, which is shown in 
Fig. 3. Thus, if one measures © dependence of hw», 
using a single-crystal thin foil of graphite, it gives us 
very useful information about the resonance energy 
parameters yo and 7. So far we have only the experi- 


@, de9 





Fic. 2. The yo dependence of the 
critical angle Oc. 





i 
25 3 
Yo eV 








16 J. Hove, Phys. Rev. 100, 645 (1956). 
17K. Komatsu and T. Nagamiya, J. Phys. Soc. Japan 6, 438 
(1951). 
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ment, which can let us determine y;, namely the work 
done by Watanabe. 

Next, we will discuss the @ dependence of the energy 
loss for the case of ©@=0, which has been measured by 
Watanabe. As we have shown in the reference 14, the 
dispersion formula for the eigenfrequency of the col- 
lective escillation is given as follows: 


ar € 1 
hw = ho »+h— — 


3 mw,? V 


XY f dxu,?* (x)V?V (x)? (x)N (pr) 
p-A 


4re’ Pr 
dxu,,?* ( (x)——ttn? (x) N(p,r)R 


m5 V p-d 2m 


4re oh? 
+h——_n—', 
mw ,> 4m? 


(23) 


where V(x) is the potential of atomic nucleus. Hence, 
by the Poisson’s equation, we have 


VV (x) = —40Ze*5(x). (24) 


Thus, the second term vanishes for w electrons. Let us 
consider the k’ term of Eq. (23), 


 farsuer ¥ a) usr N( (p,r)R 


(25) 


el Pr 
—> | dxu,.”* (x) —,?(x)N n( pr) Ee. 
2m 


Mw »° V pr 


The right-hand side of the above equation is obtained 
by the substitution of k= p/h and E is the kinetic 
energy of incident electron p.’/2m. To evaluate the 
average kinetic energy of m electrons, we need to know 
the wave function of x electrons in graphite. However, 
since this term is a correction term, we may estimate it 





Fic. 3. The yo de- 
pendence of the z-elec- 
tron plasma frequency in 
polycrystalline graphite. 
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Fic. 4. The © de- 
pendence of the co 
efficient ay. 
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in the free-electron approximation with the effective 
mass given by Eq. (18). Thus, the average kinetic 
energy of m electrons is given as follows, 


9 


P ' 
- 2. ,.?* (x) —t0n” (x)d®xN (pr) = 2e0'n, 
P 2m 


h? 3n\! 
2m(O)*\ 8x 
Then, we get 


6 /4re 
(25) --(- nN wf ler hw») EA. 


5\ m 


(26) 


where 


(28) 


This gives the following value for the coefficient ar 
of Eé@, for the case of O=0, 


ap=2.15, (29) 
which is in surprisingly good agreement with the experi- 
mental value of a=2.0+0.6. Figure 4 shows the 0 
dependence of ar for the choices of yo=1.63 ev, and 
2.0 ev, respectively. Finally, the k* term 


4re fh? E /4ré 
h—n—k'= (- = mb 
ma, 4m? Zhu» 


(30) 


gives the following value for the coefficient Br of E@, 


Br=5X10° at E=25kev, O=0. (31) 
This figure might appear to be large enough to be deter- 
mined from the observed result. However, as one can 
see from Watanabe’s data of graphite, the contribution 
of the @ term is within the error of the determination of 


the & dependence of the energy loss. 
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Magnetoresistance Coefficients and Their Temperature Dependence 
in Iron and Silicon-Steel* 
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By using single-crystal strips of iron and silicon steel having the crystallographic orientations (001) — 
[100] and (110)—[111], the magnetoresistance coefficients 1, p2, and their temperature dependence were 
measured below room temperature. The measurement of p; was accomplished by changing the domain 
structure in the demagnetized state by utilizing the magnetic field induced by the measuring current in 
the sample. It is found that both p; and p2 are strongly dependent on temperature and composition, but 
it seems difficult to obtain a complete quantitative interpretation of the results. 





A. INTRODUCTION 


T is well established that the experimentally obtained 

magnetoresistance of a single magnetic domain of a 

ferromagnetic cubic crystal is given by the following 
expression! : 


AR 3 3 
(—)=ort a ai7B,?+p2 aa 8i8j+::-, (1) 
1 


= i,7=l 


where po, p1, and p2are the temperature-dependent coeffi- 
cients, the so-called magnetoresistance ‘“‘constants,” 
and a; and @; are direction cosines of the magnetic 
moment vector and the measuring-current vector, re- 
spectively, with respect to the cubic axes. Thus, in a 
case of a ferromagnetic substance whose easy direction 
of magnetization is [100] such as iron, only the p; term 
is dependent on the domain orientation and the p» 
term is only dependent on the rotation of the spon- 
taneous magnetization in a domain. 

It is, we see, theoretically possible to obtain the 
coefficients by measuring the difference in longitudinal 
magnetoresistance between the demagnetized and satu- 
ration bulk magnetized states for both the (001) —[100 ] 
and (110)—[111] single-crystal strips, and such 
measurements were the fundamental purpose of this 
investigation.” 

In these present experiments, measurements were 
made of the temperature dependence of p; and p2 below 
room temperature using single-crystal strips of iron 
and silicon steel* having simple crystallographic orien- 
tation, that is, (001)—[100] and (110)—[111]. The 
single-crystal strips, 0.5 mmX3 mm X50 mm for iron 
and 0.3mmX3mmX50mm for silicon steel, were 
made with a special stress and anneal technique‘ by 


* Supported by the Office of Naval Research. 

On leave from Faculty of Science, Hiroshima University, 
Hiroshima, Japan. 

1W. Doring, Ann. Physik 32, 259 (1938). 

2 The notation (001) —[100] refers to a flat strip with its length 
in a [100] direction and with a (001) plane for its top face. 

’ Commercial silicon-steel sheet, having the following composi- 
tion (weight percent) : C 0.07%, Si 1.08%, Mn 0.18%, S 0.038%, 
and Cu 0.21%. 

4T. Fujiwara and E. Tatsumoto, J. Sci. Hiroshima Univ. Ser. 
A, 13, 235 (1940). 


the author in his laboratory, Faculty of Science, 
Hiroshima University, Hiroshima, Japan. 


B. MEASUREMENT OF op, 


For determining the coefficient ps, the method of 
measuring the difference in longitudinal magneto- 
resistances suggested in the introduction is possible for 
the following reason. The easy direction of magnetiza- 
tion of both iron and silicon-iron is [100] so that 
neglecting the increase of resistance due to magneto- 
strictive lattice distortion caused by the configuration 
of the [100], [100], [010], [010], [001], and [001] 
magnetic domains, the longitudinal magnetoresistance, 
(AR/R)demag-(111], does not depend on the domain con- 
figuration, since the [111] direction is symmetric with 
respect to the cubic axes; that is, 


(AR R)demag- (111) =pot+4pit ae (2) 


The first subscript refers to the magnetic state and the 
second to the long axis of the crystal which is the 


current direction. In the case of bulk saturation 
magnetization, 
(AR/R) (.11)-(111) = Pot 401+ pet - °°. (3) 


Here the first subscript refers to saturation in the [111] 
direction. The magnetoresistance obtained from the 
difference in resistance between the two above extreme 
cases (AR/R)demags(i1)-(111), iS nearly equivalent to 


[oo/] 
{010} 


(10) = [it] 


(in) 





Fic. 1. Domain structure of a single-crystal strip having the 
(110)-[111] crystallographic orientation. 
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the difference between 


(AR/R) ij.) and §=(AR/R)demag-(111); 


as the change of R in the denominator can be neglected ; 
that is, 
(AR/R) demag—+(111)-(111] = 3p2+ * cei (4) 


The subscript demag—[111] refers to the difference 
while the second [111 ] refers still to the long axis. Thus, 
a value for p2 can be obtained by this straightforward 
measurement. is 

According to the Bitter figures of the (110)—[111] 
single-crystal strips observed by the author,’ the 
domain structure is very simple as shown in Fig. 1. 
The increase in resistance due to the configuration of 
domains mentioned above, therefore, must be negligibly 
small. This is the reason why single-crystal strips 
having the (110)—[111] crystallographic orientations 
are used in this experiment. 


C. MEASUREMENT OF 9, 


It is, in general, difficult to obtain the coefficient p; 
for the reason that the magnetoresistance in the de- 
magnetized state depends not only on the increase in 
resistance due to magnetostrictive lattice distortion 
caused by the domain configuration, but in addition on 


(004) - [100] 


Current 


Field 


Fic. 2. Domain structure of a single-crystal strip having the 
(001)—[100] crystallographic orientation in the presence of a 
sufficiently large sample current. 


the domain configuration itself. If it were possible 
to set all domains perpendicular to the [100] direction, 
the direction of measurement, in the demagnetized 
state, the longitudinal magnetoresistance would be 
given by 

(AR/R)demag: (100) =pot sdipihel (5) 


and the case of saturation bulk magnetization would be 
given by 


(AR/R) (100). [100) = pot pit: --. (6) 


Then, just as in the case of the (110)—[111] samples, 
one magnetoresistance obtained from the difference in 


5 These have been described at the meeting of the Physical 
Society of Japan but not yet published. 
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Fic. 3. Difference in magnetoresistance vs sample current for 
iron at different temperatures. The crosses correspond to measure- 
ments made on samples demagnetized with finite sample current, 
and the circles correspond to measurements made on samples 
demagnetized with zero sample current. 


resistance between the two extreme cases, 
(AR/R)demag-—+[100}-[100), 
is equivalent to the difference between 
(AR/R){100}-t100) ~and (AR/R)demag-(100)- 


That is, 
(AR R)demag—>{100}-(100] = Prt * i. (7) 


Fortunately, such a demagnetized state as is conceived 
above can exist if a circular magnetic field be present 
in the sample, and such a field will always be present 
provided a sufficient measuring current is flowing 
through the sample. The domain structure thus obtained 
may be assumed to have the form shown in Fig. 2. 

As a consequence of this analysis, the difference in 
magnetoresistance between the demagnetized and the 
case of saturation bulk magnetization should attain 
a constant value above a certain current density. In 
Figs. 3 and 4, this effect is shown for iron and silicon 
steel samples, respectively, at different temperatures 
as a function of current. 

In these figures, the crosses indicate the difference in 
magnetoresistance between the state demagnetized by a 
gradually decreasing alternating field in the presence 
of a direct measuring current and that of saturation 
bulk magnetization; and the circles the same difference 
except that there, the demagnetized state is attained 
with zero measuring current in the sample. In both 
cases, as is seen in Figs. 3 and 4, the magnetoresistance 


























660 EIJI 
SAMPLE CURRENT 
0 200 400 600 800 1000 mA 
tT T 
ra 
=" Sp 
303°K 
0 = 
“sa 
adi \, A 

>’ -8 at 
2, 169°K 
! re) — 
vey 
° 
1. 
S -8 
4 
? 19 77°K 
x1074 











Fic. 4. Difference in magnetoresistance vs sample current for the 
(||) (001) —[100] specimen of silicon steel at different temperatures. 
Crosses and circles have the same significance as in Fig. 3. 


does attain the same constant value above a certain 
current density as was predicted. There is, however, a 
difference in the minimum current density required to 
saturate the magnetoresistance, in other words, suffi- 
cient to change the domain structure to that shown 
in Fig. 2. This difference implies that there is an activa- 
vation energy necessary to change the initial domain 
structure, in the presence of zero current, to the more 
stable one shown in Fig. 2, which is expected when the 
current is sufficiently large. 

Thus, it is seen that p; can be obtained by the straight- 
forward method mentioned above; that is, by obtaining 
the magnetoresistance by measuring the difference in 


(4(001) - [100] 
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Fic. 5. Domain structure of the (||) (001) —[100] 
single-crystal strip of silicon steel. 
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Fic. 6. Domain structure of the (1) (001) —[100] 
single-crystal strip of silicon steel. 
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resistance between the state which has the domain 
structure as shown in Fig. 2 and the case of the bulk 
saturation magnetization. 


D. DOMAIN STRUCTURE AND MAGNETO- 
RESISTANCE EFFECT 


In the case of silicon steel, two different sample 
types were measured, the following notation being used 
to identify them: (|!) (001)—[100] and (1) (001) 
—[100]; where the indices (||) and (1) indicate that 
the single-crystal sample was made from a strip cut 
parallel or perpendicular to the rolling direction of the 
silicon-steel sheet. The domain structures of the (||) 
and (1) samples in the ordinary demagnetized state 
are different, as shown in Figs. 5 and 6.° Therefore, the 
behavior of the magnetoresistance is quite different 
between the (||) (001)—[100] and the (1) (001) 
—[100] samples in the low-current region as is seen in 
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Fic. 7. Difference in magnetoresistance vs sample current for 
the (1) (001)—[100] specimen of silicon steel at different tem- 
peratures. Crosses and circles have the same significance as 
in Fig. 3. 


Fig. 4 and Fig. 7. But in both sample types, and at the 
same temperature, almost equal saturation magneto- 
resistance, (AR/R)demag+{100}-{100}, Was obtained with 
high currents as expected. 

In the case of iron, the theoretical domain structure 
of the (001)—[100] sample in the ordinary demag- 
netized state is just that of the (||) (001) —[100] sample 
of silicon steel. This is verified by the behavior of the 
magnetoresistance at the various sample currents and 
shown in Fig. 3. 


E. EFFECT OF MEASURING CURRENT ON 
DOMAIN STRUCTURE 
As has been described so far, in the measurement of 
magnetoresistance, the intensity of the current in the 
sample must be carefully controlled because the domain 


6 E. Tatsumoto, J. Sci. Hiroshima Univ. Ser. A 17, 229 (1953). 
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structure might well be changed by the magnetic field 
itself, induced by the current. 

In the case of the (110)—[111] sample, the effect of 
the current is negligibly small as shown in Fig. 8. This 
can be easily understood because in this case the 
magnetic field induced by the current mainly causes 
rotation of the magnetic moment of the main domains 
(shown in Fig. 1), but this is difficult since the anisot- 
ropy energy is large. 

In the case of the (001)—[ 100] sample, as mentioned 
previously, the effect of the current on the domain 
structure is very marked, but in the case of a (||) 
(011)—[100] sample® it is quite small as shown in 
Fig. 9. This behavior is also well understood. In the 
case of the (001)—[100] sample, as the perpendicular 
direction to the current vector is also magnetically 
easy and since there will be no demagnetizing effect 
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Fic. 8. Difference in magnetoresistance vs sample current for 
the (||) (110) —[111] specimen of silicon steel at different tempera- 
tures. Crosses and circles have the same significance as in Fig. 3. 


opposing the field induced by the current, even a small 
field is sufficient to change the domains formerly 
parallel to the current vector to ones perpendicular 
to it as shown in Fig. 2. In the case of the (||) (011) 
—[100] sample, the domain structure’ is very like 
that of the (||) (001)—[100] sample, but as the perpen- 
dicular direction to the current vector is magnetically 
hard, there will be no variation in domain configuration 
expected, except around both edges of the sample. 

For both the (||) (001)—[100] and (011)—[100] 
samples, a small magnetoresistance was observed even 
at small measuring current, although theoretically no 
magnetoresistance is expected. It may be inferred that 
this magnetoresistance is mainly due to magneto- 
strictive lattice distortion occurring around the many 
small domains embedded in the main domains, especially 
near both ends of the specimen in the demagnetized 
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Fic. 9. Difference in magnetoresistance vs sample current for 
the (||) (110) —[100] specimen of silicon steel at different tempera- 
tures. Crosses and circles have the same significance as in Fig. 3. 


state. The same influence on the observed magneto- 
resistance should also appear in the results for the (L ) 
(001)—[001] sample. In this sample, the magneto- 
strictive lattice distortion occurring around the closure 
domains at both edges of the samples (shown in Fig. 6) 
is the principal effect and is quite large. As is seen in 
Fig. 4 and Fig. 7, this effect also changes with tempera- 
ture. While a detailed discussion of the magneto- 
resistance vs current and vs temperature for both sample 
types may be possible, any such analysis must be 
postponed until crystallographic data, obtained by a 
100° 
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Fic. 10. Magnetoresistance coefficients p: and p2 vs temperature 
for iron and silicon steel. 
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Fic. 11. Magnetoresistance coefficients p:1 and p2 vs temperature 
for silicon steel on an expanded scale. 


collaborator of the author, using x-ray, electron- 
diffraction, and electron-microscope techniques, is 
available. 


F. TEMPERATURE DEPENDENCE OF 0, AND op, 


In these measurements, two samples for each crystal- 
lographic orientation were used, except for (||) (001) 
—[100] of silicon steel, where only one sample was 
available. The measurements were made at room 
temperature and in constant temperature baths of 
liquid propane, ethylene, methane, nitrogen, hydrogen, 
and helium boiling at atmospheric pressure in con- 
tact with their vapors. At these temperatures, the 
resistance was measured by a null method (with a 
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Leeds and Northrup type K potentiometer and galva- 
nometer) by recording both the potential drop across a 
45-mm length of the specimen (using pressure-contact 
probes) and the potential across a 0.1-ohm standard 
resistance in series with the sample current. 

Finally, the temperature dependences of p; and p» 
obtained by the method previously described are shown 
in Fig. 10 and for silicon steel on an expanded scale in 
Fig. 11. The results thus obtained are of fundamental 
significance in the interpretation of the magneto- 
resistance effects in iron and in iron containing small 
amounts of silicon-like elements. As is seen in Figs. 10 
and 11, there is a strong dependence of p; and p»2 on 
both temperature and composition. While it should 
be possible to interpret these data on the basis of 
electron transport theory of magnetoresistance, a simple 
picture does not immediately present itself. Moreover, 
it is desirable to have measurements of associated 
conduction-type phenomena available and it is proposed 
to undertake such measurements (of longitudinal and 
transverse magnetoresistances and Hall effect at all 
temperatures below the Curie point) as part of a sys- 
tematic program of research on iron, silicon steel, and 
others in the author’s laboratory in Japan in the near 
future. 
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Radiation Damage Experiments and the Nature of Thermal Spikes 
in III-V Compounds* 


ULricH GONSER AND BouDEWYN OKKERSET 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received August 29, 1957) 


Specimens of gallium antimonide were irradiated at liquid nitrogen temperature with 12-Mev deuterons. 
The results of resistivity measurements during irradiation and of x-ray observations after the irradiation 
suggest very strongly that thermal spikes are introduced under these conditions. In particular from the 
shape and the intensity of the x-ray reflections the conclusion is drawn, that in these spike regions the 
material is present in a liquid-like lattice configuration, markedly different from the matrix configuration. 
The observations on annealing support the suggested model. 


I. INTRODUCTION 


N the last fifteen years, experimental and theoretical 
investigations in the field of radiation damage have 
’ contributed to our knowledge of the solid state at an 
increasing rate. Initially most attention was given to 
the production of Frenkel defects (displaced pairs). 
Moreover, irradiation with monoenergetic electrons 
proved to provide a successful tool for determining the 
threshold energy E, required to produce displacements. 
This energy was found to be 25 ev in the case of copper 
by Eggen and Laubenstein! and about 30 ev in ger- 
manium by Klontz and Lark-Horovitz.’ Dessauer* had 
emphasized as early as 1923 that the large amount of 
energy a moving charged particle transfers to the 
electronic system of a material through which it passes 
(electron spikes) could induce atomic rearrangements 
if it were converted into vibrational energy sufficiently 
rapidly. Such conversion is of major importance in 
organic materials and in certain salts; however, there 
is little evidence to date to indicate that it is rapid 
enough to produce significant effects in metals and 
valence crystals. Although it was recognized that col- 
lisions between the incident particle and nuclei either 
above or below the threshold value E, could heat the 
lattice locally (thermal spikes), it was not felt in early 
work that this incidental thermal effect was important 
in metals and semiconductors, at least near room 
temperature. Seitz! discussed thermal spikes and 
pointed out that typical spikes produced by incident 
charged particles would cool to the ambient tempera- 
ture in a time of the order of 10~" sec, that is, over a 
time of the order of 100 atomic oscillations. Thus the 
heated regions are cooled to ambient temperature 
rapidly. 

Brinkman® extended the model of the thermal spike 

* This research was supported by the U. S. Atomic Energy 


Commission and the National Academy of Sciences. 

+ Present address, Philips Research Laboratories, Eindhoven, 
The Netherlands. 

1D. T. Eggen and M. J. Laubenstein, Phys. Rev. 91, 238 
(1953). 

2. E. Klontz and K. Lark-Horovitz, Report Purdue Uni- 
versity, June, 1952. 

3 F. Dessauer, Z. Physik 12, 38 (1923). 

4F. Seitz, Phys. Today 5, 6 (1952). 

5 J. A. Brinkman, J. Appl. Phys. 25, 961 (1954). 


to the case in which the transferred energy is sub- 
stantially larger than the threshold energy E, and in 
which the incident or primary particle causing the 
damage displaces a number of atoms in succession. He 
termed such highly chaotic regions displacement spikes. 
In such cases he decided that the thermal effects would 
be adequate to anneal some of the displacements pro- 
duced initially and could generate others as a result of 
fluctuations (see Fig. 1). On the whole the material 
in the spike could be regarded to have undergone 
melting and resolidification. He believed that the 
resolidified material would be highly imperfect if the 
ambient temperature were sufficiently low and that 
most of the residual damage could be ascribed to this 
imperfection, of which the part associated with the 
residuum of atoms displaced initially would be rela- 
tively small. In the case of copper irradiated with 
12-Mev neutrons he estimated that the region of the 
displacement spike would contain about 2X10* atoms 
and possess linear dimensions of the order of 50-75 A. 

It appears that the interpretation of experimental 
results in terms of the foregoing models is not always 
beyond doubt. The nature and relative importance of 
the spikes is still in question. Moreover, all the stages 
observed during the annealing are not well understood. 
For example, the damage resulting in metals after 
neutron and deuteron bombardment at liquid helium 
temperature®.’ is interpreted in different ways. 

In order to clarify this situation it is necessary to 
investigate widely different materials under controlled 
conditions and with different tools. It was Seitz’s sug- 
gestion to combine two of the major additions to solid 
state physics in the last few years: radiation damage 
and the highly interesting III-V compounds. It is well 
known that the properties of these compounds are 
greatly influenced by impurities and lattice defects.® 
They crystallize in the zinc blende structure. X-ray 
reflections can occur as main lines and as superlattice 

6 Cooper, Koehler, and Marx, Phys. Rev. 94, 496 (1954). 

7 Blewitt, Coltman, Holmes, and Noggle, Creep and Recovery, 
Eighth National Metal Congress, Cleveland, Ohio, 1956 (The 
American Society for Metals, Cleveland, 1956). 

*H. Welker and H. Weiss, Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
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Fic. 1. Schematic representation of a displacement spike in a 
two-dimensional lattice (after Brinkman’). 


lines. It was thought that an investigation of the 
damage of the ITI-V compounds with x-ray techniques 
could give valuable information. In this experiment 
GaSb was irradiated with approximately 210" 12- 
Mev deuterons/cm? with the University of Illinois 
cyclotron. During irradiation the specimens were kept 
as close as possible to liquid nitrogen temperature. 
After the irradiation, the x-ray reflections of the ir- 
radiated part were compared with the reflections of the 
nonirradiated part of the same specimen. Also the 
behavior during annealing was studied. 

We shall present evidence here which implies that 
thermal spikes, that is, regions in which a substantial 
amount of energy has been transferred directly to the 
lattice, can indeed produce significant changes in the 
lattice under appropriate circumstances. The effect 
presumably is independent of the production of Frenkel 
pairs. Naturally the most energetic thermal spikes 
occur under circumstances in which Frenkel pairs are 
generated ; it is clear that such pairs are present under 
the conditions discussed below. Nevertheless, it appears 
that the thermal effects are of overwhelming importance 
in determining the changes to be described. 

It should be emphasized at the start that these 
experiments do not prove that Brinkman’s point of 
view is generally valid. The III-V compounds possess 
the remarkable property that the density of the liquid 
phase is higher than that of the solid. This feature 
appears to influence the stability of the disorder pro- 
duced by thermal spikes in a way that probably does 
not occur in more normal materials. 


II. EXPERIMENTAL 


Single crystalline specimens of GaSb (1.01.5 cm) 
were cut electrochemically and ground to a final thick- 
ness of 0.4-0.5 mm, which is nearly equal to the range 
of 12-Mev deuterons in this material. The samples 
were glued (GE 7031 varnish) on the aluminum block, 
which was tightly connected to the liquid nitrogen 
container by means of a copper block (see Figs. 2 and 


9A preliminary report of this investigation has appeared. 
U. Gonser and B. Okkerse, Phys. Rev. 105, 757 (1957). 
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3). The crystals were oriented in such a way that the 
deuteron beam was normal to the (100)-plane. At the 
top and bottom of the specimens thermocouples were 
soldered (Fig. 4); the leads of these couples were also 
used to measure the resistance of the specimens during 
irradiation. An aluminum screen, which made it 
possible to irradiate only a well-defined part of the 
specimen, was mounted in front of the specimens. Thin 
aluminum foils (20-200u) on the front side of the 
screen prevented decomposed pump oil from the 
cyclotron chamber from hitting the specimens and 
served to shorten the effective range of the deuterons. 
The shadowed part in Fig. 4 was bombarded whereas 
the other parts were not irradiated. The latter served 
as a reference. Before making the x-ray measurements, 
the screen was rotated so that the whole specimen 
could be seen by the x-rays. Cu K, radiation was used. 
It was monochromatized by a curved quartz crystal. 
Thin windows of Mylar were built in the sump to keep 
the loss of x-ray intensity small. The reflected beam 
was registered on Kodak no-screen x-ray film, which 
was placed at a distance of 60-100 cm from the speci- 
mens. It was possible to scan the specimen from one 
side to the other with the x-ray beam by moving the 
whole sump parallel to the (100) plane of the specimen. 
Near the top and the bottom the line-shaped x-ray 
beam hit those parts of the specimen which were not 
irradiated; the center part of the x-ray beam was 
reflected from the part of the specimen which was 
irradiated. 

GaSb crystallizes in the zinc blende structure, which 
is similar to the diamond structure, having alternative 
Ga and Sb atoms. Thus the (100) planes are occupied 
by either Ga or Sb atoms, giving rise to the existence 
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of superlattice lines. The measurements were made on 
3 reflections, namely: the superlattice line (200), 
6=14°41’; the main line (400), 6=30°28’; and the 
superlattice line (600), = 49°30’. 

The integrated intensity of each reflection is pro- 
portional to the square of the structure factor F. Thus 
for the main line F= (fs»+ fos), whereas for the super- 
lattice line F=(fs,— foa)S. Here fs, and fogs are the 
scattering factors for the Sb and the Ga atoms, re- 
spectively, and S is the long-range order parameter. 
S=1 for perfect order whereas S=0 for complete 
disorder. The intensity of the main lines is very strong 
and independent of the order, but the intensity of the 
superlattice line is weak and depends on the order. 

The beam was shut off at regular intervals to measure 
the resistance of the specimen. A potentiometer was 
used to measure the potential drop across the specimen 
and across a standard resistor. In order to eliminate the 
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Fic. 3. Top view of the apparatus. 


thermal emf, the current was reversed after each meas- 
urement ; the average of both readings was taken as the 
proper value. It appeared that the deviation of each 
reading was equal to either the positive or the negative 
thermal emf, indicating that the contacts were purely 
ohmic. 

Annealing of the specimens was achieved simply by 
warming the cryostat to room temperature after 
evaporating the liquid nitrogen. 


III. RESULTS AND DISCUSSIONS 
All the x-ray diagrams taken showed the following 
three effects: 
1. Intensity Change 


The part of the line representing the damaged part 
of the specimen remained sharp; however, the intensity 
in this part is lower than in the part representing the 
nonirradiated region. The line shapes of the irradiated 
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and the nonirradiated part as measured with the 
photomicrometer are given in Fig. 5. One has to assume 
that some regions in the irradiated part no longer fulfill 
the Bragg condition for reflection. It appears that the 
damage is not homogeneous along the deuteron path. 
The deeper layers are affected more than the surface 
layers. This conclusion can be drawn from two obser- 
vations: (a) The ratio of the intensities in the irradiated 
and nonirradiated parts of the (200) lines, which have 
a comparatively small Bragg angle, is nearer unity than 
the ratio of the intensities of the (600) lines, which 
have a larger Bragg angle. In the latter case the 
absorption is smaller. (b) Under otherwise similar 
conditions, the ratio of the intensities is larger when an 
aluminum foil in which about half of the energy of the 
deuterons is dissipated is placed in front of the speci- 
men. Reasoning along these lines one would expect 
that the ratio of the intensities of the (400) lines might 
be about the average of the ratios of the (200) and of 
the (600) lines. Actually however, this ratio is of the 
same order as that for the (200) lines. One can explain 
this if one assumes that, in addition to the regions 
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Fic. 5. Line shape of the (400)-reflection after irradiation 
and after annealing. 
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Fic. 6. Set of (400) reflections obtained by moving the 
specimen parallel to the (100) plane. 


which do not fulfill the Bragg condition, there are other 
disordered regions which act as transition regions to 
the singie crystalline matrix. 


2. Curvature of the Lines 


Several parts of the specimen could be investigated 
by moving parallel to the (100) plane. Figure 6 shows 
the lines obtained. It appears that there is a tendency 
for the lines to be convex towards the center of the 
specimen. This curvature is especially pronounced at 
the boundary of the irradiated and nonirradiated part. 
This effect was found for all lines and for all specimens 
irradiated. The only possible explanation seems to be 
that a bending of the lattice planes occurs. One can 
account for this behavior if one assumes that the 
material contracts on irradiation. This contraction can 
be associated with the abnormal behavior of the III-V 
compounds on melting, the specific density of the liquid 
being higher than in the solid state." Buschert!! showed 
in the case of InSb that the number of nearest neighbors 
is close to 6 at 13°C above the melting point, whereas 
it is only 4 in the solid state. Hendus” demonstrated 
that the number of nearest neighbors increases from 
4 to 8 in the case of germanium. 

We conclude that parts of the specimen corresponding 
to thermal spikes are transformed into a more dense 
configuration having a liquid-like coordination. These 
transformed regions become centers of negative pres- 
sure in the matrix. Because the nonirradiated part of 
the specimen can be considered as a solid frame, the 
irradiated part can relax only near the surface. This 
produces bending of the planes. 


3. Change in Lattice Parameter 


A change in lattice parameter was observed in several 
x-ray diagrams. It seems that this effect is dependent 
mainly on the geometry and boundary conditions of the 

1 N. I. Mokrovskii and A. R. Regel, J. Tech. Phys. (U.S.S.R.) 
22, 1281 (1952). 

1 R. C. Buschert, thesis, Purdue University, 1957 (unpub- 


lished). 
12H. Hendus, Z. Naturforsch. 2a, 505 (1947). 
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specimen. In the case of a thin specimen a lattice 
parameter increase (about 0.1%) was found, whereas 
in thicker specimens, about 4 times as thick, the lattice 
parameter change was very small. One has to bear in 
mind that we scan only the matrix material with the 
x-ray beam and the conclusions concerning spikes are 
more or less indirect. It may well be that along with the 
appearance of displacement spikes, as described in 
Brinkman’s model, Frenkel pairs are introduced in the 
matrix material, resulting in an expansion of the 
lattice, but the crystal as a whole, including the high 
density spikes, decreases in volume. 

The effects observed are given schematically in Fig. 
7. Thus the x-rays observations seem to suggest that the 
irradiation results in a region with a structure different 
from the matrix. We like to think that the material is 
transformed locally to the liquid configuration. These 
parts do not contribute to the reflected intensity, and 
produce a decrease in intensity in those parts of the 
lines representing the irradiated region. The irradiated 
part of the specimen contracts as a result of the trans- 
formation from solid to liquid configuration and 
produces curved reflections. There will be disordered 
regions between the spike regions and the original 
lattice. These give rise to the observed intensity ratios 
of the main and superlattice lines. 

Two other observations are in agreement with this 
model. 


1. Resistivity Measurements 


The changes in resistivity induced by bombardment 
with deuterons, alpha-particles, ele¢trons, and neutrons 
has been studied extensively in Ge,'* in InSb," and in 
GaSb.'* Most of the results were interpreted with use 
of the model proposed by James and Lark-Horovitz,'® 
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Fic. 7. Cross section of the specimen and suggested model of 
the damage. Region I represents the matrix material, region II the 
gradually disordered region, and region III the liquid lattice 
configuration region. 


“7. Y. Fan and K. Lark-Horovitz, Report on the Conference of 
Defects in Crystalline Solids, Bristol, 1954 (The Physical Society, 
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44 J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. 95, 1177 
(1954). 

18 J. W. Cleland and J. H. Crawford, Jr., Phys. Rev. 100, 1614 
(1955). 

16H. M. James and K. Lark-Horovitz, Z. physik, Chemie 198, 
107 (1951). 








RADIATION 


which considers the energy levels associated with 
Frenkel defects. This model could be employed very 
successfully when the specimens were irradiated at 
room temperature. The model does not work very well, 
however, in cases in which the irradiation is carried out 
at low temperature. An explanation for this fact can 
be found in the frozen-in temperature spikes. 

In Fig. 8 the resistivity of a p-type specimen of 
GaSb is plotted as a function of the integrated flux. 
The general behavior of the curve can be explained if 
one assumes that the initial increase can be attributed 
to semiconductor effects which are very sensitive to 
changes in trapping levels. The more gradual decrease 
in resistivity is associated with the transformation from 
solid to liquid configuration which can also be described 
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Fic. 8. Resistivity of a specimen as a function of the 
integrated flux. 


as a transformation from a semiconductor to a metallic 
behavior. An increasing number of spikes is introduced 
as irradiation proceeds. These regions represent volumes 
having lower resistivity than the surrounding matrix 
and decrease the resistance of the specimen. 


2. Behavior on Annealing 


The curvature of the x-ray lines disappeared on 
warming, at about —110°C. In fact a slight bending 
into the opposite direction was observed in those parts 
of the lines which correspond to the deuteron irradiated 
section. The intensity in this part of the lines increased 
and line broadening occurred at the same time. The 
line shape after annealing is compared with the original 
shape in Fig. 5. These observations can be explained 
by postulating that the high temperature phase in the 
spike region is able to transform to the stable con- 
figuration during annealing. As a result, the density in 
these regions has to decrease. However, many imper- 
fections in the matrix will either persist or be formed 
and produce high strains locally. In fact, some of the 
specimens broke during the annealing because of these 
strains, thus indicating the tremendous magnitudes of 
the residual stresses. One specimen broke only halfway 
initially. The (400) lines obtained at low temperatures 
are superimposed on this specimen in Fig. 9. It is 
interesting to observe that the direction of the changes 
in curvature are in agreement with the model suggested. 

Still further, it was found that the resistivity in- 
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Fic. 9. Schematic reproduc- 
tion of reflections superimposed 
on the part of the specimen 
from which each line was re- 
flected after a specimen initi- 
ally broke only halfway. 























creased on annealing. This is to be expected if the region 
having liquid-like configuration and a metallic behavior 
transform to the normal configuration but leave a high 
concentration of physical imperfections. 

Cleveland and Crawford!® found no indication of the 
existence of spikes having metallic behavior in GaSb. 
Unfortunately the neutron irradiation was carried out 
at —125°C at which temperature irradiation annealing 
probably takes place. Thus the spike regions in their 
specimens do not correspond to the frozen-in high- 
temperature phase, but more nearly to the regions 
implied in Brinkman’s displacement spike model. 


IV. CONCLUSION 


One can explain the results of the experiments if one 
assumes that spikes are introduced in this material 
during irradiation with 12-Mev deuterons at liquid 
nitrogen temperature. These spikes have some of the 
general properties of the displacement spikes suggested 
by Brinkman. There are, however, important modifi- 
cations. Brinkman regarded the regions as more or less 
supercooled molten zones having nearly the same 
number of nearest neighbors as the surrounding matrix. 
In the present model, however, a phase transformation 
actually takes place. In the III-V compounds it is 
preferred to describe the spikes not only as regions 
containing displaced atoms, but as regions possessing 
a well-defined lattice configuration which is different 
from that of the matrix. 

In a forthcoming paper the question of radiation- 
induced phase changes will be discussed more generally. 
Particular attention is given to materials having a 
high-temperature phase with a higher density and to 
materials having abnormal behavior at the melting 
point, the density of the liquid state being higher than 
that of the solid. 
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The resistance of tin wires between 0.15 and 3 mm in diameter 
has been measured as a function of the current in the transition 
region to superconductivity. The samples used were, with one 
exception, single crystals and had residual-resistance ratios 
ro= Ro°x/Rez3°k of a few times 10-*. Most of the transition curves 
showed a steep rise and a break at the critical current. The 
critical resistance, defined as the resistance at the break of the 
curves, is for single crystals independent of the temperature 
between 1.9°K and the critica! temperature, if proper corrections 
for the temperature dependence and the field dependence of the 
resistivity are made. Extensive measurements of these depend- 
ences have been made for this purpose. 

Measurements on one polycrystalline sample and comparison 
with measurements by Rinderer showed a strong influence of the 
electronic mean free path on the ratio of the critical resistance to 
the normal resistance, this ratio being smaller for the purer 
samples with the longer mean free paths. The single crystals 
which were used here were probably still not quite good enough 
to represent samples free from all imperfections. 


I. INTRODUCTION 


A THEORY was developed in Part I,! which 
describes the state of a wire in the transition 
region to superconductivity when the wire is simultane- 
ously exposed to a current and a longitudinal magnetic 
field. An analysis which was carried out in Part IT’ 
showed that no difficulties arise in the limit of vanishing 
current or vanishing field. Experiments*~ always show 
small but marked differences from the theoretical 
results. The longitudinal'*:* as well as the circular flux’ 
differ slightly from the predicted values. Neither case 
offers an easy possibility to amend the theory, because 
the experiments deal with integrated rather than local 
quantities. In the case of the longitudinal flux it is 
possible to apply empirical corrections to the theory! 
and bring it into agreement with the experiments. 
These corrections involve constants!’ which seem to 
vary in a peculiar way from superconductor to super- 
conductor. 

Also the resistance values which were experimentally 
found®~ differ slightly from the theoretical expectations. 


1 Hans Meissner, Phys. Rev. 97, 1627 (1955), referred to as 
Part I. 

2?Hans Meissner, Phys. Rev. 101, 31 (1956), referred to as 
Part IT. 

3 James C. Thompson, Phys. Rev. 102, 1004 (1956). 

4 James C. Thompson, J. Phys. Chem. Solids 1, 61 (1956). 

5L. W. Shubnikov and N. E. Alexeevsky, Nature 138, 804 
(1936). 

®N. E. Alexeevsky, J. Exptl. Theoret. Phys. U.S.S.R. 8, 342 
(1938). 

7R. B. Scott, J. Research Natl. Bur. Standards 41, 581 (1948). 

8 L. Rinderer, Helv. Phys. Acta 19, 339 (1956). 

® Hans Meissner, Phys. Rev. 101, 1660 (1956), referred to as 
Part ITI. 

10 A. H. Fitch and H. Meissner, Phys. Rev. 106, 733 (1957), 
referred to as Part IV. 


The heat transfer from horizontal wires to the liquid helium 
was measured to assure that the temperature difference between 
sample and bath is not significant. It was found that the bubbles 
rising from a heater at the bottom of the Dewar simulate a forced 
convection which greatly increases the heat transfer coefficient 
and makes it independent of the temperature difference between 
sample and bath. It was observed that this temperature difference 
fluctuates at least by 10% of its value, and probably by a con- 
siderably larger amount. 

Measurements on a tin-coated manganin wire showed that a 
heating of the wire displaces the critical curve, but does not give 
rise to a hysteresis. Below 3.4°K hysteresis occurred which was 
not connected to the heating and which can probably be explained 
in terms of Ginsburg’s phenomenological theory of superconduc- 
tivity. 

A device for maintaining the temperature of the helium bath 
constant within a millidegree is described. 


Calculations of the resistance are much easier,?*:*:"! so 
that one can hope to amend the theory from such 
measurements. So far, however, the experimental data 
on the resistance in the transition region are rather 
scant and, as we shall see later, some of them should 
certainly be corrected for secondary influences such as 
magnetoresistance. 

The work here was started by using extruded poly- 
crystalline tin wires which, close to the normal transi- 
tion temperature, had wide transition curves similar to 
the ones observed by Rinderer.* Since it was known 
from Scott’s experiments’ that it is possible even in 
this region to obtain sharp transitions, single crystals 
of tin were grown. These had residual resistances 
between 1X10-* and 8X10~ of the ice-point resistance. 
This very low value has the following implications: 

(1) Resistance measurements have to be made even 
if the potential differences across the sample are smaller 
than the total thermal emf in the measuring circuit. 
(The total thermal emf was usually about 3 to 7X10~7 
volts.) With few exceptions the resistances were there- 
fore measured by reversing the current and the recorded 
values were taken as the average of 3 to 24 readings. 

(2) The resistivity is quite strongly dependent on 
the temperature and the magnetic field. In order to 
apply the necessary corrections, extensive measure- 
ments of the temperature-dependent resistance and 
the magnetoresistance were made. 

(3) The effect of the heating of the wire is less serious 
than in experiments with higher residual resistances. 
Nevertheless, since the author of this article was unable 
to agree with previous discussions of the heat-transfer 





1 F, London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. I, p. 120. 
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problem, extensive measurements of the heating of 
horizontal wires in liquid helium have been made in 
order to verify certain assumptions made in these 
discussions. 


Il. EXPERIMENTAL ARRANGEMENT 


(a) Cryostat, High Current Connections, and 
Automatic Temperature Control 


Cryostat and high current connections were the same 
as described in Part III. The temperature was held 
constant by regulating the power input to the heater 
at the bottom of the Dewar with a carbon thermometer 
and a circuit as shown in Fig. 1. The ac Wheatstone 
bridge is operated slightly off balance, the outgoing 
signal amplified and fed into the phase detector. The 
phase detector gives an ac signal to the power amplifier 
only if the phase is correct. The heat input into the 
heater increases, therefore, with the square of the 
temperature difference if this temperature difference 
has the correct sign and is zero otherwise. Although the 
thermometer was only 1 cm above the heater, the 
system had a tendency to “hunt” so that the full gain 
could not be used. The average temperature was 
(around 3.6°K) so constant that no change in pressure 
could be detected over periods of about 10 minutes, 
while over periods of an hour the pressure rose slowly 
by an amount corresponding to the decrease in hydro- 
static pressure of the helium. The meter in the heater 
circuit, however, indicated rapid fluctuations of the 
temperature, which were at times as big as 2 milli- 
degrees (when the current reading was reconverted to 
temperature differences causing the unbalance of the 
bridge). No complete balance of the bridge was possible 
below the lambda point of the liquid helium. This was 
probably due to transmission of a 60-cycle signal from 
heater to thermometer by second sound. Rectifying of 
the output of the power amplifier would certainly cure 
this effect. 


(b) Measuring Equipment 


The temperature was obtained from the vapor pres- 
sure of the liquid helium using the 1955, scale.” It is 
to be noted that the normal transition point of tin, 
which occurs at a vapor pressure of 461.5 mm Hg, falls 
on the 1955 scale at T=3.722°K, while on the 1948 
scale it was at T=3.730°K. No corrections were made 
for the hydrostatic pressure head. 

The earth’s magnetic field was compensated to a 
value of less than 3.5X10-* amp/cm by a pair of 
Helmholtz coils. 

The resistance of the samples was measured by 
reversing a known current through the sample and 
observing the deflection of a galvanometer connected 
to the potential leads of the samples. 

The galvanometer (Leeds and Northrup type HS No. 


3 Clement, Logan, and Gafiney, Phys. Rev. 100, 743 (1955). 
See their “note added in proof.” 
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Fic. 1. Circuit of the automatic temperature control: Carbon 
thermometer: Ro°c = 200 ohms, R3.7°x = 3900 ohms, (dR/dT)3.7°x 
=3600 ohms degree. O-6, O-4: Ouncer transformers. A7E: 
Heathkit audio-amplifier used with input No. II. Heater: R=20 
ohms, heater current indicated by meter (not shown). 


2284-b) was used with a telescope and a scale at 5 m 
distance and had a sensitivity of 3.7 10® mm/v which 
could be shunted down by factors of 10~', 10-?, and 10-*. 
A Leeds and Northrup K-2 potentiometer was kept in 
the measuring circuit all the time and served for 
calibration purposes, for compensation of thermal 
emf’s and for the measurement of larger potential 
differences, where the galvanometer was then used as a 
null instrument. 

A second pair of Helmholtz coils was used to provide 
uniform horizontal magnetic fields up to 10 amp/cm 
in the direction of the axis of the samples. 

A cylindrical coil was placed around the helium 
Dewar in the nitrogen bath which produced vertical 
(perpendicular to the samples) fields up to 260 amp/cm. 


(c) Samples 


All samples were prepared from Vulcan Detinning 
Company “high-purity” tin of 99.998% purity. The 
manufacturer lists the following analysis: lead 0.0005%, 
iron 0.0002%, antimony 0.0005%, others 0.0008%. As 
mentioned above, most of the samples used were single 
crystals. The larger-diameter samples (d=3.4 mm) 
were grown in high vacuum in a furnace by slowly 
reducing the heater current, so that the temperature 
gradient moves across the sample. 

The smaller samples were grown in thick-walled 
Pyrex capillaries which were sealed to a filler tube. The 
tin was first melted down under vacuum in the filler 
tube, and only after everything was well degassed was 
it allowed to run into the capillary. Air was then 
admitted to the filler tube and the sample was allowed 
to solidify in vertical position. The ends were then 
cracked away and the tin was pulled out of the capillary, 
being cooled if necessary with liquid nitrogen. Despite 
the use of silicon oil as releasing agent, only one out of 
five samples could be removed without damage. But 
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TABLE I. Data on the samples. 














’ Ice-point Resistivity Angle ¢ between Residual- 

Sample Diameter Length resistance at 0°C crystal axis and resistance 

No. mm mm ohm ohm cm wire axis ratio ro 
Sn IX 3.390 61.5 0.983 x 10-8 14.41 10-6 0° 0.70X 1075 
Sn X* 1.02 60.5 7.62 10-3 10.3 10-6 55° 4.80 10-5 
Sn XV* 3.322 37.0 4.08 X10-3 9.5 10-6 70° 1.2710-5 
Sn XVI* 2.215 53.0 1.23 X10-3 9.0 X10-6 90° 2.21 10-5 
Sn XVII 1.00 40.0 4.62 107% 9.06 X 10-6 90° 3.98 X 10-5 
Sn XVIII 0.357 41.5 38.13 «10-3 9.24 10-6 79° 5.80X 10-5 
Sn XIX> 1.05 54.5 5.77 X10-3 9.16X 10-6 82° 4.3110-5 
Sn XXI 2.192 48.0 1.28 K10-3 10.1 «10-6 60° 2.24X 10-5 
ee e 3 6 wae 7.88 X 1075¢ 
Sn XXIII 0.156 3.58 17.56 X10 9.39X 10 74 9.76 10-84 
Sn XXIV 0.325 59.5 9.16 X10 polycrystalline 12.32 10-5 


12.75X10-* 


8 The ice-point resistivity was not very accurately determined and the angles are somewhat uncertain. 


b This sample was in a glass capillary. 
¢ If regions around potential leads are superconducting. 
4 If regions around potential leads are normal conducting. 


since the growing was done easily enough, this was not 
a serious handicap. All samples were etched and proved 
to be single crystals. They were then electrolytically 
polished with a solution of 20 parts perchloric acid and 
70 parts acetic acid. The thinnest samples, of about 
0.15 mm diameter, were prepared from thicker ones by 
continued electropolishing. Pieces of 3-4 mm length 
were found to be of uniform diameter within 2%. 

Sample Sn XIX was left in the glass capillary (the 
ends of which were removed) to see what influence a 
change in the heat-transfer coefficient would have. 

Sample Sn XXIV was an extruded wire. It was used 
to study both the influence of higher residual resistance 
and of higher heat input. 

The samples were mounted horizontally in order to 
eliminate temperature differences along their axis due 
to hydrostatic pressure differences. Their position 
relative to heater and thermometer and the position of 
current and potential leads are shown in Fig. 2. Con- 
centric return tubes for the current were omitted, 
because they would curtail the cooling of the liquid 
helium. 

The potential leads from commercial copper wire 
were soldered at a distance of a few millimeters from 





Fic. 2. Mount for samples with heater, thermometer, 
current and potential leads. 


the current leads. The current leads were from extruded 
lead (Pb) wire. All solder joints were made with a very 
small amount of lead-tin solder. This way of attaching 
caused little trouble except for the thinnest sample, 
Sn XXIII. 

The orientation of the crystal axis with respect to 
the wire axis was obtained from the ice-point resistivity 
by use of the equation™ 


cos? (pr11,2) = (9: —p1)/(p111— pr), (1) 


where pi; and py=prr are the principal resistivities for 
which Bridgman" found the values 


pr = pir= 9.088 X 10-* ohm cm, 
pur = 13.08 10-* ohm cm. 


The diameter of the samples was obtained with a 
traveling microscope for the thicker samples, and with 
an eyepiece micrometer for the thinner samples. 

Table I lists the dimensions of the samples, their 
ice-point resistances, their resistivities, the angle @ 
between crystal axis and wire axis, and their residual- 
resistance ratios ro== Ro°x/Ro73°x. This ratio is, without 
further correction, not an indication of the quality of 
the sample because at least in the thinner samples 
boundary scattering gives a sizable contribution to it. 

Dingle’® has calculated this contribution. In the 
range in which we are interested, his results can be 
approximated by the equation 


po=poo(1+al/d), (2) 


where poo is the impurity resistivity, / the mean free 
path of the electrons, d the diameter of the sample, 
and a a constant which has the values a=1.045 for 
completely-inelastic scattering, and a=0.388 for 50% 
inelastic scattering. By division of Eq. (2) by the 
ice-point resistivity, one obtains a similar equation for 
the resistance ratios. 


18, W. Meissner, Handbuch der Experimental physik (Verlag-Julius 
Springer, Berlin, 1935), Vol. 11, Part 2, p. 21, Eq. (47). 

4 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 68, 95 (1933). 

18 R. B. Dingle, Proc. Roy. Soc. (London) A201, 545 (1950). 




















PARAMAGNETIC EFFECT IN SUPERCONDUCTORS 


In Fig. 3 the residual-resistance ratio is plotted as 
function of the reciprocal diameter. One can see that 
the samples Sn X, XVII, XVIII, XIX, and XXIII 
have about the same impurity resistance ratio of 
roo 4.2X10~°, while the thicker samples IX, XV, XVI, 
and XXI are actually purer. The slope of the line in 
Fig. 3 gives the product a/=0.0126 cm. Assuming an 
intermediate value for a of a=0.5, one finds /=0.0252 
cm. With an ice-point resistivity of p=9.09X10~* ohm 
cm and an impurity resistance ratio roy=4.2K10~°, 
one finds for the ratio of conductivity to mean free path: 


o/l=1/pl=10.4X10" ohm™ cm. 


This value compares well with the findings of Andrews!* 
and Chambers." 


III. MEASUREMENTS OF RESISTANCE AS A 
FUNCTION OF THE CURRENT 


Figure 4 shows plots of the resistance ratio 
r=R(T,1,H)/R(0°C,0,0) as a function of the current 
for various temperatures above and below the normal 
transition temperature of tin for the single-crystal 
samples Sn XVII (d=1.00 mm), Sn XVIII (d=0.357 
mm), and Sn XXIII (d=0.156 mm). All three diagrams 
are plotted so that they have a common Hp scale, 
where H4y is the value of the circular component of the 
magnetic field at the surface of the sample: Hyo=J/zd. 

Samples Sn XVII and XVIII exhibit an increase of 
resistance with current even in the normal-conducting 
state T>3.722°K due to the influence of the magnetic 
field set up by the current. 

Sample XXIII shows—even above 3.722°K—an 
additional increase which arises from regions around 
the potential leads becoming normal conducting. These 
regions amount to only a few percent of the total length 
of the sample but they contain—owing to high concen- 
trations of impurities—about 20% of the total resist- 
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Fic. 3. Residual-resistance ratio r9>= Ro°k/Ro273°k as 
function of the reciprocal diameter. 


a6 E. W. Andrews, Proc. Phys. Soc. (London) 26, 77 (1949). 


17R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952). 
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Fic. 4. Resistance ratio r as function of current plotted on a 
uniform Ho scale for various temperatures and (for sample 
Sn XVIII) values of the longitudinal field H. The numbers on 
the curves refer to the temperature. The different symbols refer 
to different runs. Note that some measurements are with super- 
imposed magnetic field Hz». 


ance when normal conducting. As we shall see later, 
consistent results are always obtained when low-current 
measurements are referred to measurements where 
these regions remain superconducting and high-current 
measurements are referred to ones where they are 
normal-conducting. 

It can be seen further that the temperature-dependent 
part of the resistance is a sizable part of the total 
resistance, amounting to about 10 to 20% of the latter. 

Below the critical temperature one obtains quite 
sharp transitions, where at the critical current, 7=J,, 
the resistance ratio jumps to a value r=r, and rises 
more slowly as the current is increased further. It is 
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Fic. 5. Resistance ratio r as function of J/J., where J, is the 
critical current. Note: The curves are displaced against each 
other by amounts of //7.=0.1. The numbers on the curves refer 
to the temperature. The symbols are the same as in Fig. 4. 


the value of r, or r./r, with which we are mainly 
concerned. 7, is the resistance ratio which the sample 
would have if it had the resistivity of the normal 
conducting regions,”:*:5-!! 

Two curves (at 3.605°K) of sample Sn XXIII were 
measured without reversing the current. They give a 
slightly higher value for r,. This is probably due to a 
shift in the thermal emf’s while they were measured. 
At this temperature and J=/,, the potential drop 
across the sample was 7.78X10~" v as compared to a 
total thermal emf of at least 3X10~7 v. 

A few curves on sample Sn XVIII were measured 
with a superimposed longitudinal field. They are quite 
similar to the other curves and yield the same values 
of r-. 

The value of 7, can, especially for curves near the 
normal transition point, be much better determined if 
the curves are plotted as function of //J, as in Fig. 5. 
In order to omit confusion the curves have been 
displaced by amounts of //J,=0.1. The values of 7, 
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appear to be somewhat higher at the lower tempera- 
tures. As we shall see later, r./r,, remains constant, but 
the increase of 7, by magnetoresistance overcompen- 
sates the decrease of r, by temperature resistance, 
resulting in an increase of r, at the lower temperatures. 
The curves with superimposed field (with sample Sn 
XVIID) are also, in this plot, quite similar to the other 
ones. Their somewhat larger spread is probably due to 
an imperfect alignment of the sample with the magnetic 
field. 

Sample Sn XVIII shows quite a number of curves 
with a step in the rising part at a value of r~}r,. These 
steps were first observed for tin by Steiner,’* and later 
on, by the author ef al.; and for indium by Meissner 
and Doll.” All of these older observations were made 
on recordings where one suspects time-dependent 
phenomena as the cause of the steps. In order for the 
steps to appear in the type of measurement used here, 
they have to be stationary for at least 20 seconds, the 
time to read the galvanometer, an interval which is 
enormously longer than any length of time for which 
they have been observed before. 

Figures 6 and 7 show results on the polycrystalline 
sample Sn XXIV (d=0.325 mm). The resistance of this 
sample was sufficiently high so that it was possible to 
measure most of the curves also without reversing the 
current, that is, by increasing or decreasing it stepwise 
and observing the deflection of the galvanometer. It 
can be seen that this leads to a substantial amount of 
hysteresis at lower temperatures. Furthermore, it was 
found that there is no difference in r, above and below 
the lambda point of the liquid helium (7,=2.18°K), 
indicating that heating of the wires is not sufficient to 
influence r,. The only curve which was measured close 
to the normal transition point of tin is very wide—as 
one can see easily on the r vs J/J, plot. This is in 
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18K. Steiner (private communication). 

19 Meissner, Schmeissner, and Meissner, Z. Physik 130, 521 
(1951). 

2 W. Meissner and R. Doll, Z. Physik 140, 340 (1955), Figs. 2 


and 3, 





PARAMAGNETIC 


agreement with findings of Rinderer* on polycrystalline 
samples. 


IV. CRITICAL-FIELD CURVE 


Figure 8 shows the critical-field curve for samples 
Sn XVIII, XXIII, and XXIV. All samples which are 
not shown give results which agree with the curve for 
Sn XVIII. The critical temperature is T.=3.722°K, 
and the slope at 7, is (dH ./dT) r=r,= —115 amp/cm°K 
= —144.5 oe/°K. This has to be compared with —151.5 
oe/°K found by Lock ef al.*! and — 147.4 oe/°K found 
by Muench.” Some of the points of sample Sn XVIII 
are measured with a superimposed field Ho. In this 
case H, is taken as 


H.=((1./rd)?+H 20 }}. (3) 


It can be seen that they fall, within the accuracy of 
measurement, on the same curve as the other points. 
Sample Sn XXIII gave the same critical temperature, 
but a larger slope of the H.—T curve. This could have 
betn caused by an incorrect measurement of the 
diameter. The diameter was therefore measured again 
and was found—if at all different from the previous 
measurement—rather smaller than larger, which would 
increase the slope further. . 

Sample Sn XXIV did show hysteresis, when the 
current was monotonically increased or decreased. One 
can see that the points taken with increasing current 
(“up”) and the points taken with reversal of the 
current agree with each other and fall on the H,—T 
curve obtained by Muench,” which is drawn as a solid 
line. The points taken with decreasing current (‘“down’’) 
fall on a distinctly lower curve. There is some scatter 
around the lambda point of the liquid helium, which 
may be due to the limits of accuracy of the simple 
mercury manometer and to lack of correction for the 
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Fic. 7. Resistance ratio r as a function of ///, for the poly- 
crystalline sample Sn XXIV. In case of hysteresis 7, has been 
chosen as the critical current for increasing current. @ —— @, 
measurements with the current reversed; % ——— % measure- 
ments with the current monotonically increased or decreased. 
Note: The curves have been displaced by various amounts of 
1/I, against each other. 








*1 Lock, Pippard, and Shoenberg, Proc. Cambridge Phil. Soc. 
47, 811 (1951). 
* Nils L. Muench, Phys. Rev. 99, 1814 (1955). 


EFFECT 


IN SUPERCONDUCTORS 673 

















150 
E 
£ 
a 
ET 
st00 
xz 
8 
= 50 
oe U- 
Os 3a a5 36 ST Ds 
6A ncccaninstaiieeleniinaiiaatinadniiiieaeaa 
20 235 30 35 % 


Temperature 


Fic. 8. Critical field curve for samples Sn, XVIII, XXIII 
(both in the insert) and XXIV. Practically all other samples 
gave curves which agreed with that for Sn XVIII. Symbols: 
Sn XXIX: % current reversed, « current increased, W current 
decreased. Sn XXIII: [] current reversed; Sn XVIII: @ current 
reversed H.o>=0; @ current reversed H .9>0. 


hydrostatic pressure head. The latter would shift the 
points at 2.251°K toward higher temperatures, but 
would leave the points at 2.044 and 2.114°K unchanged. 
On the other hand, the scatter could be caused by a 
temperature difference between sample and bath, the 
correction for which would again shift the points at 
2.251°K towards higher temperatures but leave the 
ones below 2.18°K unchanged. 

All samples show that even the points very close to 
the normal transition temperature do not deviate from 
a straight line in the manner observed by Baird™ for 
tin of lower purity, and by Haley and Andrews” for 
NbN. 


V. TEMPERATURE DEPENDENCE OF 
THE RESISTANCE 


Table II lists the values of r in the limit of vanishing 
current. All are taken at temperatures above the critical 
point. It would have been desirable to obtain values 
below this temperature by application of a magnetic 
field and extrapolation to H=0. This was not possible, 
as will be seen from the discussion in Sec. VI, because 
the magnetoresistance showed an irregular behavior. 
Instead two r values at 20°K have been‘used from 
measurements of Meissner and Voigt.*® While the 
corresponding values at lower temperatures are some- 
what uncertain owing to the high residual resistance of 
their sample, the points at 20°K are certainly quite 
accurate. 

According to Mathiessen’s rule, 


p=potpr or r=rotrr, (4) 


3D. C. Baird, Can. J. Phys. 34, 725 (1956). : 
*F, C. Haley and D. H. Andrews, Phys. Rev. 89, 821 (1953). 
25 W. Meissner and B. Voigt, Ann. Physik 7, 761, 892 (1930). 





674 


TABLE II. Temperature dependence of the resistance ratio. 





105 lim r 1,938 
0 


Sample co) 105ro x10 374.40 





Sn XVII 90° 
Sn XVII 90° 
Sn XVII 90° 
Sn XVIII 79° 
Sn XVIII 79° 
Sn XVIII 79° 
W. Meissner __ poly- 
and crys- 
B. Voigt talline 


where po and ro are the residual resistivity and residual- 
resistance ratio and pr and rz the corresponding 
temperature-dependent quantities. While po and ro vary 
from sample to sample, pr and rz are universal functions 
for tin which, however, still depend on the crystal 
orientation.?* Most of the samples used here have the 
crystal axis oriented very closely at an angle of ¢=90° 
to the wire axis. We took as representative samples 
Sn XVII and XVIII with ¢=90° and 79°, respectively. 
We found that a good fit to the measured points for the 
temperature region in question could be obtained (see 
Table IL) by 


rp=aT", with a=1.938X10-§ and n=4.40. (5) 


The measurements here could be represented as well 
by power laws of n=4 or n=5, but only n=4.40 gives 
a good match to the 20°K values. However, it is of 
course not possible to conclude from these data either 
that the resistance curve follows a single power law up 
to temperatures of 20°K or that the points for poly- 
crystalline samples and single-crystals fall exactly on 
the same curve. 

In all events, however, the temperature-dependent 
resistivity is well enough known that one can correct 
the critical-resistance ratio. 


VI. DEPENDENCE OF THE RESISTANCE ON 
THE MAGNETIC FIELD 


As mentioned in Sec. III, the resistance of the wire 
increases with increasing current due to the magneto- 
resistance created by the magnetic field of the current. 
In the normal-conducting state as well as in the inter- 
mediate state, the current and magnetic field are 
perpendicular to each other if no external longitudinal 
field is superimposed. One is therefore mainly interested 
in the magnetoresistance in transverse fields. Further- 
more, for single-crystals the magnetoresistance usually 
depends on the direction between crystal axis and 
magnetic field. 

Fortunately, the magnetoresistance due to the cur- 
rent does not have to be known with great accuracy, 
and measurements of the magnetoresistance in trans- 
verse fields were taken only for one, undetermined, 
direction between crystal axis and field. Measurements 
on samples Sn XVII, XVIII, and XXIII are shown in 
Fig. 9. Already in fields of less than 200 amp/cm the 


6 PW, Bridgman, Proc. Am. Acad. Arts Sci. 68, 104 (1933). 
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resistance doubles. This is to be expected for small r, 
since according to Kohler’s theory”? the magneto- 
resistance Ar/r depends on H/r. It appears furthermore, 
in Fig. 9, that curves at different temperatures cross 
over, the resistance at certain values of the magnetic 
field being lower at the higher temperatures. This has 
been found repeatedly in different runs. The reason for 
this behavior is not quite clear. There are three possible 
explanations: (1) it is the de Haas-van Alphen effect ; 
(2) it follows from band theory as shown by Sondheimer 
and Wilson**; (3) it is of the type predicted for thin 
films in transverse fields” and found in thin sodium 
wires.” The last of the three possibilities seems to be 
by far the most likely one. 

In sample Sn XXIII the regions around the potential 
leads are normal-conducting at fields above 80 amp/cm. 
The dashed lines show the shape which the curves 
would have if these regions stayed normal-conducting 
down to the lowest fields. 

All curves depend slightly on the measuring current. 
It would have been desirable to make measurements at 
several currents and then extrapolate to zero current. 
It was felt, however, that other uncertainties are bigger 
than this and that this time-consuming procedure would 
not be necessary. Nevertheless, the surface fields Ho 
due to the measuring current are noted in Fig. 9. 

Figure 10 is a Kohler diagram, in which Ar/ry—o is 
plotted as function of H/rjz—o on a double-logarithmic 
scale. The oersted has been chosen as the unit for H in 
order to facilitate comparison with measurements by 
other authors. Owing to the irregularities of the curves 
in Fig. 9, one obtains of course a certain scattering of 
the points. The best-fitting straight line through the 
points was found to be represented by 


Ar H 1.30 
——=8.45X10 x|—x 10 ] 


TH=0 'H=0 


x1o°5 


Sn XXill 
d=0.156m 


Resistance ratio r 


a 








sy 


100 150 200 250 
Magnetic Field H,,amp/cm 


Fic. 9. Increase of resistance ratio in a transverse magnetic 
field for single-crystal samples Sn XVII, XVIII, and XXIII. 
The crystai axis is in all cases roughly perpendicular to the wire. 
The angle between the crystal axis and the magnetic field is not 
known. 


27M. Kohler, Ann. Physik 32, 211 (1938). 

8 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
A190, 435 (1947). 

*” E. H. Sondheimer, Phys. Rev. 80, 401 (1950). 

% J. Babiskin and P. G. Siebenmann, Bull. Am. Phys. Soc. Ser. 
IT, 2, 140 (1956). 
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if H is measured in oe, and by 


Ar H 1.39 
== 6.29x10-*x| — - x10- (6a) 


1 H=0  H=0 


if H is measured in amp/cm. 

It was felt that Eq. (6) is accurate enough to allow 
all necessary corrections for magnetoresistance, especi- 
ally since it was found that the polycrystalline sample 
Sn XXIV gave almost the same constants as in Eq. (6). 


VII. CORRECTION OF THE r./r, VALUES FOR 
CHANGE IN RESISTIVITY WITH TEMPERA- 
TURE AND MAGNETIC FIELD 


Calculations of resistance in the transition region 
are usually expressed in terms of R,/R,=r./rn. For the 
samples used here, R,, or r, is no longer constant, since 
the resistivity changes with temperature and magnetic 
field : 

pu,r=potprt+Ap(A), (7) 


ruor=rotrrt+Ar(A). (8) 


We are here interested only in making corrections 
for r=r, (i.e., at the break). At this point the field at 
the surface and wherever the material is normal- 
conducting is equal to H,. Unfortunately there is very 
probably always some paramagnetic effect set up, as 
was shown in Part IT.* As a result, the magnetic field in 
the center is longitudinal and parallel to the current. 


5 nei5 


2 


Temp. xvil xvi xxii 


4.42 s . > 
4.22 v ° + 
3.72 ° Y 
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Fic. 10. Kohler diagram for the magnetoresistance in transverse 
fields for tin. The best fitting straight line through the measured 
points gives Ar/r=8.45X 10-°X[ (H/r) X 10-* }! if H is measured 
in oe, and Ar/r=6.29X 10° [(H/r) X10-*}!° if H is measured 
in amp/cm. 


* Note added in proof.—New measurements have shown that 
this is not the case. 
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Fic. 11. (a) Dependence of r./r, on temperature for poly- 
crystalline samples. Curves number 5, 6, and 7 are from measure- 
ments by Rinderer. Curve marked XXIV is for sample Sn XXIV. 
For comparison the points for the single-crystal sample Sn XVIII 
are also plotted. Note the break in the temperature scale. (b) 
Temperature dependence of the low-temperature value of r,/r, 
on electronic mean free path. Points 5, 6, and 7 are derived from 
measurements of Rinderer. 


This region, however, might be very small, and the 
total resistance is probably more determined by the 
outer regions, where the field is perpendicular to the 
current. It is felt, therefore, that one can correct 7, as: 


H, . 
rem (rot rn) 1+6(— ) | (9) 
rotrr ; 


with b and » given as in Eq. (6a) and rz as in Eq. (5). 
Table III lists the values of r. and r) as measured and 
the values of 7, and r,/r, as derived from them. 


VIII. INFLUENCE OF THE MEAN FREE PATH 
ON THE VALUE OF r./r, 


Rinderer® studied the effect of residual resistance or 
—since they are related—mean free path on the value 
of r./r,. His measurements can be compared with our 
measurements on the polycrystalline sample Sn XXIV. 
Figure 11(a) shows the values of r,/r, for Rinderer’s 
samples 5, 6, and 7 and for our sample Sn XXIV 
plotted as a function of the temperature. The 7,/r, 
values drop at temperatures close to the critical temper- 
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TABLE ITT. Corrected values of r-/rn . 











Sample 1mm 1057 T°K 107, 10°», ¥e/Tn Remarks 
Sn IX 3.39 0.70 3.681 0.95+0.10 1.35 0.70 +0.10 a 
3.640 0.83+0.10 1.39 0.60 +0.10 a 
Sn XV 3.32 1.27 3.679 1.10+0.10 1.91 0.58 +0.05 a 
3.636 1.10+0.10 1.95 0.58 +0.05 a 
Sn XVI 2.21 2.21 3.679 1.70+0.15 2.84 0.60 +0.05 a 
3.636 1.60+0.15 2.88 0.56 +0.05 
Sn XXI 2.19 2.24 3.681 1.75+0.10 2.87 0.610+0.04 
3.603 1.70+0.10 2.94 0.578+0.04 
3.355 2.10+0.10 3.33 0.630+-0.04 
Sn XVII 1.00 3.98 3.679 2.85+0.15 4.61 0.618+0.030 
3.676 3.05+0.05 4.60 0.663+0.010 
3.637 3.00+-0.10 4.63 0.649+0.020 
3.636 3.00+0.10 4.63 0.649+0.020 
3.597 3.05+0.10 4.66 0.654+-9.020 
3.565 2.95+0.06 4.69 0.629+0.015 
3.538 3.13+0.10 4.71 0.665+0.020 
3.502 3.15+0.05 4.77 0.660+0.010 
3.451 3.15+-0.06 4.82 0.654+0.015 
3.400 3.25+-0.10 4.88 0.666+0.020 
3.354 3.25+0.10 4.95 0.657+0.020 
Sn XIX 1.05 4.31 3.681 3.10+0.15 4.94 0.628+0.030 a 
3.679 2.80+0.15 4.94 0.567+0.030 a 
3.636 2.95+0.15 4.96 0.593+-0.030 a 
3.603 3.35+0.10 4.99 0.671+0.020 
Sn X 1,02 4.80 3.681 3.70+0.15 5.43 0.681+0.030 
3.640 3.70+0.15 5.44 0.680+0.030 
Sn XVIII 0.357 5.80 3.679 4.40+0.15 6.43 0.686+0.030 
3.680 4.70+-0.20 6.43 0.731+4-0.040 
3.636 4.65+0.15 6.44 0.723+-0.030 
3.637 4.60+-0.05 6.44 0.715+0.010 
3.601 4.50+0.15 6.48 0.694+0.030 
3.566 4.50+0.15 6.49 0.694+0.030 
3.537 4.65+0.10 6.52 0.713+0.02 
3.500 4.75+0.10 6.57 0.723+0.020 
3.450 4.70+0.10 6.61 0.711+0.020 
3.401 4.75+0.05 6.67 0.712+0.010 
3.353 4.80+0.10 6.83 0.703+0.020 
3.573 4.60+0.15 6.48 0.710+0.030 H»=9.09 
3.589 4.55+0.10 6.49 0.701+0.020 H=4.55 
3.404 4.70+0.15 6.66 0.706+0.030 H»=9.09 
Sn XXIV 0.325 12.32 3.650 7.46+1.00 12.95 0.576+0.080 a,b 
3.245 9.80+0.20 13.24 0.740+0.016 b 
3.245 10.18+-0.20 13.24 0.770+0.016 b,c 
2.251 10.98+0.20 14.04 0.78340.016 b,c 
2.114 11.22+0.20 14.24 0.788+0.015 b,c 
2.044 11.06+0.20 14.54 0.762+0.015 b,c 
2.044 11.17+0.20 14.59 0.766+0.015 b 
Sn XXIII 0.156 7.88 3.697 6.20+0.20 8.51 0.729+0.015 d 
3.680 6.30+0.15 8.51 0.740+0.010 d 
3.673 6.20+0.20 8.51 0.729+0.015 d 
3.601 6.05+0.15 8.55 0.708+0.010 d 
Sn XXIII 0.156 9.76 3.503 7.55+0.15 10.50, 0.719+0.015 e 
3.402 7.60+0.15 10.58 0.719+0.015 e 
3.355 7.70+0.20 10.66 0.722+0.020 € 
3.355 7.70+0.20 10.66 0.722+-0.020 e 


* Wide transition; r- not well defined. 


» Polycrystalline sample. 


e Current monotonically increased. 





4 Low-current measurements; regions around potential leads superconducting. 
¢ High-current measurements; regions around potential leads normal-conducting. 
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ature from a plateau at lower temperatures. (Note the 
break in the temperature scale.) Rinderer has unfortu- 
nately not measured to temperatures low enough to 
show the plateau. The extrapolation of his data repre- 
sents therefore only a fair estimate. The points for 
sample Sn XVIII, which have been plotted for com- 
parison, show that the plateau for pure enough samples 
extends to temperatures very close to T.. Thus, appar- 
ently the plateau value of r./r, is characteristic of the 
sample. 

In Fig. 11(b) the plateau values of r./r, have been 
plotted as a function of the electronic mean free path. 
The mean free path has been calculated from the 
residual impurity resistance, correction being made for 
boundary scattering. Since there were no measurements 
with single crystals of d=0.75 mm, an appropriate 
intermediate value between samples Sn XVII and 
XVIII has been used. The small difference in diameter 
between samples Sn XXIV and XVIII has been neg- 
lected. It can be seen from Fig. 11(b) that the values 
of r./r, decrease with increasing mean free path. For 
samples with smaller diameter, the curves are shifted 
toward larger values of the electronic mean free path. 

One might argue that since sample Sn XVIII shows 
no decrease in r,/r, near 7,, it should represent the 
“ideally pure” case and that the curves in Fig. 11(b) 
should be drawn with a break. Measurements which 
are currently undertaken on indium indicate, however, 
that even samples which do not show a decrease in 
r./r, near T, still show a strong dependence of r,/r, 
on the residual resistance. 


IX. DEPENDENCE OF r1,./r, ON SAMPLE DIAMETER 


Table IV lists the values of r./r, averaged over all 
temperatures, where proper weight has been given 
according to the errors of the individual measurements. 
In the assignments of the error limits of the averages 
it has been taken into account that any error in r, 
influences all individual values of r./r, in the same 


TABLE IV. Dependence of 7,/r, on diameter. 


Diameter 


Sample mm 105ro AV (re/rn) Remarks 

Sn IX 3.39 0.70 0.65 +0.10 

Sn XV 3.32 1.27 0.58 +0.05 

Sn XVI 2.21 2.21 0.58 +0.05 

Sn XXI 2.19 2.24 0.606+-0.030 

Sn XVII 1.00 3.98 0.653+0.010 

Sn XIX 1.05 4.31 0.670+-0.020 a 
Sn X 1.02 4.80 0.680-+0.030 

Sn XVIII 0.357 5.80 0.711+0.010 

Sn XVIII 0.357 5.80 0.705+0.020 b 
Sn XXIII 0.156 7.88 0.72640.010 c 
Sn XXIII 0.156 9.76 0.720+0.015 d 
Sn XXIII 0.724+0.010 e 


0.156 














*Sample in glass tube; the measurements with wide transitions have 
been neglected. 





b Measurements with superimposed magnetic field Ho. 

¢ Low-current measurements; regions around potential leads super- 
conducting. 

4 High-current measurements; regions around potential leads normal- 
conducting. 


© Average of low-current and high-current measurements. 
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Fic. 12. Dependence of r./r, on the diameter of the sample. 
Lower curve for tin of residual-resistance ratio due to impurities 
of ro9~4.2 10~*. Upper curve for indium with a residual-resist- 
ance ratio of about 1X10-*. « from Scott’s measurements; 
% preliminary measurements in this laboratory. 


way for the sample in question. In cases where measure- 
ments on more than one sample of nearly the same 
diameter exist, it can be seen that although the error 
limits overlap, there is a definite tendency for the r./r, 
values to increase with increasing residual resistance ro. 

Figure 12 shows a graph of the values of r./r, as 
function of the sample diameter. It appears that it is 
not possible to draw a smooth curve through the 
measured points which ends for d=0 at r,/r,=1, as 
was proposed by Scott’ for indium. Scott’s results, 
together with two preliminary points which were 
measured in this laboratory on indium samples of 
similar purity, are shown for comparison in the same 
diagram. It is, however, quite certain that purer indium 
samples would give a considerably lower curve. Also 
the points at the smallest diameters for tin would be, 
according to the discussion in Sec. VIII, somewhat 
lower for ideally pure tin. 

On the whole, the result of these measurements is 
that for ideally-pure tin, r./r, depends only slightly on 
the diameter between d=0.1 mm and d=3 mm and 
has values of 0.57 <r./rn<0.73. 


X. HEAT TRANSFER FROM HORIZONTAL WIRES 
TO THE LIQUID HELIUM 


Previous investigators’:* have argued as follows: As 
long as the sample stays superconducting, it has the 
temperature of the bath 7. At /.=drH,(Tg) the 
resistance appears, and the sample heats up and goes 
over into a state for which the critical current is 
I.’ =daH.(Tg+AT). Since H.(Tg+AT)<H.(Ts), we 
have J,’<J,. The current, however, is still kept at 
I=TI, and the sample is in a state where J/7,’>1, that 
is, partially normal-conducting. The present theory?*:*. 
predicts for this state a value r=r,’>r,. In other 
words: it is not possible on the rising curve to obtain 
the true value of r.. On the falling curve, however, the 
sample remains in the intermediate state down to 
currents 7,’ and one would actually observe the true 
value of r, or very nearly so. 

All measurements (see references 7 and 8 and our 
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TABLE V. Data on heat-transfer samples. 


Ht I Ht Il 





o.d. of tube (mm) 3.18 1.21 
Wall thickness of tube (mm) 0.20 0.10 
Length between potential taps (mm) 39.5 34.8 
Resistance of tube at 4.2°K (ohms) 8.16 X10°3 3.307 X10~2 
Thermometer resistance at 273°K (ohms) 116 799 
Thermometer resistance at 4.2°K (ohms) 2 334 25 550 
Thermometer sensitivity 

dR/dT at 4.2°K (ohms/°K) 1.10 108 14.9 108 

dR/dT at 3.6°K (ohms/°K) 2.44 X108 

dR/dT at 3.35°K (ohms/°K) 3.70 X108 


sample Sn XXIV) where the current is monotonically 
decreased or increased show indeed approximately this 
type of hysteresis. 

The argument is then continued in the following 
way : Since the heating increases as /,”, the temperature 
difference AT should also increase as 7? and the 
difference between rising and falling curves should 
increase as 2. Moreover r,/r, should also increase with 
T., though not as 7,2. Since this is not observed, the 
heating is negligible. 

The assumption behind this argument is that the 
heat-transfer coefficient 4 is a constant. The coefficient 
h is defined by g=hAAT, where g is the heat input, A 
the surface area, and AT the temperature difference. 
The heat transfer from these samples should, however, 
be a case of free convection; that is, the temperature 
difference AT is the driving force which causes the 
convection in the liquid. This means that / is not a 
constant, but increases with AT. The free convection 
is commonly* described by an empirical relation be- 
tween the Nusselt number \Vy,, the Grasshof number 
Ner, and the Prandtl number Np,, of the type Vnu 
=(Nog,Np;). This relation is shown in reference 31, 
p. 524, Fig. 25-3, and p. 641, Fig. 29-21. 

If r./r, is found to be independent of /, after all 
other corrections have been made, it might still be that 
one should make a correction for heating which leads 
to a reduction in the values of r./r, for large J, if the 
heat-transfer coefficient were actually as small as one 
would expect for free convection. 

It was felt that one should not use the free-convection 
equation untested for liquid helium, although it has 
been tested for a great number of other substances. 


TABLE VI. Heat transfer data. 





Effective 
Heater at Range flow 
bottom of of AT velocity 
Sam Dewar milli h Veff 
ple rs watts degrees w/cm? °K NNu cm/sec 
Ht I 4.208 0 1.6-132 1.53 10? 18.8 1.1 
4.207 0.2 0.4-67.5 2.77X 10 34.0 3.8 
4.206 08 0.7-73.2 2.89K10?% 35.5 4.2 
3.590 04 0.8-81.5 2.38XK1072 = 31.7 PR 
3.358 04 0.3-70.6 2.75X 107 38.0 4.9 
4.212 2 17.8 2.7 


Ht Il 0.2 


6-224 


3.81X 10 








3} Max Jakob, Heat Transfer (John Wiley and Sons, Inc., 
New York, 1949), Vol. I, pp. 443 ff and pp. 483 ff. 
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Two heat-transfer samples (see Table V) were con- 
structed as follows: A carbon thermometer was placed 
inside a thin-walled supernickel tube. The leads to the 
thermometer were made from manganin to reduce 
thermal conduction through them and brought out 
through Kovar seals at the ends of the tube. The rest 
of the inside space was filled with Silicon oil. Current 
and potential leads were attached to the tube. The 
samples were mounted in exactly the same position as 
the tin samples, and the temperature difference between 
the cases of current and no current through the tube 
was measured with the carbon thermometer. 

It was found (see Fig. 13 and Table VI) that the 
heat-transfer coefficient is independent of the temper- 
ature difference over a certain range, and that the 
Nusselt numbers are much larger than one would 
expect for free convection according to reference 31, 
Fig. 25-3. The measurements were done in the range of 
800< NerVp,< 100 000, where one expects to find 
Nusselt numbers 0.5< Vyu<5, whereas we have found 
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Fic. 13. Nusselt number Vyy=/d/k as function of temperature 


difference for heat transfer in liquid helium. 7=4.21°K, heater 
at bottom of Dewar vessel dissipates about 0.4 w. 


Nusselt numbers of 15< Vyu<40, that is, 10 to 20 
times larger than for free convection. 

Furthermore, although the temperature differences 
were measured with a Wheatstone bridge and a very 
slow (r=20 sec) galvanometer, they always fluctuated 
by at least 10%. A fast-reading instrument would prob- 
ably have revealed that the fluctuations were still much 
larger. They were certainly much larger than any 
fluctuations in the bath temperature. 

It was further found that the heat-transfer coefficient 
was strongly dependent on the current through the 
heater at the bottom of the vessel (see Table VI). 

It is apparent from these observations that one is 
not dealing with free convection, but with simulated 
forced convection, caused by the rising bubbles from 
the heater. Forced convection is commonly described 
by a relationship between the Nusselt number and the 
Reynolds number, Ne. The relation is usually given as 
Nyu=W(Nr-), where the function y is tabulated in 
reference 31, p. 560. The tabulated function is valid for 
gases. If it is applied to other fluids, corrections for the 
change in the Prandtl number should be made. Fortu- 





ERE APA T  IT  — 


PARAMAGNETIC EFFECT 


nately, liquid helium has almost the same Prandtl 
number as gases, and the same function can be used in 
estimating the effective flow velocities vs; which are 
shown in Table VI. These effective flow velocities are 
of a very reasonable order of magnitude. They decrease 
with sample diameter and would probably be very 
much smaller if the sample diameter is comparable to 
the bubble diameter or about 0.2 mm. It is obviously 
not possible to make a heat transfer sample of the same 
construction as Ht I and Ht II of so small a diameter. 

Instead, a manganin wire was coated with tin in the 
hope that the temperature at which the coating becomes 
superconducting might shift with the current in a 
manner which allows one to calculate the temperature 
difference between wire and bath. The outcome of this 
experiment was quite unexpected and will be discussed 
in the next section. Unfortunately it does not allow 
one to obtain reliable data on the heat transfer. 

To complete the discussion on the heat transfer, it 
should be mentioned that at temperature differences of 
0.2 to 0.5°K nucleate boiling occurs. (Compare Fig. 13 
with Fig. 29-21 of reference 31, p. 641.) This causes a 
steep rise in the heat-transfer coefficient with tempera- 
ture difference. Astonishingly enough it was found that 
the fluctuations in the temperature difference for nucle- 
ate boiling, as observed by the rather slow galva- 
nometer, are very small, about as small as the fluctu- 
ations in bath temperature. 

The measurements on Sn XXIV above and below 
the lambda point substantiate the conclusion that the 
heat-transfer coefficient is large enough to allow one to 
neglect the heating of the samples. 


XI. MEASUREMENTS ON A TIN-COATED 
MANGANIN WIRE 


The wire, which is designated as heat-transfer sample 
Ht [V, had a diameter of 0.204 mm and a length of 
8.3 mm between potential taps. It was coated with pure 
tin by using a clean soldering iron. The following 
resistance values were found: Ro93°x=8.99X10~ ohm, 
Ri7.3°k= 5.82X 10° ohm, and Rgo°k=0.719X 10>? ohm. 
Treating the manganin and the tin coat as a parallel 
combination of resistors and assuming that the ratio 
(Rr7z.3°k/ R293°k)tin=0.20, while the corresponding ratio 
for manganin equals unity, one finds for the resistance 
of the tin coating (Ro93°x)tin= 0.66 ohm, and (R4.2°x)tin 
=0.77X10~ ohm, yielding for the residual-resistance 
ratio of the tin the value r4.2°x=1.2X10-*- With the 
dimensions of the sample and the room-temperature 
resistivity of tin, one obtains a mean thickness of the 
tin coating of (=1.8210~ cm. 

Since the original plan was to observe the heating of 
the wire above the bath temperature, transition curves 
were measured with rising and falling temperature for 


t Note added in proof.—R. Hilsch has recently published an 
article [Z. Physik 149, 1 (1957) ] in which he comes to a different 
conclusion. 
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Fic. 14. Transition of tin-coated manganin wire at constant 
current. Thickness of tin coat about 1.8 10-4 cm. 


different constant currents (see Fig. 14). It was found 
that close to T, rather wide transitions and no hysteresis 
occurred, while at lower temperatures, sharp transitions 
and large hysteresis were found. 

At first sight, this looked as if the hysteresis was due 
to heating and was suppressed close to the critical 
temperature only because the temperature differences, 
AT, between wire and bath were smaller than the 
transition width. 

The results were then plotted on a H,;—T diagram 
(see Fig. 15) and it was found that the reduction of the 
critical field was considerably larger than one would 
expect from the thinness (¢=1.82,) of the film, 
according to the equation™ 


A .t=H, purx tanh(t/d), (10) 


where H,; is the magnetic field created by the critical 


current, H. »uix the critical field for bulk supercon- 
ductors, / the thickness of the tin coating, and 6 the 
penetration depth. In the derivation of Eq. (10) the 
curvature of the thin film is neglected, but the fact that 
the magnetic field on one side of the film is zero is taken 
into account. (The current through the manganin core 
has been neglected.) 

Furthermore the plot of H, vs T looks very much 
like the graphs obtained by Lutes®* for the transition 
of tin whiskers in a longitudinal external magnetic field. 
Lutes explains his results in terms of Ginsburg’s* 
theory, which gives second-order transitions close to 
the critical point, and first-order transitions at lower 
temperatures for specimens which are of the same 
dimension as the penetration depth and which are 
subject mainly to an external field. In the region of 
second-order transition, hysteresis is not possible, while 


%M. von Laue, Theorie der Supraleitung (Springer-Verlag, 
Berlin, 1949), second edition, p. 95. 

30. S. Lutes, Phys. Rev. ibs, 1451 (1957). 

#V. L. Ginsburg and L. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 1064 (1950). 
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& Fic. 15. Critical field H.1 for transitions of a tin-coated man- 
ganin wire through which a current flows. The following symbols 
are used. For constant current: % increasing temperature, 
@ decreasing temperature. For constant temperature: « in- 
creasing current, Ww decreasing current. Note the break at the 
lambda point of liquid helium. The dashed line is calculated 
according to Eq. (14) and matched to the measured point at 
2.066°K. 


in the first-order region, hysteresis is possible. Gins- 
burg’s theory, however, does not state how much 
hysteresis will be observed. 

In order to test further whether the hysteresis was 
due to heating or due to effects of the type considered 
in Lutes’ experiments, the measurements were extended 
to temperatures below the lambda point and were now 
carried out at constant temperature with monotonically 
increasing or decreasing current. The results are also 
plotted in Fig. 15. The critical fields are much larger 
below the lambda point than above, indicating a shift 
above the lambda point due to heating. The hysteresis, 
however, continues nearly unchanged below the lambda 
point and apparently has nothing to do with heating. 

An attempt was made to determine whether Eq. 
(10) would give a reasonable H.—T curve. If t«é 
(which actually is true only near T,), one has 


A 1= Hi, purx(t/9), (11) 
and with the temperature dependences: 
H, burk =H eof 1— (T/T.)*], (12) 
§=611—(7/T.)*T, (13) 
one obtains 
Bat) (-(/THLI-(T/TIV 





He(Ts) [1—(T2/T.)*1—(Ti/T)* 


If one takes the measurement for rising current below 
the lambda point as the true critical field, the critical 
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fields at the higher temperatures can thus be calculated 
according to Eq. (14). The result is the dashed line 
drawn in Fig. 15. The line departs significantly from 
what one would reasonably expect close to the critical 
point. The reason seems to be not so much a failure of 
the approximation ‘<6, which actually becomes better 
just in this region, but the failure of Eq. (10). 

The most likely explanation seems to be that in the 
transition region superconducting filaments are formed, 
each of which is subject not only to the field due to its 
own current, but to the fields due to the currents in 
the others. It has not been checked, however, whether 
one can find a combination of current and field which 
gives in Ginsburg’s theory® a rather strong reduction 
of the critical field but still leads to a Curie point, 
above which transitions are of the second order. 


XII. CONCLUSIONS 


The values of r./r, are, for pure samples, independent 
of critical current or temperature and depend only 
slightly on the diameter. Even for the largest diameters 
they are clearly larger than the theoretical value 0.5. 
The rise is certainly not caused by heating of the wire 
above the bath temperature. 

The values of r,/r, increase markedly with decreasing 
electronic mean free path. This increase is larger for 
samples of smaller diameter. 

It appears to us that the differences between theory 
and experiment can be explained by assuming that the 
superconducting domains have the shape of very long 
and thin filaments. The diameter of the filaments should 
be of the order of the correlation length*® of the super- 
conducting wave functions. The arguments on which 
this opinion is based are rather lengthy, and will be 
presented in a later paper. The connection of the 
findings of this paper with the constants J,, which 
appear in the empirical correction of the paramagnetic 
effect, is still completely dark. From the observations 
above one would expect that the values of J, should 
depend on the electronic mean free path, at least in 
samples of smaller diameter. Precision measurements 
of the values of J, therefore seem to be necessary. 


XIII. ACKNOWLEDGMENTS 


The author is indebted to Professor G. H. Dieke for 
the provision of the liquid helium. He wishes to thank 
the National Science Foundation for supporting this 
work by a grant. He further is indebted to Dr. A. H. 
Fitch, Mr. Richard Zdanis, and Mr. Wilbur Perdew for 
help during various phases of this work. He was greatly 
helped by receiving from Dr. O. S. Lutes a preprint of 
the paper on the experiments with tin whiskers. 


35 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 3 FEBRUARY 1, 1958 


Paramagnetic Effect in Superconductors. VI. Resistance Transitions in Indium Wires 


Hans MEISSNER AND RICHARD ZDANIS 
The Johns Hopkins University, Baltimore, Maryland 


(Received July 19, 1957) 


The resistance of indium wires from 0.04 to 2 mm in diameter has been measured as a function of the 
current, in the temperature region 2.9 to 4.2°K. The samples had residual resistance ratios ro= Ro°x/Ro’c of 
2 to 7X10~. For all samples, the transition curves measured showed a steep rise with a break at the critical 
current. The ratio of critical resistance to the normal resistance is examined as a function of temperature, 
electronic mean free path and sample diameter. Corrections are made for the température and magnetic- 


field dependence of the resistivity. 





I. INTRODUCTION 


HIS investigation was conducted as an extension 
of the research carried out in this laboratory on 
tin,' referred to as part V, and the analysis of these 
data closely parallels that of part V. 
The experimental arrangement is the same as that 
described in part V. 


II. SAMPLES 


The samples were prepared from 99.97% pure indium 
purchased from the Indium Corporation of America. 

Samples I, II, III, VI, and IX (0.176 mm<d<1.936 
mm) were extruded wires. All except [X were electro- 
lytically polished by the following method: the electro- 
lyte consisted of 2 parts absolute methyl alcohol and 
1 part concentrated nitric acid, the bath being cooled 
with dry ice. An indium cathode was used. The voltage 
drop between the sample and the cathode was adjusted 
to about 4 volts, just under the voltage where the 
brown boundary layer of the electrolyte is broken by 
bubbles.” 

Sample III, which was stored at room temperature 
for ten weeks after extrusion, had the appearance of a 
single crystal when etched. 

Sample IV was a single crystal grown in a thick- 
walled glass capillary similar to the smaller tin single 
crystals. 

Sample VI was an extruded wire of 0.314-mm 
diameter which was electrolytically etched? to 0.176-mm 
diameter. 

Samples XI, XII, and XIII were drawn in glass. 

The procedure was to seal indium in a piece of glass 
tubing, heat the glass until pliable and draw it into a 
thin capillary. The very thin wire of indium thus 
obtained was freed of its glass sheath by etching with 
hydrofluoric acid. 
“The current and potential leads for all samples 
except XI, XII, and XIII were soldered in place with 
In-Sn solder (a mixture of 94% In and 6% Sn by 
weight), care being taken to attach the potential taps 
with the least possible disturbance to the sample. 

Sample [IX was mounted vertically in a copper tube. 


1 Hans Meissner, preceding paper [Phys. Rev. 109, 668 (1958) ]. 
2G. Kehl, Principles of Metallographic Laboratory Practice 
(McGraw-Hill Book Company, Inc., New York, 1949), pp. 27-31. 


The copper tube was used as a current return and was 
necessary for this sample because the disturbing field, 
due to leads, became an appreciable portion of the 
critical magnetic field. (The ratio Ha/H., where Ha is 
the disturbing magnetic field and H, is the critical 
magnetic field, is directly proportional to the diameter 
of the sample. Thus the return tube was only necessary 
for the sample of largest diameter.) 

The current and potential leads for samples XI, XII, 
and XIII were pressed into place, since indium can 
readily be joined by moderate pressure at room tem- 
perature. 

Table I lists the diameter, length, ice-point resistance, 
and residual resistance ratio of all samples. The residual 
resistance ratio listed in Table I includes both impurity 
resistance and the effects of boundary scattering. Since 
boundary scattering is observed, it is possible to 
calculate the electronic mean free path for our indium 
samples. 

The ratio 1/pl, where p is the resistivity and / is the 
electronic mean free path, was obtained by using the 
equation 


po= poo(1+al/d), (1) 


where poo is the impurity resistivity, d is the sample 
diameter, and a is a constant, less than 1.045, depending 
on the degree of elastic scattering of the electrons. In 
Fig. 1 the residual resistance ratio is plotted as a func- 


TaBLe I. Data on indium samples. 








Distance Residual 

between Ice-point resistance 
Sample Diameter potential taps resistance ratio 
No. (mm) (mm) (milliohms) 10'ro 
I* 1.11 40 3.26 5.46 
IT* 0.608 40.5 11.5 6.46 
TI 0.314 41.2 41.8 2.11 
Ive 1.140 31.1 2.56 1.58 
VI 0.176 3.035 10.99 3.61 
xe 1.936 40.8 1.114 1.84 
xIf 0.038 5.9 445 5.71 
XIiTf 0.062 10.5 310 4.96 
XIITf 0.069 17.7 587 5.02 








* Extruded wire. 

b Extruded wire which looked like a single crystal. 
¢ Single crystal. 

4 Extruded wire etched down. 

¢ Extruded wire in copper return tube. 

f Drawn in glass. 
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Fic. 1. Residual resistance ratio r9>=Ro°x/Ro’c as a func- 


tion of reciprocal diameter. Roman numerals refer to sample 
numbers. 


tion of the reciprocal diameter ; the curve is assumed to 
give the dependence of ro on 1/d and, using (1), yields 
a value al=2.8X 10 cm. Assuming an a value of 1 and 
using po°c= 8.37 X 10-* ohm cm and ro=3.4XK 10-4, we 
obtain 

1/pl=12X 10" ohm™ cm~?. (2) 


III. MEASUREMENT OF RESISTANCE AS A 
FUNCTION OF THE CURRENT 


Figure 2 shows the resistance ratio r=R(T7,/)/ 
R(0°C, 0) as a function of the current for various 
temperatures. Curves are displayed for samples IX 
(d=1.936 mm); II (d=0.608 mm) and XI (d=0.038 
mm) which seemed typical of the data obtained. 

In Fig. 3, r vs I/I, plots are shown for the above 
samples. This type of plot allows more accurate determi- 


TABLE II. Temperature dependence. 











AND R. 














10 lim r 
Sample T°K I-0 107, 1077, 1.99 X10~272-68 
Ill 4.213 3.10 2.11 0.99 0.94 
3.402 2.63 0.52 0.53 
2.219 2.28 0.17 0.17 
IV 4.213 2.52 1.58 0.94 0.94 
3.402 2.11 0.53 0.53 
2.219 1.72 0.14 0.17 
6.47 X10*T2-%4 
K. Onnesand 18.11 517.3 335.9 187.4 181.4 
W. Tuyn 16.45 479.6 143.7 139.2 
14.17 431.7 95.8 92.6 
13.06 410.0 74.1 73.8 
4.19 339.4 3.5 3.29 
3.39 338.7 2.8 1.84 
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nation of the critical resistance ratio r,. The curves 
have been displaced by amounts //J,=0.2 for the sake 
of clarity. Without the effective use of the return tube 
on sample IX, the r vs J/J, curves were rounded and 
showed no abrupt rise. This indicates the necessity of 
having the larger samples free from the stray fields due 
to the leads. 
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Fic. 2. Resistance ratio r as a function of H¢o, the magnetic 
field at the surface of the sample due to the current. The numbers 
on the curves refer to the temperatures. 


IV. CRITICAL FIELD CURVE 


The critical-field curve for samples I, II, III, and IV 
is shown in Fig. 4. All samples agree within the accuracy 
of the measurements (the rest of the samples have been 
omitted for clarity) and yield a critical temperature of 
3.407+0.005°K and an initial slope of —110 amp/cm 
°K or —137.6 oe/°K. Values of the slope from the 
literature include —144.0 oe/°K by Misener*® and 
— 155.8 oe/°K by Muench.‘ 


3 A.D. Misener, Proc. Roy. Soc. (London) A174, 262 (1940). 
4N.L. Muench, Phys, Rev. 99, 1814 (1955). 
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Fic. 3. Resistance ratio r as a function of J/7, where J. is the 
critical current. Successive curves are displaced J/J,=0.2 for the 
sake of clarity. The numbers on the curves refer to the tem- 
perature. 


V. TEMPERATURE DEPENDENCE OF 
RESISTANCE 


By using Mathiessen’s rule, the temperature de- 
pendence was determined as in part V. It was not 
possible to obtain a good fit with one power law between 
our data and those of Onnes and Tuyn.® This may be 
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Fic. 4. Critical-field curve for samples I, II, III, and IV. This 
curve yields a critical temperature of 3.407+0.005°K and has an 
initial slope of — 137.6 oe/°K. 

5 Kammerlingh Onnes and W. Tuyn, Comm. Leiden Suppl. 16, 


No. 58, 88 (1926). 
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Fic. 5. Increase of resistance ratio in a transverse magnetic field 
for sample IT. Extrapolation in the region where the sample was 
superconducting is represented by the dotted portion of the 
curves. 


due to the high residual resistance of the Onnes-Tuyn 
sample (ro= 335.9 10). 

+ Table II lists the power law chosen for each set of 
data, and exhibits the quality of the fit obtained. In any 
case, it is certain that the , for indium, in the expression 


rrp=aT" 
does not exceed 3. 
For the correction of the resistance: values, the 
relation 
(3) 


was used. This dependence also agreed with the average 
change in resistance from 4.21°K to 3.41°K for samples 
ITI, IV, [X, XI, XII, and XIII. 


rr=1.99X 10-*T?-*8 


VI. DEPENDENCE OF THE RESISTANCE ON 
THE MAGNETIC FIELD 


The field dependence was measured in order to make 
corrections for the magnetoresistance as described in 
part V. A typical curve of r vs perpendicular magnetic 
field is shown in Fig. 5. From such plots the Kohler 
diagram in Fig. 6 was obtained, which yields for the 
































0.2} 
0.1 
3 
~ os 
i 
| 
Temp, | 2 I IV 
© 3.28 - 
0.02 7 Y 2.95 fs) <j 
a | 2.22 ° x 
2.05 . | 
l | 
i i | 1 1 
eee 20 50 200 xi 


10 
H/t,..99 mpyem 


Fic. 6. Kohler diagram for the magnetoresistance of indium 
in transverse magnetic fields. 
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best fitting curve: 


Ar H 1.16 
== 11.7x10-(—x10*) if H is in oersteds, 


TH=0 TH=0 
or 


H 1.16 
x10) 


TH=0 


Ar 
—=8.96X 10-+ 


TH=0 


if H is in amperes per cm. 


(Although the numbers in this equation are given to 
3 figures their accuracy is limited to about + 10%.) 


II. CORRECTED r,/r, VALUES 


The values of r./r,, were corrected for the temperature 
and magnetic field dependence of the resistivity of the 


TABLE III. Corrected values of r-/rn. 








Diameter 


(mm) 10%, 


5.46 


Sample 10*r, 10*r,, re/Tn 


4.26+0.03 
4.29+0.03 
4.29+0.04 
4.26+0.04 
4.2340.03 


0.75 +0.05 
0.723+0.05 
0.726+0.05 
0.722+0.05 
0.719+0.05 





5.95 
5.93 
5.91 
5.90 
5.88 


I 1.11 


5.34+0.05 
5.47+0.05 
5.50+0.07 
5.41+0.03 
5.46+0.10 


1.92+0.05 
1.85+0.05 
1.87+0.20 
1.92+0.10 


1.48+0.05 
1.43+0.10 
1.46+0.03 
1.50+0.07 


6.97 
6.95 


0.766-£0.05 
0.787+0.05 
0.794+0.05 
0.783+0.05 
0.791+0.05 


0.736+0.02 
0.714+0.02 
0.730+0.08 
0.756+0.04 


0.712+0.02 
0.694+0.04 
0.716+0.02 
0.739+0.04 


3.22+0.10 
3.26+0.10 
3.28+0.10 
3.22+0.10 
3.25+0.10 


1.68+-0.05 
1.67+0.05 
1.69+0.05 
1.67+0.10 
1.64+0.05 


6.28+0.05 
5.45+0.25 
5.08+0.15 
5.09+0.05 
4.93+0.10 


0.783+0.02 
0.799+0.02 
0.806+0.02 
0.801+0.02 
0.783+0.02 


0.715+0.02 
0.714+0.02 
0.722+0.02 
0.717+0.02 
0.707+0.02 


1.00 +0.02 
0.879+0.04 
0.825+0.03 
0.830+0.02 
0.812+0.02 


0.907 +0.02 
0.844+0.02 
0.769+0.04 
0.771+0.04 
0.814+0.02 


4.96+0.05 
4.61+0.07 
4.15+0.15 
4.15+0.15 
4.32+0.03 
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normal conducting regions, as in part V, and are listed 
in Table III. 

Heating of the samples was neglected, since the 
complete discussion contained in part V indicated that 
the heat transfer coefficient is adequate for such an 
assumption. 


VIII. INFLUENCE OF TEMPERATURE AND MEAN 
FREE PATH ON THE VALUES OF 1,/r, 


Figure 7(a) shows the values of r,/r, plotted vs 
temperature for samples I, II, and XI. Samples I and II 
show types of behavior treated in part V. Sample XI, 
however, shows a sharp rise near the critical tempera- 
ture; this rise seems to be unique with thin samples 
(sample XII also shows such a rise). 

Values of the mean free path as calculated from 
Eq. (2) in conjunction with the residual resistance ratios 
are shown in Table IV for the samples of Scott® and 
for those used in this investigation. 

The values of r./r, shown in Table IV are a weighted 
average over the plateau values (see part V). Figure 7(b) 
shows values of r./r,, for samples of similar diameter, 
plotted as a function of the mean free path. The curves 
are drawn with the guidance of the similar curves for 
tin, which are also shown. One can see that a larger 
mean free path leads to smaller values of r./r, for 
indium as well as tin. 


X. INFLUENCE OF SAMPLE DIAMETER ON 17,/r,, 


The dependence of the average 7./r, on sample 
diameter is tabulated in Table IV and plotted in Fig. 8 
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Fic. 7. (a) Dependence of r-/r, on temperature. The Roman 
numerals refer to the sample numbers, these three being selected 
to exhibit the three types of behavior observed. (b) Dependence 
of r-/rn on electronic mean free path. The circled point was 
derived from measurements of R. Scott. The curves for tin are 
taken from reference 1. 


®R. B. Scott, J. Research Natl. Bur. Standards 41, 581 (1948). 





PARAMAGNETIC EFFECT IN SUPERCONDUCTORS 


TABLE IV. Dependence of r./r, on diameter and 
electronic mean free path.* 
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Fic. 8. Dependence of r./r, on diameter of the sample. The 
symbol a denotes a point taken from the measurements of 
R. Scott. Approximate residual resistance values are shown on 
the two curves. 


along with Scott’s points. The two curves, drawn for 
different residual resistance ratios, are in accord with 
the discussion of the influence of mean free path on 
r./t,. It can be seen that it is very improbable that 
r./t, goes to 1 for very small diameters, as proposed by 
Scott,® and the data obtained definitely do not fit 
Scott’s empirical formula even for large diameters. 


XI. CONCLUSIONS 


The values of r./r, are clearly larger than the 
theoretical value of 0.5, even for the purest samples of 
the largest diameter investigated. 

The values of r,/r, increase markedly with decreasing 








Diameter Average 
(mm) re/tn 


1 
(mm) 





0.038 0.8223-0.02 
0.062 0.799+0.02 
0.176 0.794+0.02 
0.314 0.728+0.02 
0.608 0.784+0.05 
1.11 0.721+0.05 
1.140 0.715+0.02 
1.936 0.715+0.02 


0.854 
0.795 
0.778 


0.276X 107 
0.268 
0.308 
0.508 
0.151 
0.176 
0.626 
0.522 


0.0734 
0.0854 
0.117 








® The electronic mean free path is calculated for impurity scattering only, 
with a correction for the effect of boundary scattering. 


electronic mean free path. This increase is larger for 
samples of smaller diameter. 

The values of r./r, apparently do not go to 1 at 
small diameters and become approximately constant 
for samples of large diameter. 
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The contact resistance between crossed wires has been measured 
as a function of the current at various temperatures in the liquid 
helium range. Most contacts were stable enough to establish a 
“diagram of state,” i.e., determine curves of constant resistance 
in J-T space. The following facts have been established: 


1, The critical temperature of contacts between clean wires of 
tin is suppressed by about 0.2°K due to the pressure on the 
contact. 

2. The addition of a copper layer on one or both of the wires 
reduces the critical currents, but hardly influences the critical 
temperature. This can be understood if one assumes that the 
density of the superconducting electrons decreases in the copper 
layer, thus producing an increase in the penetration depth. At 
layer thicknesses of several hundred angstroms the penetration 
depth becomes large compared to the contact radius, and the 
critical current vs temperature curve approaches that of a very 
thin wire. 

3. Contacts between tin and copper wires below the critical 


temperature and at low currents show a constant resistance, 
which rises sharply at a critical current. Graphs of this quasi- 
critical current as a function of the temperature have been 
obtained. 

4. Clean contacts between tin and indium usually behave as 
one would expect from the foregoing. In one case out of three, 
however, the resistance was strongly dependent on the current 
at a temperature as high as 4.2°K. Plotting the low-current values 
of the resistance as a function of the temperature showed a 
behavior as if one of the contact materials had a critical tem- 
perature of 5 to 6°K. A search of the literature revealed that the 
Sn-In system has two intermetallic compounds. The compound 
IngSnz has been prepared, and was found to have a critical 
temperature of about 5.5°K. Since the contacts were closed at 
4.2°K and no possibility of transfer of metal from one side to the 
other existed, it must be assumed that the proximity of the tin 
to the indium is sufficient to produce partial superconductivity by 
way of long-range correlation of the electronic wave functions. 





I. INTRODUCTION 


T has been known for quite some time'~ that the 
contact resistance between two metals is reduced if 
one side becomes superconducting, and vanishes at 
sufficiently low currents and temperatures if both sides 
are superconducting. It has been pointed out** that 
measurements on contacts with barriers as well as of 
electron emission should be capable in principle of giving 
information about the electronic states in a super- 
conductor. 

Previously contacts have been investigated which 
had their naturally grown oxide layers!* or which had 
insulating barriers produced by evaporation. These 
contacts were usually not very stable, so that the results 
are rather scant. Nevertheless it was possible to obtain 
an approximate “diagram of state,” i.e., lines of con- 
stant resistance in /-T space (J is the current and T the 
temperature). 

The experiments to be described here deal mainly 
with contacts between crossed wires of tin of which 
either one or both were electroplated with various 
thicknesses of copper. Great care was taken in order to 
avoid additional barriers, although an adsorbed gas 
layer was certainly always present. 

Most contacts were stable enough so that the tem- 
perature could be lowered from 4.2°K to well below 
the critical temperature of tin (3.72°K) and raised 
again to 4.2°K without any appreciable change in the 
characteristics of the contact. Thus, it was possible to 
obtain “diagrams of state” for quite a number of con- 

* Work supported by a contract of the Office of Naval Research. 

1R. Holm and W. Meissner, Z. Physik 74, 715 (1932). 

2 I. Dietrich, Z. Physik 133, 499 (1952). 

3 F. Bedard and H. Meissner, Phys. Rev. 101, 26 (1956). 

‘ Bedard, Meissner, and Owen, Phys. Rev. 102, 667 (1956). 


tacts and to study how they are affected by the thick- 
ness of the copper layer. 

The experiments have been extended to contacts 
between clean tin wires and to contacts between wires 
of tin and copper. Furthermore, a few contacts between 
wires of tin and indium have been investigated. 


Il. EXPERIMENTAL ARRANGEMENT 


The cryostat, the circuitry, and the mount for the 
contacts were the same as used earlier (see reference 3, 
Figs. 1 and 2). The temperature was maintained con- 
stant within a millidegree by an automatic control 
described elsewhere.® 

The temperature was determined from the vapor 
pressure above the liquid helium with a standard 
U-type manometer, using the 1955, vapor pressure 
scale. This simple manometer was probably not quite 
accurate enough at the lowest temperatures (about 
1.4°K) which might therefore be in error by as much as 
0.02°K. All other temperatures were rounded off to the 
nearest 0.01°K. No corrections were made for the 
hydrostatic pressure head. 


Ill. EXPERIMENTAL PROCEDURE 


The tin wires of 0.5-mm diameter were extruded from 
“high purity” tin of the Vulcan Detinning Company, 
for which the manufacturer lists a purity of 99.98%. 
The residual resistivity of extruded wires of this material 
has been measured in connection with other experiments 
(see reference 5) and is of the order of 1.2 10~ of the 
ice-point resistivity. 

5 Hans Meissner, this issue [Phys. Rev. 109, 668 (1958) ]. 


6 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955); 
see their “Note added in proof.” 
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Commercial copper wire of 0.5-mm diameter was used 
for the copper wires. 

The indium wires of 0.5-mm diameter were extruded 
from 99.97% pure indium of the Indium Corporation 
of America. Their residual resistivity is about 4X 10~ of 
the icepoint resistivity, as determined in the course of 
other experiments.’ 

The tin wires were cleaned by electrolytic polishing 
in a solution of 20 parts perchloric acid and 70 parts 
acetic acid, washed in distilled water and alcohol. 
If they received a copper layer, they were immeyliately 
plated in a solution of 20-g KCN, 8-g NH,OH, 14-g 
Cu(C2H302)¢ in 1 liter of water. 

It was found by plating for an hour and weighing, 
that a current of 2 ma deposits on a wire of 0.5-mm 
diameter and 3-cm length a copper layer of 100A 
thickness in 8.3 sec. All copper thicknesses were then 
calculated from the plating time. After plating the wires 
were again washed in distilled water and alcohol. The 
copper wires were only cleaned by scraping with a 
pen knife. 

The indium wires were cleaned by electrolytic polish- 
ing in a solution of 2 parts methyl alcohol and 1 part 
concentrated nitric acid. The solution was cooled with 
dry ice. The wires were also washed afterwards in 
distilled water and alcohol. 

All contact wires were installed immediately after 
their preparation. The Dewar vessel was then closed, 
evacuated, filled with dry helium gas, and precooled by 
means of an inserted well which was filled with liquid 
nitrogen. The well was then removed and liquid helium 
was siphoned in. The contacts were closed only after 
the siphon was removed and everything was ready for 
the run. The time which elapsed between the electrolytic 
polishing and the closing of the contacts was 1} to 
2 hours. 

The contact load was always 60 g. However, in some 
runs the hinges (see reference 3, Fig. 1) froze to the 
extent that the contact remained completely open. It 
must therefore be taken into consideration that friction 
in the hinges might occasionally reduce the contact 
load. This seems to be the case in some of the contacts. 

It should be noted that the electrical circuitry is 
such that the potential across the contact cannot exceed 
a few tenths of one volt, even if the contact is open. 
Since the experiments were always started with the 
lowest current, the potential difference was in practice 
even much smaller. Any possibility of a formation of 
a bridge due to coherer action is therefore excluded 
(see reference 3, p. 30). 

The resistance of the contact was measured by 
reversing a known current through it and observing the 
deflection of a galvanometer connected to the potential 
leads of the contact (see reference 3, Fig. 2). 

If the contacts were asymmetric, rectification was 
sought for by observing the deflection at all three 


7 Hans Meissner and Richard Zdanis, preceding paper [Phys. 
Rev. 109, 681 (1958). 
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positions of the current switch: I—O—II. In position I 
the (conventional) current goes always from the plated 
to the unplated wire or from the indium to the tin wire 
respectively. (In position II the current goes in the 
opposite direction.) 

A Leeds and Northrup K2 potentiometer was kept 
in the galvanometer circuit all the time, and was used 
for the calibration of the galvanometer and for com- 
pensation of thermal emf’s. The galvanometer (L and N 
type HS No. 2284-c) was used with a telescope and a 
scale at 5-m distance and had a sensitivity of 3.7 108 
mm/v (for reversal) which could be shunted down by 
factors of 10-1, 10-*, and 10°, 


IV. MEASUREMENTS ON CONTACTS BETWEEN 
BARE TIN WIRES 


Figure 1 shows plots of resistance vs current for 
contacts A and B. The resistance is independent of the 
current down to 3.62°K, which is below the critical 
temperature of tin (3.72°K). At lower temperatures, 
the contacts are superconducting at low currents, the 
resistance reappearing above a critical current. When 
the temperature was returned to 3.81°K (curve 7) the 
resistance of the contacts returned quite precisely to 
the initial value. 
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Fic. 1. Plots of resistance vs current for the contacts A and B 
between bare tin wires. The numbers on the curves give the 
sequence and the temperature of the measurements. 
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Fic. 2. Diagrams of state for the contacts A and B between bare 
tin wires. The curve R=0.25R, is by definition the critical field 
curve. 


Figure 2 shows plots of constant resistance ‘in the 
I-T space. Any one of the curves R=0, R=0.25R,, 
or R=0.5R, (R,=normal resistance) can be taken as 
the “critical current” curve, depending on the definition 
which one prefers for the critical current. For a long 
straight wire all three curves would ideally coincide 
(see reference 5, Fig. 4). We shall take here R=0.25R,, 
as the “critical current” for the following reasons: 
R=0 always includes “tails” (see contact B) and can 
therefore be distorted. R=0.5R, sometimes seems to be 
subject to influences other than the first reappearance 
of the resistance. The thus-defined “critical current” 
curve for contacts A and B is very similar to that of a 
solid wire, with the exception that the critical tempera- 
ture is about 3.53°K instead of 3.72°K, which it usually 
is for tin. This shift is due to the pressure on the contact. 
Since the rate of change of the critical temperature with 
pressure is known to be® d7./dp=—4.58X10~ °K/ 
atmos, the pressure on the contact can be calculated. 
As can be seen from Table I, this pressure is always 
about 5X 10° kg/cm?, which has to be compared with a 


HANS MEISSNER 


TABLE I. Data on contacts A, B, and 1-9. 


RO ioe i aha eas 





value of 5.5 to 11X10* kg/cm? which Holm and 
Meissner® found by direct measurement of the flow 
pressure of tin at 4.2°K. 

As long as the diameter of the contact area is large 
compared to the penetration depth of tin (6=5.0 10-* 
cm), the critical current curve should have the same 
temperature dependence as the critical field curve,! 
that is, in first approximation. 


I./Teo= H./H.o=1—(T/T,)?, (1) 


where J,9 and H.o are the values of the critical current 
and the critical field at absolute zero. 

The ratios of the critical currents at two temperatures 
have been calculated and compared with the values 
expected from Eq. (1) (see Table I). The value of 7, is 
hereby chosen for best over-all! fit. One can see that the 
agreement is reasonable considering that it is based on 
relatively crude assumptions. 


The contact area can be calculated in two ways. 

(1) The “load-bearing area” can be calculated from 
the pressure on the contact and the known force on it. 

(2) The “current-bearing” area can be calculated 
from Silsbee’s hypothesis which connects the critical 
current with the critical field. 


The results in both cases differ widely. For the load- 
bearing radius one obtains values of a few times 10~ cm, 
and for the current-bearing radius, values of a few times 
10-* cm. For contacts A and B, the latter values are in 
direct disagreement with the temperature dependence 
of the critical current, which requires that the current- 
bearing radius be larger than the penetration depth. 
We shall therefore omit discussions of the contact area 
almost entirely and see what conclusions can be ob- 
tained just from the temperature dependences and 
general behavior of the contacts. 











Critical current in ma 





ax. Pa noel Ih Is Is Is Ih/Is Ii/Is hh/Is Te 
Contact A milliohms 2.65° 3.08° 3.22° 3.44°K exp. theor. exp. _ theor. exp. _theor. °K =: 108 kg/cm? 

A 0+0 148 48 28 2.0 0.65 1.71 1.758 2.40 2.458 7.38 7.08 3.55 3.6 
B 0+0 1050 0.19 0.12 0.088 0.017 1.58 1.928 2.16 2.718 11.2 158 3.51 4.4 
1 0+100 148 0.90 0.25 -++ 0.030 3.60 2.50> “ tee 30 (30)¢ 3.515 4.4 
2 0+ 100 5.1 40 14 e+ 0.23 2.85 2.65> tee tee 174 (174)¢ 3.464 5.5 
3 0+700 1.68 15 3.0 1.6 0.18 5.00 2.55> 9.38  4,7> 83 (83)¢ 3.477 5.2 
4 0+ 1000 4.0 25. 42 0.35 ee 2.10 2.78» 712 (17 “ tee 3.44 5.9 
5 500+.500 80 0.28 0.090 --- 0.005 3.11 2.53> tee tee 56 (56)¢ 3.489 4.9 
6 0+ 2000 18.5 1.40 0.60 0.12 2.34 2.11> 11.2 (11.2) 3.596 2.7 
7 1000+ 1000 1.44 0.35 0.043 cae 8.14 4.35» cee tee 3.30 tee 
g 2500+ 2500 0.90 bse 24» om see coe cee tee eee ee 
9 0+ 5000 2.7 0.23 0.11 0.001 2.10 2.65> 230 (230)¢ 3.458 5.6 





* From Eq. (1). Te fixed for best over-all fit. 


>From Eq. (5). Te fixed to match J:/J4 or Ji 


© Matched values. 


/Is, respectively. 


8 Nils L. Muench, Phys. Rev. 99, 1814 (1955), see Table I. 
® R. Holm and W. Meissner, Z. Physik 74, 736 (1932). 


10 D. Shoenberg, Superconductivity (Cambridge University Press, Cambridge, 1952), pp. 10 and 64. 
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Fic. 3. Plots of resistance vs current for the contacts between copper plated tin wires Nos. 1-6. The numbers 
on the curves give the sequence and the temperature of the measurements. The notation 0+100 A refers to 
the thicknesses of the copper plating on the two contact members. Roman numerals refer to the current direc- 


tion, I being from plated to unplated wire. 


V. MEASUREMENTS ON CONTACTS BETWEEN 
COPPER PLATED WIRES 


Figures 3 and 4 show plots of resistance vs current 
for contacts Nos. 1 to 12. All necessary explanations 
can be found in the captions of the figures. Most of the 
contacts were quite stable, although Nos. 4, 5, and 10 
did show an initial shift, and Nos. 8 and 12 shifted after 
several curves had been measured. 

All diagrams look somewhat similar, if properly 
scaled, though the current and resistance ranges vary 
widely. 

There are additional measurements on two contacts 
which did not become superconducting even at 1.45°K. 


Contact No. 13 was plated with 5000+5000 A (i.e., 
5000 A on each of the wires) and had at 4.2°K a re- 
sistance of 2.4 milliohms. At 1.45°K the resistance had 
dropped to about 1.74 milliohms at high currents, and 
to somewhat less at the lowest current of 50 wa. As the 
temperature was returned to 4.2°K, the resistance in- 
creased to 2 milliohms. 

Contact No. 14 (10 000+ 10000 A) initially had a 
resistance of 18 milliohms which, after the first measure- 
ments, dropped to 10 milliohms and stayed there even 
at 1.45°K and 20ya. When the temperature was 
increased to 4.2°K the resistance went up to 10.7 
milliohms. 
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Fic. 4. Plots of resistance vs current for the contacts between copper plated tin wires Nos. 7-12. The numbers 
on the curves give the sequence and the temperature of the measurements. The notation 0+5000 A refers to 
the thicknesses of the copper plating on the two contact members. 


It is believed that contact No. 13 (5000+5000 A) 
would probably become superconducting at very low 
temperatures and currents, while contact No. 14 
(10 000+-10 000 A) would not become superconducting 
under any conditions. 

Diagrams of state for contacts 1 through 9 are shown 
in Fig. 5. These diagrams are, if properly scaled, all 
very similar. Note, however, that the temperature 
scale on contact No. 8 has been shifted. 

Taking again the curve R=0.25R, as the “critical 
current” curve, one observes that all critical tempera- 
tures are at least depressed to about 3.5°K. In contacts 
Nos. 7 and 8, which have heavy copper plating on both 
contact members, the critical temperature is still lower. 

The temperature dependence of the critical current 
curves is different from that of the contacts between 
bare wires. This can be understood if one assumes that 
the penetration depth 6 is large compared to the radius a 
of the contact area. 

The critical field is in this case not equal to the bulk 


critical field, but is given by" 
A a= He wun. —J1(ta/6) |/Jo(ia/8), (2) 


where J and J; are the Bessel functions of zeroth and 
first order. 
If a<<é, Eq. (2) reduces to 


A= Hevuna/s, (3) 
which with the temperature dependence of H, [Eq. (1) ] 
and the temperature dependence of 6 (see reference 10, 
p. 143), 

§=6[1—(7/T.)*}', (4) 
gives for the temperature dependence of the critical 
current 

I./Teo= Her/Hero=([1— (T/T.)?.1—(T/T.)*}. (5) 
This gives indeed a critical current curve which has 


uM. v. Laue, Theory of Superconductivity (Academic Press, Inc., 
New York, 1952), p. 115. 
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Fic. 5. Diagrams of state for the contacts between copper plated tin wires Nos. 1-9, The curve R=0.25R, is 
by definition the critical field curve. Note the shift in the temperature scale of contact No. 8. 


zero slope at the critical temperature, in qualitative pected value of Eq. (5). T. is hereby chosen to match 
agreement with the diagrams of Fig. 5. the larger of the ratios. In this comparison one should, 

The quantitative agreement is checked in Table I, by however, keep in mind that the reduction of Eq. (2) to 
calculating the ratios of the critical currents at two Eq. (3) may not be justified for the contacts with thin 
temperatures and comparing this value with the ex- copper layers. 
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Fic. 6. Plots of resistance vs current for the contacts between tin 


and copper wires Nos. 15-17. Contact No. 15 shifted after curve 2 
and after curve 8. 


VI. MEASUREMENTS ON CONTACTS BETWEEN 
TIN AND COPPER WIRES 

Figure 6 shows three diagrams where the resistance is 
plotted as a function of the current for the three tin- 
copper contacts Nos. 15, 16, and 17. They represent the 
limiting case where the copper plating on one side is 
infinitely thick. 

The resistance at low currents and temperatures is 
reduced through the influence of the superconductivity 
of the tin. It rises at a “quasi-critical current” from this 
low-current plateau. This quasi-critical current is rela- 
tively sharply defined for contact No. 15, and hardly 
defined at all for contact No. 17. It should be noted that 
contact 15 originally had a resistance of 384 milliohms 
which dropped to 17.2 milliohms after curve 2, and 
dropped to 9 milliohms when the temperature was 
raised to 4.2°K after curve 8. 

Figure 7 shows diagrams of state for contacts Nos. 15 
and 16 where the temperature dependence of the quasi- 
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critical current can be seen. The value of the resistance 
at low currents seems to be slightly temperature- 
dependent, but only for contact 17 is this dependence 
strong enough to be clearly larger than small incidental 
shifts of the resistance. It is plotted in Fig. 8. 


VII. MEASUREMENTS ON TIN-INDIUM CONTACTS 


Figure 9 shows plots of the resistance vs current for 
the three tin-indium contacts a, b, and c. Contacts b 
and c have diagrams of the type which one would expect 
for contacts between two superconductors with different 
critical temperatures. Contact a, however, behaves as 
if one contact member had a transition temperature 
above 4.2°K. This is in agreement with the behavior 
of the contacts Nos. 12, 13, and 14 of reference 3. All 
contacts did show some rectification which, however, 
is indicated for contact 6 only, where it was largest. 
Superconductivity persists to higher currents if the 
direction of the (conventional) current is from the tin 
to the indium. 

Diagrams of state"of contacts a, b, and ¢ are shown 
in Fig. 10. 

Figure 11 shows the value of the resistance at low 
currents of contact a as a function of the temperature. 
The only reasonable curve which can be fitted through 
the points has a sharp break at the critical temperature 
of tin. The fact that the curve is still noticeably rising 
at 4.2°K indicates that the effective critical temperature 
of this combination must be still much higher, probably 
around 5-6°K. 


VIII. DISCUSSION 


The most striking fact which follows from the 
different temperature dependence of the critical current 
of plated and unplated wires is the change in penetration 
depth as compared to the diameter of the contact area. 
It is extremely improbable that the tin formed super- 
conducting bridges through the copper layers with 
such regularity, especially since some of the copper 
layers were quite thick. 
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Fic. 7. Diagram of state of contact No. 15 and temperature 
dependence of ‘‘quasi-critical current” of contact No. 16. 
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It is much more probable, especially in the light of the 
concept of long-range order (see reference 10, p. 207), 
that the density of the superconducting electrons does 
not go abruptly to zero at the boundary of the copper, 
but gradually decreases with the distance from the tin. 

The sketch in Fig. 12 shows the channeling of the 
current, the range of order extending a distance ¢ from 
the tin and the copper plating on one or both sides. 
One can see that the long-range order is more effective 
if only one side is plated, because the point of narrowest 
constriction of the current is close to the tin. This 
explains the difference between contacts Nos. 6 and 7, 
and between contacts Nos. 8 and 9. It also shows that 
one would expect that the range of order is of about 
2000 A= 2X 10-5 cm, which compares well with a value 
of 10~* cm for pure tin. 

If the density of the superconducting electrons de- 
creases, the penetration depth increases, since both are 
connected by an equation of the type (see reference 10, 
p. 181) 


= (mc?/4arne’)}, (6) 


where m and e are the mass and the charge of the elec- 
trons of number density , and c is the velocity of 
light, all in cgs units. 

At sufficiently large copper thicknesses, m will de- 
crease enough so that 6 becomes larger than the contact 
radius, thus giving rise to the different temperature 
dependence of the critical current. 

Along with this change in the temperature dependence 
goes a decrease of the value of the critical current, 
since, for 6>a, 


I= 2raH .1= 2raH, bulkO/@, (7) 


which makes the critical current independent of the 
contact area. The series of the contacts 2, 3, 4, 6, and 9 
shows indeed a behavior of this sort, as can be seen 
from the values of J; in Table I. The contact series 5, 7, 
and 8 also show a behavior of approximately this type. 
Exceptions are contacts A, B, and 1, which are also 
marked by their higher resistances. It seems that there 
are also other reasons for a decrease in the critical 
current; for instance, multiple contacts can give de- 
pressions of the critical current similar to those resulting 
from the filament structure of impure bulk supercon- 
ductors (see reference 10, pp. 37-47). 

It should be noted that in contrast to the critical 
current, there is certainly no depression in the critical 
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Fic. 8. Temperature dependence of the low-current 
resistance of contact,No. 17. 
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Fic. 9. Plots of resistance vs current for the contacts between tin 
and indium wires designated as a, 6, and c. Slight rectification was 
observed in all cases, but is indicated only on contact 6. The 
current flows in direction I from the indium to the tin. 


temperature beyond the pressure effect up to quite 
large copper thicknesses. Only the contacts 7 and 8 
with 1000+ 1000 and 2500+ 2000 A plating show a clear 
further decrease. 

The results on the tin-indium contact @ indicate that 
the combination of tin and indium has a higher critical 
temperature than either of the metals. A search of the 
literature revealed’* that the In-Sn system has two 


12§. Valentiner, Z. Metallkunde 32, 31 (1940). 
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Fic. 10. Diagrams of state for the tin-indium contacts a, b, and c. 


intermetallic compounds of the composition IngSn2 and 
In;Snys. 

A sample of the composition IngSn2 has been pre- 
pared by melting the correct amounts, quickly cooling 
the mixture and extruding the pellets in an extrusion 
press to wire of 1-mm diameter. It was found that this 
wire was still superconducting at 4.2°K and 2.8 amp, 
the highest current which could be reached with the 
simple arrangement used. The sample was then mounted 
together with a carbon thermometer and lowered into 
the neck of a standard 15-liter storage tank with liquid 
helium. By appropriately positioning it in the tempera- 
ture gradient and simultaneously measuring the re- 
sistance and temperature, it was found that the critical 
temperature of this sample was about 5.5°K. Its re- 
sistance at 14°K was about 40% of its resistance at 
room temperature. 
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IX. CONCLUSIONS 


The following conclusions can be drawn from this 
investigation : 

(1) The pressure on the contacts shifts the critical 
temperature in agreement with the pressure dependence 
of the critical temperature found for bulk supercon- 
ductors. 

(2) Copper plating reduces the density of the super- 
conducting electrons at the current constriction, thereby 
increasing the penetration depth and decreasing the 
critical currents. 

(3) Copper plating gives a sizable reduction of the 
critical temperature beyond the pressure shift only at 


copper thicknesses of at least 1000 A on each contact 
member. 

(4) If two metals have a combination which is super- 
conducting, a contact formed of these two metals can 
show a sizable reduction in resistance long before the 
metals themselves become superconducting. 

(5) It is believed that for copper plating on tin, the 
range of order is about 2X10~* cm. It may be con- 
siderably smaller for other combinations, especially 
since there is some evidence (see reference 3, contact 5) 
that a combination of copper and tin leads to results 
similar to those obtained for the combination Sn-In. 

(6) The observations on the contacts give strong 
support to the following statements: the conductivity 
is not a point function, but depends on the vicinity of 
the point in consideration. It may have values between 
the normal conducting values and infinite, i.e., super- 
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conducting values. This point of view is in accordance 
with Pippard.* 
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The intrinsic optical absorption spectrum for the germanium- 
silicon alloy system has been measured as a function of temperature 
and composition. Over the entire composition range the absorption 
near the threshold (K<100 cm™) exhibits a temperature de- 
pendence which is characteristic of phonon-assisted indirect 
electronic transitions. There appears to be no temperature- 
independent component of the absorption attributable to disorder- 
assisted transitions. When the phonon contribution to the absorp- 
tion is explicitly taken into account, as in a Macfarlane-Roberts type 
analysis, the experimental data yield an equivalent phonon tem- 
perature which varies from 270+20°K for pure Ge to 550+50°K 
for pure Si, with most of the variation occurring in the middle of 
the composition range. The composition dependence of the derived 


energy gap shows an abrupt change in slope at about 15 atomic 
percent Si. This is due to a switch from a Ge-like ([111]) to a 
Si-like ([100]) conduction band structure. The onset of direct 
electronic transitions (10? cm~!<.K <10* cm™!) was observed as a 
function of composition in the Ge-rich alloys. The data show that 
the [000] conduction band minimum moves more rapidly than the 
[111] minima as Si is added to Ge. In an attempt to account for 
the observed variation of the phonon equivalent temperature with 
composition, certain lattice vibrational modes were computed on 
the basis of a number of simplified models. The one which gives 
the most realistic results emphasizes the presence of atoms of 
different masses and some short-range order in the alloy lattice. 





1. INTRODUCTION 


HE intrinsic optical properties of nearly perfect 

semiconducting crystals have been extensively 
investigated, and a great deal of experimental infor- 
mation is now available for a wide variety of such 
crystals.! By examining the absorption spectrum and 
its temperature dependence in terms of existing theories, 
it is often possible to obtain important information 
bearing on the energy band structure, as well as a clue 
to the nature of the mechanisms responsible for the 
absorption in the neighborhood of the threshold. 

For example, in silicon and germanium, optical 
studies' confirm the fact that the valence and con- 
duction band edges are located at different positions in 
the reduced zone. They also indicate that indirect elec- 
tronic transitions assisted by phonons are responsible 
for most of the absorption near the threshold. (These 
transitions involve the creation of electron-hole pairs; 
in order to conserve crystal momentum, phonons of 
appropriate wave number are created or destroyed.) 
Recent high-resolution work®:® on these two materials 
suggests that exciton formation,’* accompanied by 
the creation or destruction of momentum-conserving 
phonons, is responsible for some of the absorption near 
the threshold. 

Although a considerable amount of experimental 
work has also been done on the optical properties of 


1H. Y. Fan, Repts. Progr. Phys. 19, 107 (1956); Burstein, 
Pucus, and Sclar, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November, 1954 (John Wiley and Sons, Inc., New 
York, 1956), p. 353. Bardeen, Blatt, and Hall, ibid., p. 146; Fan, 
Shepherd, and Spitzer, ibid., p. 184. 

2G. G. Macfarlane.and V. Roberts, Phys. Rev. 97, 1714 (1955). 

3 G. G. Macfarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 

4W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 

5 Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev. 
108, 1377 (1957). 

6 R. A. Smith (private communication). 

7G. Dresselhaus, J. Phys. Chem. Solids 1, 15 (1956). 

8R. J. Elliott, Phys. Rev. 108, 1384 (1957). 


nondilute semiconducting alloys,’ the absorption mech- 
anisms operating in such materials are obscure. Most 
workers in this field have been content to study the 
variation of the absorption threshold with composition, 
usually at a fixed temperature, since this provides a 
rough picture of the composition dependence of the 
energy gap. To our knowledge, no systematic attempt 
has yet been made to interpret the experimental data 
in such a manner as to shed some light on the role that 
disorder plays in relaxing the optical selection rules 
which obtain in ordered crystals.” 

The present investigation of the germanium-silicon 
alloy system was undertaken with two objectives 
in mind. In the first place, we wanted to study the 
absorption spectrum as a function of composition in 
somewhat greater detail than had been done previously," 
in order to obtain more precise information about the 
band structure of the alloy system. Secondly, we wanted 
to obtain experimental information which could be 
analyzed so as to permit a distinction to be made 
between phonon-assisted and disorder-assisted absorp- 
tion near the threshold. 

The decision to study the germanium-silicon alloy 
system in preference to other alloy systems was based 
on the following considerations. Germanium and silicon 
are miscible in all proportions, forming a continuous 
series of solid substitutional solutions of fixed crystal 
structure over the entire composition range. Since fairly 
homogeneous single crystal or polycrystalline specimens 
of high purity and of arbitrary composition can be 
prepared, it is possible to study the optical properties 
as a function of composition over the entire range of 
compositions. Furthermore, the energy band structure 


®For a discussion and an extensive list of references, see 
Herman, Glicksman, and Parmenter, Progress in Semiconductors 
(Heywood and Company, Ltd., London, 1957), Vol. 2, p. 1. 

©D. L. Dexter, Proceedings of the Conference on Photocon- 
ductivity, Atlantic City, November, 1954 (John Wiley and Sons, 
Inc., New York, 1956), p. 155. 

1 FE. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954). 
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and the optical properties of the pure constituents are 
fairly well understood,!~*-” and this considerably sim- 
plifies the task of interpreting the data for the inter- 
mediate alloys. 

In brief, the absorption spectrum near the threshold 
was determined both as a function of composition and 
temperature. The absorption exhibited a marked tem- 
perature dependence, of the same type as is observed in 
pure germanium and pure silicon, over the entire com- 
position range. This leads us to the conclusion that the 
primary absorption mechanism near the threshold is the 
same for Ge-Si alloys as for pure Ge and Si, namely, 
phonon-assisted indirect electronic transitions. Our 
measurements failed to reveal any temperature-inde- 
pendent component of the absorption which could be 
attributed to disorder-assisted electronic transitions. 

The absorption data at low absorption levels was 
fitted to the Macfarlane-Roberts expression? : 


(hv— E,+k6)? 
+ | a 
exp(0/T)—1 


(hy— E,— 0)? 
1—exp(—0/T) 


where K is the absorption coefficient (in cm™), hv the 
photon energy, &@ the phonon energy, E, the energy gap, 
T the absolute temperature, and A a substantially 
temperature-independent proportionality factor. In the 
first term, hy > E,+k6, while in the second, hy < E,—k. 
This expression describes the absorption due to indirect 
electronic transitions involving the creation and the 
destruction of phonons of a given energy (6). 

If the phonons most effective in assisting the indirect 
transitions actually belong to a single branch of the 
vibrational spectrum, the above expression suffices to 
give their energy correctly. If the effective phonons 
belong to more than one branch, as is undoubtedly the 
case in pure Ge and Si and in the Ge-Si alloy system, 
an analysis based on this expression yields an average 
phonon energy which may be taken as a characteristic 
of any particular sample. In practice, it was found that 
the absorption spectrum for each sample studied could 
be fitted quite nicely by (1). 

Our analysis of the absorption data at low absorption 
levels on the basis of (1) leads to information concerning 
(a) the composition dependence of E,, the energy 
separation between the top of the valence band and the 
bottom of the conduction band; (0) the composition 
dependence of dE,/dT; and (c), the composition de- 
pendence of k@, the average phonon energy. 

The results for (a) agree qualitatively with those first 
reported by Johnson and Christian," in that an abrupt 
change in the slope of the E, vs composition curve 
occurs at about 15 atomic percent Si. This abrupt 
change has been interpreted” as a switch-over of the 
conduction band edge from the [111] minima charac- 
teristic of eee Ge and Ge-rich alloys to the [100] 





K(int)=Al 


12 F. Herman, Proc. Inst. Radio 1? 43, 1703 (1955). 
13 F, Herman, Phys. Rev. 95, 847 (1954). 
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minima characteristic of pure Si and Si-rich alloys. The 
correctness of this interpretation has since been con- 
firmed by magnetoresistance measurements. The 
quantity dE,/dT is found to vary quadratically with T 
at low temperatures, and linearly with T at moderate 
temperatures at all compositions. The results for (0) 
indicate a more rapid variation of dE,/dT with com- 
position for germanium-like band structures than for 
silicon-like band structures. 

As for (c), the picture of the variation of the average 
phonon energy with composition is that k@ is nearly 
independent of composition at both ends of the range, 
and undergoes a fairly rapid change near the center. 
The composition dependence of the energy of certain 
short wavelength modes has been computed on the 
basis of a model consisting of two series of ordered Ge-Si 
crystals. Four possible types of behavior are revealed. 
One of these, arising from the crystal series with 
somewhat more short-range order, resembles the 
observed behavior. 

We have also been able to follow the variation with 
composition of the threshold for direct transitions in 
the Ge-rich alloys. By comparing this with that for 
indirect transitions, it was found that the [000] con- 
duction band minimum moves away from the valence 
band edge at approximately twice the rate of the [111] 
minima, as silicon is added to germanium. 


2. EXPERIMENTAL SAMPLES AND APPARATUS 


The pure germanium and silicon samples were cut 
from high-resistivity (Ge> 30 ohm-cm, Si>50 ohm-cm) 
single crystals grown by the usual vertical pulling 
method. The method of preparation of the alloy 
samples depended on composition range. Low and 
intermediate Si content samples were grown in a hori- 
zontal boat with suitable adjustment of the initial 
charge concentration to yield the required composition ; 
high Si content crystals were grown by vertical pulling.!® 
The samples were single crystals in the range of 0 to 
20% Si in Ge and again single from 90 to 100% Si in Ge. 
Intermediate compositions were coarse polycrystals. 
The compositions were determined by spectrographic 
techniques.'’ The silicon content was determined in 
samples with 0-70 mole percent silicon, while the ger- 
manium content was determined in the 70-100 mole 
percent silicon samples; the silicon or germanium 
content in these respective ranges was determined to 
+5% of the amount present. Most alloy samples were 
above 5 ohm-cm resistivity. However, the constancy 
of the room temperature transmission over the long- 
wavelength region beyond the absorption edge was 
taken as a criterion of adequate purity, rather than the 


14M. Glicksman, Phys. Rev. 100, 1146 (1955) ; 102, 1496 (1956). 

15M. Glickman and S. M. Christian, Phys. Rev. 104, 1278 
(1956). 

16S. M. Christian (to be published). 

17M. C. Gardels and H. H. Whitaker, Anal. Chem. (to be 
published). 
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Fic. 1. Intrinsic absorption spectra in a series of Ge-rich Ge-Si alloys at 296°K. 


resistivity. Thus the effect of free-carrier absorption was 
minimized as much as possible in all samples selected 
for measurement. In the range of composition where 
both single crystal and polycrystalline samples were 
available, measurements of the absorption edges yielded 
identical results, justifying the use of polycrystalline 
samples. 

For measurements in the range of absorption coef- 
ficient (K) <100 cm™ samples were about 0.5 mm thick, 
ground and polished on both sides to an optical surface 
of satisfactory flatness. Transmission measurements 
after successive repolishing gave identical results, 
showing that a constant reproducible reflectivity had 
been obtained. In order to measure K>100 cm™ 
thinner samples were required. For accurate results at 
K~10* cm™ or greater the’samples had to be as thin 
as 5 u. These were prepared by mounting thicker pieces 
on a glass or sapphire slide with glycol phthalate resin 
and polishing to size, as described by Dash and 
Newman.‘ Some alloy samples contained grain bound- 
aries and mechanically weak sections, so care had to be 
taken to avoid breakage or pinholes. In cases where 
inferior regions developed, the samples were masked to 
avoid them. 

The thickness of the thicker samples was measured 
with a micrometer or dial gauge to 0.1-mil accuracy. 
The most convenient method of measurement for thin 
samples was by analysis of the interference spectrum 
using the value of the index of refraction calculated 
from the transmission at long wavelengths for the com- 
position in question. Because of unavoidable fluctua- 
tions in composition between slices from the same ingot, 
a given complete K versus photon energy curve was 


always taken on the same sample progressively thinned 
down from 500 to 5 microns. 

For measurements between room temperatures and 
liquid nitrogen temperature, the sample was mounted 
in a stainless steel evacuated Dewar on an apertured 
copper block in contact with the cooling bath. Fixed 
temperatures were obtained with constant temperature 
mixtures such as freon, dry ice-acetone, and liquid 
nitrogen. A thermocouple mounted on the copper block 
adjacent to the sample showed less than one degree 
temperature drop between cooling bath and sample 
mount. Similar results were obtained with the thermo- 
couple attached directly to the sample. Various types 
of cements were used to insure good thermal contact of 
the sample to the copper. This is important for thin 
samples in which the lateral heat conduction is low. 
G.E. 7031 calorimeter cement'* and a cement composed 
of silver paste in Duco cement were found satisfactory. 

Temperatures below 78°K were reached by the use 
of liquid helium in a double Dewar with quartz windows 
of the type described by Johnson and Studer.” A ther- 
mocouple and a carbon resistance thermometer (Allen- 
Bradley 0.1-watt 40-ohm resistor) were mounted on 
the copper crystal holder. Attachment of the crystal 
to the copper block was as described above. 

The optical system consisted of a Perkin-Elmer 
prism monochromator with a tungsten lamp as the 
light source, a series of spherical and plane mirrors to 
focus the exit beam onto the sample of the Dewar, and 
and finally additional mirrors to focus the transmitted 
beam onto the detector. Special care was taken to 


18 Kindly supplied by Dr. R. Newman of General Electric 
Research Laboratory. 
19P, Johnson and F. Studer, Phys. Rev. 82, 976 (1951). 








BRAUNSTEIN, 


MOORE, 


AND HERMAN 





re 


TOT TTT 


TTT rity 


ABSORPTION COEFFICIENT (CM™) 





1 peril 1 paul 


4 errr 


foaled haa 





1 





at 
1.05 


B 
eo 


1 
1.10 Lis 


PHOTON ENERGY (ev) 


Fic. 2. Intrinsic absorption spectra in a series of Ge-rich Ge-Si alloys at 78°K. 


insure that all the light transmitted by the sample was 
focussed on the detector, even allowing for some scat- 
tering at the surface of the sample. Either a dense flint 
glass or a fused quartz prism was used to get maximum 
dispersion in the various parts of the spectrum. Over 


that part of the spectrum corresponding to K <<100 cm™ 
the slit width was adjusted to yield an optical band 
width of about 0.002 ev. Other data were taken with 
band widths of 0.002 to 0.005 ev. The light was chopped 
at the source and measured by a phase-sensitive ac 
amplifier and either a PbS cell or a photomultiplier 
(RCA 931), depending on the spectral region. A thermo- 
couple was used as a standard. 

Correction for reflectance of the sample was accom- 
plished by moving the entire Dewar so that the sample 
was in or out of the beam. The correction equation 
given by Fan and Becker” was used where applicable. 
Corrections for the effect of sample backing on thin 
sections were not necessary since comparison of backed 
and unbacked samples showed the results to be 
identical. 


3. EXPERIMENTAL RESULTS 


The absorption spectra of pure Ge, pure Si, and a 
number of Ge-Si alloys were determined at 78°K, 
196°K, 235°K, and at room temperature. The variation 
of the absorption spectrum as a function of composition 
at 296°K and 78°K is depicted in Figs. 1 and 2 for some 
Ge-rich samples, and in Figs. 3 and 4 for some Si-rich 
samples. As Si is added to Ge, the absorption curve 
shifts to higher energy, as was already shown in the 


2” H. Y. Fan and M. Becker, Semiconducting Materials (Butter- 
worths Scientific Publications, London, 1951), p. 132. 


preliminary work of Johnson and Christian.” Figures 1 
and 2 also show a gradual change in the character of 
the curve at high absorption levels: as the Si content 
increases, the second rise in K gradually diminishes, 
until at about 13% Si it is almost absent. Beyond this 
composition, the curves are very similar in appearance 
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Fic. 3. Intrinsic absorption spectra in a series of Si-rich 
Ge-Si alloys at 296°K. 
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to that of pure Si, except for a displacement on the 
energy scale. 

At the other end of the composition range, the absorp- 
tion curve shifts to lower energy as Ge is added to Si. 
There is very little change in shape, except that even 
a small addition of Ge removes the already slight second 
rise at 78°K. The first rise in the absorption coefficient 
is due to indirect electronic transitions, while the second 
is due to direct electronic transitions.?~* According to 
theory,' the absorption coefficient for the latter should 
exhibit a power law dependence on photon energy. 
However, if we subtract off that part of the absorption 
which is due to indirect transitions, the residue cannot 
be so represented, as has already been pointed out by 
Dash and Newman.‘ For pure Ge, the residue follows 
an exponential, rather than a power law. 

Note added in proof.—This discrepancy might be re- 
solved when the absorption due to vertical transitions 
is decomposed into a purely electronic component 
(direct vertical transitions) and an optical phonon- 
assisted component (indirect vertical transitions).* 

Since a satisfactory theory for the direct transition 
is not available, the extrapolated intersection of the 
slowly rising and rapidly rising regions was arbitrarily 
selected as a measure of the threshold for direct transi- 
tions. The variation of this threshold with composition 
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Fic. 4. Intrinsic absorption spectra in a series of Si-rich 
Ge-Si alloys at 78°K. 


* Cf. W. P. Dumke, Phys. Rev. 108, 1419 (1958). 
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Fic. 5. Energy separation between initia] and final electronic 
states for direct and indirect optical transitions. The energy 
separation for direct transitions measures the width of the 
forbidden band at k=[000]. The energy separation for indirect 
transitions, which measures the energy gap, was taken from Fig. 
17 below. 


at 78°K and 296°K is shown in Fig. 5. For purposes of 
comparison, the indirect transition threshold, as deter- 
mined by methods described below, is also plotted in 
Fig. 5. It should be noted that the rate at which the 
direct transition moves with added silicon is a little less 
than twice the rate of the indirect transition. The ‘‘in- 
tersection” criterion yields a result of 0.79 ev for the 
direct transition threshold in pure Ge at room tem- 
perature. The corresponding value obtained by Zwerd- 
ling and Lax” from the oscillatory magnetoabsorption 
effect is 0.803+0.001 ev. 

At the other end of the composition range, the situ- 
ation is more obscure. Pure Si shows no clearly defined 
second rise at room temperature, and only a poorly 
defined one at 78°K. The addition of Ge does nothing 
to clarify this result. 

A detailed study of the low absorption coefficient 
region (K <100 cm~) was made on pure Ge and Si and 
another series of alloys as a function of temperature. 
For the pure Ge and Si samples measurements were 
taken from room temperature to 5°K. The results are 
shown in Figs. 6 and 7, respectively. The curves can be 
decomposed into approximately two linear sections 
when plotted as \/K versus photon energy. Aside from 
the shift to higher energy and changes in slope in going 
from germanium to silicon, the slopes of the curves are 
similar. The more obvious difference is the change in 
the temperature dependence of the slopes. The data so 
represented are in good agreement with those of 
Macfarlane and Roberts.?* This breakup into straight- 
line sections is not as apparent in the results of Dash 
and Newman‘ or Fan et al.! 


21S, Zwerdling and B. Lax, Phys. Rev. 106, 51 (1957). 
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Fic. 6. Dependence of absorption coefficient on photon energy for 
pure Ge at various temperatures. 


Nineteen different alloy compositions were studied 
covering the complete composition range. Typical 
results in this series are shown in Figs. 8-11, where the 
data are plotted as 1/K versus hy and again show 
approximately two straight-line segments, as do the 
pure components. 

The solid lines in Figs. 6 through 11 represent calcu- 
lated curves that were obtained by fitting appropriate 
values of @ and E, to Eq. (1). The curves were fitted for 
each composition by finding a value of @ which best 
represented the data at all temperatures, and then de- 
termining E, at each temperature. In view of the 
approximate nature of the representation afforded by 
Eq. (1), the agreement between the experimental data 
and the calculated curves is remarkable. 

The values of @ thus determined are plotted as a 
function of composition in Fig. 12. While the curve- 
fitting procedure yields fairly well defined values of @, 
there is a range of uncertainty for each result. It should 
be clearly understood that the indicated uncertainty in 
6 (see vertical lines in Fig. 12) is not an experimental 
one, but rather an uncertainty arising from the curve- 
fitting procedure. The uncertainty is smaller for low 
values of @ because the slopes in the corresponding set 
of curves are more sensitive to temperature. The sig- 
nificance of the information contained in this figure 
will be considered in the next section. 
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Fic. 7. Dependence of absorption coefficient on photon energy for 
pure Si at various temperatures. 


The variation of E, with temperature and composi- 
tion is shown in Figs. 13 and 14. For pure Ge and Si, 
the data extended to liquid helium temperature exhibit 
the quadratic temperature dependence first pointed out 
by Macfarlane and Roberts.?~* Our results agree with 
theirs within a few percent. While a fully satisfactory 
theory of the temperature dependence of the energy gap 
in a semiconductor has not yet been worked out, existing 
theories” agree in predicting a quadratic temperature 
dependence at low temperatures, and a linear tempera- 
ture dependence at higher temperatures. 

Our work indicates that the general shape of the E 
vs T curve remains the same throughout the entire 





3 


b 








SQUARE ROOT OF ABSORPTION COEFFICIENT (CN ) 





i L A 
0.74 0.79 0.84 0.89 0.94 


PHOTON ENERGY(ev) 


Fic. 8. Dependence of absorption coefficient on photon energy at 
various temperatures for a Ge-Si alloy with 2.5%;Si. 
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Fic. 9. Dependence of absorption coefficient on ere energy at 


various temperatures for a Ge-Si alloy with 42.0% Si. 
composition range, although the explicit variation of E, 
with T changes systematically with composition. In 
particular, Z,(296°K)—£,(78°K) decreases rapidly as 
Si is added to Ge, goes through a minimum in the 
middle of the composition range, and then increases 
slowly as pure Si is approached (Fig. 15). 

That the temperature coefficient is found to be a 
more sensitive function of composition in the 0-15% 
Si range than in the 15-100% Si range is consistent with 


2 FE. N. Adams, Phys. Rev. 107, 671, 698 (1957); H. D. Vasileff, 
Phys. Rev. 105, 441 (1957); E. Antoncik, Czechoslov. J. Phys. 
5, 4 (1955). oF 
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the fact that the conduction band structure is defined 
by different sets of minima in these two ranges, i.e., by 
[111] minima in the former range, and by [100] 
minima in the latter. 

The variation of the photon energy for the half- 
transmission point with composition at room tem- 
perature is displayed in Fig. 16. A sample thickness of 
0.020 in. is assumed. A similar curve is obtained if the 
one-third transmission points are used. The present 
work confirms the discontinuity in slope of the E, vs 
composition curve at about 15 mole percent Si first 
reported by Johnson and Christian.” While their curve 
consisted of two essentially linear portions having dif- 
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Fic. 10. Dependence of absorption coefficient on photon energy at 
various temperatures for a Ge-Si alloy with 68.0% Si. 
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Fic. 11. Dependence of absorption coefficient on photon energy at 
various temperatures for a Ge-Si alloy with 95.7% Si. 


ferent slopes, our curve is nearly linear in the 0-15 mole 
percent Si range, and quadratic, with positive curva- 
ture, in the remainder of the composition range. 

The discrepancy between the earlier data” and our 
own appears to be due largely to the higher purity of 
our samples. In addition, the compositions of our 
samples were determined with somewhat greater pre- 
cision than in the earlier work. In the Johnson and 
Christian work, an arbitrary point on the transmission 
curve was taken as a measure of the band gap, just as 
was done in arriving at Fig. 16. This procedure can 
lead to systematic errors, especially if the samples used 
have high free-carrier absorptions. 
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Fic. 12. Composition dependence of equivalent temperature of 
phonons participating in indirect electronic transitions in Ge-Si 
alloys. Based on one-phonon Macfarland-Roberts expression ; see 
Eq. (1) in text. 


While Fig. 16 gives a rough picture of the E, vs 
composition curve, it is not correct to the extent that 
the absorption and emission of phonons are not taken 
into account. The £, vs composition curve, corrected 
for phonon absorption and emission, is shown in Fig. 17. 
The values of E, appearing in this figure were obtained 
by fitting the absorption spectra to Eq. (1), as has 
already been described above. 

While the curves in Figs. 16 and 17 are similar in 
form, they differ in detail since the phonon energy 
varies with composition. 

If the upper portion of the curve in Fig. 17 is extra- 
polated to pure Ge (see dotted line) it is found that the 
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Fic. 13. Temperature dependence of energy gap for a series of 
Ge-rich Ge-Si alloys. 
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Fic. 14. Temperature dependence of energy gap for a series of 
Si-rich Ge-Si alloys. 


[100] conduction band minima in pure Ge lie approxi- 
mately 0.22 ev above the [111] minima. Returning to 
Fig. 5 for a moment, we see that at room temperature 
the [000] conduction band minimum lies about 0.14 ev 
above the [111] minima. In the Ge-rich composition 
range, the [000] minima are found to move away from 
the valence band edge almost twice as fast as the 
[111] minima as Si is added to Ge. Since the [000] 
minimum moves upward on the energy scale much more 
rapidly than the [111 ] and the [100] minima, the con- 
duction band edge is never defined by the [000] 
minimum. Instead, the conduction band edge is defined 
by the [111] minima in the 0-15 percent Si range, and 
by the [100] minima in the remainder of the composi- 
tion range. 


4. DISCUSSION 


Thus far, it has been assumed that significant infor- 
mation can be obtained by fitting the experimental data 
to the one-phonon Macfarlane-Roberts expression [see 
Eq. (1) above ]. The use of this expression to represent 
the absorption data requires some justification on two 
counts: 

First, indirect electronic transitions in an ordered 
crystal (pure Ge or Si) can be assisted by phonons 


TABLE I. Phonon equivalent temperatures. 
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* See reference 5. 
> See reference 6. 
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belonging to different branches of the vibrational 
spectrum. While these several phonons will have a 
common reduced wave vector, they may have widely 
different energies. Therefore, the value of k@ obtained 
from Eq. (1) must represent a suitably averaged phonon 
energy, rather than the energy of a phonon belonging 
to a particular branch of the vibrational spectrum. 
Second, the Macfarlane-Roberts expression is based 
on a theoretical development! which, strictly speaking, 
applies only to ordered crystals. In order to justify the 
application of this expression to disordered crystals 
(Ge-Si alloys), allowance must be made for the fact that 
the electronic and phonon wave functions for disordered 
crystals do not have forms as simple as their counter- 
parts in ordered crystals. As will be explained more fully 
later, Eq. (1) can indeed be applied to disordered 
crystals, provided the electronic wave functions bear a 
substantial resemblance to those in ordered crystals. 
Returning to the first point, we observe that Eq. (1) 
is actually a simplified version of the more general 
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Fic. 15. Composition dependence of change of energy gap between 
296°K and 78°K for Ge-Si alloys. 


six-phonon expression 


6 [ (hyv—E,—b0,)? este? : 





K(kv,T)=¥. A, rs 
ist Li-—exp(—0,/T) exp(@;/T)—1 


where the summation is carried over the six branches 
of the vibrational spectrum. In the case of pure Ge, it 
is possible to show by symmetry arguments* that the 
LA (longitudinal acoustical) and TA (transverse 
acoustical) phonons play a much more important role 
in the absorption than do the LO (longitudinal optical) 
and TO (transverse optical) phonons. In the case of Si, 
similar arguments simply show that all types of 
phonons can participate in the absorption process. 
There is a distinction between Ge and Si because the 
conduction band minima in the former lie at symmetry 
points (the centers of the hexagonal faces of the reduced 
zone), while those in the latter lie along symmetry axes 
(the [100] axes). 


23 F, Herman (unpublished). 
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Unfortunately, this is about as far as the theory of Ge 
and Si allows us to go in determining the relative im- 
portance of the four terms in Eq. (2). It would be 
necessary to have a good set of electronic wave func- 
tions, a good set of phonon wave functions, and an 
accurate picture of the electron-phonon interaction to 
make further progress. At the present time, the only 
practical approach is to fit Eq. (2) to the experimental 
absorption spectrum, and thereby determine the rela- 
tive importance of the various terms empirically. 

By making use of high-resolution techniques, Mac- 
farlane et al.*.* have recently obtained extremely precise 
absorption spectra for pure Ge and Si. It was found that 
these spectra could be fitted quite satisfactorily to two- 
phonon expressions. In each case, the two phonons were 
identified as the LA and the TA phonons. The results of 
Macfarlane et al. are compared with the earlier one- 
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Fic. 16. Composition dependence of photon energy at half 
transmission in Ge-Si alloys at 296°K. The data have been 
normalized to a sample thickness of 0.020 in. 


phonon results of Macfarlane and Roberts** and with 
our own phonon results in Table I. 

It may be seen from Table I that the one-phonon 
results are essentially weighted averages of the LA and 
the TA results, with the LA results weighted more 
heavily than the TA results. We can think of no reason 
why the weighting factor should be seriously different 
in the intermediate alloys. Hence, the @ vs composition 
curve shown in Fig. 12 may be regarded as a plot of 
the average 6 vs composition ; the average @ is expected 
to approximate, but to be somewhat less than, the 
equivalent temperature of the LA phonons. 

Before discussing the indirect electronic transitions in 
Ge-Si alloys, it is necessary to make some remarks 
about the nature of the one-electron states in disordered 
crystals. 

It is well known that each one-electron state in an 
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Fic. 17, Composition dependence of energy gap in Ge-Si alloys 
at 296°K, based on one-phonon Macfarlane-Roberts expression ; 
see Eq. (1) in text. 


ordered crystal can be specified by a band index (8) and 
a reduced wave vector (k). For the purposes of this 
discussion, it will be assumed that electronic states in 
disordered crystals can be similarly specified. A theo- 
retical justification for this point of view may be found 
in a series of papers by Parmenter.” 

Since all the Bloch functions ¥s(k,r) for an ordered 
crystal form a complete set of functions, the wave 
function ¢g-(k’,r) for any state 6’, k’ in a related dis- 
ordered crystal may be expanded in terms of the 


¥a(k,r) : 
$s’ (k’,r) — Ls Lx Bgra(k’ kya (k,r) ° (3) 


From a physical standpoint, the mixing of the Bloch 
functions expressed by Eq. (3) arises from the fact 
that a given wave function must have the proper nodal 
structure in each ion-core region. For example, a state 
at the top of the valence band must have a Ge 49 nodal 
structure within each Ge ion-core region, and a Si 3p 
nodal structure within each Si ion core. This can be 
realized by a proper choice of the distribution function 
Bgg(k’ ,.k). Of course, this function will have a different 
form depending on whether the expansion is performed 
in terms of Ge or Si Bloch functions. However, this is 
immaterial to our argument. The important point is 
that an electronic wave function in a disordered crystal 
can be characterized by a distribution function 
Baya (k’,k). 

Since the disorder in a germanium-silicon alloy is 
associated with the replacement of atoms of a given 
valency by other atoms of the same valency, it is 
unlikely that the disorder will give rise to localized 
electronic states. It is more likely that the energy level 


* R. H. Parmenter, Phys. Rev. 97, 587 (1955) ; 99, 1759 (1956) ; 
104, 22 (1956) ; see also reference 9. 
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distribution will be similar to that in an ordered crystal, 
except that the density of states may fall to zero 
gradually rather than abruptly, at the limits of each 
energy band. In other words, the wave functions given 
by Eq. (3) are expected to describe nonlocalized (band) 
states rather than localized (impurity) states. 

In pure Ge and Si optical absorption at the threshold 
cannot be produced by the excitation of electrons from 
the top of the valence band to the bottom of the con- 
duction band since the crystal momentum would not be 
conserved in such a process. In the case of Ge-Si alloys 
this process can take place, in principle, provided the 
disorder produces a substantial mixing of the various 
Bloch states. This may be seen by examining the optical 
matrix element 


Page (kk) = — ie fog *(k" hey oe dr, (4) 


where the initial and final states are denoted by #6’, k’ 
and 8”, k’”’, respectively, and where e, is the polarization 
vector of the incident photon. Substituting the alloy 
wave functions (3) into (4), we obtain 


Pog (k’k") = —ih DD DD Bovrss*(k’’ ke) 


Bi ki B2 ke 


X Bs’s:(k’,k:) 
X f Vos" katee: Was (k tar (5) 


=—ih > YD Beres* (kk) Bo'es (kk) 
Ai b2 k 


x f Wso*(k,r)e,- Vwei(k,r)dr. 


The reduction from the first to the second form follows 
from the vertical selection rule for Bloch functions; i.e., 
the integrals vanish unless ki =k,=k. The magnitude 
of the optical matrix element, and hence the strength 
of the optical absorption, is determined by the degree 
of overlapping of the distribution functions for the 
initial and final states in k space. 

If the overlapping were considerable, we would 
expect to find an essentially temperature-independent 
component in the absorption spectrum near the thresh- 
old. This component would be truly temperature- 
independent if the band structure did not change with 
temperature. Since the band structure actually does 
change slightly with temperature, the disorder-induced 
absorption near the threshold would exhibit a slight 
dependence on temperature. However, this can be 
readily distinguished from the much stronger tem- 
perature dependence characteristic of phonon-induced 
absorption, which is due to the marked change in the 
phonon population with temperature. 

We have found that the experimental absorption 
curves can be fitted quite successfully to the strongly 








temperature-dependent expression given by (1). More- 
over, after this fit has been made, there is no weakly 
temperature-dependent residue which could be ascribed 
to disorder-induced absorption. Therefore, we conclude 
that the dominant absorption mechanism near the 
threshold is phonon-assisted indirect electronic transi- 
tions. While our work does not rule out the possibility 
of disorder-assisted indirect electronic transitions, it 
does indicate that this mechanism is at best of minor 
importance. 

It may be implied from this result that the distribu- 
tion functions for the initial and final states do not 
overlap appreciably in the reduced zone. It is likely 
that these functions are sharply peaked at the different 
positions in the reduced zone corresponding to the 
valence and conduction band edges. The prescribed 
nodal structure of the alloy wave functions is probably 
achieved by a combination of strong interband mixing 
and strong local intraband mixing. In the case of the 
conduction band wave functions, there is probably an 
additional intervalley mixing. In any event, the dis- 
tribution functions for the states at the conduction 
band edge would be quite small in the neighborhood of 
the valence band edge, and vice versa. 

The essential idea here is that the alloy wave 
functions at the valence and conduction band edges are 
constructed from sets of Bloch functions having reduced 
wave vectors belonging to different portions of the 
reduced zone. If each Bloch function appearing in (3) 
were expanded in plane waves, we would obtain a 
Fourier spectrum for each alloy wave function which 
would be sharply peaked at certain positions in recip- 
rocal space. The normal modes of vibration can also be 
represented by Fourier series. There will always be 
some group of phonons whose Fourier spectrum is such 
as to permit conservation of crystal momentum in a 
phonon-assisted indirect electronic transition. 

These remarks suggest that the theory of phonon- 
assisted indirect electronic transitions for disordered 
crystals (in particular, Ge-Si alloys) should bear a close 
formal resemblance to that for ordered crystals (pure 
Ge and Si). Accordingly, we may apply the Macfarlane- 
Roberts expression [see Eq. (1) above] to the alloys 
with some degree of confidence. 

We shall next attempt to interpret the 6 vs composi- 
tion curve shown in Fig. 12, which was obtained by 
fitting the Macfarlane-Roberts expression to the experi- 
mental absorption spectra for a number of alloy 
samples. The S-like trend of the results suggests that 
the average phonon energy is relatively insensitive to 
composition at both ends of the composition range. If 
we were able to calculate the normal modes of vibration 
for disordered crystals and their composition depend- 
ence, we might be able to account for this behavior. 
Since we are not able to do this, owing to the mathe- 
matical complications arising from the disorder, we 
shall approximate the Ge-Si alloys by two simple models 
and calculate some normal modes for these models. 
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While the disorder is ignored in each of these two 
models, allowance is made for a change of composition. 
By working with ordered crystals rather than with 
disordered crystals, the normal modes can be calculated 
with relative ease. 

For future reference, we note that the lattice vibra- 
tional Hamiltonian for a Ge-Si alloy has the form 


KH=—3W LD Moe '0/dXa2+L Msi 10/dX 8)" ] 
Ge Si 


+3 a X GeX Ged*b/OX Ge0X Ge 


Ge Ge 


+20} XaeXsid*b/dXG.0X si 
Ge Bi 
+¥° ¥Y XsiX5i0?h/dXs:0X 5; ], 


8i Si 


(6) 


where Mg, and M g; are the masses of Ge and Si atoms, 
X the nuclear displacement from equilibrium, and ¢ 
the vibrational potential energy. The summations are 
carried out over all lattice sites as indicated. 

Our first model is based on the so-called virtual- 
crystal approximation.” According to this, a disordered 
crystal is replaced by an equivalent ordered crystal, in 
which each lattice site is occupied by the same_type of 
hypothetical atom. This atom is known as a virtual 
atom. As will be seen below, its properties, e.g., its 
mass, are uniquely defined by the composition of the 
virtual crystal. 

In this approximation, if the Hamiltonian (6) is 
averaged over all random configurations consistent 
with the composition Ge,Sis_,, it reduces to 


= —PM SD; 8/dX? 
+3 Li Ds XiX[0°G/dX 0X; ],, 
where the summations on i and j are carried over all 


lattice sites of the virtual crystal, and where M;~ and 
[0°¢/dX AX ; |, are defined by 


(7) 


M;y"= fMae'+ (1-—f)M sr, (8) 
[0°p/AX AX ; ]y 
= f?0°b/OX Ged X Get 2f(1 _ f)0°b/OX GeAX gi 
+ (1 —f)?0°p/dX gi0X gi. (9) 


According to the virtual-crystal model, an atom with 
suitably averaged mass, My, is placed at each lattice 
site, and the coupling between any pair of such atoms 
is described by the averaged coupling factor given by 
(9). In (9), the right-hand side contains the coupling 
factors between Ge-Ge, Ge-Si, and Si-Si pairs in the 
original alloy. If the Ge-Si coupling factor is assumed 
to be the arithmetic average of the Ge-Ge and the Si-Si 
coupling factors, (9) reduces to: 


[8°}/AX AX j]/=f0°G/OX GeO X ce 
ie +(1—/)0%/dX si0X si. (10) 


~ 1. Nordheim, Ann. Physik 9, 607, 641 (1931); T. Muto, Sci. 
Papers Inst. Phys. Chem. Research (Tokyo) 34, 377 (1938); see 
also references 9 and 22. 
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Fic. 18. Variation of phonon energy (expressed as equivalent 
temperature) with composition according to virtual-crystal ap- 
ese The results shown are for the four [111] phonons at 

= (2/a)[4,4,4], and for the four [100] phonons at k= (2z/a) 
X[4,0,0]. Since the exact position of the conduction band edge in 
pure Si is not known, we nee arbitrarily placed it at k= (27/a) 
X[¥,0,0]. It has been assumed that the conduction band edge 
remains at k= (27/a)[4,},4 ] in the range 0 to 15 atomic percent 
Si, and at k= (2/a)[%,0,0] in the remaining composition range. 


This approximation completely neglects the fact that 
the coupling between any pair of atoms in the original 
alloy may depend upon their local environments. Thus, 
the coupling terms on the right-hand side of (9)¥and 
(10) are themselves average quantities. 

Using the force model described in the Appendix, we 
have calculated the normal mode frequency as a func- 
tion of composition for a number of normal modes. In 
this work, 0°6/OX Ged X Ge and 0°6/AX gi0X gi were 
represented by their counterparts in pure Ge and Si 
crystals. The results of the calculation are shown in 
Fig. 18. It may be seen that the virtual-crystal model 
predicts an essentially linear variation with composition 
for each normal mode. According to this model, @ should 
vary linearly with composition in the 0-15% Si range 
([111] phonons) and in the 15-100% Si range ([100] 
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Fic. 19. The eight atomic positions in the unit cube of a dia- 
mond-type lattice. The Cartesian coordinates are given in units 
of a/4, where a is the unit cube edge. 


phonons) ; at 15% Si, there should be a slight discon- 
tinuity in 6, due to the change-over from [111 ] to [100] 
phonons. Clearly, these predictions are not substantiated 
by the experimental result (see Fig. 12), which gives 
an S-like curve with no apparent discontinuity at 15% 
Si. 

It is hardly surprising that our analysis of the experi- 
mental data, which leads to Fig. 12, fails to show up a 
discontinuity in 6 at 15% Si. Since the [111] and the 
[100] LA phonons have nearly the same energies at 
this composition, the discontinuity is small, and hard 
to detect. Furthermore, in the neighborhood of this 
composition, indirect electronic transitions take place 
both to the [100] and the [111] conduction band 
minima. For this reason the analysis would tend to 
make @ continuous, rather than discontinuous at the 
critical composition. 


In the case of long-wavelength acoustical modes, the. 
virtual-crystal approximation should be quite satis- 


factory, since the specific arrangement of the atoms 
among the available lattice sites is essentially irrelevant. 
The frequencies of such modes should depend on the 
average force constants between various pairs of atoms, 
and on the average mass of these atoms. These are 
just the quantities on which the virtual-crystal model 
is based. 

In the case of short-wavelength modes, which are of 
particular interest here, the virtual-crystal approxima- 
tion fails badly, as is indicated by the discrepancy 
between Figs. 12 and 18. It must be concluded, there- 
fore, that the composition dependence of the short- 
wavelength mode frequencies is determined by some 
feature of the physical problem neglected in this 
approximation. 

The most obvious shortcoming of the virtual-crystal 
model is the placement of only one type of atom (the 
virtual atom) at each lattice site. In the model to be 
considered below, the Ge-Si alloy system will be 
simulated by a series of ordered crystals formed from 
Ge and Si atoms arranged in different ways among the 
sites of a diamond-type lattice. This model is more 
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realistic than the virtual-crystal model for two reasons. 
In the first place, it makes allowance for the fact that 
there are two types of atoms present, rather than just 
one type. Secondly, it introduces short-range order into 
the problem. Although there is no experimental evi- 
dence that any substantial degree of short-range order 
is actually present in the Ge-Si alloy system, it is not 
unreasonable to expect some short-range order. In 
this case, the atoms of one type will tend to avoid being 
nearest neighbors of each other. This tendency is 
accentuated by the ordered-crystal model. 

Since a diamond-type lattice is composed of eight 
interpenetrating simple cubic lattices, (see Fig. 19) 
it is convenient to work with a series of ordered crystals 
having the compositions Ge,Si;_y, where f=0, 1/8, 
2/8---8/8. This series, which contains 15 physically 
distinct members, can be generated by placing Ge or Si 
atoms at the sites of each of the eight cubic sublattices, 
and varying the composition and the atomic structure. 
Each member in the series can be characterized by a 
particular arrangement of the 8f Ge atoms and the 
8(1—f) Si atoms among the eight positions in the unit 
cell, which may be taken as the unit cube of the 
diamond-type lattice. The 15 physically distinct ar- 
rangements are listed in Table II. All others yield 
ordered crystals physically indistinguishable from those 
already given in this table. 

Because the direct lattice of the generic ordered 
crystal (GOC) is a simple cubic lattice, the reciprocal 
lattice is also a simple cubic lattice, and the reduced 
zone is a cube. In Fig. 20 the first and second zone in 
the plane k,=0 for GOC are indicated by the dotted 
lines, and the first (reduced) zone for the diamond-type 
lattice is indicated by the full lines. It can be seen from 
this figure that the central point of the reduced zone 
for the GOC corresponds to k= (2x/a)[000], (22/a) 
[100], (2x/a)[0J0 ], and (22/a)[001 ] for the diamond- 
type lattice. Since the GOC is a three-dimensional 


TABLE II. Ordered crystals: arrangement of Ge and Si 
atoms in unit cell. 








Position in unit cell [in units of a/4, where a is lattice 
constant (unit cube edge)] 
(000] [111] [022] [133] [202] [313] [220] [331] 


Atomic 
fraction 
Case Si: (1-—/) 





0 0 .Ge Ge Ge Ge Ge Ge Ge _ Ge 
1 1/8 Si Ge Ge Ge Ge Ge Ge _ Ge 
2 2/8 Si Ge_ Si Ge Ge Ge Ge _ Ge 
3 3/8 Si Ge_ Si Ge Si Ge Ge Ge 
4 4/8 Si Ge Si Ge Si Ge Si Ge 
5 5/8 Si Si Si Ge. & Ge_ Si Ge 
6 6/8 Si Si Si Si Si Ge Si Ge 
7 7/8 Si Si Si Si Si Si Si Ge 
8 1 Si Si Si Si Si Si Si Si 
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structure having eight atoms per unit cell, there are 
24 normal modes associated with each point in its 
reduced zone. In the special case of the central zone 
point, the 24 modes have the same translational perio- 
dicity as the 24 modes in diamond-type crystals having 
the four reduced wave vectors mentioneg above. Six of 
these modes correspond to k= (2x/a)[000], and the 
remaining eighteen to k= (2x/a)[100], (2x/a)[010], 
and (2r/a)[001]. By following the behavior of these 
eighteen as a function of composition, it is possible to 
obtain information about the composition dependence 
of a certain group of short-wavelength modes in a 
system which simulates the Ge-Si alloy system. 

Using a force model involving nearest-neighbor inter- 
actions only, we have calculated the 24 normal modes 
for each of the 15 members of our series. (The details 
of this calculation will be published elsehwere.)** To 
illustrate the general nature of the result, we have 
shown all the normal-mode frequencies in Figs. 21 and 
22. At each end of the composition range (pure Ge and 
Si), there are two sets of threefold degenerate modes, 
and three sets of sixfold degenerate modes. The former 
correspond to the acoustical (zero frequency) and the 
optical (Raman frequency) k= (2x/a)[000] modes; 
the latter correspond to the TA, the coincident LA and 
LO, and the TO modes for k= (2x/a)[100], (2x/a) 
[010], and (2x/a)[001] modes. As we proceed across 
the composition range from either end, the threefold 
and sixfold degeneracies are removed in a manner con- 
sistent with the symmetry of the various crystals in 
the series. 

In presenting these results the 15 crystals in the 
series were divided into two subseries because the 
members of each subseries have certain features in 
common. In the subseries shown in Fig. 21 (let us call 
this A), one of the face-centered cubic sublattices of the 
diamond-type lattice is progressively filled, and then 
the other, as the composition is changed. This may be 
clearly seen from Table II and Fig. 19. In this subseries, 








Fic. 20. Zone schemes for diamond-type crystal (full lines) and 
generic ordered crystal (dotted lines) in the plane k,=0. 


26 F, Herman and §S, Skillman (to be published). 
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Fic. 21. Variation of phonon energy (expressed as wave 
number) with composition according to ordered-crystal approxi- 
mation. The degeneracy of each normal mode (if other than unity) 
is indicated.. Normal modes having similar vibrational patterns 
are shown connected. The results shown are for cases 0, 1, 2, 3, 
4, 5, 6, 7, and 8. 


the minority atoms occur only as next-nearest neighbors 
(cases 2, 3, 5, 6) ; in the middle of the composition range, 
the atoms of one type (Ge or Si) also occur only as 
next-nearest neighbors (case 4). In the subseries shown 
in Fig. 22 (let us call this B), the minority atoms occur 
as nearest and next-nearest neighbors (cases 2’, 3’, 5’, 
and 6’); the same is true for the atoms of each type in 
the middle of the range (cases 4’ and 4’’). Of course, 
the cases 0, 1, 7, and 8 are common to both subseries. 

From the above characterization, it may be seen that 
there is more “short-range order” in subseries A than 
in subseries B; i.e., the atoms of each type avoid each 
other more fully in the former than in the latter. 

To illustrate the spread in the normal modes asso- 
ciated with each set of normal modes in pure Ge and 
Si, we have drawn the envelopes of these modes in 
Fig. 23. For clarity, we have drawn a vertical line 
through the various modes derived from a particular 
set of modes in pure Ge and Si at each intermediate 
composition. For the purposes of comparison, we have 
calculated the corresponding sets of normal modes on 
the basis of the virtual-crystal approximation and the 
same force system (see the Appendix). These are shown 
in Fig. 23 by the broken lines. It may be seen that there 
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Fic. 22. Variation of phonon energy (expressed as wave 
number) with composition according to ordered-crystal approxi- 
mation. The degeneracy of each normal mode (if other than unity) 
is indicated. Normal modes having similar vibrational patterns 
are shown connected. The results for cases 0, 1, 2’, 3’, 4’, 5’, 6’, 
7, and 8 are given by heavy dots; those for case 4” are given by 
open circles. 


is a considerable spread in the frequencies of the normal 
modes belonging to each group. This spread increases 
as we move toward the middle of the composition range 
from either end. 

Figure 23 shows that the short-wavelength normal 
modes in crystals containing two types of atoms can 
depart quite markedly from their counterparts in 
geometrically similar crystals containing only one type 
of atom. Undoubtedly, part of the spread can be 
attributed to the use of ordered crystals. However, by 
comparing the results in Figs. 21 and 22 for different 
pairs of ordered crystals having the same compositions, 
e.g., cases 2 and 2’, it may be seen that some of the 
spread in the normal modes in each group is common 
to both members of the pair. Since there is a common 
spread in different ordered crystals having the same 
composition, it is reasonable to conclude that this part 
of the spread, at least, is due to the presence of two 
types of atoms. It may be further concluded that even 
in disordered crystals containing two types of atoms, 
there will be a spread in the normal modes derived from 
a particular set of normal modes in a related ordered 
crystal, 

The ordered-crystal model has introduced the crucial 
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factor of atoms with two distinct masses in a systematic, 
albeit oversimplified fashion. We may therefore expect 
that the calculated distribution of short-wavelength 
modes and the variation of this distribution with com- 
position (as exemplified by Figs. 21 and 22) will be 
closer to the actual case of the Ge-Si alloys than similar 
calculations based on an averaged or virtual-crystal 
model. 

Let us now go one step further. By examining the 
eigenvectors associated with each mode,”® it is possible 
to determine the vibrational patterns of the various 
modes. The modes can then be arranged into groups, 
such that for each group the vibrational pattern changes 
in a more or less progressive fashion as the composition 
is changed. Since we are interested primarily in the 
behavior of the short-wavelength modes, we shall 
confine ourselves in the discussion to follow to groups 
of modes which terminate at the six-fold degenerate 
modes at each end of the composition range. 

In the case of series A (see Fig. 21), the lines con- 
necting the normal modes in nearly each group form 
S-shaped and inverted S-shaped curves; in the case of 
series B (see Fig. 22), these lines form convex and 
concave curves. These four curves are shown schemati- 
cally in Fig. 24. 
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Fic. 23. Comparison of normal modes in virtual crystals 
(broken lines) with associated normal modes in ordered crystals 
(dotted lines). Each vertical dotted line indicates the maximum 
spread of the normal modes derived from a particular set of 
normal modes in pure Ge and Si. 














Using Fig. 24 as a guide, we may now turn to the 
actual Ge-Si alloy system, to which the ordered-crystal 
system is admittedly a very crude approximation, and 
predict that the short-wavelength normal modes vary 
with composition in any one of the four ways indicated 
by this figure. It is tempting to assume that the phonons 
most effective in inducing indirect electronic transitions 
are those described by the S-shaped curve in Fig. 24(a), 
since this has the same form as the data in Fig. 12. 
However, we have no theoretical basis for making this 
assumption. About the most we can say is that the 
ordered-crystal model predicts four types of behavior, 
one of which closely resembles the experimental result. 

In effect, Fig. 12 suggests that of all the normal 
modes in the Ge-Si alloy system, there are some which 
are best able to satisfy the crystal momentum conser- 
vation condition required for indirect electronic tran- 
sitions. This means that the Fourier distributions of 
these normal modes are strongly peaked at the appro- 
priate positions in reciprocal space. Why this should 
be so for the normal modes which follow an S-shaped 
curve, rather than any of the three other curves in 
Fig. 24, is somewhat of a mystery. However, it is worth 
noting that the S-shaped curve is associated with the 
subseries which has the greater degree of short-range 
order. It would indeed be interesting if some inde- 
pendent experimental evidence could be obtained for 
the presence of short-range order in the Ge-Si alloy 
system. 
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Fic. 24. Schematic diagram of variation of normal mode fre- 
quencies with composition in ordered crystal system; (a) refers 
to the subseries shown in Fig. 21, and (b) to the subseries shown 
in Fig. 22. The dotted lines suggest the linear behavior charac- 
teristic of the virtual-crystal model. 
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APPENDIX 


The calculations leading to the normal-mode fre- 
quencies of the virtual crystals (see Fig. 18) were based 
on a three-parameter force model involving general 
forces between nearest neighbors, and angular forces 
between next-nearest neighbors. Nearly all the infor- 
mation required to carry out these calculations is con- 
tained in the paper by Smith.”” The general forces 
between nearest neighbors are described by Smith’s 
parameters a and 8. Before commenting on the angular 
forces, it should be pointed out that there is an error in 
Smith’s treatment of the next-nearest neighbor dy- 
namical matrices. In the case of a force model involving 
general next-nearest neighbor forces, Smith’s work 
suggests that there are only three independent dynam- 
ical matrix elements, yw, v, and A. Actually, there is a 
fourth, call it 6, which Smith incorrectly set equal to 
zero. Thus, the correct form of D® [see Smith’s Eq. 
(2.32) ] is” 


B ee 
~(1/)| ee oe 
wee a 
rather than 
ln » O 
—(1/M)|» pw Ol. 
0 0 Al 


If it is assumed, as we have done, that the next-nearest 
neighbor dynamical matrices describe angular forces, 
rather than general forces, it is easily shown that 


u=v=8/2=—)/4. 


Thus, our force model involves three independent 
parameters, a, 8, and yu. 

The values of these three parameters can be deter- 
mined by fitting the theory to the experimental values 
for the three elastic constants** (¢11, c12, and C44). The 
experimental information, including that for the lattice 
constants,” and the derived results for a, 8, and yw are 
given in Table III. In this table, M~' represents the 
reciprocal atomic mass. 

In the interest of simplicity, the next-nearest neighbor 
parameters were set equal to zero in the calculations 


27H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 
(1948) ; see also Y.-C. Hsieh, J. Chem. Phys. 22, 306 (1954). 

28H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 

A. Smakula and J. Kalnajs, Phys. Rev. 99, 1737 (1955). 
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TABLE III. Experimental data and derived parameters. 








a acu aci2z acu a 8 “ M- 
(10-8 cm) (10 dyne/cm) (102 g-!) 
Si 5.4307 8.991 3.467 4.317 8.423 5.235 0.0710 2.1446 
Ge 5.6575 7.295 2.735 3.799 7.221 4.869 0,010, 0.82937 





leading to Figs. 21, 22, and 23, while the same values 
of a and # were used as before. Since wv is much smaller 
than a or 6 (according to our model), this influences the 
results only slightly. 

By comparing the experimental results of Macfarlane 
et al.*:* for @L4 and Or, for pure silicon and germanium 
[see Table I] with those given by our calculations [see 
Fig. 18], it may be seen that there is a serious disagree- 
ment between these two sets of results. We have 
attempted to remedy this situation by constructing a 
number of five-parameter force models involving the 
two first-neighbor parameters a and 8, and three inde- 
pendent second and/or third neighbor parameters. In 
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each case, the five parameters were evaluated by fitting 
the theory to the experimental values of ¢11, C12, C44, 
6:4, and 67,4. Unfortunately, these models predict 
Raman frequencies which are unreasonably low. Since 
we have been unable to find a force system which fits 
all the available experimental information, and which 
at the same time appears physically realistic, we are 
reporting only the results for the original three-param- 
eter force model. 

Since the difference in the atomic masses for silicon 
and germanium accounts almost entirely for the dif- 
ference in their lattice spectra, the choice of a force 
model is not as critical a matter as it would be otherwise. 
Even if we had assumed the same force system for 
silicon and germanium, the qualitative features of 
Figs. 18, 21, 22, and 23 would remain essentially the 
same. However, it is rather disturbing that we were 
unable to find a satisfactory force model within the 
framework of the Born-Smith theory. 
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Electrical Conductivity of X-Irradiated NaCl 


R. W. Curisty AND W. E. Harte* 
Dartmouth College, Hanover, New Hampshire 


(Received September 16, 1957) 


The electrical resistance of Harshaw sodium chloride crystals exposed at room temperature to x-ray doses 
sufficient to produce about 6X10! F centers/cm* has been measured as a function of time at constant 
temperatures between 150 and 200°C. The effects of previous heat treatment of the crystals, x-ray dose, 
temperature of measurement, and preliminary optical bleaching have been observed. Initially the resistance 
of irradiated crystals is much greater than that of unirradiated ones. The resistance of the colored crystals 
at first decreases rapidly (for about 10 to 100 minutes, depending on the temperature). In the case of 
crystals used as received from Harshaw, the resistance even falls slightly below that of the normal uncolored 
crystals. Subsequently the resistance again increases, reaching a constant value (after about 50 to 1000 
minutes) higher than for the normal crystal. If the crystals are optically bleached before the measurement, 
the resistance increase recovers very much more slowly. The behavior can be restored to normal by annealing 
above 250°C. The slow resistance increase is seen as evidence for the production by the x-rays of excess 





positive-ion vacancies. 


I. INTRODUCTION 


ARGE increases of electrical resistivity have been 
observed in sodium chloride and other alkali 
halide crystals which have been subjected to ionizing 
radiation, whether gamma rays,' x-rays,” or protons.** 
These radiations also produce color centers in the 
crystals,’ so that such changes should be expected if 
formation of some of the color centers involves neu- 
tralization or immobilization of charge carriers. Since 
these crystals are ionic conductors in which only positive 
* Now at the University of Maryland, College Park, Maryland. 
1 Nelson, Sproull, and Caswell, Phys. Rev. 90, 364 (1953). 
2F. A. Cunnell and E. E. Schneider, Phys. Rev. 95, 598 (1954). 
3 E. A. Pearlstein, Phys. Rev. 92, 881 (1953). 
4K. Kobayashi, Phys. Rev. 102, 348 (1956). 
5 For a review, see F. Seitz [Revs. Modern Phys. 26, 7 (1954) ]. 


ion vacancies are mobile at low temperatures,’ the 
capture of a positive hole formed by the radiation at a 
positive-ion vacancy in the lattice, i.e., according to 
Seitz’s model® the formation of a V; center, would be 
such an event. (The V; centers actually are unstable at 
room temperature, but other more complicated possi- 
bilities exist.) 

On the other hand, since the number of color centers 
deduced from the intensity of coloration.is greater 
than the number of vacancies thought to be normally 
present in the lattice, it is believed that the ionizing 
radiation is also capable of producing extra vacancies. 
In fact, density changes accompanying irradiation have 


6 Tubandt, Reinhold, and Leibold, Z. anorg. u. allgem. Chem. 
197, 225 (1931). 
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been regarded as confirmation of this production.** 
This process would lead to a decrease of resistivity 
unless the extra vacancies were neutralized. No indica- 
tion of extra vacancy production has been seen in 
previous resistance measurements. 

Electrical resistivity measurements, which furnish in- 
formation about the number of mobile charged lattice 
defects, made under various conditions of coloration 
and correlated with optical absorption measurements, 
can provide evidence about the structure of the various 
color centers. We have measured the resistance of 
sodium chloride crystals as a function of time at a 
constant elevated temperature, after the crystals have 
been irradiated with x-rays at room temperature. The 
observations of the resulting isothermal processes are 
easier to interpret than are the warmup curves pre- 
viously published. The measurements have been made 
under different conditions of previous heat treatment, 
amount of irradiation, and temperature of measure- 
ment, and for crystals which were colored and then 
optically bleached before the measurement. 


II. EXPERIMENTAL DETAILS 
1. Preparation of Samples 


All samples used in this investigation were cleaved 
from one sodium chloride single crystal obtained from 
the Harshaw Chemical Company. After cleaving they 
were subjected to one of the following treatments: (i) 
No further heat treatment was given, a condition 
which will be called ‘‘as received.” (ii) An eight-hour 
anneal in air at 600°C was followed by slow cooling 
over six days to 265°C and a four-day anneal at that 
temperature. These will be referred to as “slowly 
cooled” crystals. (iii) After a two-hour anneal at 
660°C, the samples were furnace-cooled to room tem- 
perature, with a maximum cooling rate of 20°/min. 
These will be called “rapidly cooled.” 

The size of the samples was about 0.9X0.7X0.1 cm. 
After heat treatment, graphite electrodes were applied 
to the two large faces by painting on colloidal graphite 
(Aquadag) in ethyl alcohol. The edges were then 
polished on a wet paper towel. 


2. X-Ray Irradiation and Optical Bleaching 


The samples were colored by radiation from a Norelco 
skin-therapy x-ray unit with a tungsten target, operated 
at 50 kvp and 2 ma. This machine has an inherent 
filtration equivalent to that of 0.3-mm aluminum, and 
produces 9000 roentgens per minute about 2 cm from 
the target where the samples were placed. For all the 
data reported here a KCI or NaCl filter about 0.7 mm 
thick was put in front of the sample, but this filtration 
did not make much difference in the. results. A 10- 
minute irradiation produced about 6X10!* F centers/ 

7 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949). 


8L. Y. Lin, Phys. Rev. 102, 968 (1956). 
9K. Kobayashi, Phys. Rev. 107, 41 (1957). 
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cm’, corresponding by Smakula’s formula” to the 
measuted absorption coefficient of 8.9 cm™ at the 
F-band maximum. 

Some of the specimens were optically bleached with 
white light before the resistance measurement. For this 
purpose they were placed 10 cm from a 100-w tungsten 
filament lamp bulb. Some were exposed instead to 
light which also contained an ultraviolet component, 
namely a Spindler and Hoyer 5-amp carbon arc placed 
20 cm away. The illumination was from the edge, 
because the opaque electrodes were intact. Samples 
which were not to be bleached were exposed to dim 
light for about 15 seconds in transferring them from 
the box in which they were irradiated to the measuring 
apparatus. 


3. Resistance Measurement 


The electrical resistance of the crystals was measured 
with a General Radio Company electrometer-amplifier 
Type 1230-A, which can measure a maximum re- 
sistance of 10 ohms. This is a dc measurement, but 
the charge passed through the crystal for one reading 
was at most about 2 10~* coulomb, and usually much 
less. 

The resistance measurements were made at elevated 
temperatures with the sample sandwiched between 
spring-loaded silver electrodes in a furnace whose tem- 
perature was controlled to +0.5° by a proportioning 
temperature controller." A chromel-alumel thermo- 


couple was soldered to one silver electrode. The measure- 


ment was nearly isothermal, since three minutes after 
the specimen was put into the preheated furnace the 
specimen temperature was within about 3° of the 
furnace temperature. At one minute its temperature 
was about 15° lower. The measured resistance was 
corrected to that at the nominal temperature of the 
run by using the measured temperature dependence of 
the resistance of unirradiated samples. 


III. RESULTS 


The resistance of x-ray irradiated crystals was 
measured as a function of time of annealing at constant 
temperature, for various heat treatments, times of 
irradiation, and annealing temperatures, and for opti- 
cally bleached crystals. The general effect of the 
radiation was a large increase of resistivity (Fig. 1), in 
agreement with the results of Kobayashi.‘ The data will 
be presented as a ratio of the conductivity o of the ir- 
radiated crystal to the conductivity a of the same crys- 
tal measured before the irradiation (“normal crystal’’). 
The conductivity oo of most of the normal crystals used 
was given by oo=(2.9X105/T) exp(—28 800/RT) 
(ohm-cm)~ between 150° and 200°C. More than one 
run was made on each crystal. After a run the con- 
ductivity was restored to the normal value by annealing 


A. Smakula, Z. Physik 59, 603 (1930). 
"R. W. Christy, J. Sci. Instr, 33, 365 (1956). 
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Fic. 1. Resistance of rapidly cooled NaCl crystals as a function 
of time at 173°C. (A) Unirradiated. (B) Irradiated 10 minutes. 
(C) Irradiated 10 minutes and bleached with white light. 


for three hours at 263°C. After many irradiations of 
one crystal there was a gradual irreversible increase of 
resistance, but the conductivity of all samples was 
within about 30% of the above value. 


1. Effect of Heat Treatment 


The relative conductivity measured as a function of 
time at 173°C, after a 10-minute x-ray irradiation at 
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Fic. 2. Effect of heat treatment on relative conductivity at 
173°C of NaCl irradiated 10 minutes. (A) As received from 
Harshaw. (B) Same crystal, irradiated again after annealing. 
(C) Slowly cooled. (D) Rapidly cooled. 
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room temperature, is shown in Fig. 2 for crystals with 
different histories. Curve A is for a virgin sample 
cleaved from the large NaCl crystal as received from 
Harshaw. Curve B is for the same crystal, irradiated a 
second time after recovery of the normal conductivity 
at 263°C. Curves C and D are, respectively, for samples 
slowly cooled from 600° and rapidly cooled from 660°C. 

In each case the conductivity was initially less than 
the normal value and increased rapidly with time. 
Later it reached a maximum value and subsequently 
decreased siowly to an asymptotic value less than the 
normal conductivity but greater than the initial value. 
This general behavior was characteristic of all colored 
specimens observed. The only specimens, however, 
which at any time attained a conductivity greater than 
normal were the virgin ones. The slowly cooled speci- 
mens behaved more nearly like the as-received crystals 
than did the rapidly cooled ones, in agreement with 
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Fic. 3. Effect of x-ray dose on relative conductivity at 173°C 
of slowly cooled NaCl. (A) 0.1-min irradiation. (B) 0.5-min. 
(C) 10-min. 


evidence from the darkenability’ that crystals as 
received from Harshaw are in a very well annealed state. 


2. Effect of Time of Irradiation 


The behavior of a slowly cooled crystal measured at 
173°C after irradiations of 0.1 min (curve A), 0.5 min 
(curve B), and 10 min (curve C) is shown in Fig. 3. 
Even with a 0.1-min irradiation the initial and final 
decrease of conductivity was appreciable, the effect on 
the conductivity increasing rather slowly with duration 
of irradiation. The notable feature of the 10-min irradia- 
tion compared with the smaller doses was the pronounced 
conductivity maximum which it produced. 


3. Temperature Dependence 


Figure 4 shows the relative conductivity of a rapidly 
cooled crystal irradiated for 10 min, measured at 151°, 


2 R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 











173°, 188°, and 203°C. At higher temperature the 
initial rate of increase of conductivity was larger, the 
maximum and final values were reached earlier, and the 
final value was higher. A slowly cooled crystal measured 
at the same temperatures showed the same general 
behavior, though the initial rate of change was greater, 
the maxima were more pronounced, and some of the 
curves crossed each other. 

The shape of the curves suggests that two processes 
are involved in the recovery of the conductivity, the 
one leading to a rapid increase and the other to a slow 
decrease. As a measure of the rate of the first of these 
processes the initial slope of the curves was used. This 
is described by the formula 1.4 10° exp(—17 000/RT) 
sec! for the data of Fig. 4, with an estimated un- 
certainty of about 2 kcal/mole in the activation 
energy. For the slowly cooled sample the rate was 
about three times greater but with the same activation 
energy. 
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Fic. 4. Effect of temperature on relative conductivity of 
rapidly cooled NaCl irradiated 10 min. (A) 203°C. (B) 188°C. 
(C) 173°C. (D) 151°C. 


For the time constant of the slow process the time 
required to reach the final value of conductivity was 
used. This is described for both crystals by 3.8 10° 
X exp(—26 300/RT) sec, with an uncertainty of 
about 2 kcal/mole. 

The measured initial slope is probably an under- 
estimate of the true isothermal decay rate, since the 
temperature of the sample was lower during the first 
two or three minutes in the furnace. The activation 
energy, however, probably is not far off. 


4. Effect of Optical Bleaching 


Samples which were x-ray colored for 10 min and 
then optically bleached had a much greater resistance 
than those which were x-ray colored but not bleached. 
Curve B of Fig. 5 shows the relative conductivity at 
173°C of a rapidly cooled sample which was bleached 
with white light before the measurement, compared toa 
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Fic. 5. Effect of optical bleaching on relative conductivity at 
173°C of NaCl x-irradiated 10 min. (A) Rapidly cooled, colored. 
(B) Rapidly cooled, bleached _with white light. (C) Slowly cooled, 
bleached with white light. 


colored sample (curve A). The recovery is very much 
slower and less complete in the case of the bleached 
sample. The effect of bleaching is even more striking 
in the case of a slowly cooled sample (curve C), where 
the initial change of the conductivity was an even 
further decrease. 

The F band was much more stable against optical 
bleaching in the slowly cooled crystal than in the 
rapidly cooled one. In both cases the bleaching was 
continued until the crystal appeared colorless. This 
state was reached in 10 minutes with the rapidly 
cooled sample, but required 45 minutes for the slowly 
cooled one. 

Bleaching with a source containing ultraviolet in 
addition to visible light led to a behavior which was 
similar, though the decay of resistance was somewhat 
more rapid. 


IV. DISCUSSION 


In interpreting the changes of conductivity occurring 
in the irradiated crystals at constant temperature, it 
will be assumed in the following discussion that the 
current is carried by m singly charged defects, all with 
the same mobility u, so that the conductivity is o= ney. 
This assumption may not be rigorously true if charged 
vacancy complexes give a contribution to the current 
in addition to single positive-ion vacancies; Dienes® 
has calculated, for example, that an anion-cation pair 
of vacancies has a jump frequency with an activation 
energy somewhat lower than that of a single vacancy. 
As a simplifying assumption it should give a qualita- 
tively correct picture, however. Secondly it will be 
assumed that the number of charge carriers in the 
normal: crystal is constant, in particular independent 
of temperature in the range between 150 and 200°C. 
This assumption also may be only an approximation, 
but if it is made the relative conductivity curves can 
be taken to represent the instantaneous number of 
charge carriers, relative to the number in the normal 
crystal. 


18G. J. Dienes, J. Chem. Phys. 16, 620 (1948). 
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The conductivity of all irradiated crystals was found 
to be less than that of the normal crystals, so that the 
primary effect of the radiation is to neutralize or 
immobilize charge carriers, including the majority of 
any extra positive-ion vacancies that are produced by 
the radiation. The formation of both V; and V2 centers 
would have this effect, according to Seitz’s model,® 
since they consist of pairs of cation vacancies which 
have captured one or two positive holes. At least 90% 
of the vacancies appear to be neutralized. 

In all of the colored crystals, furthermore, there is 
initially a rapid increase of conductivity at elevated 
temperatures, and an approach to a constant or nearly 
constant value after a long time, which asymptotic 
value is greater the higher the temperature but always 
less than the normal value. This behavior is qualita- 
tively similar to an inverted thermal bleaching 
curve,'*!6 as should be expected if the number of color 
centers is equal to the deficit of charge carriers. An 
activation energy of about 0.75 ev was found for the 
initial rate of decrease of resistance. It is possible that 
a similar value would be found for the thermal bleaching 
of V»2 centers (although for thermal bleaching of F 
centers a much smaller value of activation energy has 
been reported!®). 

The maximum in the conductivity curves suggests 
that there is another effect, which tends to increase 
the number of charge carriers and which anneals more 
slowly than the bleaching of the color centers. This 
may be the production of extra positive-ion vacancies 
by the radiation. Their number would return to normal 
at a rate determined by their mobility. The activation 
energy of 26 kcal/mole observed for this slower process 
is somewhat greater than the value of 20 kcal/mole 
for the mobility of positive-ion vacancies derived from 
conductivity measurements.!’ In order to preserve 
charge neutrality, however, the extra positive-ion 
vacancies would have to disappear at the same rate as 
the excess negative-ion vacancies. The observed acti- 
vation energy, on the other hand, is much smaller than 
the value of 39 kcal/mole which can be deduced for the 
single negative-ion vacancies from the diffusion co- 
efficient'* of Cl- and the number of vacancies,!” con- 
sistently with the transfer numbers.® Possibly at these 
low temperatures the positive and negative vacancies 
diffuse away as anion-cation vacancy pairs, with an 
activation energy of 26 kcal/mole. 

If one accepts this interpretation, the number of 
vacancy sinks .V can be estimated from the observed 
pre-exponential factor Ao in the rate of the slow con- 


4 Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887 
(1950). 

18 E. E. Schneider, Fundamental Mechanisms of Photographic 
Sensitivity (Butterworths Scientific Publications, London, 1951), 


p. 13. 
16 Mador, Wallis, Williams, and Herman, Phys. Rev. 96, 617 
(1954). 
17H. W. Etzel and R. J. Maurer, J. Chem. Phys. 18, 1003 (1950). 
18M. Chemla, Compt. rend. 234, 2601 (1952). 
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ductivity decrease. The decay constant for the excess 
vacancies is Ve, where 2 is their drift velocity and o the 
capture cross section. Letting »=av exp(— 26 300/RT) 
and o=7a’, with a of the order of the lattice distance, 
we have 

N=)o/ma'v. 


Taking v=10" sec! and a=4X10-* cm, with the 
observed value \sS6X 10° sec", we get V10" cm-, 
If the vacancies can disappear at any point along a 
dislocation line, this number corresponds to about 10'° 
dislocation lines/cm?, a reasonable number. 

Our exponential temperature dependences of the 
foregoing processes can be compared with warmup 
curves if it is assumed that the time dependence is 
exponential, so that the rate of change of the number 
n of objects of interest is given by dn/di=—)n, with 
\=Ao exp(—H/RT). During a warmup in which the 
temperature JT changes at a constant rate, dT/dt=a, 
the number can be approximately integrated in 
case H/RT>1: 


n(T)=no exp{ —RT°A(T)/aH}. 
The number is half the initial number mo when 
T=H/R \n(RT*)o/aH 1|n2). 


Upon using our data for the initial fast rise of the conduc- 
tivity, the half-value temperature is 160-180°C for a 
temperature rise of 2°/min. This temperature can be 
correlated with the peak of resistance near 150°C 
observed by Kobayashi.‘ For the second slow process 
we obtain the temperature 215°C for the half-value, in 
good agreement with Kobayashi’s data’ for the recovery 
during warmup of the volume increase produced by 
irradiation. 

If the above mechanisms are the correct explanation 
of the conductivity changes, it would appear that the 
10-minute irradiation produces an excess of positive- 
ion vacancies equal to about one-tenth to one-third of 
the number already present in the normal crystal. All 
or most of these are initially neutralized by positive 
holes. The number produced in the crystals as received 
from Harshaw is greater than that in a carefully 
annealed crystal or one that was rapidly cooled after 
annealing at 660° (not only the relative number but 
also the absolute number, since the normal conduc- 
tivity was the same). In the crystals as received, 
irreversible changes take place as a result of irradiation, 
probably because neutral vacancy clusters remain in 
the crystal’ after annealing at 263°C, and the behavior 
approaches that of the annealed samples. 

The effect of irradiation does not increase propor- 
tionally to the amount of irradiation. The production 
of vacancies, however, is a relatively more pronounced 
effect of longer irradiation than the neutralization of 
the charge carriers. That is, small doses produce 
relatively enormous conductivity decreases, compared 
to larger doses, but the production of vacancies is more 
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nearly proportional to the dose. This difference is 
reasonable, if the vacancies present in the normal 
crystal first trap electrons and holes. 

The difference between colored and optically bleached 
crystals is striking. When irradiated crystals are illum- 
inated with light absorbed by the F centers, in addition 
to the bleaching of the F band and the formation of R 
and M centers, the V2 centers are bleached (probably 
being converted to V; centers); the V; band is stable." 
This behavior is understandable in terms of Seitz’s 
model: some of the electrons optically released from 
the F centers annihilate positive holes in V2 centers 
(converting them to V3); Vs centers repel electrons 
electrostatically because they are charged and thus 
resist bleaching.® The V; centers are also more stable 
thermally than the V2. Now when a neutral V2 center 
is converted into a charged V; by capture of an electron 
optically released from an F center, the number of 
charge carriers is increased, in contrast to the observa- 
tions on bleached samples, unless the V3 centers are 
immobile. Thus this model leads to the conclusion that 
the V; centers cannot move. This being so, it further 
entails the assumption that V2 centers are converted 
to other than the stable V; centers by thermal bleach- 
ing, since the conductivity of colored crystals rapidly 
increases. 

A fundamental assumption of the foregoing discussion 
is that the contribution to the current from F-center 
electrons thermally excited to the conduction band is 
negligible. An excess conductivity in electrolytically 
colored crystals at high temperature, with an activation 
energy of about 1 ev, has been attributed to such 
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conduction electrons." This excess, extrapolated to the 
temperature of our experiment, gives a value com- 
parable with our observed values. Because the F-center 
dissociation reaction involves vacancies present in 
thermal equilibrium number, however, the thermal 
activation energy for excitation of an F-center electron 
to the conduction band deduced” from these data is 
close to 2 ev. At lower temperatures where the number 
of vacancies is constant, the electronic component of 
conductivity would vary with the higher activation 
energy and would be negligible in our temperature 
range. On the other hand, if the thermal activation 
energy of the F-center electron were actually close to 
1 ev, as is not unlikely on theoretical grounds,” then 
our slowly annealing excess conductivity might be 
attributable to electrons instead of to excess vacancies 
produced by the radiation. In this case trapping of 
F-center electrons at (thermally) deeper R- and M- 
center traps would tend to reduce the conductivity of 
the optically bleached crystals. 
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19 A. Smakula, Géttingen Nachrichten 1, 55 (1934). 
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The angular correlation of two-quantum radiation from annihilation of positrons in ferromagnetic media 
has been investigated as a function of the direction of magnetization. The observed changes in the corre- 
lations are attributed to the polarization of positrons emitted from an unpolarized source. In the part of the 
two-quantum correlation associated with large electron momentum, the yield is greater when the polarization 
of the positrons is parallel to the magnetic field and it is less when the field is reversed. This effect is enhanced 
when the initial energy, and hence the polarization, of the positrons increases. The qualitative features of the 
effect were the same in three samples of iron (one containing a large amount of cobalt). No effect was detected 
for nickel or gadolinium (below the Curie point), and none for any nonferromagnetic metal which was used 


as a test of the experiment. 
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INTRODUCTION 


HE longitudinal polarization of positrons in beta 

decay! provides a powerful tool not only for 
understanding the process of beta decay but also for 
studying various problems in the field of solid state. 
Page and Obenshain* have investigated the effect of 
polarization in the formation of positronium in certain 
dielectrics in a magnetic field. In a ferromagnetic 
material? the property of polarization may be used to 
probe the distribution in momentum and space of the 
electrons responsible for ferromagnetism. Since our 
earlier work, we have investigated iron in greater detail 
and examined a number of other ferromagnetic sub- 
stances. In addition, the technique has advanced suf- 
ficiently to provide a more quantitative connection 
between the degree of polarization of the positrons and 
the properties of the ferromagnet. 

The aim of the investigation is to study the angular 
correlation of two-quantum radiation arising from the 
annihilation of polarized positrons with electrons in a 
magnetized medium and, upon reversing the direction 
of magnetization, to detect changes in the correlation 
which may be attributed to the polarization of the 
positrons. Since the shape of the correlation curve is 
related directly to the distribution in momentum of the 
electrons,*® a change in a given portion of the curve 
may be associated with a particular range of electron 
momenta. If an increase in yield is observed in some 
part of the curve when, for example, the magnetization 
is parallel to the direction of polarization of the posi- 
trons, this increase may then be attributed to the 
favorable alignment of the spin of the positrons relative 
to the spin of electrons® in the specified range of mo- 


* Work performed under the auspices of the U. S. Atomic Energy 
Commission. 

1L. A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 

2S. S. Hanna and R. S. Preston, Phys. Rev. 106, 1363 (1957). 

3L. A. Page and F. E. Obenshain, Bull. Am. Phys. Soc. Ser. II, 
2, 260 (1957). 

* DeBenedetti, Gowan, Konneker, and Primakoff, Phys. Rev. 
77, 205 (1950). 

5 R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956); S. Berko 
and F. L. Hereford, Revs. Modern Phys. 28, 299 (1956). These 
articles provide a review of the extensive literature in the field. 

®L. A. Page, Phys. Rev. 106, 394 (1957). 
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mentum. Since thermalized positrons must remain 
predominantly at a distance from atomic nuclei, the 
magnitude of this increase provides information on the 
spatial distribution of these electrons. 


METHOD 


The angular correlation of two-quantum radiation 
was observed in an apparatus having cylindrical sym- 
metry about the two-quantum axis. This would seem 
to be a natural symmetry for studying two-quantum 
correlations’ and it was ideally suited to the present 
investigation. The arrangement is shown schematically 
in Fig. 1. 

The small counter (SC), which serves to define the 
two-quantum axis, was equipped with a collimator 
having a cylindrical aperture 1 cm in diameter. A few 
observations were made at a distance of 600 cm so that 
the aperture subtended at the source an arc of 1.7 
milliradians. For most of the measurements the distance 
was 300 cm corresponding to 3.3 milliradians. 

The large counter (LC) itself subtended an angle of 
60 milliradians. A typical collimator for this counter is 
composed of a ring and a plug with tapered sides 
arranged so as to allow only quanta traveling between 
6, and 62 to reach the detector. The angles are measured 
from the axis of the detector. A collection of rings and 
plugs was available so that #2, the outside angle of the 
collimator, could be varied in steps of two milliradians, 
and @;, the inside angle, in steps of one milliradian from 
0 to 20 milliradians. By combining plugs and rings 
appropriately, any portion of the angular correlation 
curve could be singled out for study with crude or fine 
resolution. For example, a differential angular corre- 
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Fic. 1. Experimental arrangement. 


7 A similar technique has been used by K. A. Baskova and B. S. 
Dzhelepov, Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 20, 951 (1956). 
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lation with good resolution could be obtained by using 
a sequence of zones with 6:—0,=1 milliradian. On the 
other hand, an integral angular correlation is measured 
if only a sequence of inner plugs (or outer rings) is 
employed. 

The housing for the source is shown in Fig. 2. The 
principal shielding was provided by two parallel slabs 
of lead. The source of positrons rested in a well in one 
of the slabs. A small extension of the pole face opposite 
the source protruded through the other lead slab into 
the gap between the slabs and carried on its end the 
sample in which the annihilations occurred. The mag- 
netic field was either parallel or antiparallel to the 
positron beam and, for convenience of construction, 
the two-quantum axis was perpendicular to this direc- 
tion. 

The lead slabs provided shielding but not collimation 
for the counters. In the vicinity of the sample the gap 
space was 0.125 in. By narrowing this gap to 0.050 in. 
in the extension of the shielding toward the small 


TABLE I. Values of (V,—N_)/N-_ in percent, for various 
samples and several thicknesses of absorber. The symbols V, and 
N_ represent the integral yield over angles greater than 8 milli- 
radians, for a field parallel (+) and antiparallel (—) to the di- 
rection of motion of the positrons. 











Thickness of aluminum absorber in mils 





0 4 8 12 16 
Average energy of positrons in Mev 
Sample 0.33 0.38 0.43 0.47 0.50 
Fe-Co 5.4+0.8 6041.0 9441.2 1141.9 1142.5 
Fe-Co (thin source) 4,441.2 
Fe (steel) 4.2+0.8 6.0+1.1 
Fe (rectangular) 9.0+1.2 
Fe (Armco) 8.0+1.4 
Ni —0.340.9 -—0.1+1.0 
Cu 0.2+0.9 0.1+1.2 
Gd (20°C) 2.2+3.0 
Gd (—100°C) 0.0+1.8 








counter, spurious coincidences were reduced from 5% 
to 2%. In addition to the basic shielding surrounding 
the source and the counters, which suppressed unde- 
sired coincidences, various auxiliary shields were used, 
as shown for example at the right in Fig. 2, in order to 
reduce the noncoincident rate in each counter. A tele- 
scope, mounted beyond one of the counters and along 
the desired axis, was used to align the collimators of 
both counters with the source of coincident gamma rays. 

Throughout the investigation, the source of positrons 
was Cu® with a half-life of 12.8 hr. The standard source 
was a copper disk ;*% in. in diameter and 0.005 in. 
thick, irradiated for a period of 24 hours or more in the 
Argonne research reactor. The source was installed 
within 2 hours after irradiation and used for a period of 
12 to 24 hours. The initial intensity of the source was 
approximately 50 mC. Relative to a thin source, a 
rather thick source has the advantage that the increased 
counting rate is derived from positrons of high-energy 
and maximum polarization originating in the rear of 
the source. When, indeed, a source 0.002 in. thick was 
tried the result indicated, if anything, a smaller average 
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Fic. 2. Placement of source and sample between the magnet 
pole pieces and the lead shields. 

















polarization for those positrons emerging from the 
source (see Table I). At an early stage in the inves- 
tigation the backing of the source was changed from 
lead to Lucite without appreciably altering the results, 
indicating that backscattering was not producing a 
serious depolarization in the beam of positrons. 

It was estimated that the maximum range of the 
positrons from a Cu® source, Emax = 660 kev, was about 
0.014 in. in metals such as iron or copper. Accordingly, 
the samples in which the annihilation occurred were at 
least 0.015 in. thick. In most cases they were circular, 
i's in. in diameter. Since, however, the maximum scat- 
tering of annihilation quanta along a diameter of such 
a sample amounts to about 25%, a rectangular sample 
32 in. wide was also used. As expected, the amount of 
distortion in the angular correlation was apparently 
reduced and the polarization effect correspondingly 
enhanced with this sample (Table I). 

The magnet had a simple C-shaped yoke with tapered 
pole pieces as shown in Fig. 2. A magnetomotive force 
of approximately 20000 ampere-turns produced an 
average field of about 15 kilogauss at the surface of 
the annihilating sample. 

Both detectors were conventional sodium iodide 
counters. Coincidences were detected in a fast-slow 
circuit having an over-all resolving time of about 10 
millimicroseconds and providing energy discrimination 
in both channels. For almost all observations, both 
channels were set to accept only pulses in the photopeak 
of the annihilation radiation, so as to reduce coinci- 
dences involving scattered radiation. In all cases at 
least one of the channels was restricted to 0.5-Mev 
radiation. 

In order to normalize the measurements it was neces- 
sary to determine the number of positrons striking the 
sample during an observation. This was done in two 
ways. The number was monitored simultaneously by 
observing the counting rate in the small counter. This 
method suffers only from the presence of a small but 
not negligible background of noncoincident radiation. 
Alternatively, a total two-quantum rate was measured 
by removing the collimator from the large counter. This 
procedure depends only on the constancy of the count- 
ing equipment during the periods with and without the 
collimator. Over a long period of time both techniques 
gave the same results. 
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TABLE IT. Saturation magnetizations and Curie points of 
ferromagnetic elements.* 








Bohr magneton number 





Element Curie temp. °K 0°K 300°K 
Fe 1043 re 2.1 
Co 1404 La LZ 
Ni 631 0.6 0.55 
Gd 289 7.1 6.3» 














®From American Institute i Physics Handbook (McGraw- Hill Book 
Company, Inc., New York, 195 
b For a temperature of 173° oh 


When the magnetic field is turned on, the focusing 
action of the field produces a marked increase in the 
number of positrons reaching the sample. This increase 
in positron flux is accompanied by a decrease in the 
polarization of positrons reaching the sample, since 
positrons of low energy, even when traveling at large 
angles to the direction of the field, are brought to a 
focus on the sample. In almost every run the amount of 
focusing was independent of the sense of the magnetic 
field, as it should be if the source and sample are 
properly aligned. 

In order to discover possible defects in the experi- 
mental arrangement, several tests were carried out 
including the obvious, but important, one of reversing 
the direction of the positrons relative to the magnet and 
the detectors. Although all such tests indicated the 
absence of spurious effects, a null result was obtained 
for each sequence of runs by replacing the magnetic 
sample with a nonmagnetic sample of copper. 


RESULTS 


The principal results fall into two categories: (1) an 
investigation of various ferromagnetic substances, iron, 
an iron-cobalt alloy, nickel, and gadolinium, and (2) a 
determination of the degree of polarization as a function 
of positron energy. All the results in Table I were 
obtained under essentially identical conditions except 
for the differences noted. The magnitude of the mag- 
netic field was the same in all cases except for the neg- 
ligible perturbations introduced by the different 
samples themselves, which were alike in size and shape. 
Other factors, such as the shape and thickness of the 
source, were kept virtually unchanged. 

Since the differential angular correlations (see follow- 
ing material) did not reveal significant fine structure, 
the measurements in Table I are of the integral type ob- 
tained with one of the cylindrical plugs in front of the 
large counter. The eclipsed portion of the counter sub- 


TaBLE III. Spectrochemical analysis of samples in percent. 
The X indicates the major constituent. Three dots signify an 
undetectable amount, less than 0. 017%. 
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Sample Fe Co Ni Cu _Mg Mn Si ts Gd 
Fe (steel) xX 0.02 tee ses O01 0.01 0.16 
Fe (Armco) xX - 0.02 tee tee -++ 0.02 
Fe-Co 63.2 37.7 0.1 see eee tee tee eee 
Ni 0.05 0.1 xX 0.01 0.01 0.05 0.01 0.14 
Cu 2s ae | Weee eee. een 


Gd 03 Oe Me Se ie Cs a 
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tended a half angle of 8 milliradians at the source, an 
angle chosen to obtain a good polarization effect as well 
as a substantial counting rate. The numbers in Table I 
are measured values of (V;—N_)/N_, where N repre- 
sents the total integrated yield of coincidences over 
angles greater than 8 milliradians. The + and — denote, 
respectively, measurements with the magnetic field 
parallel and antiparallel to the positron beam. The aver- 
age energy of the positrons was varied by inserting 
aluminum foils of various thicknesses between source 
and sample. The estimated average energy is recorded 
in the table. 

The pertinent magnetic properties of the ferromag- 
netic elements are listed in Table II. For cobalt, iron, 
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Fic. 3. Integral angular correlations for annihilation in iron 
for a magnetic field parallel (+) and antiparallel (—) to the 
direction of motion of the positrons. Measurements are normalized 
to the total coincident yield. 


and nickel the Curie temperatures are well above room 
temperature so that the magnetization is essentially 
complete without cooling. For gadolinium, however, it 
was necessary to cool the sample. This was done by 
attaching the small iron piece which holds the sample 
to a copper bar immersed in liquid nitrogen. It was 
further necessary to enclose the region between the pole 
faces of the magnet in a dry atmosphere so as to prevent 
the formation of ice on the sample. The composition of 
each sample, as determined by spectro-chemical analy- 
sis, is given in Table III. 

The angular correlations which have been measured 
so far are reproduced in Figs. 3-5. More detailed mea- 
surements are planned. The data, however, give the 
general trend of the correlations and serve as a guide 
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for future work. The curves are presented as they were 
obtained experimentally. For the integral correlations, 
therefore, the intensity at the angle 6 (the half-angle 
of the plug of the collimator) represents the total yield 
of coincidences over all angles greater than @. The solid 
angle for each point is equal to 2x(1+cos6), a slowly 
varying function over the region studied. Since the 
measurements are normalized to the total coincident 
yield, the intensity at 6=0 is equal to unity. For the 
differential correlation the solid angle varies as 


2x (cos6,— cos62)=24(62—6;) sin[ 4 (62+4;) |, 


where 6.—6, is the constant angular aperture, equal to 
2 milliradians in this case, and (@2+6)/2 is the mean 
angle of observation. The decrease in the solid angle 
accounts for the fall in the correlation function as 4; 
approaches zero. The points have been plotted against 
6,, the inner angle of the collimator opening. 

It is apparent from these correlations that no prom- 
inent structure is introduced by the magnetic field and 
the difference between the curves for positive and 
negative field varies smoothly from point to point. 


TABLE IV. Values of (N,’—N_’)/N_’ in percent, for various 
samples. The symbols NV,’ and N_’ represent the integra] yield 
through an aperture, i.e., over angles less than @, where @ is the 
half-angle listed, for field parallel (+) and antiparallel (—) to the 
direction of motion of the positrons. 








Half-angle A! absorber 
Sample milliradians mils (N,’ —N-’)/N’ 
Polyethylene 2 8 +4.0+1.4 
Gd(— 100°C) 2 8 —1.342.2 
Fe 6 4 —3.24+1.3 


Inside about 8 milliradians the differential yield is 
greater when the field is opposite the direction of the 
positrons; outside this angle the effect is reversed. 

Data taken with a ring collimator without the inner 
plug are presented in Table IV. In these observations 
the central cone of the angular distribution is isolated 
for study. The negative value for iron serves merely to 
confirm the positive results of Table I obtained with 
the central cone eclipsed. The observation on gadoli- 
nium was made with a narrow aperture in order to 
investigate the very center of the two-quantum dis- 
tribution, since the earlier investigation (Table T) had 
shown very little effect outside, and hence inside, a 
larger region. However, no effect was obtained. 

The measurement on polyethylene was undertaken 
to provide a link between the measurements of Page 
and Obenshain® and the present observations. The use 
of a narrow aperture makes the technique analogous to 
that of Page and co-workers.'* Page and Heinberg 
observed the effect of a magnetic field on the two- 
quantum annihilation of positronium formed in argon 
gas, by the positrons from Na”, and obtained a result 
consistent with a negative value for our ratio 
(N,’—N_’)/N_’. Page and Obenshain state that their 
results using polyethylene and fused quartz, instead of 
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Fic. 4. Differential angular correlations for annihilation in iron 
for a magnetic field parallel (+) and antiparallel (—) to the 
direction of motion of the positrons. The angular aperture A@=2 
milliradians. 


argon, have just the opposite dependence on the sign 
of the magnetic field. Hence the positive sign obtained 
here for polyethylene serves to establish the mutual 
consistency of the two experiments and the measure- 
ment provides an interesting comparison of the two 
different experimental techniques. 
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_ Fic. 5. Integral angular correlations for annihilation in the 
iron-cobalt sample for a magnetic field parallel (+) and anti- 
parallel (—) to the direction of motion of the positrons. 


t Note added in proof.—Dr. Page has kindly informed us that 
he has made observations on an iron sample in his apparatus, and 
has also confirmed the consistency of the results. 
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DISCUSSION 


As discussed in our earlier communication,’ it is 
natural to attribute the changes observed in the angular 
correlation to the polarization of the positrons, which 
in turn is a consequence of the fundamental modification 
in the concept of parity for weak interactions.* If the 
polarization of the positrons is parallel to their mo- 
mentum, the sense of the observed effect is such that 
when the magnetization is parallel (electron spin anti- 
parallel) to the positron spin the two-quantum yield is 
enhanced in the region of the angular correlation asso- 
ciated with high momentum. 

Table II shows that, below their Curie points, iron, 
cobalt, nickel, and gadolinium are ferromagnetic in 
varying degrees. The different results obtained for 
these elements and their alloys reflect not only the 
gross differences in their ferromagnetic properties, but 
also more sensitively the variations in the spatial and 
momentum distributions of electrons which are polar- 
ized in a magnetic field. It is seen in Table I that the 
iron samples show the greatest effect. The less strongly 
ferromagnetic nickel and the nonferromagnetic ma- 
terials, gadolinium at room temperature and copper, 
show little or no effect. It is not immediately apparent 
whether the unexpected result for nickel should be 
attributed to a significant difference in the momentum 
distribution of the magnetic electrons in nickel, as 
compared to iron and cobalt, or to a relative scarcity 
of these electrons in the region penetrated by the posi- 
tron waves in nickel. Gadolinium cooled to —100°C is 
strongly ferromagnetic but no effect is observed either 
in the wings of the distribution or in its central peak. 
In this case the polarized electrons are presumably 
quite effectively shielded from the positrons. 

If the degree of polarization at the time of emission 
of a positron is equal to v/c,° an approximate value of 
the polarization at the time of annihilation is obtained 
by taking account of the following factors: (1) the 
shape of the beta spectrum, (2) the angle of acceptance 
for the positrons in the presence of the magnetic field, 
and (3) the absorption of positrons of low energy in the 





CYLINDER 
OF 
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Fic. 6. Sketch illustrating the region of momentum space 
eclipsed when the cylindrical absorber is used as a collimator. 
The quantity 4rp(p?—p2)4dp is the volume of that part of the 
spherical shell which is outside the cylinder of eclipse. 


8 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956); 105, 
1671 (1957). 
® Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957). 
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source and the absorbing foil. The effects of backscat- 
tering and depolarization in slowing down are not 
included in the calculation. With the maximum thick- 
ness of aluminum absorber, the average polarization is 
P,=(v/c)=0.88 for positrons emerging from the ab- 
sorber and traveling parallel to the magnetic field. It 
is estimated that the polarization is lowered to 0.70 
when all the positrons focused on the sample are con- 
sidered. 

It is convenient to define for the electrons participat- 
ing in annihilation a polarization expressed (as for the 
positrons) in the usual way: P.=(n,—n_)/(m,+n_), 
where n, and m_ stand, respectively, for the numbers of 
electrons with spin parallel and antiparallel to the 
field. The ratio R= N,/N_ is then given by the usual 


formula, 
R=(1+P.P;)/(1—P.P>). 


After rearrangement we obtain 


1 /R-1 
Pye te 
P,\R+1 


Correction for the scattering of gamma rays in the 
iron-cobalt sample changes the result from the observed 
R=1.11 to approximately R=1.12. With P,=0.70, we 
then find P,=0.08+0.03. For the other iron samples a 
similar value would be obtained.” 

This value for the effective polarization applies, of 
course, only to those electrons in the sample which are 
subject to annihilation and at the same time satisfy a 
condition on their momenta. If p is the momentum and 
4rp’n(p) the momentum distribution for the electrons 
subject to annihilation, then the distribution for elec- 
trons whose annihilation can be detected in a measure- 
ment of the integral type is (see Fig. 6) 


4np(p’—p.*)*n(p), 


where p, is the smallest momentum allowed by the 
half-angle of the plug of tke collimator. The total 
number of contributing electrons is, therefore, 


te f p(p— p2)hn(p)dp. 


For an angle of 8 milliradians, p, corresponds to an 
electron energy of 16 ev. 

It is clearly demonstrated in Table I that for the 
iron-cobalt alloy the measured value of (Ni—N_)/N_ 
increases as the average energy of the positrons increases. 
Only a small amount of this enhancement can be 
attributed to the change in v/c, which varies only from 
about 0.80 to 0.88. Most of the increase is due to the 
improved directionality and correspondingly greater 
polarization in the emergent beam of positrons which 
results from the reduction in scattering for very energetic 
positrons. 


10 Tt is interesting to note that the polarization of ali electron 
in iron at magnetic saturation is (14—12)/26=0.08. 
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De-Excitation of ZnS and ZnCdS Phosphors by Electric Fields* 


HARTMUT KALLMANN, Department of Physics, New York University, Washington Square, New York, New York, 
BERNARD KRAMER, Department of Physics, New York University, Washington Square, New York, New 
York, and Department of Physics, Hunter College, Bronx, New York 


AND 


PETER MarK,t Department of Physics, New York University, Washington Square, New York, New York 
(Received September 6, 1957) 


The change of impedance (photoconductivity) of certain ZnS 
and ZnCdS powder phosphor samples, brought about by external 
ac (60 cps) and de fields (up to 15 000 volts/cm), applied both 
during and after excitation with ultraviolet light (3660 A), is de- 
scribed and compared with impedance changes due to irradiation 
with infrared light. Application of a dec field simultaneously with 
the exciting radiation results first in a sudden drop in both the 
capacitance (AC/Co) and the dissipation factor (D=1/Q) followed 
by a recovery to a new equilibrium level below the field-free case. 
Removal of the field is accompanied by another drop and a 
recovery to the original field-free values. The partial recovery is 
not seen during ac field application under the same conditions 
but the complete recovery also occurs upon field removal. Applied 
during the photoconductivity decay, both ac and dc fields acceler- 
ate the decay. The sudden drop and partial recovery under dc 
fields is also seen during the photoconductivity decay but to a 
lesser extent. 


These phenomena are explained by a consideration of the 
distribution of conduction electrons created by the application of 
the field. The sudden capacitance drop seen under a dc field is 
attributed to a polarization effect. The free charge is swept close 
to the electrodes leaving the bulk of the phosphor sample non- 
conducting. The partial recovery is due to the buildup of the 
back field as well as to an increase in the conductivity of the bulk 
of the phosphor grains due to the creation of additional free charge 
by the exciting radiation and the emptying of traps into the con- 
duction band. There is no partial recovery during ac field applica- 
tion because, of the absence of the polarization field. The finite 
recovery time after field removal when the phosphor is under _ 
excitation as well as the acceleration of the photoconductivity 
decay due to the field application is attributed to a quenching 
action brought on by an increase in the recombination rate in , 
those regions of the phosphor powder sample where conduction 
electrons have been piled up by the action of the applied field. 





A. INTRODUCTION 


N a previous paper' the effects of strong ac and dc 
fields on the ac impedance (photoconductivity*’) 

of certain ZnS and ZnCdS phosphors were described. 
These measurements consisted of two types: observa- 
tions (1) of rise curves of capacitance (AC/C»)? following 
various dark intervals + between the termination of 
previous excitation and the onset of subsequent excita- 
tion, during which ac and dec fields of various strengths 
were applied, and (2) of decay curves of capacitance 
before and after a strong ac or dc field had been applied. 
The experiments under (1) showed that the application 
of ac or dec fields during the decay interval r caused the 
subsequent rise curves to be below those obtained after 
the same field-free interval 7 for those phosphors which 
exhibited a slow natural decay of capacitance. Con- 
sequently, it was concluded that the applied fields are 
capable of accelerating the decay of excited electrons 
from traps which would, in the absence of applied 
fields, have remained occupied for a much longer time. 
The experiments under (2) showed that ac or dc fields 
applied to the same phosphors during the capacitance 
decay accelerated the decay, as might be expected in 
view of the rise-curve measurements. Furthermore, 


* This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

+ Part of a dissertation presented to the Physics Department, 
New York University, in partial fulfillment of the requirement 
for the Ph.D. degree. 

1H. Kallmann and P. Mark, Phys. Rev. 105, 1445 (1957). 

2 Kallmann, Kramer, and Perlmutter, Phys. Rev. 89, 700 (1953). 

3C. F. Garlick, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 19, p. 391. 


these measurements indicated that de-excitation by 
fields is brought about by a great reduction of retrapping 
under the action of an applied field and that electrons in 
shallow traps are more strongly influenced by this 
action than those in deeper ones. 

The bridge circuit‘ used in the above experiments 
made it necessary to disconnect the phosphor samples 
from the bridge terminals when the external ac or dc 
fields were applied because the oscillator terminals were 
connected to the bridge arms through a transformer. 
Consequently, the actual impedance measurements 
were performed not while the fields were acting on the 
phosphor but either immediately before or after. This 
paper presents the results of an investigation in which 
the capacitance (photoconductivity) of the phosphors 
listed in Table I was determined under various condi- 
tions while the external de-exciting field was applied. 
These results compliment the previous ones in many 
respects and show that mainly the conduction electrons 
are directly acted upon by the external field. 


B. METHOD AND APPARATUS 


Figure 1(a) shows the bridge circuit adapted so that 
an additional dec field can be applied across the sample at 
the bridge terminals. A mica capacitor used as a dummy 
sample showed that this change in the bridge circuit 
did not affect the measured capacitance and dissipation- 
factor values although the sensitivity of the bridge 
was slightly reduced. For ac fields, the battery in Fig. 
1(a) was replaced by a 60-cps generator. This circuit 
again left the measured capacitance and dissipation- 


‘ Kallmann, Kramer, and Perlmutter, Phys. Rev. 99, 391 (1955). 
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.04 
40 


0 
0 


0.13 
0.22 


0.56 0.13 
0.66 0.21 


0.14 
0.26 
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0.42 
0.66 
0.70 
0.65 
0.52 


0.06 
0.085 
0.21 


0.44 0.035 0.021 


0.50 0.03 


0.013 0.66 0.007 0.0064 0.72 
0.90 0.27 


0.085 0.53 0.085 0.16 
0.062 0.58 0.072 0.034 
0.03 

0.046 0.20 0.03 


0.60 


0.05 





( : _ © Wavelength >0.72 ; intensity 1 milliwatt/cm?*. 
‘Co vs incident intensity curves obtained from these phosphors similar to those illustrated in Fig. 4 of reference 2. 


>» Excitation radiation: 10 ww cm? (4900 A). 


4 These data are obtained by the method previously described (reference 1) using AC 








® Excitation radiation: 100 uww/cm? (3660 A), 
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factor values unchanged but also reduced the bridge 
sensitivity somewhat. The powder phosphor samples 
were prepared as before*:® but with the following minor 
changes [see Fig. 1(b) ]. Instead of using an aluminum | 
foil as the second electrode, another Nesa glass plate® 
was used for purposes of better reproducibility. This 
sandwich was tightly pressed together with a clamp 
and sealed around the edges with an epoxy resin while 
still under pressure. The areal densities of these samples 
varied between 20 and 60 milligrams/cm?. The rest of 
the equipment remained unchanged. 

The following measurements were performed: (1) 
the effect of the application and removal of ac and dc 
fields (up to about 15000 volts/cm) on the photo- 
conductivity while the phosphor is under excitation, 
(2) the influence of the application and removal of such 
fields during the photoconductivity decays, and (3) a 
comparison of voltage de-excitation (quenching) with 
quenching of the capacitance due to irradiation with 
infrared light.’ The areal densities of the phosphors in- 
vestigated are presented in column 2 on Table I; their 
compositions have been previously published.* Ultra- 
violet radiation of 0.3660-micron wavelength and 100- 
microwatts/cm? intensity was used to excite the samples 
and infrared radiation of wavelength greater than 0.72 
micron (through a Corning 7-56 filter) and 1 milli- 
watt/cm? intensity was employed to obtain the infrared 
stimulation and quenching data. The bridge oscillator 
voltage and frequency were 1 volt (rms) and 1 kc/sec, 
respectively. The estimated percent error (bridge 
sensitivity) in the measured values of (AC/Co) % was 
0.2% using the original bridge circuit, 0.8% using the 
altered circuit with the dc source, and 2.0% using the 
ac source. 


C. EXPERIMENTAL RESULTS 


1. Dc and Ac Fields Applied During 
Ultraviolet Excitation 


Application of a de field of about 15 000 volts/cm to 
the phosphor sample while it is under excitation by 
ultraviolet light yields the following results common, to 
a greater or lesser degree, to all the phosphors examined. 
The behavior of a typical sample, phosphor M (predomi- 
nantly copper-activated ZnS phosphor ; long phosphores- 
cence and capacitance decay)* is shown in Fig. 2. The 
sample is first excited with ultraviolet light until an equi- 
librium value of AC/C> is attained (point A). A dec field 
of 360 volts (~15 000 volts/cm) is then applied which 
causes an instantaneous sharp drop in the AC/C» value 


5H. Kallmann and B. Kramer, Phys. Rev. 87, 91 (1952). 
® Obtained from the Pittsburgh Plate Glass Company. 

7 See reference 4 for a thorough discussion of the infrared light 
quenching and stimulation effects observed with these phosphors. 
8H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 
The compositions of the phosphors discussed in the text which 
do not appear in this reference are: (a) RCA(1), ZnS, copper- 
activated; (b) RCA(2), ZnCdS (Zn 70%, Cd 30%), silver- 
activated; (c) P, ZnCdS (Zn 47%, Cd 23%), silver- (0.02%) and 

iron- (0.001%) activated. 
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to point B followed by a subsequent slow rise (curve 6) 
to a new equilibrium value of AC/C» (point C) definitely 
lower than that obtained in the field-free case. Conse- 
quently, there is a net decrease of capacitance when the 
phosphor is subjected to a strong dc field while under 
excitation by ultraviolet light. After equilibrium has 
been reached at point C, the field is removed and the 
battery in Fig. 1(a) isreplaced bya shunt. There appears 
a second sharp dip in AC/Cy to the point D in Fig. 2 
which is of about equal magnitude (in this case) as 
that observed when the field is first applied (point B). 
This is followed by a slow recovery to the original field- 
free equilibrium value of AC/Co (beyond point £) 
after a rather long period of time (about 90 minutes). 
This behavior is unchanged when the polarity of the 
applied field is reversed. Columns 3, 4, 5, and 6 of Table I 
list the AC/C, values corresponding to points A, B, C, 
and D of curve 6 on Fig. 2 for all the phosphors in- 
vestigated (points B and D are only approximate since 
the capacitance decrease occurs very rapidly). Curve 
y of Fig. 2 shows the data obtained from a similar ex- 
periment but with the applied field reduced to 110 
volts dc. It is noteworthy that the difference between 
curves 6and ¥ (the dips as well as the equilibrium values) 
is not large in spite of the fact that in the latter case, 
the applied field is less by a factor greater than 3. 
Upon the application of an ac field to the sample, the 
situation is quite different. As can be seen from curve 8 
of Fig. 2, there is no slow recovery after the initial sharp 
reduction in the value of AC/C» upon field application. 


























(b) 


Fic. 1. (a) Schematic diagram of the General Radio 716-C 
Bridge (Schering type) adapted so as to make possible the applica- 
tion of an external dc field to the bridge terminals. D, detector; 
S, switch; B, battery (up to 380 volts); O, external oscillator; 
C, 0.5-uf capacitors; SH, shunt; R, 5X 10*-ohm resistor; X, un- 
known (phosphor sample). (b) Side view cross section of a powder 
phosphor sample. The Nesa glass plates are 1 in.X1}in. with 
about 100-ohms resistance along the face diagonal. E, electrode; 
L-conductive layer; S, epoxy resin seal; G, Nesa glass plate; J, 
incident radiation; P, phosphor. 
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Fic. 2. Change of capacitance in phosphor M under ac fields 
(a, 43 volts (rms) 60 cps; 8, 110 volts (rms) 60 cps), dec fields 
(y, 110 volts; 6, 360 volts) and infrared light (“ir”) applied simul- 
taneously with the ultraviolet exciting radiation showing a partial 
capacitance recovery after the initial drop under dc fields, no 
recovery under ac fields and infrared light, and a finite recovery 
time after both fields and infrared light are switched off. 


Such recovery only occurs after the field is turned off. 
Further, the equilibrium value of AC/C» of this phosphor 
reached for an applied voltage of volts (rms) 60 cps 
(curve 8) is below that reached for 360 volts dc (curve 6). 
(Values for the other powders are listed in Table I.) 
This equilibrium value under the ac field is even below 
the deepest point of the equivalent dc curve (curve 7). 
Comparing curves a and 8, one sees that a difference 
of a factor of 2 in the ac field strength causes a larger 
reduction in AC/C, than a difference of a factor of 3 in 
the strength of the dc field indicating that the response 
is more sensitive to a variation of the ac voltage. The 
AC/C» values using 43 volts (rms) 60 cps (curve a of 
Fig. 2) obtained from the other phosphors are listed 
under column 7 of Table I. 

The behavior of these phosphors under a dc field 
differs completely from that under an ac field even after 
the removal of the fields. In both cases a recovery to the 
initial field-free value occurs but the ac recovery curves 
lie above the respective dc curves although during field 
application, the situation is reversed. The main differ- 
ence is that the dip after removal of the dc field does not 
appear upon removal of the ac field. This fundamental 
difference will be explained below. 

As comparison with the quenching action of the field, 
the response of AC/Co of phosphor M to infrared 
irradiation, applied simultaneously with the ultra- 
violet exciting radiation, is indicated by the curve 
marked “ir” on Fig. 2 and, for the other phosphors, 
under column 8 on Table I. There is no similarity 
between the infrared and the dec field quenching curves, 
but there is some likeness to the ac quenching curves. 
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The capacitance drops rather quickly upon infrared 
light application and reaches a final equilibrium value. 
There occurs no partial recovery while the infrared 
light is on and after switching it off a slow recovery 
ensues without any new dips. But the drop in AC/C» 
is not so sharp under infrared light as under the ac field 
and the recovery is much slower in the former case. 
Although the equilibrium value under infrared light 
is about that obtained under 43 volts ac, the recovery 
curve from the former lies below that of the latter. This 
is certainly due to a much greater emptying of traps 
by the infrared light than by the ac field (see the dis- 
cussion below). 

Similar experiments were repeated with phosphor M 
using an ultraviolet exciting intensity of only 3% of that 
used to obtain the curves of Fig. 2. Under these condi- 
tions, the ac curves corresponding to a and 8 of Fig. 2 
are still separated by about AC/Cy=15% (the equilib- 
rium values of AC/Cy are 27% and 41% under 43 and 
110 (rms) volts, respectively) while the dc curves 
corresponding to y and 6 are now much closer together 
(equilibrium AC/Cy values are 44% and 45% for 110 
and 360 volts dc, respectively). In both cases, the 
general level of AC/Cy is reduced to AC/Cy=54% 
because of the reduced exciting radiation intensity. 
This again points out the greater sensitivity of the 
capacitance to variations in the ac field over the dc 
field. In addition, the recovery times (after field 
removal) are all slower at reduced exciting radiation 
intensity. 

Since the AC/C» values are not direct measures of 
the conductivity,! the relative emitted light intensities,! 
corresponding to the AC/C» values of columns 4, 5, 6, 7, 
and 8 of Table I, are listed in columns 9 through 13. These 
values are a more direct measure of the conductivity of 
the samples than the AC/C» values. When comparing 
the dc with the ac values, one must consider that the 
dc field (360 volts) used to obtain the data of Table I 
is six times larger than the peak value of the ac field 
(60 volts). Thus, the fact that the absolute values of the 
dips produced by the dc field application and removal 
appear to be close to the ac values is accidental. Both 
types of fields induce a reduction of the conductivity 
to about 10% of the field-free value. If the dc changes 
could be measured fast enough, the dc dips would 
certainly be deeper and probably equal to the ac values 
for corresponding field strengths. All the ZnCdS 
phosphors investigated so far display the described 
effects independent of their Cd content and their activa- 
tor content (Ag, Cu, Pb, etc.,) (see previously published 
compositions of the phosphors*). The magnitudes of the 
effects vary noticeably from substance to substance by 
a factor of about 20, if one considers the intensity values 
of column 12 as representative, but it is interesting how 
close some substances are in their values (e.g., LG, R, 
and M). The most sensitive phosphor is 0 with a drop 
in conductivity to almost }% of its original field-free 
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value. There is a marked correlation between the dc dips 
of the various substances and their ac equilibrium values, 
but the correlation between dc dips and the dc equilib- 
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Fic. 3. (a) Decay of capacitance in phosphor R, comparing the 
action of a 360-volt dc field and of infrared light applied 30 
minutes after the onset of the decay with the natural decay. 
Quenching due to infrared light is still in evidence after field 
application and vice versa. (b) Decay of capacitance in phosphor 
R, comparing the action of ac fields (43 and 110 volts (rms) 60 
cps) applied 30 minutes after the onset of the decay with the 
natural decay. 
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rium values is much weaker. There is no correlation be- 
tween the infrared and the field values. The quenching of 
phosphor LG by infrared light is particularly strong as 
a consequence of the fact that this phosphor is light 
stimulable under infrared light irradiation. The magni- 
tudes of the field effects depend not only on the com- 
position but certainly also on the areal density and the 
grain size of the powder. The thicknesses of most of 
the samples are comparable; the exceptions are the 
two RCA phosphor samples which are about three 
times thinner than the rest. Consequently, most of the 
substances are subject to the same field strengths. No 
attempt will be made at this point to correlate these 
effects with the chemical compositions of the phosphors, 
rather correlations with the other physical properties 
will be set forth in the discussion below. 

To summarize, the following are the main observed 
effects when electric fields are applied to these phosphors 
simultaneously with the exciting ultraviolet radiation. 
(1) Application of infrared light, ac and de fields have 
the net effect of reducing the equilibrium capacitance. 
(2) The temporal behavior of the capacitance under an 
ac field differs completely from the dc case both during 
and after field application. (3) Sharp dips of about 
equal magnitude occur immediately after application 
and removal of the dc field which are absent under ac 
fields. (4) The AC/C» equilibrium values for ac fields 
are much lower than those for dc fields (compare 
curves 6 and y of Fig. 2) even if the de field is stronger 
by a factor of 8 than the rms value of the ac field 
(compare curves a and 6 of Fig. 2 and columns 5 and 7 
of Table I). (5) The AC/C» equilibrium values are 
more sensitive to changes in the ac field strengths than 
to those in the dec field strength. (6) The recovery times 
of AC/C> after field removal are shorter for ac than for 
dc fields even though the starting values of AC/C) are 
higher for the latter case than for the former. (7) The 
infrared curves have some similarity to the ac curves, 
but in spite of the higher AC/C» equilibrium value of 
the former, they have the longer recovery times. (8) 
Quenching by infrared light is basically different from 
field quenching as evidenced by a comparison of columns 
8 and 13 with those for field quenching. There is no 
correlation between these columns. That this difference 
is fundamental will become more evident from a con- 
sideration of the results obtained from experiments 
carried out during the capacitance decay of these 
samples (see next section). 


2. Dc and Ac Fields Applied During Decay 
from Previous Ultraviolet Excitation 


The measurements presented in this section are 
obtained as follows. The phosphor is first excited by 
ultraviolet light until an equilibrium value of AC/C» is 
reached. Then the exciting radiation is removed and 
ac or dc fields are applied simultaneously with the 
measuring voltage at some point along the natural 
capacitance decay. Figures 3(a) and (b), and Figs. 4(a) 
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Fic. 4 (a) Decay of capacitance in phosphor R, comparing the 
action of a 360-volt dc field applied at the onset of the decay with 
the natural decay. The curve commencing at = 60 minutes, when 
compared with the decay curve under field application, indicates 
that it is only the first application of the field which results in a 
net capacitance quenching. (b). Decay of capacitance in phosphor 
R, comparing the natural decay with the decay under 43 volts 
(rms) 60 cps applied both at the onset and 30 minutes after the 
onset of the decay, showing that the net quenching is about the 
same for the latter two cases. Quenching due to infrared light is 
still in evidence after field application and vice versa. 
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and (b) present, respectively, the results of the applica- 
tion of dc and ac fields, the first two for the case when 
the field is switched on thirty minutes after the onset 
of the decay and the latter two when the field is applied 
at the beginning of the decay. The influence of fields 
upon the decay of capacitance is very similar to that 
during simultaneous excitation, as Figs. 3(a) and (b) 
show for the case of phosphor R (copper-activated ZnS 
phosphor ; long phosphorescence and capacitance decay ; 
strong light and capacitance stimulation under infrared 
light). This phosphor is quite typical of all the sub- 
stances investigated. Dc field application thirty minutes 
after the beginning of the decay [Fig. 3(a) ] produces 
a sharp dip in AC/C» followed by a considerable recovery 
to a value which is below the natural decay value at 
that specified time. Removal of the field produces 
another dip followed again by a subsequent recovery. 
Ac field application [Fig. 3(b)] produces only a re- 
duction of AC/C» without any recovery and after re- 
moval of the field, AC/C» rises rather quickly to a value 
which is below the normal decay value. Successive field 
applications produce equivalent effects but to a smaller 
degree. This means that the AC/C» reduction becomes 
smaller the further one goes along the decay curve. 
After the first field application and removal, the AC/Co 
values are considerably reduced but a subsequent field 
application and removal produces only a slight further 
drop as seen from Fig. 3(b) [100 volts (rms) |. After 
the second field removal, the AC/C» values are certainly 
not a continuation of the curves after the first removal 
but are below these values. This further reduction is, 
however, much less than that after the first application 
and removal. 

Another typical effect is that described by Fig. 4(a). 
If the field is applied immediately or very soon after 
termination of the excitation, the dc induced drop is 
not followed by an immediate recovery. The rather 
steep capacitance decay at the beginning of the decay 
curve apparently masks the recovery. If the measure- 
ments plotted in Fig. 4(a) could have been made in 
shorter time intervals, such a recovery would have been 
noticed. But the still rather fast decay of AC/C» after 
the first instant overshadows the recovery. Figures 4(a) 
and 4(b) show that the decay of AC/C, is equally fast 
under both ac and dc fields and further that the applica- 
tion of the field at a point along the natural decay has 
about the same net effect after removal as field applica- 
tion at the beginning of the decay. It would appear, 
then, that the duration of the field application has no 
effect on the final AC/C» value. This is not so. The 
curves of Fig. 4(b) were obtained under only 43 volts 
(rms) so that the total field effects are small. With 
larger field strengths, the net reduction of AC/C, in- 
creases with the time of field application. Figure 5 
compares the effects of ac and dc fields. The curves 
show that after field removal, the net effects of the 
ac and dc fields are very similar although one must 
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keep in mind that the peak value of the ac field which 
produces roughly the same net effect as the dc field is 
only about two-fifths as strong. During field application, 
however, the difference between the two cases becomes 
very evident. 

Figures 3(a) and 4(b) also present infrared light 
quenching curves.’ They show that infrared light when 
applied at a point along the natural AC/C) decay 
produces a less steep decrease in AC/Cy than the field, 
but the quenching is much more thorough in the long 
run. The quenching action continues with time and 
eventually the net reduction of capacitance brought 
about by infrared is greater than that due to fields and 
becomes more so the longer the infrared light remains 
on. Upon switching off the infrared light there is a 
further reduction of AC/Co without a subsequent re- 
covery, quite different from the behavior after field 
application. Applying the field after infrared light 
irradiation causes the appearance of the normal field 
effect. This is true for both ac and dc fields. It appears 
as though the fields, applied after irradiation by infrared 
light, have a relatively strong quenching effect upon the 
capacitance since the AC/C» values after field removal 
are definitely below those before field application. This 
is not so. After field removal [see curve “i.r.” on Fig. 
4(b) ], the AC/C» values are almost a continuation of the 
AC/Co decay before field application. The capacitance 
is reduced only in the interval during which the field 
is acting on the sample. Should the infrared light be 
applied after field quenching, Figs. 3(a) and 4(b) show 
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Fic. 5. Decay of capacitance in phosphor R illustrating the 
difference between the action of an ac field [110 volts (rms) 60 
cps] and a de field (360 volts). The two cases differ completely 
during field application but are comparable when the fields are 
switched off even though the de field is approximately three times 
stronger than the rms value of the ac field. 
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that a quenching due to the infrared light is very much 
apparent after both dc and ac field application. 

Figure 6 presents the behavior of phosphor L [ copper- 
activated ZnCdS (Zn, 56% ; Cd, 13%), slow phosphores- 
cence® and capacitance decay |, emphasizing the differ- 
ence between quenching due to fields and infrared light. 
One sees that the initial reduction in AC/C» under the 
de field is huge and still continues after the first meas- 
ured point. The infrared curve is much flatter in the 
beginning but eventually drops way below the field 
decay curve. The small peak appearing when the in- 
frared light is turned on and the drop noticed when it is 
turned off indicate that phosphor L is capacitance 
stimulable by infrared light. 

The effect of ac and dc fields along the capacitance 
decay of these phosphors can be summarized as follows: 
(1) The effect of dc and ac fields along the decay of 
capacitance are analogous to those observed under 
simultaneous excitation and field application. (2) If de 
fields are applied soon after termination of the excitation 
radiation, the recovery after field application is ap- 
parently masked by the still rapid decay of capacitance. 
(3) The largest effect of instantaneous and of net reduc- 
tion of AC/C» is observed after the first field applica- 
tion. (4) Further field application or prolonged applica- 
tion increases the net reduction of AC/C) only slightly. 
(5) The field and infrared light effects are completely 
different from each other. Infrared light causes a slower 
onset of AC/Co reduction than do the fields but the 
reduction continues with prolonged infrared light irra- 
diation and after a long enough time, the net reduction 
due to infrared light is much larger than the net reduc- 
tion of AC/Co due to the fields. (6) Field application 
after infrared light irradiation shows the same effect 
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Fic. 6. Decay of capacitance in Phosphor L comparing the 
long time effects of a 360-volt dc field and infrared light. The 
decay under the dc field sets in more quickly thaa the decay under 
infrared light but the latter is stronger as time progresses. 
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as before infrared irradiation, but the net reduction is 
very small. The reverse is also true; that is, irradiation 
by infrared light after field application also causes the 
same effect as before field application. The two effects 
seem to be independent. 


D. DISCUSSION OF THE FIELD EFFECTS 


The effects of strong electric fields on the photocon- 
ductivity of these phosphors which have been presented 
in Sec. C are essentially due to four processes: (1) The 
turning on of an external field sweeps the conduction 
electrons out of the bulk of the material thereby making 
the interior less conducting. This results in a decrease 
in the capacitance (AC/C). This sweeping effect which 
consists of an actual removal of charge from the sample 
as well as piling up of charge near the electrodes’ is 
responsible for the primary drop of capacitance under 
a de field and to the reduction of capacitance under an 
ac field. (2) The electrons and also the positive charges 
which accumulate near the surface reduce the field 
strength in the interior of the whole layer or of the single 
powder grains. (3) There is a replenishment of interior 
electrons due to the exciting radiation and to the 
emptying of traps when the radiation is simultaneously 
applied during the decay due to the latter process only. 
Processes (2) and (3) together are responsible for the 
recovery observed under dc fields immediately after 
their application. Process (2) is also responsible for the 
second capacitance dip observed after the removal of the 
dc field since now the internal polarization acts as an 
applied field. This second dip is a direct indication of the 
buildup of a polarization field of strength similar to 
the applied field. (4) There is another effect which 
results in a net decrease of trapped electrons during 
field application as evidenced by rise curves following 
field application during dark decay! as well as the slow 
rise of capacitance observed during excitation when the 
ac field is switched off. This means that the fields cause 
an increase of the transition rate to the ground state 
(see below). These four processes are now discussed 
in greater detail. 

A sweeping-out of electrons can only occur when there 
is not enough replenishment from the electrodes. Since 
one knows that for dc field applications strong polariza- 
tion occurs in these samples due to an incomplete 
current flow from the electrodes,® the sweeping out of 
electrons is to be expected. The capacitance recovery 
during dc field application (i.e., while the field is still on) 
can be due to two causes. Either there is a replenishment 
from the electrodes which, however, sets in only slowly 
or this type of replenishment is negligible and the 
recovery is due to processes (2) and (3) above. As a 
consequence of this, the draining-off of electrons from 
the interior decreases [process(2) | and the density of 
free electrons and therefore the capacitance increases 


9 These charges give rise to the polarization effects discussed in 
H. Kallmann and B. Rosenberg, Phys. Rev. 97, 1596 (1955). 
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again [process (3) ] but not to the original field-free 
value. Rather the ultimate capacitance recovery is to 
a somewhat smaller value because the field in the 
interior is not completely annulled. The recovery time 
is determined by two factors: (a) the buildup time of the 
polarization field and (b) the time required to replenish 
the electrons (conduction and trapped) removed by 
the dc field since the drop in conduction electrons is also 
accompanied by a drop in the number of trapped elec- 
trons, with which they are in fast exchange due to 
retrapping. Both effects (a) and (b) are probably of 
importance. 

Consider effect (b): Since the equilibrium free- 
electron density, while the dc field is on, is reduced to 
about half of its original value (see column 10 of Table I) 
the number of trapped electrons is also considerably 
reduced. Since the ratio ;:/n. (m:=density trapped 
electrons, ,.=density of conduction electrons) is 
always much greater than unity,® the number of 
electrons removed from traps is, of course, much larger 
than the number of electrons removed from the con- 
ductivity band. For this case (traps not saturated), 
about half of the trapped electrons would be removed, 
which would mean about 10 electrons per cm*,*.® or, 
for these samples, about 10” electrons. Of course, these 
electrons are not all found in the polarization layer 
which never contains more than 10" electrons per cm? 
in a very thin layer close to the electrodes, as known 
from polarization measurements.’ Rather, they have 
been used up in the increased number of recombinations 
brought about by the field [see process (4) ]. That 
capacitance recovery is not observed under ac fields is 
due to the fact that no appreciable polarization field is 
built up during one-half of the cycle of the ac field 
(1/120 sec). 

The recovery during dc field application is partially 
due to the buildup of a polarization field [effect (a) ] 
and is evidenced by the dip which appears following 
the removal of the dc field. In the moment the external 
field is turned off, only the polarization field remains and 
now the replenished electrons in the interior again see a 
strong field, this time in the opposite direction, which 
again sweeps these electrons out of the interior. Since 
the capacitance dips after application and removal of 
the field are of the same order of magnitude, one is 
tempted to conclude that the remaining polarization 
field is of the same order of manitude as the original 
field and that it cancels out the original field to a con- 
siderable extent while the latter remains on. 

The finite recovery time observed after the removal of 
the de field could also be due to the time necessary for 
the decay of the polarization field as well as the time 
necessary for replenishment of the removed electrons. 
Certainly, in this case, the latter is the predominating 
factor because (1) a long recovery time is observed even 
after an ac field had been applied and switched off 
during which no appreciable polarization field can 
persist and (2) the recovery time after dc field removal is 
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much longer than that after application. One may ask 
what happens to those electrons which were replenished 
during field application. These have to a large extent 
disappeared because of the increased recombinations 
during the presence of the field. The considerably 
reduced number of trapped electrons in the equilibrium 
state under field application must be replenished after 
field removal and this takes time as is known from the 
normal rise curves.! The number of additional electrons 
stored within the polarization layer is certainly much 
smaller than the number missing in the interior. The 
electrons which come from the polarization layers 
certainly contribute to the recovery, but they are too 
few to accomplish complete recovery. The first very 
fast increase after the capacitance dip following field 
removal may be due to just these electrons. 

In the case of field application simultaneously with 
the exciting radiation, this radiation is the main source 
of electron replenishment. Consider next the measure- 
ment taken during the capacitance decay after excita- 
tion. In this case, the replenished electrons are drawn 
from the electrons in traps, which evaporate into the 
conduction band and supply the electrons missing 
after field removal. After field removal, the AC/Co 
values are always below the values observed before 
field applications even when one takes the natural 
decay during the time of field application into account. 
This means that there is always an additional loss of 
electrons produced by the field. This additional loss 
becomes rather small the further one goes down along 
the decay curve. 

What, now, is the source of this field quenching 
[process (4) |}? Several explanations have already been 
suggested in the previous paper.! Certainly the most 
obvious explanation is that connected with the filling 
of traps. Assuming that the positive charges move only 
slightly, the accumulation of electrons in the negative 
layers certainly brings the trap occupation closer to 
trap saturation in that region. Consequently there is 
no longer a proportionality between m,. and m; since one 
can no longer neglect m, against mo (the density of 
traps) in the relation »,.=y[1:/(mo—™m,) ], where y is 
temperature-dependent. If new electrons from the 
interior (from the conductivity band as well as traps) 
are brought into the polarization layer where the trapped 
electron density is closer to trap saturation, the total 
number of electrons which are in the conductivity 
band is increased and therefore an increased recombina- 
tion rate results. This process explains why the quench- 
ing process at the first field application during the 
capacitance decay is always the largest and why the 
quenching is strongly reduced as the decay progresses. 
The greater the number of electrons which have recom- 
bined, the farther one is removed from saturation of 
traps and hence the smaller the quenching must be 
since the quenching action here described is based on 
the fact that , is not proportional to m. 

The fact that an actual de-excitation process occurs 
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under the influence of fields is corroborated by the rise- 
curve measurements schematically illustrated by Fig. 7. 
Two rise curves (curves A and B) are taken from a 
particular value of AC/Cy (given as X% of Fig. 7). 
Curve B is obtained by allowing the sample to undergo 
a natural capacitance decay until the value AC/Cy= X% 
is obtained and then switching on the exciting radia- 
tion. Curve A is obtained by first allowing the phosphor 
to decay under the action of a field (de or ac applied 
either at the onset of the decay as illustrated or at some 
other point along the natural decay). After a given time 
interval ¢) the field is switched off and the decay is 
allowed to proceed until the value AC/Co=X% is 
reached, in a shorter time than before. The rise curve 
is then obtained by re-exciting the sample. These rise 
curves differ from those already presented! in that the 
former commence at equal AC/C» values whereas the 
latter commence after equal decay-time intervals. 
Since AC/Co is assumed to be a function of ,., two 
points (A and B) whose AC/C» values are equal corre- 
spond to two states with the same n, and m, because 
of the above relation between these two quantities which 
is fixed for a given temperature. Consequently, one 
would expect the two rise curves, one starting at A and 
the other at B, to coincide. This does not turn out to be 
the case. Of these two rise curves, A is the slower which 
means that at point A, the phosphor is in a state. in 
which fewer traps are occupied than at point B even 
though the capacitance values of the two points are the 
same. 

There are two reasons for this discrepancy. First, after 
field application, the powder is no longer homogeneously 
excited as can be seen from the accompanying dissipa- 
tion-factor value. For a sample which is consistently 
excited in the same way, there is a fixed and unique 
relation between the capacitance and the dissipation 
factor.” Assuming that the exciting intensity is greater 
than that required to obtain the maximum dissipation 
factor," a reduction in the capacitance, due either to a 
reduction of the exciting intensity or the addition of 
infrared light (not considering stimulation), is always 
accompanied by an increase in the dissipation factor, 
provided, of course, that at the end of the experiment 
the capacitance corresponds to a dissipation factor still 
on the high intensity side of the maximum. If stimula- 
tion occurs, the momentary increase of capacitance is 
accompanied by a momentary decrease in the dissipa- 
tion factor. If the exciting intensity is less than that 
required to obtain the maximum dissipation factor, 
the capacitance and dissipation factor value would 
vary together; both decrease when quenching occurs 
and momentarily increase when stimulation is present. 
Now, this relation between the capacitance and the 
dissipation factor is disrupted by the application of a 


10 See Fig. 14 and the accompanying discussion of reference 4. 
1! See Figs. 1 and 4 of reference 2. In these figures, Q stands for 
the reciprocal of the dissipation. 


ZnCdS PHOSPHORS 


ac 
o % 


7 narena, once 





4 


te TIME 





Fic. 7. Schematic plot of (AC/Co) % vs time illustrating the 
method adopted to obtain rise curves from equal AC/C» values 
reached in different ways; point A under field application and 
point B by means of a natural decay. It is found that curve B rises 
faster than curve A, indicating that point A corresponds to a trap 
occupation distribution in which there are fewer filled traps than 
the trap occupation distribution given by point B. 


field as can be concluded from the fact that the dissipa- 
tion factor accompanying A (not illustrated) of Fig. 7 
is lower than that corresponding to point B and that 
the dissipation factor always decreases, along with the 
capacitance both at the instant of field application and 
removal while the phosphor is under excitation regard- 
less of whether or not the exciting intensity is strong 
enough to pass the dissipation-factor maximum. This 
disruption is due to the fact that the charge distribution 
throughout the sample is altered by the application of 
a field. The second explanation for the discrepancy 
between rise curves A and B of Fig. 7 is that the above 
mentioned relation between AC/C) and D is disturbed 
by the action of the field and is restored only slowly 
when the field is removed. Besides this quenching 
process, the two others mentioned in the previous 
paper,! namely, recombinations at electrodes and re- 
combinations across grain boundaries, probably occur 
because the method of measurement previously used 
proved that fields de-excite the samples completely. 
This should, according to the trap mechanism described 
above, take place very slowly. 

In addition, it may be useful to remark upon the 
variation of these effects among the various substances 
examined. Table I is not presented with the idea of 
establishing any exact relationship between these effects 
and the chemical compositions of the phosphors; rather, 
it is here to emphasize that these effects are common 
to all ZnS and ZnCsS phosphors investigated and that 
they are qualitatively independent of the cadmium, and 
of activator content and powder grain size. 
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I. INTRODUCTION 


INCE Heisenberg developed the quantum theory of 

ferromagnetism, much theoretical work has been 
published concerning the origin of ferromagnetism. 
Most of this work was developed on the basis of the 
Heitler-London approximation. It is certain that many 
of the physical properties of ferromagnetism are well 
explained; it is, however, not permissible to neglect 
arbitrarily some of the contribution from the non- 
orthogonality of the wave functions, as Slater has 
pointed out.! Although there may be somewhat dif- 
ferent opinions of his criticism, it is almost certain that 
the meaning of the exchange integral J used in the 
familiar expression 


—$ Ded Ji. (1+48,-S8,) (1) 


is more or less ambiguous, so long as the nonorthogo- 
nality of the wave functions is neglected. This circum- 
stance seems to be rather unsatisfactory from the 
purely theoretical point of view. 

At present we may have two opinions. One is that the 
difficulties caused by the nonorthogonality may be 
regarded as superficial mathematical defects, because 
the Heitler-London method gives considerable success 
in spite of the above-mentioned defects. If we minimize 
the effects caused by the nonorthogonality by using 
suitable mathematical techniques, we could reinterpret 
all of the results of the Heitler-London method without 
essential modifications. Such a solution was proposed 
once by Van Vleck? and was studied by several workers.* 
Although this idea is very interesting and attractive, a 
final conclusion has not yet been achieved. The other 
opinion is as follows: we must solve the various states 
of the spin-system by using a set of many Slater deter- 
minants and determine the state of minimum energy. 
In this case we must consider the effects of the non- 
orthogonality correctly. This idea was proposed by 


* This research was in part supported by the United States Air 
Force through the Air Force Office of Scientific Research of the 
Air Research and Development Command. 

+ On leave from the Institute of Science and Technology, 
University of Tokyo, Tokyo, Japan. 

1 J. C. Slater, Revs. Modern Phys. 25, 199 (1953). 

2 J. H. Van Vleck, Phys. Rev. 46, 135 (1934). 

3.W. J. Carr, Phys. Rev. 92, 28 (1953). 


Slater,! but the mathematical procedures may be tre- 
mendously complicated. 

As for the antiferromagnetic oxides the magnetic 
interaction between ions is interpreted by the super- 
exchange interaction, which was proposed by Kramers 
and was formulated by Anderson by the spin-operator 
method. Slater’ criticized also the spin-operator for- 
malism of the superexchange interaction because of the 
neglect of nonorthogonality. On the other hand, the 
superexchange interaction in the MnO crystal has 
recently been studied by one of the present authors by 
using the Heitler-London picture including the effects 
of nonorthogonality of the wave functions. We note 
here that Pratt® has also studied the problem without 
using the spin-operator formalism. 

Now, Léwdin and others have computed the cohesive 
energy of the several alkali-halide crystals with success 
by the Heitler-London picture including overlap of the 
wave functions. It is the fundamental assumption of the 
Léwdin formalism that the overlap integrals between 
the neighboring ions are so small that the following ex- 
pansion converges well: 


(1+.S)4=1-35+3S*----. (2) 


Here S is the matrix representation of the overlap 
integral S,,, which is defined by 


J e:bdr=bu+S., (3) 


where ¢, is any one of the atomic orbitals belonging to 
the constituent ions in the crystal. The overlap integral 
between the electrons with different spin-directions is 
always zero. On the other hand, the neutron diffraction 
experiment reveals that the electron cloud of the Mntt 
ions in the MnO crystal is so concentrated around the 
Mn nucleus that we may expect that the overlap be- 
tween the Mn** ion and the nearest neighbor O-~ ion 
is rather small. Therefore it may be a good idea to 
treat the superexchange interaction of the MnO crystal 
with the Heitler-London-Léwdin approximation. Using 
this idea, we have published a preliminary treatment in 


4J. Yamashita, J. Phys. Soc. Japan 9, 339 (1954). 
5G. W. Pratt, Phys. Rev. 97, 926 (1955). 
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a previous paper. We have found that the energy of the 
system depends upon the spin arrangement of the 
Mn** ions, and we have proved the possibility of the 
superexchange interaction of the Kramers-Anderson 
type, even when we take into account the effects of 
nonorthogonality. Thus, we may say that the conclu- 
sions of the Anderson theory and the results obtained 
by the spin-operator method are essentially correct for 
antiferromagnetism, provided the exchange integral J 
is given a suitable interpretation. However, since our 
previous treatment has several unsatisfactory points, 
in this paper we shall examine the fundamental assump- 
tions more rigorously. Furthermore, we shall extend 
the theory in order to include other mechanisms which 
may cause superexchange interaction. 

Since it is a rather tedious task to compute the inter- 
action energy quantitatively, we shall only make some 
rough estimates here. However, our formalism is suit- 
able for quantitative application, and we believe that 
by using a high-speed computer we could evaluate the 
energy of the superexchange interaction of some anti- 
ferromagnetic oxides. 


Il. MODELS 


In the following we shall treat the state of the MnO 
crystal with an ordered antiparallel spin arrangement, 
and compare the energy of that state with the energy 
of the ferromagnetic state. We assume on the basis of 
information from neutron diffraction experiments that 
the energy of the ordered antiparallel spin state is very 
close to that of the ground state of the antiferromagnet. 

Now, let us consider the electronic configurations 
which may cause superexchange interaction. If we 
consider the configuration corresponding to the totally 
ionic state [that is, Mn++ (3d) §S and O-~ (2p) only J, 
and compute the energy up to the second order of S, 
then the total energy is found to be independent of the 
spin arrangement. However, if we continue the ex- 
pansion in powers of S and take the S* term into 
account, then we find the total energy depends on the 
spin arrangement even in the totally ionic state. As 
far as we know, this rather peculiar type of super- 
exchange interaction has not been pointed out in 
previous work. 

In addition, if we mix some electronic configurations 
corresponding to the excited state of ions with the 
totally ionic state, then we can derive a total energy 
which depends on the spin arrangements. There may 
be many kinds of mixing, but here we shall consider 
only four simple configurations as follows: 

(1) The configuration corresponding to the Slater 
model.® 


[Mn*+*+; O-~ (29)*] 
+[Mnt+; O-~ (2pa)*(3sa) (2p8)*] 
+[Mnt*; O-~ (2pa)* (358) (2p8)*]. 


6 J. C. Slater, Quarterly Progress Reports, Massachusetts 
Institute of Technology, July 15 and Oct. 15, 1953 (unpublished). 


INTERACTION 731 
(2) The configuration corresponding to the Kramers- 
Anderson model.” 


[Mn++; O--]+[Mn+; 0-]. 


(3) The configuration corresponding to the Good- 
enough model.® 


[Mnt+; O--]+[Mn+t—O—Mn‘*]. 


(4) The configuration which appears in the usual 
band approximation. 


(Mn++; O--]+[Mnt+++—O--—Mnt}. 


Configuration (2) appears in both ferromagnetic and 
antiferromagnetic states ; other configurations, however, 
appear in the antiferromagnetic state only because of 
restrictions introduced by symmetry or the exclusion 
principle. Therefore, the introduction of the configura- 
tion (2) does not always lower the energy of the anti- 
ferromagnetic state, while the introduction of the other 
configurations does. 

Ordinarily, the effect of configuration mixing would 
be investigated by incorporating a number of Slater 
determinants into our wave function. This method, 
however, is impractical in many-body problems because 
of the nonorthogonality of atomic orbitals; hence we 
develop a formalism involving one Slater determinant 
constructed with fairly complicated basic functions. 
We demonstrate, in the special case of a four-electron 
system, that the results from our method are nearly 
equivalent to those determined from the familiar 
approach. Although we investigate only the four-elec- 
tron problem in detail, the extension of the theory to 
the N-body problem introduces no fundamental 
difficulties. 

If we are to describe the state of the system with 
one Slater determinant, the total energy of the system 
according to Léwdin is given by 


Ewr=Wt+D,[u| Au] 
+L wf{Lur|G|uv]—[ur|G| mj}, (4) 


with the bracket notations 


[ul H|»]= f o,*(1)Hie.(1)dry, 65) 


[ww|G|a]= f es*(1er*(QGued1er(2\dridre. (6) 


The wave function ¢, is the orthogonalized wave func- 
tion which is defined by 


e Gu=DLaPa(l1t+S) ay. (7) 


7H. A. Kramers, Physica 1, 182 (1934). 
8 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
9 J. B. Goodenough, Phys. Rev. 100, 564 (1955). 
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The meaning of the opertors is: 


W=}e pa > ZZ q'/T 00's 


g ao’ 
1 Z, 
H=—p?-¢) —, pi=—¥V?, (8) 
2m 0 Tig 
Gy=e/2r5;. 


Here Z, is the atomic number of the nucleus at the 
point g, rg’ the distance between the points g and 3’, 
rig is the distance between the electron i and the point 
g, and rx is the distance between the electrons 7 and &. 
Inserting (7) into (4), we obtain 


Ewr=W+D,(4| b\w) +X wf (ur| G] uv) — (uv|G| yy)} 
—DueP ruck (x| 1] u) +220 (xo G] uv) — (xv|G| mu) J} 
FD wrPucPr{ (crA|G| uv) — (kr|G] yu)}, (9) 


where 
(«| Hu) = f $.*(1)Hid,(1)dny, 
(w|G|oa)= f 6,2(1)6." 2)G xb. (1) (2)dradr, (10) 


P=1-(1+5)7, 
Py=Sp—L S,Sat2, p SpaS «pS »— jee 
a a 8B 


For convenience we divide the one-electron operator 
H; into two parts, 





H;=Hoit Vi, (11) 
where 
1 Zoi 
Hu=—pi-e@ ’ (12) 
2m Tig; 
Z, 
oF 0% Tig 


Since it is assumed that the overlap integral between 
the Mn** ion and the O-— ion is rather small, we 
consider only the overlap between the nearest neighbor 
ions and neglect the overlap between the Mnt* ions. 
The overlap between the next-nearest neighbor O-- 
ions is not necessarily very small, but we neglect it here 
for convenience. 

Throughout this paper we use the Heitler-London 
picture for the MnO crystal. The band picture of super- 
exchange interaction will be discussed in a later paper.” 


10 We define the order of magnitude of the matrix elements as 
follows: (u|H|v), (uu|Glur), and (xu|G|xv) are first-order 
quantities in S and (uv|G|»u) is a second-order quantity in S, 
when the orbitals uw and » are those of nearest neighbors. Then the 
formalism developed in this section is regarded as the series ex- 
pansion of the total energy in S. The repulsive energy between 
ions is known as a second-order quantity, and we shall see that 
the terms which give superexchange interaction are fourth-order 
quantities. Since the value of S is fairly small (0.05-0.1), the 
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III. TOTALLY IONIC STATE 


For simplicity let us consider first the problem of 
three nuclei and four electrons. Consider three nuclei A, 
B, and C in a row with the distance a. Let @4(r)a be an 
atomic spin-orbital of s type belonging to the atom A, 
¢n(r)a and ¢z(7r)8 be atomic orbitals of p type belong- 
ing to the atom B, and ¢c(r)8 be an atomic spin-orbital 
of s type belonging to the atom C. These functions are 
the atomic orbitals which correspond to the ground 
state of each atom respectively. We take into account 
the following two overlap integrals and assume that the 
overlap between ¢.(r) and ¢c(r) is negligibly small: 


f $4(1)6n(1)dr1=San=Spa=S, 
(14) 


fe(t)oc(1)dr=Sn0=Sen= —S§. 


By using Eqs. (9) and (10) the computation is done 
without any difficulty. Especially in the case of the 
four-electron problem we find it easy to compute the 
energy up to the fourth order of S, and we obtain: 


AE.=E,(F)—E,(AF) 
=25*{ (AC|G| AC)+4(AB|G| AB)—(BB|G| BB) 
+(4|V(4)|4)+(B|V(B)|B)) 
+25%{2(4B|G| BB) —(B|V(A)|4)—(A|V(B)|B)} 
+45{2(AB|G| BC)—(AB|G|BA)}. (15) 


Here the meaning of the terms (A|V(A)|A) and 
(B| V(B)| B) is given by (13). 

The generalization of (15) to the real MnO crystal is 
rather complicated, because AE, must contain a number 
of terms coming from the six nearest neighbors and 
many electrons O-— (2p)*, Mn** (3d)*. However, noth- 
ing is new in the qualitative sense. The energy difference 
between two spin states should first appear in the order 
of magnitude of S*, even when we consider only the 
totally ionic state. Let us estimate the order of this 
energy difference. By comparing (15) with the expres- 
sion for the repulsive energy terms, which appear in 
the cohesive energy: 


2S*{ (AC|G| AC)+4(AB|G|AB)} 
+25*{(A|V(A)|A)+(B| V(B)|B)} 
—2S{(B|V(A)|A)+(A|V(B)|B)}, 


we find that the ratio of the two energies may be the 
order of S®?. Thus, if we assume that this relation is 
approximately realized in the MnO crystal, we can 
estimate the energy difference as follows: the repulsive 
energy is about 75 the Madelung energy of the crystal, 
so that the order of magnitude of the energy difference 


estimate of the order of magnitude of a superexchange inter- 
action by the expansion in S may be approximately true, because 
the cancelling effect of the many H- and G-matrix elements of both 
signs should be small. 
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is zp (4ae*/a)S*, and if S~0.05 and a~4.0 in atomic 
units, the energy difference becomes ~0.01 ev. 
In the case of the four-electron problem we can ob- 
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Similarly, for the ferromagnetic state (1+ 5) and 
(1+.S)— become, respectively, 





tain the exact solution of orthogonal process." In this : se ° 
case the matrix (1+.S) for the antiferromagnetic state S grag 
is represented by (1+S)= 
= ee. ie a 
eee ies i eee 
i+S= , and 
00 1 -Ss ae 0 -~$ 
a eae S Er 1 re 0 0 
and its inverse matrix (1+.S)~! becomes (1+S)"'= (1 _ 25) 0 0 1-28 0 
ne ie aig! geiiiyss gem 
14+5)1= 1 and 1 0 0 Therefore we can get the exact solution for this simple 
(1-8?) 0 a oe four-electron problem. After straightforward computa- 
tion with Eq. (9), we have obtained the following 
0 0 S$ 1 results: 
E,(F)—E,( Pima, gy SLE V(A)|A)+(B| V(B)| B)]—S[(A | V(B)| B)+(B| V(A)| A) )} 
2S? [ | AB) ( ; S 7 
—_—_—_————[4S*(AB|G| AB +S AC|G| AC) wo —[(AB|G| BC)—(AB|G| BA) 
(1—2S7)(1— S?) 5?) mek J 
8S‘ vee 2S — 
, [—(AB|G| BA) |}4+———— [45*(4A B|G| AB)+S*(AC|G| AC) +4S*(AB|G| AC) ] 
(1—S*)(1—25") (1— 2S?) (1—.S*) 


2 


+m 4 B|G| BB)—S*(BB|G| BB) ]-—— 


If we expand 1/[(1—2S*)(1—S*)] up to the fourth 
order in S, we get the previous result. 


IV. SLATER MODEL 


First, we discuss the physical picture of the Slater 
model. Let us consider an oxygen ion which is situated 
between two Mnt* ions in ®S states, whose spins are 
antiparallel to each other. According to the results of 
neutron diffraction experiments, we may consider that 
the spin orientation of each Mn ion is fixed in space 
for a short time. Since the exchange interaction and the 
overlap interaction are effective only between the elec- 
trons of the same spin orientation, the charge cloud of 
the one (290) electron of the O-~ ion with the positive 
spin orientation may polarize in such a way as to ap- 
proach the one Mn ion with opposite spin, and to go 
away from the other Mn ion with the same spin. In 
this case the intraenergy of the O-~ ion increases, but 
the loss will be compensated by the gain of the inter- 
action energy. As for the other (20) electron with the 


We owe much of the following discussion to Professor 


F. Keffer. 





2S? 
—_—§[4S*(AB|G| BA)]. 
(1— 2S?) (1—S?) 

(16) 








negative spin c orientation the situation is the same, and 
the other four electrons (29,1, —1;a,8) may also 
polarize, but to a lesser extent. 

The mathematical formulation of the superexchange 
interaction caused by the Slater mechanism is given for 
the problem of three nuclei and four electrons. We 
take the wave function of the ground state as before and 
further take V(r) as an atomic orbital of s type belong- 
ing to the atom B, which represents an excited state 
of the atom B. 


(1) Ordered Antiparallel Spin Arrangement 


We assume that the state of the four-electron system 
is described by the following Slater determinant : 


(AF) =| (1)a, (1+)*)4[p2(2)+AV (2) Ja, 
(1+y2)—*[o2(3)+u¥ 2(3) 18, dc(4)8|. (17) 


Here \ and yu are the paramieters which describe the 
amount of mixing of the excited state. Here we calculate 
the dependence of the energy on A only. The total en- 
ergy of the four-electron problem up to the second order 
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of S is expressed as 
Exsr=W+(A|A)+(C|C)+(AC|AC) 
—{(AP|PA)+(CP"|P’C)} 
+1(P; P’)\+B(AP)+ BCP’), (18) 
where 
I(P; P’)=(P|P)+(AP|AP)+(CP|CP)+(PP’| PP’) 
+(P’| P’)+(AP’|AP’)+(CP’|CP’), (19) 
B(AP)=—2Sap{(A|P)+(AP’| PP’)+(PC|AC)} 
+Sap{(P|P)+(A|A)+(PP’| PP’)+(PA|PA) 
+(PC|PC)+(P’A|P’A)+(AC|AC)}, (20) 
and where B(CP’) is of the same form as B(AP) with 
A, P, and Sp replaced by C, P’, and Scp, respectively. 
Here we use the abbreviations: 





A=$a, C=¢c, P=op=(1+d)*(on+d¥z), 21) 
P! =p = (1+u2)*(opt+uVs), 
and 
Sar= f dubedr, 
h Lg 
(4|P)= fo(-—v-> orar, (22) 
2m 9 Tig 


(AP|CP) = fos ( 1)@p(2) (€2/ri2)bc(1)bp(2)drid72. 


After a bit of computation we obtain the following re- 
sults from (18), (19), (20), and (21): 


E=Ey+E,\+ Ed’. * (23) 


Here Ep is the energy of the totally ionic state which 
has been discussed, and £, is given by 


E,=2[( (oa! V(B)|W2)+ (b4dn| b4¥s) 
+ (¢con|\o4V 2) — (¢4¢n| ona) ] 
+{Sanl (Vabc|badc)+ (Vos | dads) 
+ (¢1dc|¥ abc) +(a| V(B)|¥x)) 
+T(¢4¢c!¢n¢c)+ (4| V(B)| 62) )} 


+(Es—Ep)SanT, (24) 


where Es is the orbital energy of Vz, Ez is the orbital 
energy of ¢z, and T is the overlap integral 


foster =T. 


In the real case, that is, for the MnO crystal, the po- 
tential V has cubic symmetry, so that (¢s! V(B)|¥z) 
may be zero. The terms (¢4¢8|/¢4V x) and (¢cdz|o4¥ z) 
cancel each other because of symmetry. The term in 
curly brackets is part of the overlap energy and may be 
positive, and the last term (Es—Exs)ST comes from 
the process of orthogonalization; its meaning is not 
intuitively obvious. Thus, we find that the order of 


(25) 
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magnitude of £, is the second order in S. On the other 
hand, E2 becomes: 


E.= {(Es—Exz)+(osV|o8V 5) — (b262|¢n¢5)} 
+{L@a| V(B)|¥2)—@a|V(B)|¢2)] 
+[(o4¥8|o4V 8) — (b1b8|d4¢8) | 
+L(@c¥ | dc¥ 2) — (¢cbn| dcos) | 
—[(¢a¥ | V aba) — (b4¢8| oR) | 
+SL(¢c¥5| 62) + (ocb8|b2b2)+ (dc¥ n|on0n) | 
+T(Vdc|bsdc)+ (V nbs| babs) 

+ (d4¢c|V adc) }}. 


The first term in square brackets in (26) means the 
increase of the intra-atomic energy of the atom B. The 
next term in square brackets means the change of the 
interatomic energy, which is rather small as compared 
with the first. Therefore E, has always a positive sign. 

On determining the parameter A so as to minimize 
the total energy, we find 


A= — E)/ 2Fo, 


(26) 


(27) 
and the total energy is 


E=E,—E;/4Ep. (28) 


Therefore we find that the total energy is smaller than 
E, irrespective of the sign of E,, and the second term 
has the order of magnitude of S*. Next, we shall con- 
sider the case where ¢4 and @c have the same spin 
direction, that is, where the wave function is assumed 
to be 


@r=|ga(1)a, (1+d*)“[p(2)+A¥ (2) Jo, 
(1+u?)!Lon(3)+u¥ 2(3) 18, dc(4)a}. 


In this case the exchange interaction and the overlap 
interaction act not only between ¢@4a and ¢za, but 
also between ¢@ca and gga. Therefore additional terms 
appear in the energy E, and E>. We can get these terms 
easily by symmetry considerations. For example, E, is 


E,(F) = E,(AF)+2— (¢e¢s| ¥ sec) J 
+Sac{(Vnbs|ocoa)+ (V nos| ocds) 
+ (¢c| V(B)|Va)+ (ocb4|Vnb4)} +T{ (bcb4|bn6c) 
+(¢c|V(B)|\¢s)}+(Es—Ex)SpcT. (30) 


Since ¢4, ¢c, and Wx, are s functions and ¢, is a p 
function, we have some relations such as Sa, 
=—Spe, (¢s¢n|Vsd4)=— (ocds|Vadc), (b4|V oz) 
=—(¢c|V |x), (Wabc|oadc)= —(Vaba\ocba), and 
so on. Therefore the terms in (30) cancel each other 
and consequently the polarization of the oxygen ion 
does not appear in the case of the parallel spin arrange- 
ment. Thus, we find that, if we introduce the polariza- 
tion effect, the energy of the system depends upon the 
mutual spin orientation and moreover this kind of 
superexchange interaction acts always to keep the spin 
orientation antiparallel. 

Now, it is necessary to apply our formalism to the 


(29) 
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MnO crystal which contains N pairs of ions. Let us 
take 2p wave functions of the O-~ ion as 


(1+A27)—*{bpm(1— gi) +rim¥ (r— gi) Jar, 


(1+ 4.7) *{bpm(r— gi) +Him¥ (r—g,)}8 


(i=1, 2, 3, ---N; m=1, 2,3). (31) 


Here pm is the 2p atomic orbital of the O-~ ion (m is 
the magnetic quantum number), W is the 3s atomic 
orbital of the ion, and g; is the usual lattice vector. As 
the Mn** wave functions we take the atomic orbitals 
of the free Mn** ions. Since the number of electrons 
and the number of atomic spin orbitals is the same, we 
may describe the state of the ordered antiparallel spin 
arrangement with only one Slater determinant. In this 
way we get rid of the complexity of many configurations 
and we meet no difficulties in orthogonalization. Then 
the total energy, 


B= f awovdr / f oar, 
is given by 


E=Eo+ E,(3 DLait3 Din.) 
+E2(3 DLa?z+3 DL w2)+d gE pd"u4, (32) 


where EF, and £, contain many integrals which appear 
in (24) and (26). Since the last term is small, we can 
determine \; and y; easily by successive approximation 
so as to minimize the total energy and the convergence 
is expected to be very good. The evaluation of the 
N-body problem is in essence the same as that of the 
three-nucleus problem and the result is almost the same 
as the mere summation of 6N terms. In the case of the 
ferromagnetic state the linear terms in \ and yu dis- 
appear also because of the symmetry character of 
p function. 

Here we do not try to evaluate the many integrals 
numerically in order to have a quantitative result; 
however, we estimate the order of magnitude of this 
superexchange interaction by a more indirect way, that 
is, by using the knowledge of the dielectric properties 
of ionic crystals.” Let us consider the MgO crystal, for 
example, in a static electric field. Then all wave func- 
tions of an O-~ ion @o;(r) change to: 


$:(r) =doi(r) (1+Ar cosé), 


where ) is a variational parameter to express the degree 
of polarization. 
The energy change due to the field is expressed by 


AE= —4R%eF d+ (4eR°d)?/2a9—4N (4eR°A)2/6 
—2eZxF —4anN (2eZx)?/6+Cx 
—4nN (2eZx) (4R*ed)/3+ Bar, 
where x is the displacement of both ions, 2eZx(Z= 2) is 


the dipole caused by the ion displacement, R? is the 
average value of r*, 4R°\ is the dipole caused by the 


(33) 


(34) 


#2]. Yamashita, J. Phys. Soc. Japan 10, 610 (1955). 
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deformation of a negative ion, and ap is the polariza- 
bility of the O-— ion. The second, fifth, and seventh 
terms are the mutual interaction of the dipoles. Besides 
these, Eq. (2) contains two terms Cx and Bx. The 
meaning of these is as follows: When the ion is dis- 
placed or deformed, the degree of charge-overlap 
energy is changed accordingly. In general, we may ex- 
pand the change of the internal energy as a power 
series in x and X: 


AU =ad+ Cox+ Ad?+ Bxr+Cx?+ - +>. (35) 
The term C2* is the usual repulsive potential energy. 
The linear term in x vanishes because of the equi- 
librium condition. The linear term in \, which is also 
a repulsive potential energy, consists of several in- 
tegrals containing cos#, and if we express the inter- 
action between a pair of ions of opposite signs as 
\K exp(—pa), there is another term of the type 
—\K exp(—pa) because of the symmetry. Here a is 
the distance between the nearest neighboring ions. 
Thus the linear term in ) is also canceled out, when all 
ions are in equilibrium positions. However, when the 
positive ions are displaced by 2x relative to negative 
ions, the above two terms become, respectively: 
AK exp[ — p(a+2x) ] and —\K exp[— p(a—2x) ]. Thus, 
in that case the term Bx\ appears as the result of the 
loss of the cubic symmetry in the static electric field. 
The factor B is easily computed as 


B=4Kp exp(— pa). (36) 


In fact, we found that this repulsive energy was very 
important to the understanding of the dielectric prop- 
erties of alkali-halide crystals. Comparing the theory 
with experiment, we have found that B is nearly equal 
to 4aNe(4R?) in the case of NaCl and about (0.6)47V 
X (2e)(4R?) in the case of MgO. Unfortunately we do 
not know the value of B for the MnO crystal at present, 
but we may be allowed to assume that the situation is 
nearly the same for it, since the dielectric properties 
of the MnO crystal are not very different from that of 
MgO. Thus we tentatively take, for antiferromagnetic 
oxide crystals: 


B=n($mN) (2e)(4R?), N=1/2a', (37) 


where the value of 7 is assumed to be 1.0-0.5. 

Now, in the magnetic case the two 2p wave functions 
of the O-~ ion ¢(2p0)a and ¢0(20)6 are assumed to 
become $;=@0(1+Ar cos@)a and $2=¢0(1—Ar cosé)B, 
respectively, owing to the symmetry of the spin ori- 
entations of two Mn ions. The energy change due to 
such a polarization is expressed by 


AE=—D1)+ MX. (38) 


The. change of-the intraenergy MX* may be almost the 
same as the second term of Eq. (34), because the energy 
contains only \? terms in both cases. The estimation of 
L is more difficult and ambiguous, but we suppose that, 
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although the origin of the polarization of ions is 
different, the asymmetry of the wave function may 
cause quite the same effects for the interaction energy 
between Mn and O ions as the case in the static field. 
Thus, Z is given by 


L=2K exp(— pa), (39) 
where the factor is 2 instead of 4, because each Mn ion 
has five d electrons of the same spin orientation only. 


Using (36), (37), and (39), we find 


2re {4R° 
L=—{ — }s. 
3p\a 
Determining \ so as to minimize AE, we obtain the 
energy difference as 


wr 1 2af/e 
AE=-— =(“)r. 
9 (pa)? a \a 


The generalization to the three-dimensional case may 
be attained by multiplying AE by the factor 3, which 
is the number of the Mn—O—Mn chains around an 
oxygen ion. This is not strictly true, for we must 
consider the effect of the ions situated at right angles. 
However, the effect of these ions is rather small in the 
problems of the dielectrics, so we may neglect it by 
analogy. Then (41) becomes 


rol a/e 
AE=—— =(-)r. 
3 (pa)? a \a 


Now, let us estimate the order of the magnitude of AE. 
We know that the values of (pa) lie between 7 and 10 
in many alkali-halide crystals. Thus we take (pa) =10, 
and if we take a=2.2X10-* and ap=3X10-™, then we 
obtain the value of AE as: 


(40) 


(41) 





(42) 





AE=0.12n? (ev) =1300n? (°K in temperature scale). 


Unfortunately we do not know the value of n, but we 
suppose that it is hardly much smaller than one.” 
Thus, to the extent that our rough considerations are 
justified, the polarization effect is rather important to 
superexchange interaction, since this effect is always 
favorable to the antiferromagnetic interactions in less 
than half-filled d shells. 


V. KRAMERS-ANDERSON MODEL 


Next, we proceed to discuss the Kramers-Anderson 
model. First we shall solve the four-electron problem. 
We take the following Slater determinant as the wave 
function of the system. (The meaning of the atomic 
orbitals is the same as in the previous chapter.) 


13 If we take n as } tentatively, AE~0.03 ev. According to the 
estimation in the previous section, this value may be of fourth 
order of S. 
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(I) Antiferromagnetic State 


War= (4!) G4(La,pp(2)a,br(3)8,oc(4)8|, (43) 
where 
p= (oatudc)/(1+2uS+y*)!, 
bp = (datAda)/(1+24S+)’)}, (44) 
or 
dp?=on'+{2u(dabc—S'on*) +u"(oc?—$3")} 
X(1—2uS’—w?), (45) 


S= —s'= f abrir. 


The total energy of the system is given by (18). 
Here we want to get the energy up to the fourth order 
of S. (The parameters \ and yw are regarded as the 
first-order quantities and the integral /@fosdr is 
regarded as second order if f is a first-order quantity.) 
Inserting (43), (44), and (45) into (18) and expanding 
the energy in terms of the parameters \ and y, we 
obtain the following results: 


(P; P’)=1(B; B)+(24X+Y) 
— (2NS-+D2) (AX +22Y) +04 e+ (— 2X +27) 


— (2uS’+p?)(—2uX+u7V), (46) 
where 
X=(A|V(B)| B)+(AB|AA)+(CB/CA) 
—S{(B| V(B)|B)+2(AB|AB)}, (47) 
Y={(A|A)+(AA|AA)—(B| B)—(BB| BB)} 
+{(A|V(A)|4)—(B|V(B)| B)} 
—(AB|AB)+(AC|AC), (48) 
and 
Qar=4d\u{ (BB| AC)—2S(BB| BC)—S*(BB| BB)} 
—2(\u—Ap?){ (A B| AC) +S(AB| AB) 
—S(BB| BB)—(BB| BC)} 
+2u2{ (AC| AC)—2(AB| AB)+(BB|BB)}. (49) 


The term X means the transition matrix from ¢,4 to 
$s, the term Y means the energy which is required to 
remove one electron from the B atom to the A atom, 
and the physical meaning of 2 will be discussed later. 
The overlap energy B(AP) becomes as follows: 


B(AB) 

B(AP) =——$—_—_—___ +S — 2X +-#°Y) 
(1+ 2uS’+y*) 
+B(u;IV), (50) 
and similarly 
B(AB) 
B(CP’) =—————_+S*(2AX+"Y) + BAA; IV), 
(1+2S+)?) 


where B(u; IV) is defined by 

Bu; IV) = —4yS’{ (BC|CB)—S’(BC| BB)} 
—2y2S’{ (CC|CB)—(CB| BB)} 
+2uS”{ (BC|CC)—S’(BC| BC) 
+(BB|BC)—S’(BB| BB)} 


+y2S’{(CC|CC)—(BB| BB)}, (51) 
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and Bid; IV) is defined as having the same form as 
B(u; IV) with C, S’, and u replaced by A, S, and X, re- 
spectively. The exchange integrals (CP|PC) and 
(AP| PA) become simply : 


(CP| PC)=(CB| BC)/(1+2\S+22) and 
(AP| PA) =(AB|BA)/(1+2uS’+p2). 


By using these terms, we may express the total energy 
as 


E(AF)=E,(AF)+ (24X+¥Y) (1 — (24S-+22) +83} 
+(—2pX+p?V){1—(2uS’+py*) +7} 
-- {B(CB)— (CB| BC)} (24S-+2) 
—{B(AB)—(AB|BA)} (2us’+42) 
+24r+B(d; 1V)+B(u; IV). 


In (52), (2AX+A?Y —2uX+yp°Y) is of the second order 
and the remaining terms are of fourth order. Now we 
determine the parameters A and yu so as to minimize the 
second-order energy, 


(52) 


A= —p=—X/Y (53) 


and 


2AX +A7¥ — 2X +y?V = —2X?/Y. (54) 


The physical meaning of 2X*/Y is the energy gain as a 
result of the configuration mixing, when the energy is 
considered up to the second order. Inserting these 
values \ and yu into (52), we obtain the final result: 


E(AF)=E,(AF)+ (2X2/Y)(—1+2AS+02—S*) 
—2(24S+2*){ B(AB)—(AB|BA)} 
+Q4r+2B(r;IV). (55) 


(II) Ferromagnetic State 


Next, we compute the energy of the parallel spin 
state. We take the wave function as follows: 


WV r= (1/4!)!| $10, n0,9 PB,dca! , (56) 


where 
op= (bptAdatudc) /(A+-2NS+22+4+ 2yS’+ 2), 


By similar computations we have obtained the total 
energy of the ferromagnetic state, 


E(F)=E,(F)+ (2X +X2Y —2uX+.2Y) 
X (1— (2AS+A?+ 2y8’+y2)} 
+B; IV)+Biu; IV)+Cu; IV)+C(a; IV), 


where C(u; IV) is defined by 


C(u; IV)=—4uS{(AB| BC)—S’(AB| BB)} 
— 2u2S{(AC| BC)— (AB| BB)} 
+ 2uS?{ (BB| BC) —S’(BB| BB) 
—§’(BA|BA)+(AB|AC)} 
+u2S*{ (AC| AC)— (BB| BB)}, 


(57) 


(58) 
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and C(A; IV) is of the same form as C(u;IV) with 
A, S, S’, C, and uw are replaced by C, S’, S, A, and A, re- 
spectively. The values of \ and yu are given by (53), 
and, inserting these values into (58), we have 


E(F)=E,(F)+ (2X?/Y) (—1+4dS+ 2d?) 
+2B(r; IV)+2C(A; IV). 
Then the energy difference between these states is 
E(F)— E(AF) =AE442(AS+)’){ B(AB)— (AB| BA)} 
+2(X?/V) (2AS+A2+S?)—Qar+2C(rA; IV). (60) 


(59) 


In the previous paper we considered the second term 
only. The physical meaning of this term is as follows: 
when one of the two # electrons jumps into the s orbit 
of the left atom A, there is neither exchange interaction 
nor overlap interaction between the remaining p elec- 
tron and the s electron of the atom C, because the spin 
orientation of these two electrons is opposite in the anti- 
ferromagnetic state. On the contrary, there are exchange 
and overlap interactions in the ferromagnetic state, 
because the two electrons have the same spin orienta- 
tion. If this interaction is repulsive, the energy of the 
ferromagnetic state is higher than that of the anti- 
ferromagnetic state. The Anderson mechanism of super- 
exchange interaction corresponds to this term. The 
physical meanings of the other three terms are rather 
complicated. However, from the definition of 2 in (49), 
we see that 2 has terms proportional to Ay, \’u, Au’, or 
\*u?, and from (58) we see that C(A; IV) has terms pro- 
portional to SS’. Furthermore, by comparing (57) and 
(55) we find easily that the term 2(X?/Y)(2AS+ ?) 
comes from the terms proportional to products of \ and 
u. Therefore, we see that these energy terms come from 
some two-electron transitions. In the next section we 
shall investigate the physical meaning of these terms 
by the configuration interaction method. 

Although we have investigated only the four-electron 
problem in detail, the extension of the theory to the 
N-body problem introduces no fundamental difficulties. 


VI. CONFIGURATION INTERACTION 


In the previous sections we used special types of 
wave functions on purpose. We always expressed the 
state of the total system by a single Slater determinant 
constructed with rather complicated one-electron orbi- 
tals such as (43) or (56). In this way we took into 
account the effect of configuration mixing to some 
extent, and were able to get rid of the complication of 
configuration interaction. However, this procedure has 
its natural limit of applicability. Our choice of this 
wave function is equivalent to assuming that the 
transition of one electron can take place without any 
correlation with the behavior of other electrons. We 
can see this in the following simple example. If for the 
present we assume orthogonality of the wave functions, 
the single determinant V of the antiferromagnetic state 
is equivalent to the following linear combination of 
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four determinantal functions: 


(1—*)*(1— pw?) ot A(1— pw?) 


+py(1—d*)ot+Auys, (61) 
where 
Yo= |b4(1)a,62(2)a,68(3)8,6c(4)8 | ’ 
Vi= |¢4(La,bc(2)a,62(3)8,oc(4)8], (62) 


y= lba (1)a,op(2)a,os (3)8,@c(4)8 | ’ 
¥3= ba (1)a,dc(2)a,oa (3)8,6c(4)B| ° 


If we determine the parameters \ and y so as to mini- 
mize the energy up to the second order, the energy 
contribution from higher order terms and the proba- 
bility of the higher order configuration w; is determined 
automatically. But this probability should be deter- 
mined independently to give the minimum energy. In 
order to avoid this unfavorable circumstance we must 
use the configuration interaction. In general it leads to 
a very tedious problem, but if we confine ourselves to 
four electrons, we can solve the problem by direct 
computations without any difficulties. The meaning of 
the notation is 


H,;= (i|H|y,), Si= (Was), 


(i, j=0, 1, 2, 3). 


and 


E;= (yi | H\y.)/as), 


The other notations are familiar. 

Comparing this energy with (52), we see immedi- 
ately that the terms proportional to \" and yz” are 
exactly the same as the terms derived by using the wave 
function (43) and differences appear only in the terms 
proportional to A"w”, which is expected from the begin- 
ning. On determining the parameters so as to minimize 
the energy up to the second order, we obtain 


= —~¢= _ X/Y, 
and 


y=—=_ { Hos— Sogko+ 2r (Hy3— Si3ko)} '(E3— Eo) 


63 
= — Ho3* /(E;— Eo). ( ) 
The total energy becomes 
Econ(AF) = E,(AF)+ (2X?/Y) (—1+2AS+)?— S?) 
—2(2AS+)*){ B(A B)— (AB| BA)} 
+ (2X?/YV) (2AS+A?) 
+2ru(H12— S120) — | Hos*|?/(E3;— Eo). (64) 


On the other hand, there is no term corresponding to 
yz in the ferromagnetic state, because it is prohibited 
by the Pauli principle. Therefore the ferromagnetic 
energy is still given by (59). Thus, we get the energy 
difference, 
E(F)— Econ(AF) 

= AEs+2(2A\S+2*){ B(AB)— (AB|BA)} 

+ (2X?/V)S?+ | Hos* |?/(E3:— Eo) 


+2)?(Hi2— Si2Eo), (65) 
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where 


Hy2— S\2Eo= (BB| AC)+2S(BB| BA) 
— S*(BB| BB)—2SX 
>+—2SX=2\SY. 


Therefore, the last term of (65) becomes 


2d?(Hy2— Sy2ko) 40° SY. (66) 


Since Y>0O and AS>0, the quantity (66) is expected | 
to be positive. Thus we see that the last two terms 
which are introduced as a result of the configuration 
interaction are favorable for the antiferromagnetic 
spin arrangement. The physical meaning of these 
terms is clear by the definition of the wave functions 
¥3; (Hi2— Sek) is the transition matrix element which 
corresponds to the transition from y; to Yo, and Ho;* is 
the transition matrix element which corresponds to the 
transition from Yo to ¥3. Comparing (65) and (60), we 
see that the terms 


| Ho3* | 2/(E3— Eo) +2)\?(Hype— Sy2Eo) 
in (65) correspond to 
2(2AS+A?*) (X?/Y)—Qar 


in (60). Therefore, the above two terms in (60) may be 
interpreted as the energy which comes from such 
transitions. 


VII. GOODENOUGH’S MODEL 


Let us compare two quantities P=2(2\S+)?) 
X {B(AB)— (AB| BA)} and Q= | Hos3*|?/(E3— Eo). The 
energy P comes from the transition process of one 
electron from the B to the A atom, while the energy Q 
comes from the simultaneous transition of two elec- 
trons. As for the transition matrix, the latter is the higher 
order process. However, since the one-electron transi- 
tion has the same probability both in the antiferro- 
magnetic and the ferromagnetic states, the energy 
difference comes from the spin-dependent interaction 
after one electron moves to the new orbit. On the 
contrary, there is no two-electron transition in the 
ferromagnetic state so that the energy gain in the 
antiferromagnetic state comes directly from the exist- 
ence of such an excited state. Therefore, as for the 
interaction energy the one-electron process may be of 
higher order. (However, in the two-electron transition 
process the energy difference is two times as large as 
in the one-electron transition, so that the latter is not 
effective when the transition energy is very large.) 

We assume that the transition probability is propor- 
tional to the square of the overlap between the wave 
functions before and after the transition, and the inter- 
action energy B(AB)—(AB|BA) is also proportional 
to the square of the overlap between the two interacting 
wave functions. Thus we obtain: P~S?XS°=S* and 
Q~ (S?)?=S*. The two quantities may be of the same 
order. However, if it is possible to construct a certain 















































hybridized orbital, which overlaps strongly with the 
p orbital of the B atom and whose energy is not much 
higher than £3, then the state of affairs becomes dif- 
ferent. Let us denote the hybridized orbital by y, and 
the overlap integral fYidszdr by (S). Then we have 
Q~ (S)*and {(S)A+A*} ~(S)’, but {B(AB)— (AB| BA)} 
~S*, because the spin-dependent interaction takes 
place between the usual nonhybridized remaining 
orbitals. Since (S) is much larger than S by our assump- 
tion, it may happen that Q is much larger than P. In 
this case the magnitude of the superexchange inter- 
action is almost determined by the two-electron process. 
We think that the above is a reasonable interpretation 
of the superexchange interaction which was proposed by 
Goodenough. If, on the contrary, the hybridized orbital 
has much higher energy or the transition matrix be- 
tween two orbitals is small, Goodenough’s mechanism 
may not contribute to superexchange interaction. 


VIII. EFFECT OF TRIPLY IONIZED 
MANGANESE ION 


Here we introduce another wave function: 


W= (1/4!)!|b4(1)a,o2(2)a,o2(3)8, 
(1+A2)-4(oc(4) +Ada (4)) 8}. 


The energy of this system is easily computed as follows: 


(67) 


E=E,(AF)+21\A+ M>)’, (68) 
where 
L=—S*{(B| V(B)|B)+(C\ V(C) |C)} 
+45{(B|V(A)|A)+(A|V(B)| B)} 
+$%{4(AB| AB)+(AC|AC)+(BB| BB)} 
+5S{(AB|AC)+(BC|BB)—(AA|AB)}. (69) 
and 
M=(AA|AA)—(AC|AC). (70) 


Determining the parameter \ by the minimum condi- 
tion, we have 

E=E,(AF)—L*/M. (71) 
The physical meaning of the above configuration is 
clear. It represents a state where two s electrons are in 
the A atom and none in the C atom, and it corresponds 
to a configuration (Mnt+++—O-~— Mn?) in the MnO 
crystal. The generalization of (71) to the N-body 
problem will be straightforward. 


IX. DIRECTIONAL EFFECT OF SUPER- 
EXCHANGE INTERACTION 

As is well known, the theory of superexchange inter- 
action leads to the conclusion that the coupling be- 
tween next-nearest neighbors is much stronger than 
that between nearest neighbors. (Hereafter let us denote 
the former as the m interaction and the latter as the 
3m interaction.) This conclusion is considered to be a 
remarkable success of the theory, because according to 
neutron diffraction experiments there is strong correla- 
tion between the spins of two Mn ions which are 
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coupled in the x sense. However, the magnitude of the 
3m interaction is not always negligibly small, but, as 
Anderson" has indicated, it can be large in some cases. 
There are three possible solutions for the apparent 
discrepancies between the theory of superexchange 
interaction and a strong 3m coupling: 


(1) Anderson’s analysis of experimental data, which 
predicted a strong 3m interaction, may be incorrect. 

(2) There is a possible direct interaction between the 
d shell of the nearest-neighbor positive ions. 

(3) There might be another type of superexchange 
interaction, resulting in a strong 3a coupling. 


It is possible that the 2s electrons in the O-~ or in 
the F~ ion contribute appreciably to superexchange 
interaction. In addition, there are some possibilities 
that wave functions of the O-~ ion are perturbed by 
their mutual overlap, so that the p-like character of 
the wave functions is somewhat modified in the outer 
region of the ion. 


X. DISCUSSIONS 


The theory of superexchange interaction which we 
have developed in the previous sections is quite general 
and has no arbitrary assumptions except for two funda- 
mental assumptions: (1) the ordered antiparallel spin 
arrangement,!® and (2) the convergence of the series 
(1+). The total energy of the system has been 
computed by using the given wave functions without 
nonorthogonality difficulties. According to the given 
wave functions we have derived various mechanisms of 
superexchange interaction. Each mechanism, which we 
have considered, seems to contribute to superexchange 
interaction as a quantity of fourth order in S, according 
to our definition of the order of magnitude mentioned 
before. However, the quantitative aspects of our theory 
are still uncertain, so that the quantitative application 
of our theory to a real crystal is one of the most im- 
portant problems for us in the future. 

Here we mention some results of our numerical 
calculations about the four-electron problem. Since our 
model is very simple, it is rather doubtful if we can 


TABLE I. The energy difference between the antiferromagnetic 
state and the ferromagnetic state of the four-electron problem, 
when the totally ionic state only is considered. Here AK, is the 
energy difference, E,ep is the repulsive energy between the atoms 
A and B, S is the overlap integral, and a is nuclear distance 
measured in units of the Bohr radius. 














a/ao AEs, (ev) Erep (ev) AE4s/2Erep Ss 
6 0.42 107 0.420 0.055 0.2258 
7 0.56 10 0.127 0.022 0.1414 
8 0.54X 10-8 0.350 10 0.0077 0.0830 
9 0.40X 10-4 0.132107 0.0015 0.0465 
10 0.25X 10-5 0.174 10 0.73 X 10-3 0.0250 











144 P, W. Anderson, Phys. Rev. 79, 705 (1950). 

18 We should show why the ground state is so near the ordered 
antiparallel spin arrangement; however, it is very difficult to 
determine the ground state by our method. 
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TABLE II. The energy difference between the antiferromagnetic state and the ferromagnetic state of the four-electron problem, 
when we use the single Slater determinant. The energy difference is denoted by AE(single). We show also the value of contribution from 
each term and values of S and \. The nuclear distance a is measured in units of the Bohr radius. 

















a/ao 5 6 7 8 9 10 
AE(single) (ev) 4.84  — 8.27X107 741X102 = 5.62X10° — 3.33K10~ «1.60105 
d 0.6493 0.3894 0.2234 0.1199 0.06201 0.03105 
s 0.3339 0.2258 0.1414 0.08300 0.04649 0.02503 
AE, 041 042X10" 056X102  0.54K10 = 0.40X10~ 0.25 10° 
2(2AS+28){B(AB)—(AB|BA)} 0.95 —-.2.75X10% = 2.88K10% = 2.34K10-—.S3K10 = (087X110 
2(X?/¥)S 0.28 O47X10  0.60X10% = 0.60K 10° 0.5010 = 0.37108 
2C(d; IV) 0.33 144X107 —0.66X10- = 0.50X10-* 0.2310 = (0.02 10° 
2(2AS+22) (X2/¥) 218 3.00X107 341X107 =. 2.98X10* 2.3310 1.47X10-° 
—Qar 0.70 0.1910" = —0.70K10- = -1.35K10- — -1.57K10 — —1.37X 10-8 
2(2AS-+22) (X2/¥) 288 319X107 =. 2.71K 107 1.63X10-° 0.6610" = 0.10 10-8 
—Qar 
S/S (at a=5) 1.0 0.6762 0.4243 0.2485 0.1392 0.07496 
(S/S (a=5))* 1.0 0.21 3.2107 3.810" 3.710 3.1 10-5 
_...s 1.0 0.17 1.5X 10 1.2 10-8 0.67X10 0.3K 10-8 


AE(single: a=5) 


extend the knowledge about the four-electron problem 
directly to a real crystal. However, it seems to have 
some meaning to give numerical values to the various 
terms in (15), (60), and (65), in order to make clear 
which terms contribute to superexchange interaction in 
this simple case. We use the hydrogen 2s and 2p func- 
tions for ¢4 and ¢z, respectively. In this case the Kotani 
integral table is available for the wide range of inter- 
nuclear distances. However, we could not choose V (A) 
and V(B) without some ambiguities. The potentials 
V(A) and V(B) are defined by (13): 


Vi(ri; A)= —e(Zp/ristZe, Tic) and 
V(r;; B)=—e(Za/riat+Zc/ric), 


respectively. If we assume that the atoms A, B, and C 
are neutral, we should take Z4=Zc=1 and Zg=2. But 
the neutral-atom model might be quite unreasonable, 
because the many important features of the ionic 
lattice will be destroyed completely. Moreover, the 
potential (13) has cubic symmetry in the MnO lattice, 
but the V(A) and V(B) defined before have no such 
symmetry. The lack of cubic symmetry may lead to 
some unfavorable results which are not appropriate for 


a cubic lattice. Therefore, we assume Z4=Zc=2 and 
Zpx=—2 and further, we arrange the point charges 
(2e) and (—2e) around the ions A, B, and C with cubic 
symmetry, so as to make a NaC] lattice. (That is, the 
potential at the nuclei A and B are —2ae/a and 2ae/a, 
respectively.) Next, the quantity Y contains the ex- 
citation energy of the (p—s) transition, which we take 
rather arbitrarily as 3 ev. These choices of the potential 
and the excitation energy are highly artificial and, 
unfortunately, the numerical results depend critically 
upon them, so that the quantitative aspects of our 
results do not have much meaning. 

The results are tabulated in Tables I, II, and III. 
In Table I the energy (15), that is, the energy difference 
between the antiferromagnetic totally ionic state and 
the ferromagnetic totally ionic state is shown. The 
energy difference becomes positive for our choice of the 
potential (advantageous for the antiferromagnetic ar- 
rangement). The third column gives the repulsive 
energy between the atoms A and B, and the ratio of 
the two is shown in the fourth column. According to 
the general consideration mentioned earlier, this ratio 
will be nearly equal to S*, which is not contradicted by 


Tae III. The energy difference between the antiferromagnetic state and the ferromagnetic state of four-electron problem, when 
we consider four configurations. The energy difference is denoted by AE (config.). We show also the probability of the wave function 4, 


which is given by v. For the sake of comparison we write down the previous results obtained by the single configuration. 














a/ao 5 6 7 8 9 10 

2d*(H12—S12Eo) (ev) 1.21 1.75X 107 2.00X 10-? 1.73X 10-3 1.25X10~ 0.78X10-$ 

| Hos* |?/(E3— Eo) 1.75 1.45X 107 0.94 10 0.43 X 10-* 0.13 10-4 0.00 

Sum of above two 2.96 3.20 107 2.94X 10-? 2.16X 10-* 1.38 10 0.78 X 1075 

2(2AS+)?) (X2/Y) 2.88 3.19 107 2.71X 10? 1.63 10% 0.66X 10-4 0.10 10~* 

—Qar 

AE(config.) (ev) 4.92 8.28 107 7.64X 10 6.15X 10-% 4.04X 10-4 2.28 10-5 

v 0.540 0.140 0.33 107 0.68X 102 0.1110 0.14 10-* 

AE(single) (ev) 4.84 8.27X107 741X107? 5.62 10-3 3.33 10-4 1.60X 10~* 
0.421 0.151 0.50 107 1.4X10-? 0.38 X 10-? 0.96X 10-8 


= |u| 

















SUPEREXCHANGE 


the result of this special case. In Table II the numerical 
values of the terms given in (60) are tabulated, where 
AE(single) is the energy difference given by (60). From 
the results shown in Table II, we see at once that: 


(a) The values of \ are nearly equal to S, that is, 
d is a first-order quantity. 

(b) The magnitude of AZ(single) is proportional to 
S* or S®. Our prediction that it may be a fourth-order 
quantity is approximately correct. 

(c) In the MnO crystal the overlap integral between 
two orbitals (3d0) and (2p0) is expected to be 0.05-0.1. 
Therefore, we will take values of S which correspond to 
a/ao=7, 8, and 9. 

(d) The contribution from AZ, is rather small. 

(e) The most important contribution comes from the 
term 2(2AS+ ?)[B(AB)—(AB|BA)]; however, this 
contribution is at most half of the total value. 

(f) The contribution from the term {2(2AS+)*) 
X (X?/Y)—Q4 Pr} is rather large. 

In Table IIT the numerical values of the terms given 
in (65) are tabulated, where A/(config.) is the energy 
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difference given by (65). It is shown in Table III that: 

(a) Under the assumption that the (p—s) transition 
energy is 3 ev, the large contribution from these higher 
configurations is rather remarkable. 

(b) As for the energy, the single determinant gives 
very similar results for the many configurations. Thus 
it seems to be a good approximation, at least for the 
four-electron problem. 

(c) As for the probability of the higher configura- 
tions, the single determinant gives very poor results. 
This is not surprising, because the total energy is deter- 
mined accurately by the minimum condition, but the 
wave function is not. 


ACKNOWLEDGMENTS 


This work was undertaken one year ago in Tokyo, 
but has been completed at the Radiation Laboratory, 
University of Pittsburgh. We would like to express our 
gratitude to Professor A. J. Allen for the kind hospi- 
tality of the Radiation Laboratory. We wish to thank 
Professor F. Keffer for his helpful discussions. 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 3 FEBRUARY 1, 1958 


Electron Interaction in Solids. General Formulation 


PuHILippE NoziERES AND Davin PINES 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received April 10, 1957) 


A general Hamiltonian formalism is developed to treat from first principles the motion of electrons in 
solids, including their mutual Coulomb interaction. By a series of canonical transformations it is shown 
that under suitable circumstances (which obtain in nearly all solids) plasmons (a quantized collective 
plasma oscillation of the electron gas) represent a well-defined elementary excitation of the solid. The 
“existence criterion” for plasmons is found to be a high electronic polarizability. Where plasmons exist, 
we are able to give a satisfactory description of their properties when the majority of the individual electron 
oscillator strengths correspond to transitions in which the energy change is large or small with respect to the 
plasmon energy, hw,=h(4rNe*/m)*. After the plasmon modes are separated out, the remaining electron 
interaction is found to be screened, with a range of the order of the interelectronic spacing. The usefulness 
of this effective Hamiltonian for the calculation of the electronic energy levels and cohesive energy in solids 


is discussed briefly. 


1, INTRODUCTION 


HE interaction between electrons in a free- 
electron gas has been considered recently in a 
series of papers.! There it was shown that the inter- 
action between the electrons could be treated simply 
provided one recognizes at the outset the existence of 





'D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952), hereafter 
referred to as BP II; D. Bohm and D. Pines, Phys. Rev, 92, 609 
(1953), hereafter referred to as BP III; D. Pines, Phys. Rev. 92, 
626 (1953), hereafter referred to as P IV; D. Pines, Proceedings 
of the Tenth Solvay Congress, (R. Stoops, Bruxelles, 1955); 
D. Pines, Solid State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, Inc., New York, 1955), Vol. 1, p. 367; hereafter 
referred to as SSP. A quite similar approach has been developed 
by D. N. Zubarev, J. Exptl. Theoret. Phys. (U.S.S.R.) 25, 548, 
(1953) and by N. N. Bogoliubov and D. N. Zubarev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 129 (1955). 


collective behavior in the system, the plasma oscil- 
lations induced by the Coulomb interaction. The 
plasmons (the quanta of the plasma oscillations) 
possess an energy near fw,, where w,?=4rNe?/m, N 
and m being the electron density and mass. They 
describe almost completely the long-range part of the 
Coulomb interaction, corresponding to momentum 
transfers <k,, where &, is the maximum wave vector 
for which the plasmons constitute an independent mode 
of elementary excitation. Because the plasmons are not 
usually excited (fw, is greater than Ko, the energy of 
an electron at the top of the Fermi distribution), the 
long-range part of the interaction is effectively frozen 
out. There remains a set of electrons interacting via a 
short-range interaction of range k,~'. For electron gases 
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of densities equal to those encountered in metals, the 
screening radius is sufficiently short that the motion of 
a one-electron-like excitation appears meaningful. In 
other words, once the plasmons are separated out, the 
remaining elementary excitations are of an essentially 
independent electron character, modified somewhat, 
to be sure, by the short-range screened interaction. 

To what extent does the foregoing picture apply to 
solids? It is not, at first sight, obvious that it should 
work even for the alkali metals, which are the most 
nearly “free-electron-like” solids. The difficulty arises 
from the periodic potential, which leads to the possi- 
bility of two kinds of excitations for a solid described 
in the usual one-electron model. The first kind are the 
intraband transitions, which, for an alkali metal, are 
well-represented by a free-electron gas (in which, 
perhaps, the mass of an electron is taken to be the 
effective mass, m*). The second kind are the interband 
transitions, which are peculiar to the periodic character 
of the potential, and which fall quite outside the scope 
of a free-electron model. It is the interband excitations 
which one might expect could alter the free-electron 
plasma treatment. 

Actually, in most cases they do not, as was first 
pointed out by Mott.? Mott showed, using a semi- 
classical argument, that if the majority of the interband 
transitions correspond to excitation frequencies, wo, 
which are small compared to the plasma frequency, 
w», then the plasmons will be little affected by the inter- 
band transitions. Because the plasma frequency is so 
high, (fw,~15 ev for a wide variety of solids), such a 
situation is frequently encountered in practice. One 
might, therefore, hope that electron interaction in such 
solids could be treated in detail by methods similar to 
those used for the free-electron gas. In this, and suc- 
ceeding papers, such a theory of electron interaction in 
solids is presented. 

Our principal aim is to discuss the modification of the 
ground-state properties and the excitation spectrum of 
electrons in solids brought about by the electron inter- 
action. In this paper we present the general Hamiltonian 
formulation of the problem. We develop the conditions 
under which plasmons constitute a well-defined elemen- 
tary excitation of the system. Where the conditions are 
satisfied, we transform to a system in which there are 
N’ independent plasmon modes. (.V’<.V, the number 
of electrons.) There remains a short-range screened 
interaction between the electrons, plus a set of V’ 
subsidiary conditions on the electron wave functions. 

In the following paper,’ we consider the response of 
the electrons in the solid to both static and oscillating 
test charges. We derive the dielectric constant from 
first principles, and thereby establish the conditions 
under which local field corrections are negligible. We 


2N. F. Mott, Proceedings of the Tenth Solvay Congress, 
(R. Stoops, Bruxelles, 1955). 

3P. Noziéres and D. Pines, [Phys. Rev. 108, 762 (1958) ], 
following paper, hereafter referred to as NP II. 
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also work out the optical properties and obtain the 
effective interaction between a selected small group of 
electrons, taking into account the role played by the 
subsidiary conditions. In the third paper of the series,' 
we discuss the elementary excitations of electrons in 
solids. We establish from first principles that under 
suitable conditions there are, in fact, ‘‘one-electron- 
like” elementary excitations in solids, which have a 
behavior quite similar to that presupposed in the usual 
one-electron theory of solids. In a fourth paper® we con- 
sider the excitation of plasmons in solids, and the role 
that plasmons play in various solid-state phenomena. 

A discussion of the influence of the periodic potential 
on plasmons has been given previously by Wolff,® 
Kanazawa,’ and Adams.® Wolff uses a Hartree approxi- 
mation to obtain the dispersion relation; the major 
defect in his treatment is that one cannot derive the 
conditions under which such an approximation is 
applicable. (We return to this question in Sec. 3.) 
Adams has treated two special cases by a Hamiltonian 
formalism, but did not apparently recognize either the 
possibility of a more general treatment, or the fact, 
already mentioned, that plasmons are so frequently 
only slightly modified by the periodic potential of the 
ion cores. Kanazawa has carried out a treatment which 
is closely related to that given here. Our treatment 
differs from his in that we emphasize the simplifying 
role played by a generalized ‘“f-sum” rule for the 
problem. We also consider critically the validity of the 
Hamiltonian treatment of the problem, and take into 
account the influence of the core electrons on the 
valence-electron excitation modes. We show that the 
treatment goes through when the majority of the 
electron excitations (either core or valence) has energies 
either smaller or larger than hw,. What is required is a 
separation of the plasmon mode from the individual 
electron excitation modes. 

In order to illustrate under what circumstances the 
plasmon approach may be expected to succeed, let us 
consider several classes of solids in order of increasing 
complexity. The simplest solids are those for which 
there is a well-defined separation between the valence 
electrons and the core electrons. By valence electrons 
in an atom, we mean those electrons in the external 
unfilled shell: for instance, the three M electrons of Al. 
In a solid, this is not always a clean-cut definition. For 
instance, in Zn, we may wonder whether to treat d 
electrons as core or valence electrons. There are certain 
solids for which no such ambiguity arises. Such solids 
are made up of atoms for which the core and valence 
states are widely separated in energy. When the atoms 
are brought together to make the solid, no appreciable 


4P. Nozitres and D. Pines, Phys. Rev. (to be published), 
hereafter referred to as NP ITI. 

5P. Nozitres and D. Pines, Phys. Rev. (to be published), 
hereafter referred to as NP IV. 

6 P. Wolff, Phys. Rev. 92, 18 (1953). 

7H. Kanazawa, Progr. Theoret. Phys. (Kyoto) 13, 227 (1955). 

8 E. N. Adams II, Phys. Rev. 98, 947 (1955). 





GENERAL FORMULATION 


admixing of atomic core and valence states takes place, 
and so it is clear which are the valence electrons in the 
solid. 

Examples of simple valence solids are the light alkali 
metals, alkaline earths, and the solids just beyond them; 
for such solids suppose we first neglect the influence of 
the core electrons. We shall show that the valence- 
electron plasmons have an energy large compared to 
characteristic individual electron intraband or inter- 
band excitation energies. Hence, they represent well- 
defined excitation modes of the system. Further, if we 
want to take into account the influence of the core 
electrons on the valence plasmons, we can do so by 
introducing the static core polarizability, since the 
characteristic core excitation frequencies are very large 
compared to the plasma frequency. By the time one 
reaches the heavier alkali metals, it is, in fact, desirable 
to treat the influence of the core electrons on the 
valence-electron motion, since the core polarizability 
becomes appreciable. For such cases, however, one can 
treat the core electrons on an individual-particle model, 
since their excitation frequency is very large compared 
to their plasma frequency. 

Insulators for which the band gap is relatively small 
with respect to the valence-electron plasmon energy 
represent another comparatively simple example. In 
such cases, the characteristic valence-electron ‘‘indi- 
vidual-particle” excitation energy will be comparable 
to the gap, so that again the valence plasmons con- 
stitute an independent excitation mode. They corre- 
spond simply to a high-frequency polarization wave in 
the solid. 

Semiconductors have interesting plasmon properties. 
Here one may have both valence-electron plasmons and 
conduction-electron plasmons. A plasma treatment is 
necessary to describe the valence-electron excitations 
because the valence plasmons possess energies large 
compared to the individual particle valence-electron 
interband excitations. Moreover, because the number 
vf conduction electrons is relatively small, the con- 
duction-electron plasma may be easily decoupled from 
the individual-particle conduction-electron interband 
excitations and the valence-electron motion. (The 
conduction-electron plasma quantum is small with 
respect to the conduction-electron interband ex- 
citations, the valence-plasmon energy, and the band 
gap.) In such cases, then we deal with two kinds of 
electrons, but their excitations are distinct. 

This is no longer the case when we consider the 
transition metals, the noble metals, or those immedi- 
ately beyond them. For the transition metals, it is, of 
course, obvious that a clear distinction between “‘s”’ 
and ‘‘d” electrons is out of the question. Consider the 
noble metals. When we are dealing with energies of 
the order of 10 ev (the ‘‘s” electron plasmon energy in, 
say Cu or Ag), the distinction between “valence” s 
electrons and the “core” d electrons is again meaning- 
less. A similar point may be made for the metals just 
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beyond them in the periodic table. It is for just this 
group of electrons that the methods developed in this 
paper are least useful. They provide, perhaps, a 
qualitative guide, but that is all. 

The present paper is largely formal. The main 
physical discussions are carried out in the following 
paper, and in NP III, so that the reader interested 
primarily in a qualitative picture would be well-advised 
to read the next two sections, and go on to the afore- 
mentioned papers. In Sec. 2 we discuss our basic 
starting Hamiltonian, and derive and discuss the gen- 
eralized f-sum rule. In 3 we give a simple analysis 
of plasmons and electron correlation which is based on 
a study of the equations of motion of the density 
fluctuations. One may thereby obtain results, equiva- 
lent to Mott’s, which provide a useful qualitative guide 
and orientation for what follows. 

In 4 we begin our Hamiltonian treatment by 
introducing plasmon field coordinates and carrying out 
a canonical transformation which relates these to the 
appropriate oscillating electronic variables. We consider 
the possibilities for an accurate treatment of the 
plasmon-electron interaction, and estimate k,, and 
hence the number of independent plasmon modes one 
may expect to encounter. In 5 we carry out a further 
canonical transformation which under suitable circum- 
stances leads to a set of essentially independent 
plasmons. In 6, 7, 8, and 9, we discuss what those 
circumstances may be, considering the convergence 
of a series of such canonical transformations, the 
influence of the short-range electron interaction on 
the plasmons, the damping of plasmons by individual 
electron interband transitions, and the importance of 
core electron-valence electron exchange and correlation. 
In 10 we summarize the conclusions we are led to in the 
course of the paper. 


2. GENERAL CONSIDERATIONS 


Let us consider a solid in which no appreciable 
admixing of core and valence states occurs. The valence 
electrons then move in the potential of the periodic 
array of nuclei, and of all the core electrons. We assume 
that this interaction is well described by an average 
Hartree potential V(r), depending only on the positions 
r; of the valence electrons. We thus neglect exchange 
and correlations between core and valence electrons, 
which is quite a sensible approximation for our simple 
‘‘valence’’ solids. The core electrons are repelled by the 
valence electrons through forces whose origin is both 
statistical (exchange potential) and purely electro- 
static (correlation potential). Under this influence 
they are polarized, and their potential upon valence 
electrons is modified. Our neglect of core-valence 
exchange and correlations is equivalent to the assump- 
tion that the core polarizability is very small; which is 
true. Later on, we shall take the core polarizability into 
account, and we shall give a mathematical expression 
of the extent to which such an approximation applies. 
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The Hamiltonian of the valence electrons may then 
be written 


aches = |= “4V( 0) | +5’ (oes), (2.1) 


where .V is the number of electrons and p, their density 


fluctuation 
pr= >: exp(—ik-r;). 


By V(r,), we mean the potential of the periodic array 
of nuclei plus a uniform background of negative charge, 
giving an over-all neutral charge distribution. We 
consider the interaction of the electrons with one 
another and with a uniform background of positive 
charge, the latter compensating éxactly the above 
negative charge. We thus cancel the term with k=0 in 
the electron interaction; we indicate this by a prime 
on the >>. 

We shall find it convenient in what follows to define 
all operators involving the electrons in terms of the 
eigenstates ®, of the operator 


eZ {—+V } (2.2) 
2m 


H, is a sum of one-electron operators. Each term has a 
complete spectrum of eigenstates ¢,, which are the 
usual Bloch wave functions. The states ®, of the whole 
system are Slater determinants built with the ¢,. The 
set of ©, provides a complete basis of the space of 
antisymmetric wave functions. In general, the ®, have 
no resemblance to actual electronic states: they simply 
yield a convenient representation. However, where the 
effect of the Coulomb interaction on the electronic 
motion is small, the ®, will be very close to the actual 
physical eigenstates of the system of individual par- 
ticles (after the collective modes have been separated 
out). This is a quite useful case. Where it does not 
obtain, we run into some difficulty since we express all 
the physical properties in terms of states ®, which we 
cannot obtain experimentally. 

The one-electron states ¢,, 
categories: 

(1) States which correspond to a set of low-lying 
levels, filled by the core electrons. Such states are 
forbidden to the valence gas by the exclusion principle. 
However, we must keep them in order to get a complete 
set of y,. As a consequence, we shall encounter in our 
calculations matrix elements involving states ©, of 
the valence gas for which some of the “‘core levels’’ are 
occupied. The corresponding terms are spurious, and 
arise from the fact that we did not treat correctly the 
indistinguishability of core and valence electrons. This 
trouble disappears in a better treatment. In fact, the 


may be divided into two 


® As in BP, we assume that the system is enclosed in a box of 
unit volume: JN is therefore the density of the electrons. Since we 
shall not make explicit use of the fact that the term k=0 is 
excluded, we shall drop the prime in the summation. 
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importance of these spurious terms just measures the 
validity of our neglect of core-valence exchange. 

(2) Proper valence levels which lie above the “core 
levels.” The N lowest valence levels are filled in the 
ground state ®p of the valence gas, which may involve 
one band (Na,K,---) or several (Be,Al,---). 

In the following we shall express all our results in 
terms of the matrix elements of the p, between the 
ground state 9 and various excited states ®,. Since 
the p, are sums of one-electron operators, and belong 
to the representation of the translation group with 
wave vector k, (px)on is nonzero only when the state 
®, is produced from » by excitation of only one 
electron from the level ¢,,, to the level gx," (* is an 
arbitrary wave vector inside the first Brillouin zone, 
and », v’ two arbitrary band indices). We could ex- 
plicitly label the states ®, by the four indices x, k, v, v’, 
but then we must take explicitly into account the 
exclusion principle in the choice of indices. In order to 
simplify the notation, we shall keep the condensed 
expression ®,,. 

For every k, the matrix element of p, satisfies an 
important f-sum rule. To obtain it, let us calculate in 
two different ways the expression {[Ho,px ],e—i} oo. 
Since we have no exchange terms in Ho, the com- 
mutator [Ho,p; |] involves only the kinetic energy. We 
have 


hk 
E —: (pit Hk) 


s m mn 


[Ho,p% |mn = 


= hums (pr)ma; (2.3) 


where hwmn=(En—E,). We may now evaluate the 
double commutator either directly (thereby obtaining 
a “cc” number), or in our particular representation. 
Equating the two results, we get 


Dd » heonof | (px)on|2+ | (px) on |?} = WRN /m. 


Each of the terms inside the curly brackets yields a 
total sum which is even in k.'° Therefore, if we define 
a set of oscillator strengths fo,(k) as 


(2.4) 


2m 
fon(k) =—wn0| (px)on|?, (2.5) 
hk? 
they satisfy the usual f-sum rule 
Ls fon(R)=N. (2.6) 


The fon(&) measure the strength of the coupling of the 
ground state &» with various excited states ®,. We shall 
express all our results in terms of them. 

We now exhibit certain properties of the fo, which 
will prove useful in later sections. Consider values of 


0 Generally, the reflection R belongs to the space group of the 
crystal. The states @, and ®,,=R¢&, are degenerate. As a conse- 
quence, R&y>=+5. One then shows easily that | (pi)on|? 

(p_z)om|?. Since won=wom, the sum over m of either of the 


above terms is even in k. The oscillator strengths have the simple 


property fon(k) = fom(—k). 
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k much smaller than the Fermi wave vector. ko. Since 
the state &, corresponds to excitation of one electron 
from state ¢,,, to state ¢x+x,», we have two possibilities : 


(1) If v’=v, we have an intraband transition. Then 
| (px)on|? is equal to [1+O(k?) ]. (There are no terms 
in k because of the normalization requirements on the 
¢x,»-) @no is given by a standard Taylor expansion; we 
find"! 


2m OE 


Pi 
WR a = Oka 





fon™**(R) -_ 


9m 


+3 D0 kaks——+0(#) 


a,B OkaOK8 “,” 


(2.7) 


(2) If v’Av, we have an interband transition. Then 
(px)on is of order k, while won is, to lowest order, k 
independent. From Eq. (2.3), we obtain 


[Xi k- (pit ahkje™* Jon 
Che eneotamner sear ers 


to the lowest order in k, we find 


| 2 | (k-pi)on’|? 
foni™** (k) =— eS —, 
mk? —hwdno 





(2.8) 


where ®,, is the limit of ©, when k goes to zero. (®,, 
denotes a state in which one electron has made a 
“vertical” transition, going from the level ¢,,, to the 
level x, »’.) 

In (2.7) and (2.8), let us now average over the 
direction of k, and let |k| go to zero. We obtain the 
following limits: 


niareg tte x PE (2 
fa™G 0 canie cmnticcony Seni a (~.) ; 
3h? a OKe2 " m* aa 
(2.9) 
2 | (Pia)on’ |? 
a | ta n' | 
fon'™*(0)=— 5 ————, 
3m a hwy 


where (1/m*)3 is the effective-mass tensor. (For the 
isotropic case, the intraband oscillator strength is just 
m/m*.) These fon(0) are just the optical oscillator 
strengths, averaged also over the direction of k. While 
the optical fo,’s refer to the coupling of electrons with 
transverse waves, the present ones refer to the coupling 
with longitudinal waves. From (2.9) we see that for an 
isotropic solid, both are identical in the limit of low &. 
For an anisotropic solid, only their averages are equal. 
The equality suggests an easy experimental approach 
to the fon(&) which will enter our calculations. 


" When summing over m, one gets results even in k. The linear 
term of (2.7) therefore disappears in the summation. The “useful” 
part of fon(k) is the even part, which is regular at k=0, 
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3. SIMPLE ANALYSIS OF PLASMONS AND 
ELECTRON CORRELATION 


Just as was the case for the free-electron gas (see 
BP II), considerable insight into the role played by the 
Coulomb interactions may be obtained by a study of 
the equations of motion of the p,. We may obtain these 
easily in our Bloch wave representation. The result is 


dp 
— ay) = — Winn? (pk) mn 
dt mn 


dre? 
—_ be ——k-k’ (px_x-pe-) mn- (3.1) 
k’#k mk” 


The second term on the right-hand side arises from the 
Coulomb interaction between the electrons. We have 
separated out the contribution arising when k’=k, and 
transposed it to the left-hand side, in the expectation 
that in so doing we take into account the major effects 
arising from the Coulomb interaction. The remaining 
part represents a nonlinear interaction between different 
density fluctuations. In the case of the free-electron 
gas, it was shown to be negligible (random phase 
approximation) and for the time being we also take it 
to be small. Such an approximation is difficult to 
justify by a consideration of the equations of motion.” 
One of the desirable features of the Hamiltonian 
formulation in the following sections is that, by using 
it, the approximation is shown to be valid in most cases 
of interest. 

In the linear approximation, then, one sees that the 
motion of the p; (and hence of the electrons) depends 
on the electron kinetic energy and the periodic potential 
through the factor w»,,?() (for a given transition, mn), 
while its dependence on the Coulomb interaction 
between the electrons appears in the factor w,”. A 
typical value for w, in solids is 15 ev. We see at once 
that if for given transition, wm,’*<w,*, then the Coulomb 
correlations dominate in determining the behavior of 
(@px/dl) mn, Whereas when w,*<wm,, the Coulomb 
correlations are unimportant in determining (d’p;/ 
Pain 

The general behavior of the electrons in the solid 
thus depends on the relative size of the characteristic 
individual electron excitation frequencies, wm, and wp. 
Two simple cases may appear. 

(1) Almost all transitions connecting the ground 
state &o to excited states ®, with appreciable matrix 
elements (p;,)on are such that wno>w,. Because w, is 
so very high, this is a rather idealized case for long- 
wavelength excitations which may, however, be met in 
practice with the solid inert gases. Under such circum- 
stances we may always neglect w,” compared to wmn?; 


12 A similar difficulty occurs when one attempts to derive the 
dispersion relation for plasmons by,,linearizing the Hartree equa- 
tion. [See P. Wolff, or R. A. Ferrell, Phys. Rev. 107, 450 (1957).] 
The linearization of the Hartree equations may be shown to be 
completely equivalent to making the random phase approxi- 
mation, 
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the characteristic excitation frequencies are essentially 
unaffected by the Coulomb interaction, and for all 
phenomena of interest the electron interaction may be 
treated as a small perturbation. In other words, the 
binding forces of the electrons to the lattice are much 
more important than the electrostatic force between 
the electrons. There will correspondingly be only a 
small displacement of charges under an external electric 
field, and hence the solid will possess a low electronic 
polarizability. 

(2) The opposite case occurs when most of the 
transitions with appreciable (px)o, are such that 
w»0<wy. In such a case, (3.1) may be replaced by the 
simple approximate operator equation 


@p;,/d?+w,*p.=0. (3.2) 
The density fluctuation, p;, oscillates approximately 
at the free-electron plasma frequency, and we clearly 
have plasmons as the dominant Ath excitation mode. 
Physically this means that the electrostatic interaction 
between the electrons is far more important than their 
binding to the lattice. The Coulomb correlations thus 
act to increase markedly the characteristic excitation 
frequency of the electrons, and furthermore tend to 
produce a fairly unique one in the region of w,. We shall 
see that this is a situation frequently encountered in 
solids. The plasmon energy depends only slightly on 
the binding in the lattice because the plasma frequency 
is so high that during a time of interest (~1/w,), the 
electron essentially does not know it is bound. In such 
circumstances we expect the electrons to be very mobile 
as far as any electrostatic perturbation is concerned; 
they will respond in such a way as to screen out any 
charge disturbance, and so display a high polarizability. 

We should like to emphasize that in the above 
considerations we have made no distinction based on 
the conductivity of a given solid. Thus the existence or 
nonexistence of plasmons does not depend on whether 
a solid is a metal, semiconductor, or insulator. The 
relevant question is whether, for a given momentum, 
the large matrix elements of p; occur for low-frequency 
or high-frequency transitions. The irrelevance of a 
distinction based on conductivity follows from the fact 
that we are asking a very high-frequency question of 
the electrons in the solid, and distinctions based on 
energy gaps of only a few electron volts are meaningless 
at such frequencies. 

Let us consider the second class of solids (wno*<w,”) 
in more detail. The screening of a charge disturbance 
we have mentioned is really of two kinds. The first 
corresponds to the influence of intraband transitions; 
the electrons are free to respond spatially to the per- 
turbation, and so alter to the potential of an external 
charge g from g/r to (q/r) exp(—k.r). The second 
corresponds to interband transitions (the electrons do 
not respond spatially) which reduce the potential from 
q/r to q/er where « is the dielectric constant. The latter 
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reduction will again depend on the Fourier component 
of the test charge, and will be negligible for k>k.. 
There is a very close connection between the screening 
and the plasma oscillations between k, and the maxi- 
mum wave vector for which the plasmon represents an 
independent mode of excitation. 

To see this, let us write the Coulomb interaction 
between the electrons as 


re’ 2re* 


Ya —p_ipit+ Do ~e (3.3) 


k>ke re k<ke 4 


where &, represents the maximum wave-vector for 
which the plasmon is an independent mode of ex- 
citation. Further, the energy in a plasmon quantum is 
so high that no plasma quanta will be present under 
ordinary circumstances of temperature excitation. 
Since the p; oscillate at ~w,, this means that the low- 
momentum components of the Coulomb interaction 
are effectively frozen out. They can participate only 
if sufficient energy to excite a plasmon is supplied. This 
is just another way of saying that the Coulomb cor- 
relations between the electrons (which give rise to the 
plasmons) are also such that the electron interaction is 
screened within a distance k,~'. 

We may also remark that this maximum wave vector 
k. in a metal will not be expected to be much larger 
than it is for a free electron gas of the same density. 
As we have mentioned, the intraband transitions are 
aptly described on a free-electron picture; for these 
wno~k-p;/m. We expect that the plasmon will no 
longer be an independent mode of excitation when 
Wny~w,, since here binding effects are competing 
equally with Coulomb correlations. Hence, k,Sw»/vo 
for metals (vo is the velocity of an electron at the top 
of the Fermi distribution). 

We can also see qualitatively that for solids for which 
k.~w,/v, the one-electron Bloch functions may be a 
fairly good approximation. For such solids, k,~! is of 
the order of the interparticle spacing, so that the short- 
range interaction, 


> (2me?/k*)prp_x; 


k>ke 


would not be expected to alter the electronic wave 
functions and energy levels appreciably. We return to 
this question in NP III. 

The foregoing considerations do not tell us that high- 
frequency transitions (w,0.>w,) may not appreciably 
alter plasmon behavior. To see that, it is necessary to 
consider the coupling between the different frequencies 
at which p, may oscillate (wo and w,). One way to do 
this is directly analogous to that used in BP II, that is, 
find the actual operators, X,, which, within the random 
phase approximation, do oscillate at a well-defined 
frequency. Such an approach is sketched in the Ap- 
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pendix. The resultant plasmon dispersion relation is 


bh 0: Si 
1=——_ |} —— —, (3.4) 


9 9 
m n W—-Wnd 


which is just that derived earlier by Mott. A brief 
inspection of (3.4) shows that high-frequency transi- 
tions may reduce the plasmon energy from hw,, but 
they do not destroy the plasmon concept. We shall not 
go further into the details of this approach at this time, 
because such questions are better discussed within the 
framework of a Hamiltonian treatment, which we begin 
in the following section. We also postpone discussion 
of the dispersion relation (3.4). 

We should like to mention that fast charged particles 
passing through a solid constitute a splendid probe to 
determine the behavior of the p,. The interaction of a 
charged particle (position Ro, charge Ze) with the 
valence electrons in a solid is 


eik-Ro 


4nZe? > p.——— " 
k k: 


so that the energy and momentum transfer from the 
particle to the valence electrons is completely deter- 
mined by the px. Further, the charged particle has 
sufficient energy to excite a plasmon, so that its char- 
acteristic energy losses furnish a true measure of the 
nature of the valence-electron excitation spectrum.” 
We return to this question in detail in a subsequent 
paper. 


4. INTRODUCTION OF COLLECTIVE 
COORDINATES 


We have seen in the preceding section that there are 
many solids for which the plasmons may be expected 
to exist as a well-defined mode of elementary excitation. 
Furthermore, in such cases, their introduction may be 
expected to simplify the description of the remaining 
electronic modes of excitation. For this reason, we wish 
to begin by introducing the plasmons. We then inquire 
into the nature of the electron motion after the cor- 
relations which give rise to the plasmon have been taken 
into account. 

Our development of a detailed Hamiltonian formu- 
lation of the valence-electron interaction problem will 
closely parallel that given in BP and SSP. (A slightly 
different version may be found in the article of 
Kanazawa.’) We begin by describing the plasmons 
explicitly in terms of a set of new conjugate variables, 
P;, Qy. The field variables may be chosen to be 
Hermitean," so that P,=P_, and Q,=Q_,. Their 


'8 For a recent discussion of the experimental knowledge of this 
excitation spectrum see D. Pines, Revs. Modern Phys. 28, 184 
(1956). 

44 Note that in BP and SSP the field variables were taken to be 
anti-Hermitean. 
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commutation rules are 
[P, 0x" | =— thd, k’s 


The P, and Q, commute with all electron variables. 
Because we anticipate that plasmons exist as an inde- 
pendent excitation only up to a maximum wave vector 
k., we wish to introduce only a limited number of 
plasmon degrees of freedom, V’ in number, where 
N’=k3/6r’. 

We introduce the plasmons by adding certain terms 
to our basic Hamiltonian (2.1). The resultant extended 
Hamiltonian is given by 


Hext= Hot X Me pnp-x 





k>ke 
(MipitPx)(M ip_e+ P_x) 
i 
k<ke 
—-L43NMY, (4.1) 
all k 


where M,, is defined by M,?=41e?/k®. The added terms 
describe the inertia of the plasmons, and their coupling 
with the electrons. We may guarantee that the energy 
spectrum and the number of independent degrees of 
freedom of H.x. are identical with Ho by imposing a 
set of .V’ subsidiary conditions on the wave function 
WV of the extended system,'® 


PWw=0 (when k<k,). (4.2) 


For any wave function W satisfying the conditions 
(4.2), the expectation value of the extended Hamil- 
tonian is the same as the one of the original Hamil- 
tonian. Therefore our procedure does not modify the 
energy spectrum of the physical system. 

Just as was the case for the BP treatment of the free 
electron gas, for many applications it is not necessary 
that we work with wave functions which satisfy the 
subsidiary conditions. It was shown in BP III, and 
discussed in some detail by Bohm, Huang, and Pines,!® 
that with the particular choice of added terms in (4.1), 
(1) Hext is positive definite, and (2) the subsidiary 
conditions are automatically satisfied for the ground 
state of the extended system, so that the ground state 
is identical with the ground state of Ho. We refer the 
interested reader to the article of Bohm, Huang, and 
Pines'* for a more detailed discussion of the role played 
by the subsidiary conditions in the free-electron case. 
In what follows, we shall continue to follow the sub- 
sidiary conditions, in order to evaluate their role for 
the present problem. 

We now relate the P; to the density fluctuations p,, 
and thereby redescribe the long-range part of the 


‘6 We use the following notation: gy, or ¢ x,» represents a one- 
electron level; ®, is a Slater determinant for NV noninteracting 
particles, and is a wave function of the original system; W is a 
wave function of the extended system which has (3V +N’) degrees 
of freedom. 

16 Bohm, Huang, and Pines, Phys. Rev. 107, 71 (1957), here- 
after referred to as BHP. 
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Coulomb interaction in terms of field variables. This 
is easily done by the canonical transformation 


Woia = exp(iS ‘h Wau , 


generated by the Hermitean operator S defined by 


S= {—Mip.0,)}. (4.3) 


k<ke 


Since p; commutes with all terms in H but the kinetic 
energy, we obtain exactly the same result as for free 
electrons. The new Hamiltonian is 


Hext= Hot Dd 3(PiP_itw,’Qi0_x) 


k<ke 
+ Ain t+U+Hs— (4.4) 


i 5M N ’ 


k<ke 


where the terms have the following meanings: 
(1) H., is the short-range part of the Coulomb 
interaction, 


Hea= > 4M2{pxp_-.—N}. (4.5) 


k>ke 


(2) Hint describes a linear interaction between 


plasmons and electrons, given by 


Hint = Zz 


k<ke 


M;,. 
| = i—(_Ho,px 10x 
h 


= > ks - DA Lexp(—ik- r,) |k- (pi—3hk)}Q,. (4.6) 


k<ke M 
We remark that H;,; may be written in the general form 


Dd Vida, 


k<ke 


Ain= (4.7) 


where V; is an operator depending on electron coordi- 
nates and momenta, the representation of which is 
simply 

(Vi) mn= —1M j.mn (Pk) mn- 


(3) U describes a nonlinear interaction between 
plasmons and electrons: 
’ —M,M, 
U= > ——— pir lk-1NQ.01 . (4.8) 
kl <he 
k#- 


U is the so-called “random phase” term, because it 
involves the factor p;,1, depending on the phase of all 
individual particles. 

The subsidiary conditions are modified by the 
canonical transformation, and become’ 


(Pi. —Mip,.)V=0 (R<k,). (4.9) 


17 Equations (4.4) and (4.9) have a simple physical interpre- 
tation. Equation (4.4) is the Hamiltonian of the electrons in 
interaction with a field of longitudinal photons (which are, in 
fact, the plasmons). Equation (4.9) is the Poisson equation for 
longitudinal] electromagnetic waves. 
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The Hamiltonian (4.4) describes a set of N electrons, 
interacting with a screened Coulomb interaction of 
range k;, and a collection of plasmons of maximum 
momentum k,. The two systems are coupled through 
the terms Hix, and U. The strength of this coupling 
will essentially determine &,, since it is only meaningful 
for us to introduce “reasonably” independent plasmon 
modes of excitation. We assume that we can treat 
Hin, and U independently of H,,, so that we can esti- 
mate the strength of the plasmon-electron coupling in 
the representation in which Hy is diagonal. Such will 
not always be the case, as we shall see. 

The plasmon-electron coupling brought about by 
Hint may be estimated either through the shift in the 
energy it produces, or through the admixture of 
electronic excited states in the wave function of each 
plasmon. We calculate these quantities by ordinary 
perturbation theory, a procedure whose consistency 
we shall then be in a position to establish. The energy 
shift is 

| (V k)on|? 


AEint= z AE int(k) = ani mM .— 


k<ke k<ken Wetwno lwp 





The energy shift AFint(R) arising from the plasmon k 
is easily expressed in terms of the oscillator strengths: 


hw» 
AE int(k) = a fol) (4.10) 


WnotWp 


In order for the plasmon & to be little modified by its 
interaction with electrons, the energy shift AE jn¢(k) 
must be much smaller than the ground state energy 
$hw,, which yields the condition: 


pe fon( ire angel, (4.11) 


WnotWp 


Comparing with the f-sum rule, we see that (4.11) will 
be satisfied if almost all the oscillator strength cor- 
responds to transitions to excited states ®, for which 
wnoKw,. We shall see that this case occurs frequently 
among actual solids. On the contrary, if an appreciable 
amount of oscillator strengths corresponds to transi- 
tions for which w,9>w,, the modification of the plasmon 
k due to Hint will be large. These conclusions do not 
depend on the intraband or interband character of the 
transition leading to state ®,,.'* 

Actually, as we shall see later, the relative magnitude 
of the energy shift given in (4.10) is a sufficient, but 
not a necessary, measure of the validity of a per- 
turbation treatment. What is really the crucial test is 
the admixture of excited states into the ground state 


18 For instance, the spurious states , with some of the core 
levels occupied by valence electrons, correspond to wo negative 
and much larger than wy. Their contribution will be unimportant 
if they involve only small oscillator strengths, which is generally 
the case. Apart from these special states, all states , correspond 
to wno>O. 
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of each plasmon k. This is measured by the dimension- 
less quantity 


| LH int() Jno |? 
; eee ee WT taal 


. (4.12) 





as 


If the right-hand member of (4.12) is much smaller 
than 1, the admixture of excited states is small, and the 
perturbation treatment converges well. This requires 
that almost all the oscillator strengths correspond to 
#,o much smaller or much larger.than w,. The per- 
turbation method may work, even with a large energy 
shift AZint(k). We shall discuss this point in more 
detail later. 

According to either (4.11) or (4.12), the plasmon- 
electron coupling is k dependent. Hence, although H int 
may be a weak perturbation for small &, it will strongly 
couple plasmons and electrons for a sufficiently large 
value of k. Physically we expect that &, is determined 
by the plasmon dynamics, in that it should correspond 
to the value of & beyond which the plasmon may no 
longer be regarded as a simple, independent excitation 
of the system. We shall see that this choice of &, is 
essentially equivalent to the “energetic” criterion 
introduced by BP, namely that it be energetically 
favorable compared to the Hartree-Fock approxi- 
mation to introduce the &th plasmon mode.” 

Let us assume that H,,, Hing and U are small per- 
turbations: we then choose the ground state Wo of the 
extended system to be the product of ®» (ground state 
of Ho) by the ground-state wave function of the set of 
N’ independent oscillators. What happens to the energy 
of the system when we introduce the kth plasmon mode? 
We replace (2me?/k*) p_xpe by {3 (P_iPitw,Q_iQx) 
+V.Qx}. The change in energy is given by 


2re* Wnoe 


hoy 
bE @)=-—-5|—— a 


RB oy SE (ono? 


-r{[= Codon. (4.13) 
The first term is the zero-point energy of the new 
plasmon. The second term is its interaction energy with 
the electrons (evaluated to second order). The third 
term represents the energy (evaluated in lowest order) 
associated with the interaction (27e?/k?)p,p_;. which 
we have redescribed in terms of the plasmons. We 
neglected the contribution from U, which we shall show 
to be very small. It is energetically favorable to intro- 
duce the &th plasmon only if 5£(k) is negative. Ex- 


Tt must be pointed out that this procedure is not quite the 
usual variational procedure of quantum mechanics. We consider 
a family of extended systems, one per value of NV’. Then we select 
the system which yields the lowest total ground state energy. 
(While in the usual technique, one minimizes the energy of only 
one system with respect to different approximate trial wave 
functions.) This procedure is extensively discussed by Bohm, 
Huang, and Pines. 
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pressed in terms of the oscillator strengths, this 
criterion is 

Py 
» pe >N. (4.14) 
wn0(Wno+Wp) 


If the left-hand member of (4.14) is smaller than N for 
k=O, a collective treatment does not appear fruitful. 
On the other hand, if it is larger than NV for k=0, we 
may introduce plasmons up to that & for which 
6E(k)=0, or 


u fon(ke) ———-=N (4.15) 


wno(w we 


We see that (4.14) implies an appreciable amount of 
transitions such that wncw,. In solids with nonfilled 
bands (metals), this is always realized for low enough 
k, for the intraband wn go to zero with k. Therefore, it 
is always useful to introduce plasmons for metals. The 
value of k, depends of course on the metal we consider. 

When & is equal to k,, the average value of wno is of 
the order of w,. That is precisely when our perturbation 
treatment of Hint loses its reliability. Therefore, Eq. 
(4.15) defining &, is only qualitatively correct. In fact, 
this does not matter, for the cutoff is certainly not 
sharp: there is no exact k,. The fact that at R=k, the 
electron-plasmon coupling becomes strong indicates 
that the damping of the plasmons by the electrons is 
becoming appreciable. Our “energetic” criterion is thus 
seen to be equivalent to the dynamical criterion that the 
plasmons represent an independent elementary ex- 
citation of the system. 

In order to evaluate &, explicitly, let us neglect the 
contribution arising from the electron-plasmon inter- 
action. (In so doing, we underestimate &,.) Equation 
(4.15) then becomes 


2re* 
Bhca9 = ——— Z| Lol) Jon? (4.16) 


The right-hand side is the sum of two terms: the 
positive self energy, and the negative exchange energy, 
both for momentum k,, We may obtain an approximate 
value for &. by using the free-electron value for the 
exchange contribution. (This will be an excellent 
approximation in both the tight-binding and weak- 
binding case.) We then obtain just the value determined 
in SSP, 


k./ko=0.3534,', (4.17) 


where ko is the Fermi momentum of a gas of N free 
electrons per unit volume, and r, their average spacing, 
in Bohr radii ao, defined by 


N= (far,'a0°)—. (4.18) 
With the inclusion of the free-electron value for the 
plasmon-electron coupling, &, is increased slightly to 
the value (k./ko)~0.4r,'. For densities NV usually 
encountered in solids, this determination of k, gives a 
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value of V’/3N much smaller than 1: the collective 
modes represent a small fraction of the total set of 
degrees of freedom. 

Let us now consider LU’. Let us first assume that we 
have taken a k, such that part of the sphere of radius 
k. lies outside the first Brillouin zone. We then may 
find a pair of vectors k, 1, smaller than &,, such that 
k+I=K where K is a vector of the reciprocal lattice. 
Since p; has a nonzero expectation value for the ground 
state y (corresponding to the periodic variation of the 
electron density), this means that U may induce 
transitions involving two plasmons, with no partici- 
pation of the electrons. This would lead to direct 
coupling between different plasma modes. Such terms 
would seriously complicate the calculation. We shall 
consider only cases for which they do not appear (k, 
within the first Brillouin zone). This appears to be the 
case for almost all solids. As a matter of fact, even if 
such terms exist, they will be relatively unimportant 
provided that (px)oo is small; in such a case, the electron 
wave function is very smooth, and may be well approxi- 
mated by free-electron wave functions, for which no 
such trouble arises. 

Knowing &., we are able to evaluate the contribution 
to the energy arising from U. A simple perturbation 
treatment gives 


(re)? A (KI)? | (pardon? 
ARo=— > pete 


— (4.19) 
ki <ke 2m? 4wp RP 2» h(2wyt+ono) 





Since w,0 is positive, we overestimate AFy if we neglect 
w,o in the denominator of (4.19). Furthermore, 
>»! (pxs1)on |? is certainly smaller than V (since it is 
equal to V minus an exchange term). Therefore AFy 
is bounded by 


AEy < N'(N'/N) (hw ,/48). (4.20) 
N’ is always appreciably smaller than .V. This, together 
with the very small geometrical factor, insures that the 
energy shift per plasmon arising from U is negligible 
compared to fw,. The situation is in fact even better. 
When |k+1| <&., px4: is subject to the subsidiary con- 
dition, which markedly reduces its matrix element. 
Replacing pry: by Pisi/Miy1, and again calculating 
AEv, we find 


Rk? N™ 1 skh; N’ 
AEy= —=—(—)W— hey, (4.21) 
120m N 150 ky N 





where we have used the relation (&,/ko)=0.4r;. Since 
many of the |k+I| are larger than &,, the actual 
numerical coefficient lies somewhere between 1/48 and 
(1/150) (&./ko).” In any case, AEz is negligible. 


* Actually the criteria are essentially identical, because the 
inclusion of exchange reduces the estimate in (4.20) by a factor 
of k-/ ko. 
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5. TRANSFORMATION TO INDEPENDENT 
PLASMON MODES 

In this section we give a more careful treatment of 
the influence of the electron-plasmon interaction by 
using a canonical transformation to decouple the 
plasmons from the electrons. Such a treatment is 
desirable for several reasons. First, as pointed out in 
BHP, it is necessary to carry out a systematic approxi- 
mation procedure, in which the subsidiary conditions 
are treated to the same order of approximation as the 
Hamiltonian. Such a procedure is most easily carried 
out using a canonical transformation. Second, using 
canonical transformations, it is possible to deal with 
interactions which give rise to a large frequency shift. 
The transformation described below is_ specifically 
designed to handle such interactions. Finally, the use 
of a transformation enables us to separate easily the 
effects of the interaction on the plasmons and on the 
electrons. 

Let us write the Hamiltonian in the following way: 


A= Hot Aiea tH inc t+ Hert iw (w»’—w") 


k<ke 


X (30.*0x)— X INME, 


k<ke 


(5.1) 


where ' 
Hiiea= > 3(Pi*Pito’Qs*0,). 


k<ke 


The quantity w is an unknown parameter, eventually 
k dependent, which we shall choose later to be the 
corrected plasmon frequency for momentum k. We 
want to find a canonical transformation, generated by 
an operator 5S’, which cancels Hjn¢ to first order, i.e., 
such that 

(1, ‘h) Ho+ H sieta, S= — Aint. (5.2) 
For the time being, let us neglect the terms arising from 
H,,, such as (i/h)[H.,S’]. We discuss such terms in 
Sec. 7. One verifies easily that the second-order terms 
arising from (Ho+AH¢ieia) just cancel one-half of the 
first-order term arising from Hj,:. The total second- 
order term is, therefore, 


(1/2h)( HA int,S” |. 
This will contain terms quadratic in plasmon variables, 


and terms independent of plasmon variables. We shall 
choose w in such a way that the quadratic terms cancel 


(5.3) 


‘the term )°k<k.(w,?—w?)(30,.0;,) in (5.1). It is this 


procedure which enables us to improve on conventional 
perturbation theory techniques and treat large energy 
shifts. 

In order to realize our program, let us choose the 
following generator S’: 


S'= > (A, P.*+ Bix), 


k<ke 


(5.4) 


where A, and B, are unknown operators depending on 
electrons coordinates and momenta. Simple algebra 
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shows that (5.2) is satisfied if A, and B, have the 
following representation : 


as 1Wm n 
( A k) mn— M,. aOR Ei (px) m ns 
Oo” — Wn m 


—Wm Pg 
( By) mn= Mx a R (pk) m ne 
oS —Wmnn 


This definition works as long as w»,”%w*. The corre- 
sponding transitions (from ®,, to ®,) are virtual, and 
give rise to the energy shift. On the contrary, (A&)mn 
and (B,)m, are infinite when w»,.?=w*: such transitions, 
conserving the energy, are real, and contribute to the 
finite lifetime of the state ®,,. Unless we use a Wigner- 
Weisskopf treatment, the corresponding part of Hint 
has to be handled separately, by a time-dependent 
perturbation method. To do so, let us split all electron 
operators X into two parts 


X¥=X+YX, 


with X defined by 
Run=Xun if |(w— |wmal)|>2, 


; (5.6) 
X mn=0 if 


| (w— |wmn|)| <n. 

We may expect that 7 is related to the lifetime for 
plasmon decay. We discuss later its choice in some 
detail. We now replace the generator S’ by its “principal 
part” S’: 


Fu 


A 


Y= ¥ {AP .+B,0,}. 


k<ke 


To first order, the canonical transformation then cancels 
the principal part Aint of the plasmon-electron inter- 
action, leaving unchanged the “‘scattering part” Bins. 

We now proceed to look at the second-order terms: 
they are now given by 


Puss! 2 “a 
a CH intyS’ J+ LHintS’ J. (5.7) 
2h h 

Using 5.4, we may write them as 

i — 

~ YS (Vit Vi, Ar}{Qx,P-1} +00:,P_1] 
Sh k.l<ke 
{Vit Vi, A}+20,0(1Vi+ 0, Bil), (5.8) 


where the square brackets denote commutators and the 
curly ones anticommutators. Let us consider first the 
term independent of plasmon variables, which is 


—2> (Vit Vi)A_i+A_i(Vit Vi) =A. 


k<ke 


(5.9) 


H,, is the screened long-range interaction of electrons 
which arises through the virtual exchange of plasmons. 
A typical term of H,, is the product of two “‘one- 
electron” operators, such as V,A_,, whose matrix 
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FERMI 
LEVEL 




















Fic. 1. The different states n for which 
( ViA_x)on=2 p( Vk)op(A ~k) pn 
is not zero. In state p, one electron has jumped from (x,v) to 
(x +k, v’). There are three possibilities for state m: (a) the electron 
(x+k, v’) goes back to (x,v) restoring $y; (b) the electron (x+A, v’) 
goes to (x,v’”) with v’’#v. Then , has only one electron excited 
“vertically”; (c) another electron is excited from (x’u) to 
(x’—k, wu’). Then ®, has two electrons excited. 


elements are 
( VA on= 2 pl Vi)op(A —k) pn- 


The states ®, which give nonzero matrix elements may 
be separated into three categories: 


(a) The ground state po itself. [Fig. 1(a).] This 
corresponds to the expectatién value of V,A_,, and 
gives rise to the screened exchange energy and self- 
energy. 

(b) The states ®, with only one electron excited. In 
order to conserve the momentum, ®, must correspond 
to a vertica! transition, from the level ¢,, to the level 
¢..v” LFig. 1(b)]. These matrix elements of H,, are 
equivalent to those of a one-electron periodic potential. 
They just give rise to the screened long-range exchange 
potential. 

(c) Finally, there are excited states ®, for which two 
electrons are excited, with opposite momentum change 
[ Fig. 1(c) ]. This is the real “correlation” part of Hp. 


Later in this section we shall discuss these various 
contributions to H,,. Let us now consider the terms 
quadratic in plasmon variables. In (5.8), let us select 
first the terms for which l= —k: 


i i Se 

— ¥ ((OcPc + PiQ0DLVit Vi, A-x ] 

4h k<ke ole 
+20.0iLVit Vi, Bl). (5.10) 


We again separate (5.10) into three kinds of terms: 
(a) A part involving the expectation value of the 
electron operators, together with the complete plasmon 
operators. [V+ V;, Ax ]oo turns out to be zero; there- 
fore there are no cross terms in Q;P;. Expressing 
[VitV;, B_x]Joo in terms of the oscillator strengths, 





Sh 2 = 2] SSR ae SRR Bada 
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we finally obtain 


Wn0” 





aiid Is Fonlk (5.11) 


k<keN (2 w—Wnd 


We choose w in such a way that these terms (5.11) just 
cancel the left-over terms 


LD 3(wy—w")O0_-«. 


k<ke 


This leads to the following dispersion relation for the 
frequency w(k) of the plasmon k 


X font) —=sN 
Haas 


[apart from a term involving fon(&), 
(see footnote 23) ]. 

(b) A part involving the expectation value of the 
field operators, together with the off-diagonal part of 
the electron operators. These electron operators, being 
commutators, are “one-electron” operators since they 
connect the ground state o with excited states ®, in 
which only one electron is excited. The corresponding 
contribution may be written 


(5.12) 


which is small 


1 —" 
a —(Vit Vi, B_. |oft-diagonal. (5.13) 


k<ke 4w 


The terms have the same structure as the terms (b) 
of H,,; we shall combine them later. 

(c) A part off-diagonal with respect to both electrons 
and plasmons. This part connects the ground state of 
the system with states where two plasmons and one 
electronic excitation are present. Therefore, the terms 
have exactly the same structure as the ‘‘random phase”’ 
terms (I+—k) which we shall consider next. But, 
rather than depending on two wave vectors, k and I, 
the terms depend only on one, k. Their contribution to 
the energy will be 1/.V, smaller than the contribution 
of the random phase part, and therefore negligible. 

The last contribution to the second-order terms is the 
random phase part (k+1+0) of the quadratic terms. 
Here again, we assume that (k+1) cannot be equal to a 
vector k of the reciprocal lattice (as in U, this would 
introduce a direct coupling between plasmons). Let us 
call this term U’, and evaluate its matrix element for 
the transition emitting one plasmon k, one plasmon I, 
and exciting the electron gas from state ®p to state ®,,. 
This is given by 

M,M W0pY pn 
WaAh——— Li -—— 
w 


) Pp 








[ (pitpx)op(pr) pn 
—Wyn 


won pn 
5 (p:t+f1)op(bx) pn J————L (p+ Pr) pn (Ai) op 
OT Wp 


+ (pitpr)pn(px)op]}. (5.14) 
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[In order to shorten the writing, we have neglected the 
plasmon dispersion and assumed w(k)=w/(/)=w. | 

Let us compare (5.14) with the matrix element of U 
for the same transition: 


M,M, 
Uon(k,l) _ ie DX {wopL (px) op(p1) pat (01) op(pk) pn] 
—wpnL(px)op(p1) pnt (p1)op(px) prj} . 


In order to compare Uo,'(k,/) with Uon(k,l), let us 
pick the first term of each. One goes from Uo, to U on’ 
by the replacements 


(px)op — (pi t+Px)op, 


Wpn 


(p1) pn — (81) px——. 
Wpn—W 


The correction (6;)o, is negligible in a qualitative study. 
(It could only change the energy shift due to U’ by a 
factor smaller than 2.) The important modification 
comes from the factor wy,/(wp»n—w). We shall see later 
that the treatment is convergent only if the matrix 
elements (f;) pn are small whenever w,, is of the order 
of magnitude of w (for instance, between }w and 2w). 
Then wyn/(wpn—w) is smaller than 1 for most of the 
transitions, and U’ gives a smaller energy shift than U. 
We shall therefore neglect it in all subsequent calcu- 
lations. It is important to point out that this procedure 
is justified even if a large number of the w,, are much 
larger than w (in which case there is a large energy 
shift due to Hint). This is another way to state that a 
perturbation treatment may work, even with a large 
energy shift. 

So far, we have only looked upen the new terms in 
the Hamiltonian. The set of subsidiary conditions is 
also modified. The term p; gives rise to first-order terms 
involving both plasmon and electron coordinates. The 
off-diagonal part of the electron factor plays the same 
role as the random phase term in the Hamiltonian. We 
may therefore neglect it and replace the electron oper- 
ators by their expectation values. The subsidiary 
condition then becomes, to first order, 


Fon( kw,” 
(sho. Pit— + Bi = 


2 Wao” 


for all k<k,. 


Because of the dispersion relation (5.12), the terms in 
P, cancel. This insures the self-consistency of our 
method: when we eliminate the plasmon-electron 
coupling from the Hamiltonian, we automatically 
eliminate it from the subsidiary conditions. We further- 
more remark that the second-order terms arising from 
px cancel one half of the term B,, so that the final 
subsidiary condition is actually 


(Mipr—3B,)¥=0 for all R<k,. (5.15) 
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We now have completely performed our canonical 
transformation up to second order. Let us summarize 
the results. First, we note that plasmons and electrons 
move independently. The plasmons are free oscillators, 
whose frequency is given by the dispersion relation 
(5.12). The electrons have the Hamiltonian 


Ha=HotHae— DL 4NM? 


k<ke 
+ Eexch™ + V exch + V ine, (5; 16) 


where the terms have the following meanings: 
(a) Eexen® is the diagonal part of H,, and represents 
the screened long-range exchange energy (including the 
self-energy). 
" W pW n0 
Eexch™ = — thw, a LX fno(k)— Eres 


k<ke n w’— Wn" 


(5.17) 


(b) Vexcn® is the screened long-range exchange 
potential, which can only induce one-electron transi- 
tions. It arises partly from H,, and partly from (5.13). 
Its matrix elements are given by 


. W0pWpn 
(px+hx)op(b—&) pan—— 
W+Wpn 


M, 
( Vexch™)on= z sort ca } a 
k<ke 4w Pp 


: W0 pn 
1G eetige oe, 


W— Wop 


(5.18) 


where the state ®, has one electron excited [otherwise 
( V exch™)0n= 0}. 

(c) Finally, Veorr® is the screened long-range corre- 
lation potential, involving the momenta and coordi- 
nates of electron pairs. It relates &o only to states ®, 
where two electrons are excited. The matrix element is 





: % WO pO pn 
(Veorr™) on = Z 3) 2> (px+fx)op(6—-&) px— 2 
k<ke vp Ww — Won 
WOpWpn x 
+ (-«)op(ox+ he) px f.__ (5.19) 
wo — Wop” 


Furthermore, the electronic wave functions must 
satisfy the subsidiary conditions (5.15). 

Let us first discuss the dispersion relation (5.12). If, 
for a given k, wno is on the average small compared to 
w, then w is very close to w,, the free-electron plasma 
frequency (and this irrespective of the intraband or 
interband nature of the transition leading to ®,). If, 
on the contrary, many fon(%) correspond to w,0>w, 
the frequency shift is large. For instance, let us assume 
that in a metal all interband w,9 are much larger than 
w. Then, only the intraband part is important in (5.12), 
and in the limit of low & the frequency w is given by 


w= 4rNe?/m*. 


In some cases (for instance, in semiconductors) (5.12) 
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may have several roots. In what follows, we assume 
that we are dealing only with the highest frequency 
solution which is reasonably close to w,. The other 
roots will be discussed in NP III, as will the detailed 
application of (5.12) to actual solids.”! 

We now turn to the average screened exchange 
energy, given in (5.17). Let us compare it with the 
corresponding nonscreened term (including also the 
self-energy). This is given by 


’ Wp 
| amen =]hw, > fnol(k)—, 


k<ke n Wn0 


(5.20) 


(obtained by a simple perturbation treatment). Both 
Fexen and Eexch® are the sum of contributions from each 
excited state ®,. We then see that the screening amounts 
to the following: 

The contribution from high-frequency transitions 
(wn0>w) is practically unchanged. 

On the contrary, the contribution from low-frequency 
transitions (w,0w) is reduced by a factor (—w, ?/w*). 

Finally, the transitions for which w,o~w give an 
enhanced contribution, due to the resonant exchange 
of virtual plasmons.” 

The fact that the screening disappears for frequencies 
wo larger than w is easily understandable: the “re- 
laxation” time needed by the electron gas to screen any 
disturbance is of the order of w (since w describes the 
inertia of electrons when responding to an electric field). 
When we consider processes faster than w', the electron 
gas has no time to respond to the excitation, and there 
is no screening. This may be summarized as follows: 
those components of the electronic motion for which 
wno>>w keep a mainly individual behavior [as shown in 
(5.20) ]. On the other hand, those components for which 
wnoKw display very little individual character [see 
(5.20) ], but on the contrary are frozen into collective 
oscillations [as shown in the dispersion (5.12), where 
only low-energy components contribute appreciably ]. 

It is interesting to compare the part of the energy 
shift carried out by electrons, Eexen”, with the part 
taken by plasmons: }>0k<k, h(w—w,). Let us assume 
that (w—w,)<w,: then we can write 


bh(w—wy) = (h/4w) (w?—w,?). 


Using Eq. (5.11), we obtain the part of the energy shift 
carried out by plasmons: 
" 1 za Wnv 
AE, = thw» ) Mie » Jon(k) 


r 


k<ke NV wo — Wnt 

21 At first sight, it would appear that there are as many solutions 
as there are w,o, each solution corresponding to a frequency lying 
between successive wn. Since we are using principal parts, such 
solutions are automatically discarded. Our use of principal parts 
amounts to taking into account the damping of the plasmons, 
which automatically removes the spurious roots. 

2 Except, of course, when wyo lies between w—n and w+n. Then 
the screened energy component is zero. Inside this range, the 
electronic transitions do not properly contribute to an exchange 
energy, but rather to a broadening of the plasmon line. That is 
why we left them out of the canonical transformation. 
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The total energy shift due to Hint is 


oe tho, FPS => Fon(k 


k<ke N 


AEint = AE» + Eesch™ _ 


2 


Wynd — Wnd 


(5.21) 


9 2 
&— no 


If we replace w by w, in the bracket (which is consistent 
with our previous approximation), we see that AFint 
is just the same as the one found in (4.10), through an 
elementary perturbation approach.” Both A£,) and 
Eexcn® are sums of terms corresponding to all possible 
electron virtual transitions. Let us call AF,i (k,n) and 
Eexen® (k,n) such terms. From (5.21), we see at once 
that 

AE i(k, 1) Eexcn™(k,n) = (5.22) 


—@Wn0/ Wp. 


The high-energy transitions give, therefore, an energy 
shift almost entirely carried by plasmons, while the 
energy shift due to low-energy transitions is mostly 
taken by electrons. 

Let us now consider the exchange potential Vexcn™. 
That is the one-electron long-range exchange potential 
which must be included in an Hartree-Fock treatment. 
Let us compare (5.18) with the corresponding expres- 
sion for the usual ‘‘nonscreened” exchange potential™: 


zs M? 2{ (0%)on(0-1) mn 
+(p_x)op(px) pn}. (5.23) 


(Vexch)on= 


Let us assume again that 7 is small, and forget about the 
operators p; (it being understood that we always take 
the principal part of any divergent term). We then see 
that (5.18) differs from (5.23) by factors of the type 
Wp pn/@(wtwyn). If the average wm, is much smaller 
than w, such factors reduce drastically V exen** compared 
with Vexen, by a factor of order (wox”/w*)s. On the other 
hand, if both wo, and w,, are much larger than w, it 
would look as if Vexen® is much larger than Vexcn. This 
is an illusion, for (Vexcn™)on may also be written in the 
following way”: 


- Wpn 
(Vexch™)on= = 2 1M? 2 (p_ rol Pk) pn- = 
k<ke w- Wp 
W0p 7 
— (px)op(p-z)pn——}.__ (5.24) 
W+wpn 


2 In (4.10) there appeared fo,(k) and not fon(k). In fact, we 
shall see a the treatment only converges if we can choose 
nw. Then fon(k) and fo,(k) are practically equivalent in a term 
regular at wro=w. 

% The equivalence of (5.23) with the usual expressions of the 
exchange potential is readily verified expressing explicitly the states 
p and n in terms of one electron levels ¢x, ». 

25Qne may write the factor wopwpn/[w(wtwpn)] as (wop/w) 
—wop/(w+wpn). The first term, when collected in (5.18), gives 
rise to the expression [(Ho,ox),e-%]on, which is zero since the 
double commutator is a c number. This establishes the equivalence 
of (5.18) and (5.24). 
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In this expression, it is obvious that (Vexcn™)on is of 
the same order as (Vexch)on When the average wmn is 
larger than w. This potential V.xe,% should be dealt 
with by a self-consistent method. In the next section, 
we shall discuss the influence it may have on the 
electron motion. 

Finally, let us consider the screened correlation 
potential Voor, given in (5.19). The screening appears 
in the factors wopn/(w*—Wpn?). For very weakly 
bound electrons ((wo,”)a<w"), this amounts to a large 
reduction of the original Coulomb potential, by a factor 
(Won?/w*)w, While for tightly bound electrons ((won?)s 
>w*), ¢ is of the same order of magnitude as Vor. 
This screened correlation potential may be treated by 
a perturbation method (the divergence at low & being 
removed by the screening). In fact, we shall see later 
that the perturbation series does not converge, and 
that a more involved treatment is required. 


fees. 


6. DISCUSSION OF THE CONVERGENCE OF 
THE PERTURBATION TREATMENT 


Let us now consider the convergence of our treatment. 
Trouble may arise from two kinds of matrix elements 
in Hint. The first kind are those for which w,0>w, 
which give rise to a large frequency shift, and to a 
screened interaction of the same order of magnitude as 
the original Coulomb interaction. The simple per- 
turbation approach of Sec. 4 in fact suggests that these 
terms do not affect the convergence. The second kind 
are those for which w,o~w, which give rise to real 
transitions and are therefore related to the plasmon 
line width. We got rid of part of them by a cutoff of 
width 2n in the spectrum of excited states ,. This 
leads to the question: is it actually possible to find an 
n such that the treatment converges well? It is fairly 
obvious that if only a negligible amount of the oscillator 
strengths correspond to frequencies w,92w, such terms 
will be unimportant, and the method will work easily. 
What is interesting is the question of whether our 
results are valid under more general conditions, and if 
so, what these conditions are. In order to decide the 
matter, we need a ‘convergence criterion.” Let us 
therefore consider the higher order terms. 

The simplest ones are those arising from 


AH tieia= Le 2 (wp? —w*)Qi0_«- 


k<ke 


Since this term is canceled by the second-order terms 
arising from Hint, we must be careful about the nu- 
merical coefficients of the expansion. The third- and 
fourth-order terms turn out to be 


[aM 8’}+3 (*) [[AM tieta,S’],8’]. (6.1) 


The third-order term is an extra plasmon-electron 
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interaction which we may write 


¥ 3(w,2—w)A Or. 


k<ke 


AAint= << (6.2) 


The matrix element (AH int)o, is smaller than the 
original (Hint)on by a factor 


1 ee Se 2)) 
3((wp—w )/ (@°— @n0")) av. 


If w is close to w,, this factor is always small, and the 
treatment is certainly convergent. On the other hand, 
if (w»—w)~w (an appreciable fo, going with wr>w) 
the factor is roughly of order w?/(w*—w,«"). In this 
case, for transitions for which w,9 is much smaller than 
w, (AH int)on is about as big as (Hint)on. But in just such 
a case we know that these low-frequency matrix ele- 
ments essentially do not contribute to the frequency 
shift; therefore, it does not matter whether (AH int) on 
is large or not. On the other hand, (AH int)o, is much 
smaller than (Hint)on When wno is much larger than w. 
Consequently, AHj,+ is negligible in determining the 
frequency shift if most of the oscillator strengths cor- 
respond to w,o much larger or much smaller than wo. 
We may express that by saying that the coupling 
constant Aa corresponding to AHjnt is much smaller 
than the one a arising from A int. 

The next order terms are of two kinds. The first 
arise from the action of S’ on AH jn: they are the fourth- 
order terms appearing in (6.1), and are of order ada. 
The second kind occurs when one makes a special 
perturbation treatment to eliminate AHj,, (with a 
canonical transformation generated by AS’). This will 
yield a higher order term (i/2h)[AHint,AS’], of order 
Aa’, If Aaa, the second contribution is negligible. 
We therefore only consider the first kind of terms of 
order aAa, whose structure is quite similar to that of 
the second-order terms. These include, first, an extra 
contribution to H,,, independent of plasmon variables, 
which differ from H,, [Eq. (5.9) ] only by the replace- 
ment of V; by AV, : 


Wp? — Ww 
, rao 1 , 
(AVi) mn=—3 (I *) eae 
9 9 
= Wmn™ 


In addition there are extra terms quadratic in plasmon 
variables, with a factor which depends on the electron 
coordinates. As with the second-order terms, we neglect 
the part of this term which is off diagonal with respect 
to the electrons. We are then left with a term 
De <k- }Aw*V,0_,, where the additional frequency 
shift Aw* is given by 


(6.3) 


1 i. Wn0Wp 
Aw? = —3 (w,?—w*)— © fon(k) —— 
N 


9 
" — Wnor)? 


(6.4) 


Let us consider the extra screened Coulomb inter- 
action (for the case in which w is appreciably different 
from w,). From (6.3), we see that the high-energy 
components of AV; are much smaller than the corre- 
sponding ones of V,. On the contrary, when wmn<w 
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the correction (AV;)ma is comparable to (Vi)mn. Our 
perturbation determination of the low-energy com- 
ponents of H,, is not convergent. The question now 
arises: are these low-energy components of H,, of any 
importance? We know from the free electron case that 
their role is mainly to introduce the slight long-range 
correlations necessary in order to satisfy the subsidiary 
conditions. Therefore, our perturbation treatment does 
not describe well the mechanism by which the electrons 
satisfy the subsidiary conditions, but we expect it to 
be accurate as far as the total energy is concerned. 

In any event, the behavior of the plasmons depends 
only on average properties of the electrons. The only 
convergence requirement for them is that Aw*/w* be 
much smaller than 1. When w~w,, the requirement is 
approximately 

wwro 
——«N, 


Ww —wno")? 


> fon(k)- (6.5) 
n ( 


the convergence criterion for which we were looking. 
If w is much smaller than w,, Eq. (6.5) is not sufficiently 
restrictive, and we must use (6.4). It is obvious that 
the treatment will diverge only if an appreciable amount 
of the fo,(%) correspond to frequencies w,9 of the order 
of w. 

The same criterion may be obtained quickly from a 
study of the higher order terms in the subsidiary con- 
ditions. In order to have convergence, the amount of 
field variable brought in by the second-order terms 
must be much smaller than the original P;, term with 
which we started. When taking the average over 
electronic coordinates, we find again the condition (6.5). 

Up to now, we have considered only the higher order 
terms arising from AH 4.14. There is also a contribution 
arising from H,,. The only easy way to calculate it is 
to replace all electronic commutators by their ex- 
pectation value (which is equivalent to a Hartree 
approximation). One then finds another extra electron- 
plasmon interaction, which has the same structure and 
order of magnitude as AHi,~. The previous discussion 
still applies. But it is difficult to decide whether this 
“extended random phase approximation” is a sensible 
one. Let us advance a simple tentative physical argu- 
ment: the terms arising from H,, will be negilgible if 
H,, itself is negligible compared to Ho and Afieia (in 
other words, if H,, acts like a small perturbation on the 
motion of the system). An easy, if not very precise, 
way to test this consists in calculating the expectation 
values of these three operators. 


Ho oN (E.+2E), 
| A tieta| 00= } 2 bhw, 


k<ke 


1 
| Hep | 0o= —1hw» 3 _ D> fno(k)- ae. 
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where EF, represents the energy of the bottom of the 
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valence band, and £» is the total width of the occupied 
bands. (We used the coefficient 2 occurring for free 
electrons, but the order of magnitude is still right for 
other solids.) Since w and w, are generally of the same 
order of magnitude, we may replace w, by w in | Hrp| oo. 
We then see that |H,)| 00 will be much smaller than 
| H¢ieia| oo if most of the oscillator strengths correspond 
to w,o either much larger or much smaller than w. In 
this case, we do not expect the higher order terms arising 
from H,, to influence appreciably the plasmon behavior. 

In many solids, the average energy of an electron, 
(E.+2£o), turns out to be of the order of the plasmon 
energy fiw. Then |Ho| 00 is of order (V/N’)| Aeicia| oo. 
In such a case, the long-range screened Coulomb energy 
is very small compared to the one electron energy: we 
expect H,, to perturb only slightly the electron motion. 
The higher order terms arising from H,, also do not 
influence the electron behavior. The fact that H,, is a 
small perturbation on the electrons suggests that in a 
Hartree-Fock treatment, one might neglect Vexcn™, or 
at most treat it as a perturbation. 

To summarize this study, let us say that our per- 
turbation method works satisfactorily if the large 
majority of the fon(k) correspond to very large or very 
small w,o. Especially, it still works when many wy o are 
very large (giving a large frequency shift).?* In this 
case, the low-energy matrix elements of H,, converge 
slowly: it does not matter, for their influence on the 
motion of the system is very small. This confirms the 
results of our simple treatment of Hint carried out in 
Sec. 4. We furthermore have shown that when these 
convergence conditions are realized, H,, is only a small 
perturbation on the electron motion. 

One may wonder why the perturbation method is 
good when there is a large frequency shift. In this case, 
there are many electron transitions for which w,0>w. 
Our approximations amount to neglecting the effect 
of the plasmons on these high-energy individual modes, 
since the plasmons are frozen at such high frequencies, 
and cannot follow the electron motion. This is just an 
adiabatic approximation, of the type used by Bardeen 
and Pines?’ in their collective treatment of the electron- 
phonon coupling. It is the counterpart of the low-energy 
approximation (wow), in which the electrons cannot 
follow the plasmons (as for instance in the free electron 
plasma discussed in BP ITI). 


7. EFFECT OF SHORT-RANGE CORRELATIONS 
ON THE PLASMONS 


In the last two sections, we completely neglected the 
terms arising from H,, in the canonical transformation 


6 Tt is important to point out that there may exist plasmons for 
which the frequency shift (w—w,) is very large. The existence 
criterion (4.14) implies that the harmonic average of w,9 must be 
smaller than w. This may be realized with only a few fo, corre- 
sponding to very low w,o: then the arithmetic average, which 
determines (w—w,), may be much larger than w. That is, for 
instance, what happens for the plasmons of conduction electrons 
in semiconductors. 

27 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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generated by S’. The structure of such terms is quite 
similar to those appearing in U, or the higher order 
terms arising from U, in that they give rise to coupling 
between different Fourier components of the Coulomb 
interaction. In U, a typical term involves Q,Qipx41, 
where / is <k,, while the corresponding term from H,, 
involves Q,pyp.—-1, Where />k,. The terms from H,, are, 
thus, much larger, because the density fluctuations 
which appear are not screened. In addition, their 
domain is not restricted by V’<V. Hence, if we extend 
the notion of the random-phase approximation to cover 
all coupling between density fluctuations of different 
momenta, the random-phase approximation will fail 
because of the coupling arising from H,, rather than 
that of U. The first-order terms arising from H,, are 


i 5 = 
- FEM iP {pe [pe SS’ ]+[o_e SS" Jon}. (7.1) 


h k’>ke 


The term (7.1) corresponds to an electron-plasmon 
interaction in which two electrons scatter, with emission 
or absorption of a plasmon. In the general case, it is 
extremely difficult to evaluate its effect. However, let 
us consider the special simple case in which almost all 
w,9 are much smaller than w. Then, we may expand | 
(S’)on in powers of wno/w. 
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From this, it is trivial to go back to the operator form 
of S’, 


S’=-— > M, 


k<ke 
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Since we know Ho, we may evaluate explicitly the 
successive commutators in terms of the potential V (r,), 


hk 
[Ho,ox |= -Dfewe—, (pi— hk) , 
i m 


hk 2 
[Ho[Hon l= fee] — (n-— 40h) | (7.3) 
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In order to calculate the term (7.1), we take the com- 
mutator of p, with the successive terms of 5S’. The 
leading terms are independent of the periodic potential, 
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V (r;). The first term of the expansion is 


Ul 


Ain = ) wy x MiM y*— pup rk) P_p. (7.4) 


k’>ke k<ke mw 


Changing k’ into (—k’—k), one sees that (7.4) is 
actually of order k. The second term of Hint is seen by 
direct inspection to be also of order k. The extra 
electron-plasmon interaction consists therefore of (a) 
two terms of order k, giving rise to a shift of w pro- 
portional to k’, and negligible for low enough k’s; (b) 
higher order terms, independent of &, but smaller than 
the original Hing by a factor (wo,”/w*)s. In the limit of 
very weak plasmon electron coupling, (won?/w*) <1, 
the frequency shift arising from these terms is certainly 
negligible. This result comes from the fact that in such 
a case H,, is a relatively small perturbation on the 
electron motion. When making the canonical trans- 
formation, the terms arising from H,, are therefore 
negligible compared to those arising from Ho. The free 
electron plasma affords an example of such a situation. 
Let us remark that when & becomes large (of-order k,), 
the effect of H,, may become important. But then the 
whole treatment loses its validity. 

This conclusion is true only if most of the wnro are 
very small, i.e., if the frequency shift (w—wp) is small. 
In the case in which many wp are much larger than a, 
the plasmons may be very strongly influenced by the 
short-range electron collisions. In its present shape, 
our treatment then fails. We may overcome this 
difficulty by changing our representation. Rather than 
taking the eigenstates ®, of H» as a basis, let us choose 
the eigenstates Py of (Ho+H,,). These states Py are 
many-body wave functions, where the short-range 
electron correlations are rigorously taken into account. 
One might object to this representation, saying that 
it involves many-body eigenstates, which we do not 
know how to calculate. In fact, these eigenstates Py 
are just the true, physical ones. We saw in the preceding 
section that we quite generally expected H,, to have a 
negligible influence on the electron motion. Then the 
final electron Hamiltonian is simply (Ho+4H,,), and 
our ®y describe the actual wave functions of the 
system. The oscillator strengths foy, the energy differ- 
ences woy, are just those which we can obtain from 
experiment. Although it does not allow easy theoretical 
evaluation, the representation in terms of the ®y is 
best fitted for comparison with experiment. 

_ In this representation, the calculations go along 

exactly as in the former one, but for the fact that we no 
longer have to worry about H,,. The only condition 
imposed on the representation is that it give rise to an 
f-sum rule. This requires that p, commute with the 
potential (V+4H,,) which is obviously true. (It would 
no longer be so if we replaced H,, by an approximate 
Hartree-Fock potential.) All results are formally the 
same as in the preceding sections. Their validity is 
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subject only to the following two conditions: 


Fale! . fom (Rw 
Condition of existence: —_—_—_———->N. 
M wyo(wtwmo) 


(7.5) 
wwe 
Condition of convergence: >> ( fom)a(k) KN. 
M w’ wae 


Such a treatment is rigorous. To be able to handle it, 
we must approximate the ®y. One may, for instance, 
try to treat H,, by a Hartree-Fock method. The f-sum 
rule is then only approximate. The validity of such a 
procedure has to be studied in each particular case. 
When H,, happens to be a small perturbation (when 
no is much smaller than w, for example), the ®y are 
very close to our old ®, (eigenstates of Ho alone). It is 
then much simpler to keep the one-electron repre- 
sentation in terms of the ®,, and, eventually, to treat 
the effect of short-range collisions by perturbation 
methods. 


8. DAMPING OF PLASMONS 


In this section, we consider the damping of plasmons 
and calculate the line width. We also discuss the con- 
dition of convergence of the treatment, and study the 
validity of the cutoff » which we introduced to get rid 
of the infinite terms in S’. 

For free electrons, there is no direct damping due to 
Hint, because for the BP choice’of k, all w,9 are smaller 
than w. As was pointed by BP, the damping arises 
mainly through short-range collisions of two electrons. 
One may evaluate the corresponding lifetime, and one 
finds it very long for long-wavelength plasmons. In 
actual solids, this effect will still be present. If we use a 
many-body representation in terms of the eigenstates 
@y of (Hot+H,,), this will appear as a special case of 
the direct first-order transitions arising from H jn. 
When the effect of H,, on the electronic motion is small, 
we prefer to work in the representation in terms of the 
one-electron eigenfunctions ®, of Ho alone. The effect 
of the short-range collisions must then be treated 
separately but we expect it to be small, since H,, is 
relatively a small perturbation. Therefore, in both cases, 
we have only to consider the direct first-order damping 
arising from Hint. 

The major part of the damping arises from the term 

int Which we left untouched during the perturbation 
treatment. Standard time-dependent perturbation 
theory gives the probability of having a plasmon k 
decay from the first excited state to the ground state, 
with excitation of the electron gas from state ®p to any 
state ®,,.”* 


1 
Wi= bee DX fon(k)d(w—won). (8.1) 


28Tn deriving (8.1), we assume that we do not run into any 
difficulty by using a description of “one electron’ states of high 
excitation energy (wno~w). Difficulties may in fact arise through 
H,, and the subsidiary conditions for such highly excited states, 
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In such a process, a collective plasmon decays into an 
individual-particle excitation of the same momentum. 
While a plasmon is an organized electrostatic wave of 
polarization, which involves simultaneously many 
electrons, an individual particle excitation involves 
only the change of wave function of one electron. (If 
we use a many-body representation, incorporating H,,, 
we do not excite one electron, but rather a small group 
of them, localized within a radius k,~'. Such an excited 
state is, nevertheless, quite different from a plasmon.) 
The decay of the plasmon corresponds to a process in 
which a given electron (or a small group of them), 
rather than propagating the electrostatic wave by a 
slight displacement, suddenly absorbs the whole energy 
of the wave with a drastic change of its wave function. 
The long-range order is destroyed, and the collective 
plasmon disappears. 

In order to express simply all the preceding results, 
let us study more closely the distribution of excited 
states ®, for a given value of the momentum change &. 
In a one-electron representation, ®, corresponds to 
excitation of an electron from level ¢,,, to level ¢g.+;,»’. 
The frequency w,9 will then form bands, labelled by 
the pair (v,v’), with w,o depending on x within each 
band. This distribution of w,9 will have the same struc- 
ture in a many-body solution. Let us denote by 
On,,’(x)/Q the density of states @, in the band (y,»’) 
at point x, and per unit wy. To a given value Q of wno 
will correspond a finite: number of states , [several 
from the same band if w,0(x) has extrema ]. Let us call 
these states Po, 2, where a labels the different degenerate 
states. All our results may be expressed in terms of the 


kernel 
dn 
(Qk )=<E fan @(- =) 


dQ 


which may be written in more condensed form 


DY fon(k)5(wno—Q). (8.2) 
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1 
g(Q,k)=— 
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[g(Q2,k) is piecewise continuous with respect to 2. ] For 


instance, we have: 


f-sum rule (8.3) 


c @ 2 
g(Q2,k)— he -dQ2>1, existence criterion (8.4) 


, 2(w,+2) 


“—" 9(Q,k)dQ 
pegs 
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In the ene of a completely satisfactory treatment, we propose 
to assume that the resolution of the foregoing difficulties will 
yield a result close to (8.1). We return to this question in NP ITI. 
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The relative width of the line is 1/wr=W/w, which is 
simply expressed as 


(8.6) 


convergence criterion. 


1 ro,’ 
—=-—4(w). 


wr 2 


(8.7) 


We are now able to discuss the convergence of the 
perturbation treatment in the range wro~w, and to 
determine the suitable cutoff width, ». The quantity 7 
must satisfy the two requirements: 

(a) It must be small compared to w. Otherwise, #. 
Ri give rise, not only to a line broadening, but also 
to an appreciable shift of the plasmon frequency, w 

(b) It must be such that the convergence criterion 
(8.6) be satisfied. 

The main contribution to the integral (8.6) comes 
from 2 close to w. We therefore calculate the integral 
replacing g(Q2) by g(w). U sing (8.8), we find easily that 
the convergence criterion is roughly 


nt >w*/ (mw ,”) (8.8) 


Generally, w and w, are of the same order of magnitude. 
Then the treatment is convergent if 


1/rKn<Kw. (8.9) 


We must therefore choose n larger than the line width 
1/r. This is physically obvious: the divergences arise 
from real transitions. To get rid of them, we must 
choose 7 such as to cut off most of the plasma line 
“area,” and therefore take 7 larger than the line width. 

From (8.9), we draw the general conclusion that the 
treatment presented in this paper works only for narrow 
lines. In fact, when the line is broad, it becomes difficult 
to define its center, and a precise frequency w is not 
meaningful. For each characterization of plasmons 
(energy-loss experiments, etc.), it is then necessary to 
carry out a special Wigner-Weisskopf treatment in 
order to get the observed spectrum. This will be done 
in a later publication. 

To summarize the conditions of validity of our 
treatment, let us say that the method works if Qg(Q2) 
is much smaller than 1 when Q is of order of magnitude 
w. This insures both a narrow line and a satisfactory 
convergence of the frequency-shift calculation. 


9. INFLUENCE OF THE ION CORE ON 
THE PLASMONS 


We are now able to discuss our neglect of the core- 
valence exchange and correlation effects. The core 
electrons are characterized by very large excitation 
frequencies (w,,0>>w). If we want to include them in the 
plasma treatment, we must therefore use the “many- 
body” representation which we just defined. Further- 
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more, in order to treat correctly the exchange between 
core and valence electrons, we must treat in the same 
way all the electrons, and perform the same canonical 
transformations on core and valence coordinates. We 
therefore write the initial Hamiltonian in the following 
way: 

/ H=Kot+ X 4MPR.R-x, (9.1) 


k<ke 
where R;, is the density fluctuation of all electrons 
R, - (px ) valence + (px corey 


and where 5» includes the kinetic energy of all electrons, 
the potential of the periodic array of nuclei, and the 
short-range interaction between core-core, core-valence, 
and valence-valence electrons. 

One then introduces the plasmons as if all electrons 
were free, and obtains a frequency 2, given by 


0? = 4a N pore?/m, (9.2) 
where Vio is the total number of electrons. This is far 
too large, but is drastically reduced when one eliminates 
the plasmon-electron interaction. Let us call X, the 
eigenstates of 1) (which are many-body wave functions 
describing all the electrons), and denote by fo, and wo, 
the corresponding oscillator strengths and energy 
differences. The f-sum rule is now 


Dd» fou(k) = N rot. 


The dispersion relation then becomes 


(9.3) 


foul) Neot m 
=—=—., (9.4) 
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Since we are using a many-body representation, we 
can no longer speak of pure “core” excitation or pure 
“valence” excitation. However, the w,o will always fall 
into classes—a class of very high wyo corresponding to 
excitation of a core electron with a small admixture of 
valence excitation, and a class of reasonably small w,o 
corresponding to the reverse situation, mainly valence 
excitation. To the extent that we may separate these 
two categories, we may write the dispersion relation 
as follows: 

fou(k) 
ees eA = :. 


9 9 
u(core ) Ww — Woy” 


4rre? fou! k) 
— : (9.5) 


e e 
m \plval) W— Woy” 


where the indices ‘core’ and ‘‘val’’ refer to the above 
two classes of states X,. 

In such a treatment, the spurious transitions of 
valence electrons to occupied core levels disappear, 
since we take rigorously into account the exclusion 
principle. [In fact, the corresponding terms in (9.5) 
are canceled by the terms corresponding to transition 
of a core electron to an occupied valence level. ] Neg- 
lecting the core-valence exchange and correlation 
amounts roughly to neglecting the “‘core” terms in (9.5). 
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This will be a good approximation if 
4re’ foulk) 
— ry ——<«1. 


9 > 
mM u(core) Ww’ — Woy" 


(9.6) 


In NP II, we shall see that (9.6) means that the core 
has a very small polarizability ; this result confirms our 
qualitative discussion of Sec. 2. 

The present treatment of the effect of the core on 
plasmons yields the right results. But it is unsatisfactory 
in several ways. First, it seems unphysical to introduce 
such a large plasma frequency as 2,, and to cancel most 
of it in a latter stage. Second, we obtain a screened 
interaction H,, which has a very unsymmetrical form. 
We expect the long-range core-core Coulomb inter- 
action to be unscreened so that it should appear in the 
form 


} 5M i? (px)core(P—k)core- (9.7) 


k<ke 
On the contrary, we obtain an H,, which is roughly 


= ~ 1M F{a.8_ntB_icox}, 


k<ke 


(Qk) mn= rr ey Wmny (9.8) 
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In fact, the expressions (9.7) and (9.8) are equivalent. 
(They have the same expectation value, and the 
differences in the off-diagonal terms do not matter, for 
tightly bound electrons are not sensitive to long-range 
correlations.) However, this is again an esthetically 
unpleasant result. 

We need therefore a treatment satisfying the fol- 
lowing requirements: 


(a) Use of the representation where Ho is diagonal 
(in order to treat correctly the short-range correlations). 

(b) Introduction at the first stage of plasmons rea- 
sonably close to the actual ones. 


This may be obtained with a ‘‘symmetrized” treat- 
ment, where one introduces directly the true field 
variables, previously obtained from a study of the 
equations of motion. This method is mathematically 
more elegant, but more formal, and leads to a compli- 
cated discussion of the approximations. It will be 
published elsewhere. 


10. CONCLUSION 


Let us summarize what we have accomplished in this 
paper. First, and most important, by our series of 
canonical transformations we have shown that there 
may exist a set of V’ plasmons which, under suitable 
circumstances, represent well-defined elementary ex- 
citations of electrons in solids. We have discussed in 
considerable detail what are the conditions for the 
existence of the plasmon as an independent excitation 
in solids. The first condition (our ‘‘existence”’ criterion) 
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is that the electrons be sufficiently free to take part in 
an electrostatic excitation. In other words, we require 
a highly polarizable gas, which means that a sizeable 
fraction of oscillator strengths correspond to transitions 
in which w,9s&w,. Our dispersion relation also shows 
that only the low-energy oscillator strengths are 
important in the determination of the plasmon energy. 

The plasmons are not completely independent ex- 
citations, since a plasmon may decay into an individual 
electronic excitation. In Sec. 8 we have derived an 
expression for this damping, which confirms the result 
obtained by Wolff and Kanazawa. However, we should 
like to emphasize that such a result depends on the 
assumption that neither the subsidiary condition, nor 
H,,, alter markedly the individual electronic excited 
states for which w,0~w,. This question is still not clear; 
we return to it in NP III. 

We have developed a satisfactory description of the 
plasmons only if our series of canonical transformations 
is convergent. Our “convergence” criterion is that the 
majority of the oscillator strengths correspond to wno 
much larger or much smaller than wy. This criterion 
also guarantees a narrow plasma line, which, however, 
may be shifted very much from the free electron one. 
Where both the “existence” and “‘convergence”’ criteria 
are satisfied, then, we expect to find well-defined plas- 
mons, with a lifetime which is long compared to 1/w. 

We have stated that we expect to find both of these 
criteria satisfied in a wide variety of solids. It is of 
course desirable to have an experimental check on this 
point. We postpone the comparison of our theoretical 
expectations with experiment to NP III, because it is 
desirable to introduce the concept of the dielectric 
constant before carrying out the comparison. 

Where our existence criterion, but not our con- 
vergence criterion, may be satisfied (as in the transition 
and noble metals), we still expect to find plasmons. The 
plasmon “‘lines” will be broad and the energy sub- 
stantially shifted from #w,. Under these circumstances, 
we are simply not able to describe their properties 
accurately. 

What of the electrons? The electrons are found to 
interact through a screened Coulomb interaction. They 
are further subject to a set of subsidiary conditions 
which reduce the number of independent electronic 
degrees of freedom from 3N to (3N—N’). The sub- 
sidiary conditions may also alter somewhat the ex- 
citation spectrum of the individual electrons. They do 
not, however, influence the calculation of the ground 
state energy of the solid, since for this state they are 
automatically satisfied. 

Thus, for a solid for which plasmons are a well-defined 
elementary excitation, we may expect to be able to 
calculate the cohesive energy, and the position of the 
energy levels, for instance, by solving the Hamiltonian, 
Ho+H.:+H,,. We may further anticipate that H,p 
will not influence the energy levels appreciably; its 
low-energy matrix elements are strongly screened, 
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while the high-energy matrix elements, which are not, 
will not be effective. (Tightly bound electrons are not 
sensitive to a long-range interaction.) 

We accordingly propose Ho+ H,; as the basic electron 
Hamiltonian in “‘well-defined plasmon” solids. (Li, Na, 
Be, Mg, Al, Si are a few examples of such solids.) One 
still has a complicated many-body problem. However, 
the simplification arising from the appearance of H,, 
rather than the full Coulomb interaction in the Hamil- 
tonian may be considerable. For instance, in doing a 
Hartree-Fock calculation, the exchange contribution 
will be markedly reduced in magnitude. One might 
accordingly hope that calculations which have displayed 
extreme sensitivity to the form chosen for the exchange 
potential® will lose that sensitivity when the proper 
screened exchange potential is introduced. A sensible 
approximation for the above solids might be to carry 
through a Hartree-Fock calculation for Ho+H,,, then 
combine it with the free electron value for the corre- 
lation energy to get the cohesive energy and energy 
levels for the system. (A variational choice of k, could 
be made, unless an experimental value* is available, 
in which case the latter would, of course, be preferable.) 
A calculation of just this kind has been carried out 
recently by Heine* for Al; in this fashion he has 
achieved considerable success in obtaining the experi- 
mentally observed properties of the electrons. 

We saw in Sec. 7 that our calculation was best 
carried out in a representation where (Ho+H,,) was 
diagonal, since then we automatically include correctly 
the correction to plasmon behavior arising from A,r. 
When most of the wm, are much smaller than w, (very 
weakly bound electrons), we can also use a represen- 
tation in which Hp alone is diagonal, since we are then 
able to justify the neglect of the terms arising from H,r. 
Our ability to do this is essentially limited by the extent 
to which H,, represents a relatively small perturbation 
on the electron motion. H,, may give a large shift of the 
total energy, and our treatment using the eigenstates 
of Ho alone may still succeed. As far as its success is 
concerned, we require only that H,, change slightly the 
matrix elements (px)no and the energy differences wno. 
When these quantities are strongly affected by H,,, we 
must switch to the many-body representation, and try 
to approximate the influence of Hs, on the (px)n0 and 
the wno in some other way. 

As long as k, is smaller than any vector K of the 
reciprocal lattice, the screening does not affect the 
Fourier components of wave vector K of the Coulomb 
interaction. We know that such components give rise 
to the usual Hartree potential. Therefore, the screening 
only affects the exchange potential. If, however, &, lies 
outside the first Brillouin zone, a new situation arises. 








® See, for instance, J. Callaway, Phys. Rev. 97, 933 (1955). 

%H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956); for a 
discussion of yet another method of determining &,, see R. A. 
Ferrell, Phys. Rev. 107, 450 (1957). 

31'V. Heine, Proc. Roy. Soc. (London) (to be published). 
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We have seen that in such a case there is a direct 
coupling between plasmons of different momenta. It 
moreover leads to a physically absurd Hartree po- 
tential: while the component of wavelength K of the 
electron interaction is screened, the component Vx of 
the periodic potential of the nuclei is not. Since it is 
physically obvious that the electrons shield the nuclei 
as well as the electrons, the result is incorrect. For the 
variational choice of &, discussed in Sec. 4, it is 
marginal whether such a situation will arise in practice, 
even in multivalent solids for which it is most likely. 
It is not difficult to take into account the direct coupling 
between plasmons of different momenta, and such a 
calculation will be outlined in NP IV. Finally, we 
remark that if Vx is small, no difficulties at all will 
arise, since one then has essentially the free. electron 
case. 

In conclusion, we remark that in this paper we have 
determined the conditions under which plasmons can 
be regarded as well-defined physical entities. No prob- 
lem arises with the subsidiary conditions, as far as the 
plasmons are concerned, because the plasmons do not 
appear in them. The ground-state energy of the electron 
system is likewise unaffected by the subsidiary con- 
ditions. At this stage we have not clarified the nature 
of the remaining electron excitations; we consider the 
problem in the next two papers of the series. 

One of us (P.N.) wishes to acknowledge the grant of 
a Jane Eliza Procter Visiting Fellowship during the 
year 1955-1956, and a John B. Putnam Fellowship 
during the year 1956-1957. 


APPENDIX 


We want to find an operator X;, which describes a 
physical variable of wavelength &, oscillating at a well- 
defined frequency w. We must therefore have 


X,= (i/h) (A,X, ]=ioX. (Al) 


Any operator describing a longitudinal motion of wave- 
length k must be deduced from p;, which has the same 


translational properties. Let us therefore try 
(Xk) mn= Smn(Pk)mny (A2) 


where g»» is an unknown quantity, depending on both 
states ®, and ®,,. 
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If we put this value of X, in (Al), we get a set of 
equations for gmn, which are too complicated to be 
solved rigorously: + 


2re* : 
h(w— Winn) Zmn(Pk) mn _ ; ap tbe k |p—K 
k’ 


+ p_x[pn,X& ]} mn: 


If, however, we make the random phase approximation, 
and replace the commutator [px’,X,_], by its expection 
value, Eqs. (A3) are considerably simplified, and 
become 


(A3) 


h(w—Wmn)&mn(Pk) mn 
4re* ; 
pe (pk) mnd_{ | (px)op *(£p0—gop)}- (A4) 


v4 p 


(A4) is trivially solved and gives the following result: 





Are? 2wno| (pe)on|? 4re fon(R) 
1=——_ »} ——_=—_- —, (A5) 
RPh n  w&—wro? mM » w—wnre- 
Smn—C (w—Wmn), (A6) 


where c is an arbitrary constant. 

(A5) is just the dispersion equation for the plasmon 
frequency, proposed by Mott, which we obtain in Sec. 
5 by another method. (A6) gives g,,n, and therefore de- 
termines the oscillating variable X,. If wan is much 
smaller than w, we see the X; is roughly proportional 
to pz, which confirms the result of Sec. 3. If, how- 
ever, a large part of the w», are larger than w, X; dif- 
fers appreciably from p,. This determination of the 
true X, constitutes in fact the starting point of the 
symmetrized treatment mentioned at the end of Sec. 9. 

Let us remark that this determination of the dis- 
persion equation is valid for any longitudinal mode. 
If there are several modes of wavelength & (analogous 
for instance to the optical and acoustical longitudinal 
phonons), their frequencies must correspond to different 
roots of the unique dispersion equation (A5). In NP III, 
we shall verify this property for the two kinds of 
plasmons occurring in an impurity semiconductor. 
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A quantum theory of the dielectric constant for solids of both low and high polarizability is developed 
from first principles. In the latter case, the approach used is collective in that the long-range part of the 
electron interaction is described by the plasmon field. The conditions under which the local field corrections 
of Lorentz may be neglected are clearly defined. Both the static and frequency-dependent dielectric constant 
are derived. It is shown that the interaction between electrons may be described in terms of the dielectric 
constant of the solid provided the electrons in question form a small minority group which can be isolated 
from the much larger majority electron group. The theory is applied to a calculation of the frequency- 
dependent longitudinal conductivity and the optical properties of the solid. 


1. INTRODUCTION 


SATISFACTORY quantum theory of the dielec- 

tric constant in solids should answer three ques- 
tions. First, under what circumstances is the concept of 
a dielectric constant meaningful? (Can it be used for 
all wavelengths, or to describe the interaction between 
any pair of particles in the solid?) Second, what is the 
role played by the local field corrections of Lorentz? 
Third, how do we express the dielectric constant in 
terms of the electronic wave functions for the solid? 
In this paper we apply the collective description devel- 
oped in the preceding paper’ to a treatment of the 
dielectric constant. We shall see that the approach is 
particularly well suited to the problem at hand, and 
that we are able to obtain a satisfactory answer to the 
foregoing questions. We derive from first principles 
both the static and frequency-dependent dielectric 
constant, and give a critical discussion of the circum- 
stances under which its definition is meaningful. 

We begin Sec. 2 with a brief review of the concept 
of the dielectric constant and the classical description 
of Lorentz for an insulator. We consider next the 
possibilities of an individual-particle quantum treat- 
ment of the dielectric constant (by means of suitable 
canonical transformations on the basic Hamiltonian 
for a set of test charges interacting with the solid). 
We are thereby able to find the conditions under which 
the influence of electron interaction on the dielectric 
constant may be neglected, viz., when 4ra<1, a being 
the polarizability. When 4ra21, we are able to take 
electron interaction into account in an approximation 
which is equivalent to neglect of the local field correc- 
tions. However, we do not find it possible to justify 
the approximation within the framework of our indi- 
vidual-particle approach. 

The development of a collective approach to the 
static dielectric constant is carried out in Sec. 3. 
In the region of high polarizability (4ma>>1), it is clear 
that a treatment of the electron interaction in terms of 
a plasmon field is the correct one, since this is just the 
region in which the plasmons are well-defined ele- 


1 P. Nozidres and D. Pines, Phys. Rev. 109, 741 (1958), preced- 
ing paper, hereafter referred to as NP I. 


mentary excitations of the system. The long-wavelength 
response of the electrons to the test charge is described 
by the plasmon field, and the dielectric constant is 
determined. It is shown that the local field correction 
may be completely neglected for those solids for which 
plasmons are a well-defined elementary excitation, and 
for which the influence of the short-range screened 
electron interaction on the electronic motion may be 
regarded as a relatively small perturbation. Where H,, 
becomes important, we can redefine the dielectric 
constant by using a representation in which (Ho+H,,) 
is diagonal. The concept of a dielectric constant is then 
meaningful, but that of a local field correction is not. 
In regions of intermediate polarizability (4ra~1) 
neither the collective approach nor an_ individual 
particle approach which neglects electron interaction 
is valid. Since, however, the high-polarizability result 
yields correctly the low-polarizability limit, it probably 
serves as a useful interpolation formula. 

In Sec. 4 we generalize the method of the preceding 
section to calculate the frequency-dependent dielectric 
constant. We also discuss the relative role played by 
the plasmons and the individual electrons in the deter- 
mination of the dielectric constant. 

A knowledge of the dielectric constant at arbitrary 
frequency enables one to calculate a number of inter- 
esting properties of the solid. In Sec. 5 we discuss anew 
the plasmon dispersion relation in the light of our 
knowledge of the dielectric constant, and establish the 
equivalence of the microscopic and macroscopic 
approach to the determination of the plasmon energy. 
We then consider the extent to which the interaction 
between electrons may be described in terms of the 
dielectric constant of the solid. In Sec. 6 we show 
that this may be done provided the electrons in question 
form a small minority group which can be easily 
isolated from the much larger majority group of elec- 
trons. We apply this result to a calculation of the fre- 
quency-dependent longitudinal conductivity in Sec. 7. 

Essentially the same collective approach may be 
applied to the interaction of light waves with solids. 
In Sec. 8, we outline the calculation of the optical 
properties of solids, and discuss briefly the results. We 
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summarize our conclusions regarding the dielectric 
constant and optical properties in Sec. 9. 


2. GENERAL CONSIDERATIONS 


We consider first the static electronic polarizability. 
The problem of the dielectric constant may be formu- 
lated by introducing test charges in the solid with a 
density er(x). Assume the charges:to be infinitely heavy. 
Call r, the Fourier components of r(x), and further 
assume that only components with reasonably small k 
are present. In free space, the charges interact through 
a simple Coulomb law, with an interaction energy 


d« 3M jr yr- ke 


In the solid the electric field of each test charge is 
screened by the electron cloud, and the Coulomb energy 
is thereby modified. Under certain conditions, the 
effective Coulomb energy brought in by the test charges 
may be written 


a 5M rire €(R). (2.1) 


From elementary electrostatics, we see that «(k) is the 
dielectric constant at wavelength k. 

Certain of the limitations on the definition of a 
dielectric constant may be understood in the following 
way. Consider the Hamiltonian of the total system 
which may be written as* 


H=Hot)d: 5M i (petre) (p. Retr. k)- (2.2) 


Let us suppose that by a suitable canonical transforma- 
tion we eliminate the interaction term linear in r,. 
We then obtain second-order terms, which have the 
general structure, 


dX glkyk’ rire, 
k k’ 


where g(k,k’) is an operator depending on the electron 
coordinates. Such terms describe the change in Coulomb 
energy due to the distortion of the electron cloud. 
If k is larger than the interelectronic spacing, we may 
neglect the fluctuations of g(&,k’) around its expectation 
value. The expectation value itself is nonzero only when 
k’=k-+K, where K is a vector of the reciprocal lattice. 
Now, if & is well inside the first Brillouin zone, we may 
neglect the very rapid fluctuations caused by the terms 
with nonzero K. The second-order terms then combine 
with the original r-r interaction to give a term like 
(2.1); the dielectric constant may accordingly be 
defined and determined. Clearly, the concept breaks 
down for values of k of the order of the first Brillouin- 
zone size. For such values of & the fluctuations which 
we neglected become very important, and an average 
“effective” r-r interaction becomes meaningless. 

Before going into the details of the calculation, we 


2 This definition of «(&) works equally well for metals and in- 
sulators. For an insulator, €(0) is a finite quantity, while for a 
metal €(k) is roughly k.2/k?, where k. is the Debye wave vector. 

3 We use the notation of NP I. 
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Fic. 1. The Lorentz model for local field corrections. The 
charge (Q, —Q) produces E; (Q:, —Q:) produces Ei; (Q2, —Q2) 
produces Eo. 


review the macroscopic picture developed by Lorentz‘ 
for an insulator. Consider a slab of solid between two 
condenser plates. The electric field E and polarization 
P are uniform. Around any point M of the solid, draw a 
sphere of radius small compared to the slab thickness, 
but large compared to the atomic dimensions, as shown 
in Fig. 1. The local field Ey on a charge within the 
sphere is the sum of (a) the field E of the charge located 
on the condenser plates, (b) the field E,.: of the polar- 
ized matter outside the sphere, and (c) the field E; of 
the polarized matter inside the sphere. 

We know that E,ut is the same as that produced by 
a surface charge density P,, on the boundary of the solid 
and the surface of the sphere (P,, being the component 
of P normal to the surface). We may write Eu: as 


Bout = E,+ E, 


where E;= --4xP is due to charges located on the ex- 
ternal surface of the solid, and E,.=4xP is due to 
charges on the surface of the sphere. Altogether, the 
local field Ey, is 


Ey= E+ E,+ E.+ E;. (2.3) 


E,; comes from the discontinuity of polarization at the 
surface of the solid. (E,+E;) describe the so-called 
‘local field correction” which is produced by the field 
of polarized matter close to the point M ; this correction 
involves localized charges, while E; does not. The 
dielectric constant is defined as 


1/e= (E—4rP)/E. (2.4) 
Let us now denote by a the microscopic polarizability, 
P=aEy. 


The above set of equations determines « in terms of a. 

Suppose we completely neglect the interaction between 
electrons. We therefore neglect the field of polarized 
matter, and so take E;, E, and E;, to be zero. We 
thereby obtain 


1/e=1—4a. (2.5) 
4H. A. Lorentz, The Theory of Electrons (Dover Publications, 
New York, 1952), p. 138. 
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A possible improvement consists in taking into account 
E, while neglecting the “local field” corrections E, and 
E;. We then find the familiar expression 


e=1+42a. 


Finally, if we write E,+E; as 4rPy (where y is some 
number of order unity), we obtain 


1+42a(1—~y) 
«= ——_——_.. 
1—4nray 


(2.6) 


Lorentz has shown that for a set of oscillating individual 
electrons distributed in a cubic array, E; is zero, y is 
equal to 3. Equation (2.7) then leads to the well-known 
Lorentz-Lorenz formula. We expect this result to be 
satisfactory if the electrons are closely bound to the 
ions of a cubic lattice. (In such a case, the electronic 
polarizability is small.) 

If 4a is much smaller than 1, « is well represented 
by (1+4a), and a precise knowledge of the local field 
correction (i.e., of y) is not necessary. On the other 
hand, if 4ra>>1 (as occurs in metals and semiconduc- 
tors), (2.7) leads to the rather strange result 


which is certainly wrong. However, unless we can show 
that E, and E; cancel one another almost completely 
(y being very small), it is not meaningful to keep only 
E, thereby neglecting the local field corrections. For a 
gas of high polarizability, we must accordingly evaluate 
y. In what follows, we shall develop the circumstances 
under which it is very small, and so justify the neglect 
of local field corrections in such cases. 

The competition between the Sellmeyer formula, 
e= 1+4a, and the Lorentz one, 3(e—1)/(e+2)=42a, 
is an old puzzle of the theory of dielectrics. Darwin’ has 
given a very interesting study of the problem, in which 
he treated by classical analytical mechanics the micro- 
scopic motion of the electrons. He reached the con- 
clusion that whenever the electrons were spatially well 
localized, the Lorentz formula should apply, while for 
almost free electrons the Sellmeyer formula is valid. 
Our results will, in fact, confirm these views. 

Let us consider what the foregoing approximations 
correspond to in a Hamiltonian treatment of the 
problem. Suppose we first neglect the Coulomb inter- 
action between electrons. The Hamiltonian is then 


H~Hot Lie $Me {2r_ipeto_irn}. 


We thereby neglect the field on a given electron of all 
the other electrons, whose wave function ®(E) depends 
on the applied electric field. The influence of the elec- 
trons on a given electron may be split into two parts: 

(i) The electric field of the distribution in the 
absence of an applied field, (0), which gives rise to a 
change in the microscopic polarizability, a. This we 


(2.8) 





5 C. G. Darwin, Proc. Roy. Soc. (London) A146, 13 (1934). 
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expect to be a predominantly short-range process, 
since the electron interaction is screened. (In fact, it is 
just due to H,,.) The effect of the field will be small 
if H,, has but little influence on the electron motion 
(which is the case for ‘‘almost free’”’ electrons). We 
assume that we deal with such a case, and neglect this 
effect. 

(ii) The field due to the distortion of the electron 
distribution by the applied field [@(E)—4(0) ]. This 
describes the field of polarized matter and corresponds 
to the corrections E;, E:, E;, which we just discussed. 

Therefore, as long as we can neglect the effect of 
short-range correlations on a, the neglect of the electron 
interaction amounts to a neglect of the corrections 
Ei, E:, Es. 

The linear interaction term in (2.8) is easily elimi- 
nated by a canonical transformation generated by S: 


5S= dY. M r_iDy, 
(Dk) mn= 1 (pk) mn/Wmns 


(2.9) 


where D, is an electron operator defined in the ‘“‘one 
electron” representation. In the second-order terms, 
quadratic in r;, we replace the commutator [(p;,D,: | by 
its expectation value® in the ground state, and obtain 


—2Mi? __ | (px)on|? 





- $M 2rir_x (2.10) 
k 


n Wnod 


From our previous study, we know that when E,, E:, 
and E; are neglected the effective interaction is 


De $M Priv_iL1 — 4a (k) J. 


Equation (2.10) thus defines the microscopic polariz- 
ability a(k). We express it in terms of the oscillator 
strengths by 


Wp” 
Ses (2.11) 


1 
4ra(k)=—¥ faolk) 
N 1 Ono” 
When most of the wao are larger than w,, 4aa is much 
smaller than 1, and our neglect of E;, Es, E; is justified. 
This treatment obviously fails when 47a> 1. 

We may try to improve our treatment by taking into 
account Coulomb interaction between the electrons. 
In order to do this, we should modify the operator D, 
appearing in S in such a way as to get 


1 
| Het 5 5M pxp_x, s|- -> M 2r_xpr. (2.12) 
k k 


Equation (2.12) is in general very difficult to solve. 
We may, however, obtain a simple solution if we make 
a combination of the Hartree approximation and the 


6 Compare the discussion earlier in this section. Let us remark 
that we automatically neglect the higher order terms. They in- 
volve higher powers of r; and correspond to a nonlinear effect. The 
concept of a dielectric constant has meaning only for r;, small 
enough to stay in the linear range, far from saturation. 
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random-phase approximation, replacing the commu- 
tator [[px,S ] by its expectation value.’ In doing this we 
are averaging only one factor in the product p_x[px,5 ], 
so that we are neglecting exchange terms. We have 
no way of estimating the accuracy of such an ap- 
proximation; we make it primarily to investigate its 


consequences. 
We then find that the transformation is generated by 
Myr_D, 
Se ——_, 
k 1+42a(k) 


where D, is defined by (2.9) and a(k) by (2.11). When 
we combine the new second-order terms with the original 
r-r interaction, we obtain the following “effective” 
r-r interaction 

M2 


5 
k 2 1+41a(k) 


VT _k 


The dielectric constant is therefore 


e(k) =1+42a(k). (2.13) 


The foregoing approximation thus is equivalent to 
taking into account the part E, of the field of polarized 
matter, and ignoring the local field corrections. In 
cases where E, and E; do not cancel one another, we 
see a posteriori that the approximation is bad. (An 


example is a cubic array of electrons, for which the 


Lorentz treatment applies.) 

It is physically obvious that the local field corrections 
E, and E; are necessarily outside the scope of the 
random-phase approximation. These fields arise from 
localized charges, therefore from wave packets of 
density fluctuations p,. In the random-phase approxi- 
mation, we keep only one p, interacting with r_, and 
thus cannot describe a localized charge response. 

We summarize the results of our individual-particle 
treatment of the dielectric constant. We found that we 
could neglect electron interaction altogether when 
4ra<1. We further found that a combination of a 
Hartree approximation with a random-phase approxi- 
mation yields results which are equivalent to the neglect 
of local field corrections. We were not able to investigate 
the validity of this approximation. Therefore, we need 
to find a better treatment of the polarizability in the 
region 4ra> 1. As we saw in NP I, this is just the region 
in which plasmon behavior becomes important. We 
therefore now consider the polarizability from a collec- 
tive standpoint by introducing the plasmons to describe 
the response of the electrons to an external field. 


7 This approximation is not the random-phase approximation 
of NP I, in which terms which are quadratic in the plasmon field 
variables are shown to be small. It is more nearly akin to the 
linearization of the equations of motion for px, which involves the 
coupling via H,,; as well. A similar approximation has been made 
by S. Nakajima [Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, 1953 (Science Council of 
Japan, Tokyo, 1954)], in the treatment of the electron-phonon 
interaction. 
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3. COLLECTIVE APPROACH TO THE STATIC 
DIELECTRIC CONSTANT 


We wish to introduce the collective coordinates 
(P:,Q%) which will describe the plasmon field and hence 
the long wavelength response of the electrons to the test 
charge. We do this along the lines of NP I, by extending 
our basic Hamiltonian (2.2). As we have mentioned there, 
and as is emphasized by BHP, in choosing our extended 
Hamiltonian we need be guided only by the twin re- 
quirements of “‘positive definiteness” and “expediency.” 
Thus, H.x_ should have a lower bound (in which case 
the lower bound will be the ground state of H) and 
should be chosen so as to make the resultant problem as 
simply soluble as possible. We give such a Hamiltonian 
below. We were led to it by a combination of some 
physical notion of what form it should take and con- 
siderable experience in the practical consequences of 
various forms for the added terms. 

Our starting Hamiltonian was chosen to be® 


Hext= Hot Hert DY {3 | Mipit+ Pi |?+3 EVM —k 
k<ke 


+(M;.—ux)r + (M ipet+ P,)+ur.M ir np}. (3.1) 


We are keeping only the long-wavelength part of the 
test-charge field, since we are interested in the long- 
wavelength part of the electron response. The quantity 
Mx is an, at present, arbitrary constant which we 
determine later by consistency requirements. We shall 
then see that u.«<<M;,; its physical meaning is better 
understood after the canonical transformation we now 
carry out. 

Our first transformation is the same transformation 
as that for electrons alone; it is therefore generated by 


§= -> (M .Qxpx). 


k<ke 
We then obtain the following Hamiltonian 
Bex - Hot+A tietat A int +H srt U 

+2 ((Mi-ux)r_nPiturM ir_ipx 


k<ke 
+3M 2r_irx} (3.2) 
together with the set of subsidiary conditions 
(Pi.— Mip,)¥=0, R<R,. (3.3) 


Now, the meaning of yu, is obvious. Almost all of the 
electron-test charge interaction has been redescribed 
as a plasmon-test charge interaction. Only the small 
fraction ui/M; is left as a coupling with the individual 
8 H.x, may be shown to be positive definite in a variety of ways. 
For instance, in the absence of test charge we note that the Hamil- 
tonian is positive definite. We add to this Hamiltonian a term 
which is linear in the test charge variable r;. The response of the 
system to the test charge will never cancel it completely (see BHP), 
so that the only effect of the r;, terms might be to increase the 
ground state energy. To see this another way, note that (3.1) 
could blow up only if (ox)ay were to become very large and negative; 
this would, however, cost too much kinetic energy. 
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particles. The quantity uw; measures the extent to which 
the interaction between the test charges and the 
electrons cannot be described in terms of plasmons. 
Its introduction is not merely a mathematical artifice; 
it corresponds to the physical reality that the screening 
is not perfect. 

The next step is to eliminate the two interaction 
terms by a suitable canonical transformation. In order 
to do this, it is not necessary that we eliminate Hint 
first. We determine the generating function, S’, for the 
transformation by the condition 
; 
H+ Has s' 


h 


=— D> ((Mi-—pe)r_nPitt uM ev_ips}. 


k<ke 
This is easily solved to give 


S’= D0 {—(Mi-u)r-iO0_-nturM r_iDi}, 


k<ke 


(3.4) 


where D,, is defined in (2.9). Naturally, the transforma- 
tion acts also on Hint, Hs, and U, yielding extra in- 
teraction terms linear in r;,. But only the small part 
urM,r_;D; contributes to the commutators. We may 
systematically neglect the contribution from U, which 
we have shown to be very small. The contribution 
from Hin, may be written 


1 
a pM Kr QiLV Di / 
k<ke A 
I<ke 
This is a triple interaction between plasmons, individual 
electrons, and test charges. Its expectation value with 
respect to electron coordinates is zero. The off-diagonal 
part involves triple collisions, and has a structure 
equivalent to the nonlinear interaction U. In the same 
way that U was negligible compared to (Ho+AH icia), 
this extra nonlinear interaction is negligible compared 
to the original interaction. A geometrical factor, 
together with a factor V’/N are responsible for the 
reduction. The extra interaction arising from H,, leads 
to greater difficulty. The discussion of such terms is 
complicated, and we postpone it. 
We now calculate the second-order terms quadratic 
in r; (replacing all electron operators by their expecta- 
tion value). We get 


(Mi—pi)? we 


2M; (pion |? 


er PT OF 


k<ke 2 2 n h 


(3.5) 


Wnd 


To obtain the dielectric constant explicitly, we must 
find u,.. We determine it by the following consistency 
requirement: in the elimination of the electron-test 
charge and plasmon-test charge interactions in Hext, 
test-charge variables must not be introduced in the 
subsidiary conditions. In other words, after the final 
transformation, test charges and electrons must be 
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entirely separated, both in the Hamiltonian and in the 
subsidiary conditions. Since our treatment of the 
Hamiltonian is accurate to second order in r,, we need 
cancel only the linear terms in 7; in the subsidiary 
conditions (one has always one more degree of accuracy 
in the Hamiltonian than in the wave function). On 
averaging the electron operators multiplying r;., we 
obtain the following consistency relation 


2M? | (px don |? 
M .—e= "5 — 2. -——— , (R<R-). (3.6) 
U a Wnd 
Using (2.11), we see that 
M,. 
— —, (R<R-). (3.7) 


Me= 
1+ -41ra(k) 


For a gas of high polarizability, yu, is effectively much 
smaller than M;. Combining the second-order terms 
(3.5) with the original interaction, and using (3.6), we 
obtain the final screened (r-r) interaction : 


M 2 TF —k 
k<ke 2 e(k) 
dre? sf no(R) 
e(k) =1+42a(k) =1+— > (3.8) 
m n Wnt” 


We remark that M;,=€(k)ux. This is not an accident, 
since ux describes that part of the test charge-electron 
interaction attributed to individual particles. It there- 
fore measures what is left of the original Coulomb in- 
teraction after screening. This is just the definition 
of 1/e(k). 

Almost all the (r-r) interaction was cancelled by 
second-order terms arising from the plasmons, which 
were calculated rigorously. This emphasizes the main 
advantage of the collective description. We redescribe 
most of the long-range density fluctuations in terms of 
P;, and Q, for which the random-phase approximation 
is rigorously true: 

[ P.,01 ]= —ihé,, :. 

Equation (3.8) corresponds to no local field corrections 
(complete cancellation of E, and E;). Our only approxi- 
mation concerned terms of order yu; arising from H,:. 
These may yield an appreciable correction to «(k), but 
they cannot change its order of magnitude, ¢(k) ~ Mi./yx. 
Since the only possible local field correction must 
proceed from this short-range effect, we may conclude 
that these corrections are much smaller than the one 
predicted by the Lorentz formula (which would lead 
to e=—2). 

The importance of the local field corrections depends 
on how much influence H,, has on the electron motion. 
If H,, is only a small perturbation, whose effect is small 
compared to that of Ho, the terms arising from it in the 
preceding canonical transformation will be negligible 

















COLLECTIVE APPROACH 
compared to those arising from Hy [ which determine the 
screened (r-r) interaction ]. In this case we expect the 
local field corrections to be negligible, and we have e= 1 
+4aa. Such a case occurs, for instance, if allw,»9aremuch 
smaller than the plasma frequency w (see Sec. 7 of 
NP I), as happens for free electrons. This is just the 
conclusion reached by Darwin® for the case in question, 
that of nonlocalized electrons. 

If, on the contrary, H,, is important in determining 
the electron behavior, the correction may be sizable, 
so that €(k) will only be of the order of magnitude of 
[1+ 4ma(k) ]. In this case, just as in NPI, we may 
overcome the difficulty by a change of representation. 
As we pointed out in Sec. 7 of NP I, when the effect 
of H,, is large, the natural representation in terms of the 
physical actual eigenstates is the one in which (Ho+ H,,) 
is diagonal. Let us therefore switch to such a repre- 
sentation, whose basis we call @y. The treatment of 
the dielectric constant goes along exactly as before, 
but we no longer need worry about H,,. The dielectric 
constant is therefore given rigorously by 

1 Wp" 

e(k) = 1+ y , > fom(k)— er RK. 

M 


QMO 


(3.9) 


For values of k larger than k,, there is no collective 
mode, and the dielectric constant must be calculated 
by a direct perturbation treatment, as was done at the 
beginning of this section. We obtain 


1 1 
— =1-—— > fom (R)w,”, wo, R>k-. (3.10) 
e(k) N mM 


This is now a rigorous result since we have absorbed the 
effect of H,, into the representation. When & is of order 
k., (3.9) and (3.10) do not agree. This may be due to 
the fact that for such values the effect of the random- 
phase term LU’ becomes important. However, we may 
expect that (3.9) will serve as a useful interpolation 
formula, since it is accurate for both limiting regions. 
We pay for the rigor of the foregoing results by the 
fact that we no longer have a simple physical interpreta- 
tion of what is going on. In (3.9), the quantity 
(e—1)/4m is not the microscopic polarizability because 
it already takes into account the short-range part of the 
electron correlations. In other words, E, and E; are 
automatically included. Accordingly, we do not know 
how to separate what is due to local field corrections, 
and what is not. We do not even know what the micro- 
scopic polarizability a(k) is, since in the present case the 
short-range electric field of the equilibrium distribution 
of electrons modifies a strongly. Equation (2.11) is then 
incorrect. As far as local field corrections are concerned, 
we can only conclude that in such a case they are size- 
able, although they do not change the order of magni- 
tude of «. It is interesting to see physically why the 
local field correction is so drastically reduced compared 
to that of Lorenz-Lorentz. Let us go back to the Lorentz 
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picture for an insulator (Fig. 1). The electric field at 
point M may still be written as 


Ey= E+ Ei+ E.+ E;, 
E,= —4rP, 


E.+ E;=4rPy, (3.11) 


where y is a number of order 1. Now the field E, arises 
from free charges located at the outer boundary of the 
solid. This field is related to a macroscopic boundary 
condition of electrostatics, and is not screened: it gives 
a contribution to the polarization P 


P,=a(0)E, (3.12) 


where a(Q) is the polarizability for zero momentum, 
which may be very large. On the other hand, E, and E; 
arise from the microscopic field of the neighboring 
electrons on the one which we are considering. Due to 
the collective behavior, this field is screened within a 
radius of order k-'. Hence, Es and E; arise from 
particles very close to M. When calculating the polariza- 
tion produced by (E,+ E;), we should, therefore, use the 
polarizability at a wavelength of order k., and not at 
zero wavelength; i.e., 


P2,5~a(k-) (Ex+E;). (3.13) 


We know that a(k,) is much smaller than a(0) and is 
of order 1/42. These considerations are summed up in 
the following equation determining P: 


4arP = 4a (0) [E—42P ]+4na(k.)[4ePy]. (3.14) 


From (3.14) it is trival to obtain the dielectric constant 


«(0) =1+—— (3.15) 


1—4ma(k.)y 
A typical value of 42a(k.)y will be 3. We see that the 
local field correction does not change the order of magni- 
tude of «. If the screening radius &, is of the order of 
the interelectronic spacing, the effect of the short-range 
Coulomb interaction is small, and we expect 42a(k.)y 
to be much smaller than 1. In this case there are no 
local field corrections at all. 

The drastic reduction of the local field corrections 
when 47a(k) is much larger than 1 is due to the fact 
that the fluctuations of the long wavelengths p,’s are 
frozen by the subsidiary conditions: one cannot have 
localized charge leading to a local field. This emphasizes 
the need for a collective treatment. 


4. FREQUENCY-DEPENDENT DIELECTRIC 
CONSTANT 


We now generalize the discussion of the preceding 
section to the case of a nonzero frequency, 2. Let us 
assume that the test charge 7; is oscillating with a 
frequency 2. 

r= 10r,. 
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We may guarantee that the r; have this equation of 
motion by adding a new term, H, to the Hamiltonian 
such that 


[Heore ]=hOr,. (4.1) 


The r;, now constitute a set of commuting operators. 
We use the same approach as in Sec. III, and our 
result will be subject to the same limitations. 

First, suppose we neglect the electron Coulomb inter- 
action, and calculate ¢«(k,Q) by a simple perturbation 
treatment. In this approximation, the Hamiltonian of 
the system is 


H= Hot HetD 3M? 2per_itrir_x ]. 


A straightforward calculation yields the following result 
(which is just a special case of the Kramers-Heisenberg 
formula) : 


(4.2) 


——=1—4ra(k.Q), 
€(R,Q) 


1 
4ra(k,Q)=— > 


9 9 
N n Wno — WY 


(4.3) 


We know that (4.3) is accurate only when 4a is much 
smaller than 1. When 4ra>>1, we must go over to a 
collective approach. 

We see already in (4.3) that difficulties arise when 
wno~. The difficulties are of the same sort we en- 
countered in NP I when w~w,o, and may be resolved 
in similar fashion. Thus, where w,0={, resonant absorp- 
tion of energy from the test charge takes place. Such 
absorption may be described in terms of the conduc- 
tivity o(Q), which we calculate in Sec. 7. We could 
explicitly omit such terms in our various transforma- 
tions by a procedure analogous to that followed in 
NP I. However, as was obvious from the treatment 
there, such a prescription is equivalent to taking 
principal parts in the sum over excited states m, and 
we shall understand that to be done in (4.3) and what 
follows. As was the case in NP I, we do not expect this 
procedure to work when 2 is of the order of the average 
w,0. In this case, taking principal parts cuts out too 
many electronic excitations. Put more physically, the 
indeterminacy in frequency due to power absorption 
is then too large to permit an accurate definition 
of €(k,Q). 

In carrying out the collective approach, we adopt as 
our starting Hamiltonian’® 


Hext = Hot A gietat Aint tA ert EB 
+Heet DS {(Mi-—pn)r_nPitturM iri 


k<ke 


+3M 2r_irc}. (4.4) 


Hex: differs from (3.2) only in the addition of H.. Again, 
® The Heieia Which appears in (3.2) and (4.4) involves the free- 


plasma frequency w,, and not the corrected one, w. This is im- 
portant for the derivations of this section. 
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us. is an arbitrary constant which we shall determine 
later. Simultaneously with (4.4) we must consider the 
set of subsidiary conditions, (3.3). 

Our goal is now to find a canonical transformation 
which eliminates from (4.4) the plasmon-test charge 
and electron-test charge interactions, and which, at the 
same time, does not introduce test-charge variables 
into the subsidiary conditions (3.3). Let S be the 
generator of this transformation. We must have 


1 
{Hot Hricat Hint Hort Ut Htc, S] 
1 


=— DD ((Mi-un)r_-nPiturM wr_ips}. (4.5) 
k<ke 
To satisfy (4.5) we try an S of the general form 
S= D> (acPitBcO_-it Firs, (4.6) 


k<ke 
where a; and #; are numbers, while F;, is an unknown 
electron operator. 

The new features in the calculation arise from the 
commutator of F, with U, Hs,, and Hin. We first 
remark that we may always neglect the terms arising 
from U, (since we have shown in Sec. 6 of NP I that 
U is very small). Next we do not have to consider the 
terms arising from H,,. Either H., does not influence the 
electron motion appreciably, and the corresponding 
terms are negligible; or H,, has a large effect on the 
eigenstates, and we then take it automatically into 
account by switching to the many-body representation 
in which (Ho+H,,) is diagonal. Consider now the terms 
arising from Hint which are of the type: 


7. [Vi,F i JOer l- 
h k<k, 

l<ke 
These terms differ from the analogous terms in the static 
case because the commutator [V;,F7] has a finite ex- 
pectation value. We keep the terms involving [V:,F1]Joo, 
and neglect again the triple collisions between electrons, 
plasmons, and test charges. With these approximations, 
it is just a matter of algebra to find the coefficients 
ax, 8x, and the operator F;,: 


i{ M;, 
=-| -}, 
| e(k,Q) 








1—«(k,Q) 
) 
€(k,Q) 
ip,M , iM ;? Wmn 
(F,) ee ee eet eee (px) mne (4.7) 


Q Q€(R,Q) wWnntQ 
Here ¢€(k,Q) is defined from the a(k,2) given in (4.3): 
€(k,Q) = 1+ 42a (k,Q). (4.8) 


The next step is to determine yu, by the requirement 
that r, does not enter the subsidiary conditions. Again, 
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we replace the commutator [,,/':] by its expectation 
value. We then find that this requirement is satisfied 
for any choice of u,.!° Since the only approximations in 
our treatment arise from the term F; of the generator S, 
we choose yz so as to have an F; as small as possible. 
For very low frequency 2 (much smaller than the 
average wn), the most convenient ux is M;/e(k,Q), as 
in the static case. [With such a choice, 2 disappears 
from the denominator of (F;) mn. For high frequencies, 
on the contrary, the best choice is u4,.=0, and we shall 
make that choice in the following. When yu,=0, the 
second-order terms are trivially calculated. When 
combined with the original (r-r) interaction, they yield 
the following screened interaction: 


Mierir_x 


k<ke 2e(RQ) 


€(k,Q) is therefore the dielectric constant at wavelength 
k and frequency 2. 
The derivation of the basic formula, 


1 Wp 
e(k,Q)=1+— 2 fon(k) PS 


wn —L? 


(4.9) 


completes the aim of this section. However, before going 
on to a discussion of the meaning of (4.9) it is desirable 
to have a clearer picture of the physical origin of the 
expression. Thus, in our derivation, the contributions 
from the plasmons and the electrons to the screening 
of the test charges were intermingled. We can, however, 
separate them in the following way. 

Let us first isolate plasmons and electrons, that is, 
first eliminate 1/;,; from (4.4). Since our treatment may 
be carried out for any choice of ux, we take a simple 
choice, 4,=0. Our Hamiltonian (4.4) is then 


P.P_itoyQiQ-i 
Haw=Bet 


k<ke 


+Hint+HertHe 


+ = (M,r- tPi t+} M Pr_ire). 


k<ke 


(4.10) 


We eliminate Hj, exactly as in Sec. 5 of NP I, without 
considering the test charges. We then get the following 
Hamiltonian : 


Hext= Hot Asrt Arp tA tietat Ate 
+ yi {Mire Pi t+ Mir. Bit3M Pr_ire}, 


k<ke 


(4.11) 


where B, is defined in (5.5) of NP I. The test charges 

0 Tn fact, this is not surprising: two Hamiltonians with different 
values of ux only differ by a term Aus(Mip.—Px)r_x. (Mipr—Px) 
is the operator of the subsidary condition, which rigorously com- 
mutes with Hext. One may therefore change the value of uz by a 
canonical transformation, generated by (tAus/Q)(Mipx—Px)r—x, 
which acts only on Hi. Since we can change yu, at will, the results 
must be independent of its choice. This is not possible in the static 
case, where 2=0. In order to keep a; and F;, finite, we must then 
choose uz= M;/€(k,Q). 
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now interact with electrons through a screened Coulomb 
interaction. The plasmons are independent of the 
electrons (they do not appear in the subsidiary condi- 
tion). We may therefore eliminate independently the 
plasmon-test charge interaction. This is done rigorously 
by a canonical transformation generated by 


2 ( 


— tM yr_.P : 


9 9 
2 ww 








s=¥ 


k<ke 


| — Myr_Q-x : . (4.12) 


w—Q 
The resultant Hamiltonian is 


ext = A tietlat+ Hot Asrt+ArptHAte 





2 Q? 
{ran + Mir Bs}, (4.13) 
k<ke 1 2 —« 
which must be considered together with the subsidiary 
conditions (5.15) of NP I. We should like to emphasize 
that the only approximations involved in obtaining 
(4.13) are those required to eliminate Hin, that is, the 
approximation of well-defined independent plasmons. 
What have we accomplished at this point? We have 
determined the role that plasmons play in screening 
the initial interaction between test charges. We see 
that the screening is not complete, although nearly so 
for low frequencies. We could characterize this lack of 
complete screening by a dielectric constant, éou(k,2), 


defined by 
1 ? 


con (k,2) @—w 





- (4.14) 


Since the test charges are still interacting with indi- 
vidual electrons in (4.13), there is also an “individual 
particle” contribution to 1/e, which we could obtain 
by eliminating Mjr_;B, from (4.13). It is in fact simpler 
to get it from the total 1/e calculated in (4.8) using 


1 1 1 


——--— = ——- —-, (4.15) 
€ina(R,Q) €(R,Q) econ (RQ) 


With the aid of the dispersion relation, and Eqs. (4.8) 
and (4.15), it is straightforward to show that 


ccott(R,2) Lin fon(k)wno®/L (w?—wno*) (2? —wno?) ] (4 16) 
ina (2,2) Cnfon(A)2/[(w?— wn?) (P—wne?)] 





We see from (4.16) that when Q is much smaller than 
the average wno, 1/€ina is much larger than 1/€.o11; in 
such a case, the screened interaction is determined 
mainly by the individual particles. (In other words, 
the screening due to the plasmons is essentially com- 
plete.) On the contrary, when Q is much larger than the 
average wno, the term 1/é€cou is preponderant, and the 
dielectric constant depends almost entirely on collec- 
tive plasmon properties. (At such high frequencies, 
the individual-particle excitations do not follow the 
test-charge oscillation.) The fact that at high frequency 
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Fic. 2. Schematic representation of the frequency-dependent 
dielectric constant. The shaded area represents the ranges of 2 
where we do not trust our results. 


the individual part of 1/e is negligible shows that in 
such circumstances the electron-test charge interaction 
appearing in (4.13), 


> Mir_xBx, 

k<ke 
is negligible. At high frequencies (of the order of w,) 
one might expect some difficulty with the nature of the 
individual-particle excitation spectrum, since the sub- 
sidiary conditions then act to reduce the number of 
degrees of freedom. However, when the plasmons are 
well-defined, they determine entirely the dielectric 
constant at such frequencies, so that the above difficulty 
does not arise. 

Let us now discuss in a closer way the behavior of 
1/e(k,Q) as a function of the frequency 2. Consider a 
solid in which the excited states ®, form two groups: 
a group of low-energy states for which w,0o~w1&w, and 
a group of high-energy states for which w,0~w2>w. 

(i) In the range 2, € is essentially the static 
dielectric constant. It is determined mainly by the low- 
energy excited states of the electrons. 

(ii) In the range w.<KQKwoe, € is approximately equal 
to €cou, being given by 


1— (w?/2”). (4.17) 
It is almost entirely determined by plasmons. 
(ili) In the range 2>>w., one finds 
€= 1— (w,?/"). (4.18) 


This differs from €.o1: by the small amount (w?—w,”) /Q?. 
In this case € is again determined mainly by plasmons. 
If, however, one prefers to discuss the behavior of 
4ra rather than of ¢, we see,that at such frequencies, 
the part —w*/Q? arises from plasmons, while the part 
(w*—w,”)/Q* arises from the high-energy excited states 
of the individual electrons. 
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(iv) Finally, in the ranges Q~w,; or Q~we, we en- 
counter difficulties with our use of principal parts, and 
we cannot define ¢ accurately. 

The foregoing results are summarized in Fig. 2. 

When the dielectric constant is determined mainly by 
individual electrons, the discussion of the local field 
corrections of the preceding section applies. Where it 
is determined by the plasmons, no local field corrections 
can appear. For instance, in an ionized gas, where the 
excitation frequencies are small, the dielectric constant 
is simply 1—w,?/Q*, as indicated by Darwin.° 


5. PLASMON DISPERSION RELATION 


Let us reconsider the dispersion relation for plasmons, 
obtained in NP I, in the light of our determination of the 
dielectric constant. We found that the plasmon fre- 
quency w is determined by 


4rre” fon 
1=— > ——. (5.1) 

m n @—Wnro 
On comparing (5.1) and (4.9) we see that the dielectric 
constant vanishes when 2=w. This result is a conse- 
quence of simple electrostatics, since a longitudinal 
wave may only propagate when ¢(&,2)=0. The vanish- 
ing of the dielectric constant at the plasmon frequency 
was used by Hubbard" and by Fréhlich and Pelzer’? to 
determine the plasmon energy. 

The great advantage of the microscopic treatment is 
that it allows a discussion of the local field corrections 
which enter «. These appear in our Hamiltonian as 
extra short-range terms whose importance we are in a 
position to evaluate. In a sense, then, we need never 
worry about the influence of local field corrections on 
the plasmon energy. Either the contributions from H,, 
are negligible, and we have no local field correction, 
or they are important, and we include H,, in our basic 
representation. The wy in (5.1) and (4.9) are then the 
appropriate “many-electron” excitation frequencies. 

We are now able to interpret in a simple way the 
effect of the core electrons on the plasma frequency. 
Let us consider again the dispersion relation (9.5) 
of NPI: 


dre’ fou(R) 


foulk) 
Tf 


=1. (5.2) 


m_ (core) wr — wo, u(val) Ww — wo, 
We see from (4.3) that the first term, involving excited 
states of the core, is just [—4acore(k,w) ], where 
Qeore(kw) is the polarizability of the core electrons, at 
frequency w and momentum &. The dispersion relation 
may therefore be written as 
dre? Fou(k) 2 
—-—— — (5.3) 


MeEcore( Rw) u(val) w—wo, 


r J. Hubbard, Proc. Phys. Soc. (London) A68, 441 (1955). 
"2H. Frohlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 
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This shows that the core acts only through its dielectric 
constant, modifying the effective valence-electron 
Coulomb interaction. When agore is small, this way of 
presenting the result is more natural, and better fitted 
for comparison with experiment (a@core may be inferred 
directly from experiment). On the contrary, when @core 
is very large, we would do better to include the core 
into the plasmons, and treat it as we do the valence 
shell. Of course, there are intermediate cases; for in- 
stance, the d electrons in transition metals. We then 
may think of the collective mode in two ways: either 
as a plasma of s and d electrons, where the d electrons 
are strongly coupled with the plasmons, or as a plasma 
of s electrons alone, but embedded in a highly polarizable 
gas of d electrons. The two points of view are equivalent, 
and neither makes possible a simply convergent 
calculation. 
6. INTERACTION BETWEEN A SMALL 
GROUP OF ELECTRONS 


We now consider under what circumstances we may 
generalize to electrons the concept of a dielectric 
constant which we have introduced for infinitely heavy 
test charges. In order to render the concept of a medium, 
and hence a dielectric constant, meaningful, we must 
consider only a small fraction of the electrons as our 
“test charges.” Let us accordingly isolate a group of 
minority carriers, N in number, whose density fluctua- 
tion is p,, individual electron Hamiltonian Ao, etc.” 
We take NN, and assume in this section that the 
operators, px, Ho, etc., refer only tothe majority carriers. 
We remark that in isolating a group of minority 
carriers, we automatically neglect all effects associated 
with the indistinguishability of the minority and 
majority carriers (e.g., exchange effects in their 
interaction). 

We may then write our initial Hamiltonian as 


H=HotAot dX 4M 2 (p4+ de) (0-1 + f-4). 


The situation is quite similar to that encountered in 
Sec. 4 for test charges. There are two new complica- 
tions. First, the density fluctuations p,; no longer carry 
out simple oscillatory motion. If we choose the eigen- 
states @, of Ay as the basis representation for the 
minority-carrier operators, we have 


(Ao, be) w= Nyy (Pk) pr 


(6.1) 


Second, there is a short-range majority-minority inter- 
action which may influence the excitation spectrum of 
the minority carriers. In other words, the minority 
electrons are not infinitely heavy, and may recoil when 
interacting with the majority electrons. 

We shall be primarily interested in low minority 
excitation frequencies, 2,,. We therefore wish to 


18 This notation for minority carriers should not be confused 
with that introduced in NP I for the separation of the principal 
parts of certain operators. No such separation involving principal 
parts is carried out explicitly in this paper or in NP III, 
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generalize our low-frequency test-charge treatment, in 
which ux was taken to be M;/e(k,Q). (The high excita- 
tion-frequency case is treated, in quite similar fashion, 
by taking u4.=0.) We first define a screened minority 
density fluctuation, p,* by 


(px) w= (Pk) wr, ‘€ (R,Qy»). 


In place of (6.1), we introduce the following extended 
Hamiltonian: 


Hext=Hot+ Mot XL 4M 2 (pit fe) (p-nt+p_x) 


k>ke 


(6.2) 


+> 3(MipitP:)(Mip_-t+P_x) 


k<ke 
+3 (Mil pe—pi®)Pt+M i pip_x 


k<ke 

+3M2p.p-x}. (6.3) 
We then introduce plasmons which involve only the 
majority carriers. (Since there are very few minority 
carriers, this cannot alter the plasmon behavior.) After 
the first canonical transformation generated by 


S= ~ (—MQipx), 


k<ke 


Eq. (6.3) becomes: 
Hext=Hot % 4M? (pet fx) (p-et+p-«) 


k>ke 


+> 3(PrP_ctoyQ:0_-4) + Hin tU 


k<ke 
+Ao+ YS Mil pu—pu*)P-c+M 2px'p_x 


k<ke 
+3Mepip_x. (6.4) 

Equation (6.4) is the simple analog of Eq. (4.4). 

Consider the short-range terms of (6.4). They may 
modify the dynamics of the electrons and, so, change 
the dispersion of the solid. We already know how to take 
into account when necessary the majority-majority 
short-range interaction by including it in the basic 
representation for the majority electrons. The minority- 
minority interaction is certainly exceedingly small for 

Wa 14 “oc. . . .s 

small N."' Difficulties may arise with the short-range 
minority-majority correlations. The magnitude of , is 
usually such that the screening radius is of order of the 
interelectronic spacing and we expect such correlations 
to be relatively unimportant. However, they may modify 
the Q,,, and a more involved treatment is required to 
take this effect into account. In what follows, we neglect 
these possible corrections to the Q,,. 

We may now eliminate the majority-minority and 

4 A word of caution should be injected at this point. In making 
the foregoing statements we have assumed that the minority 
carriers are not strongly spatially correlated with each other. 
Such correlations may occur where there is an energy gap in the 
excitation spectrum, that is, with excitons and supercenductors. 
We discuss this situation in detail in NP ITI. 
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the plasmon-minority electron interaction from (6.4). 
We thereby transform to a new set of “dressed” 
minority electrons which carry a cloud of virtual 
majority electrons and virtual plasmons. The desired 
canonical transformation is generated by an S, such 
that: 


i 
[Hot Hot Hrieiat Hint > Me pxp-x, S] 


k<ke 


=— D> (Mi(pi—pi?)P_itMepi'pr}. (6.5) 


k<ke 


On purely physical grounds, we expect that in (6.5) the 
contribution from the long-range minority-minority 
interaction will be negligible if we take V small enough. 
(The screening is not affected by the interaction between 
distant carriers.) We obtain our results neglecting this 
contribution, and later discuss its importance. 

With these simplifications, the problem is now com- 
pletely equivalent to that encountered in Sec. 4. The 
generating function S is obtained by a simple trans- 
position of Eq. (4.7): 


S= D0 (Mi (pi'—px)Qc+Gi}, 


k<ke 


(6.6) 


where G, is an operator depending on both minority 
and majority electrons, defined by® 


iM;? 
——— } (pa) mn (6—2) n0- 


— (6.7) 
€(R,Qy») (WmatQyy) 


(Gx) mn, pv = 


[In order to satisfy (6.5), we again neglect the off- 
diagonal “random phase” terms arising from H int. | 

Let us now consider the second-order terms which 
arise from the action of S upon the minority-majority 
and plasmon-majority interactions. These are 


> — 3M? (pe— px*) (p-x— p_x’) 


k<ke,l<ke 
i 
+—Mi2[p_i,Gi lpi! 
2h 


—1 


Fae pi’— px), (pi'—pr) |P_iQi 
1 
Teele Cole . (6.8) 


The last two terms involve only one minority carrier 
at a time. They correspond to a change in the behavior 
of an individual minority electron due to collisions with 


18 We now have simultaneously two representations, one of the 
majority carrier operators, in terms of the eigenstates , of Ho 
(or eventually Ho+H,,), and one of the minority carrier operators, 
in terms of the eigenstates ®, of Ho. The two representations must 
not be confused. A matrix element of S should have four indices, 
S 


py, mn- 
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two plasmons, or with two electrons. They have the 
structure of a random-phase term and are certainly 
negligible. (Their diagonal part with respect to minority 
electrons corresponds to the reaction of these on the 
majority carriers, which is exceedingly small.) The 
first two terms of (6.8) describe the screening of the 
minority-minority interaction. Again, we neglect the 
fluctuations of the majority carriers, and replace the 
commutator [p_i,G:] by its expectation value. With 
these approximations, (6.8) yields the following effective 
long-range interaction between “dressed” minority 


carriers: 
DL 2M Ppp’. 
k<ke 


(6.9) 


We therefore obtain the very natural result that the 
matrix elements for the transition u—yv is screened by 
the dielectric constant at frequency Q,,. Such a result 
is in accord with the correspondence principle and our 
physical intuition. 

We now return to the terms arising from the com- 
mutators of S with the long-range minority-minority 
electron interaction. They are 


DL FME{LS, be Jo-1+6-«LS,hx]}. (6.10) 


—i 

h k<ke 
If we replace the commutator, [.S,p;] by its diagonal 
part, the resultant term leads to a screened energy 
smaller than (6.9) by a factor of [w,?/(wno?)w ](N/N), 
which is certainly negligible for a sufficiently small 
(N/N). The off-diagonal part of the commutators gives 
rise to exchange terms between minority electrons, 
which are likewise of order (N/N) compared to the 
terms we have kept. We can understand simply why the 
long-range interaction between minority carriers is 
ineffective. For Q,, larger than the minority carrier @», 
the effect of the Coulomb interaction is negligible com- 
pared with the effect of Hy. This is not the case for Q,, 
smaller than @,, but for such frequencies the dielectric 
constant, ¢, is independent of the response of the 
minority carriers. 

We summarize the approximations we have made to 
obtain the effective interaction between minority 
carriers, (6.9). First, we have neglected the influence of 
the screened long-range density fluctuations of the 
majority electrons, since we kept only the expectation 
value of commutators like [p_,Gi] in (6.8). Such an 
approximation is excellent for sufficiently small k, and 
we expect it to work well throughout the region of k of 
interest. Second, we neglected the effect of the short- 
range, and screened long-range majority-minority in- 
teraction on the energy levels of individual minority 
carriers. However, the corresponding change in Q,,, 
even though it may be appreciable, will not influence 
our result, (6.9) in the low-frequency region, since e is 
frequency-independent in that region. 

We should like to emphasize the limitations of our 
result, (6.9). It is valid only for a very small number 
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of carriers, and must be used only to the lowest order in 
px. For instance, we may use it to calculate the screened 
exchange energy, 


a (Broo? 


€(Qyo 


Ecxch”®= 2 1 3M (6.11) 


k<ke op 


We may also use it to obtain the transition probability 
for the scattering of two minority carriers, using time- 
dependent perturbation theory. On the other hand, it 
may be used to calculate correlation effects only under 
very special circumstances, in which the direct correla- 
tions between minority carriers are more important 
than the screened correlations with the majority 
carrier fluctuations. For this to happen, the strength of 
the minority-majority interaction must be down by a 
factor of at least N/N compared to the minority- 
minority interaction since there are so few minority 
carriers. Such an effect does occur for the conduction 
electrons in semiconductors. 


7. FREQUENCY-DEPENDENT LONGITUDINAL 
CONDUCTIVITY 


As an application of the results of the preceding 
section, we calculate the conductivity of the electron 
gas. To do this, we introduce into the solid a test charge 
r;., oscillating at frequency 2, and calculate the rate at 
which the test charge loses energy. An absorption 
process will excite the electrons from state Wo to state 
V,, such that wro(k)=2. If we can neglect the effect 
of H,, and of the subsidiary conditions on the excited 
state V,, the states Vo and Y,, are simply eigenstates Bo 
and ®, of (Ho+H,,). We may expect that the effect 
of the subsidiary conditions will be negligible for low 
individual electron excitation frequencies, wow». 
When wx0 is large, however, the density of excited states 
might reflect the reduction in the number of degrees 
of freedom due to the subsidiary conditions. We carry 
out the calculation with the assumption that this effect 
is small. (A similar approximation was made in our 
treatment of plasmon damping in NP I.) 

Let us furthermore assume that H,, is a relatively 
small perturbation on the electron motion, so that ®, 
corresponds to the excitation of a given electron. There 
will only be a few electrons for which wno(k) lies between 
(Q—n) and (Q+n). We treat these electrons as our 
“minority carriers”, and denote their density fluctua- 
tion by dpx. In the minority group, we also include the 
test charges. The p, of Sec. 6 is therefore 


(7.1) 


The damping of the test-charge oscillation then appears 
as a scattering within the minority group. 

In order to treat the scattering correctly, we must 
first decouple completely the minority group from the 
majority carriers. We do this by the techniques of Sec. 
6. A simple application of (6.9) gives the following 
“effective” interaction between test charge and “res- 


Pe= Opet+rr. 


hE OI 


773 


onating” electrons: 


(7.2) 





M? 
H scat = ) {ridp_ctr_xdpx}. 


€(Q 


From (7.2) we obtain the transition probability for 
excitation of any electron [only one term of (7.2) con- 
serves energy |. We express the result in terms of the 
oscillator strengths of the electrons* : 


4’ M2 


TyV_k 
—> fon k)5(Q—wno). 
(RQ) |2 hQ “nm 








W(k,Q) = (7.3) 


m 


The rate of energy loss is simply AQW(k,Q). It is also 
equal to ck, where E is the electric field of the test 
charges. We get E from Poisson’s equation : 

4rre 


ik 
Rk? ¢(k,Q) 


(r~—1r_x). (7.4) 





From (7.4) we obtain the rate of energy loss of the test 
charges* : 
84M? 


hOW (k,Q) =————rr_ 
| e(R,Q) |? 


We remark that in o the dielectric constant disappears, 
as we should expect, since ¢ is a “‘local’”’ property. (This 
emphasizes the need for a complete decoupling of the 
minority group before calculating transition prob- 
abilities.) We finally obtain 


(7.5) 


re 
a(k,Q)=— > fon(k)5(Q—wyo). (7.6) 


mn 


This resembles closely the usual expression for the trans- 
verse optical conductivity, differing only in that longi- 
tudinal oscillator strengths replace transverse ones. 
For isotropic solids in the limit of low k, the conduc- 
tivity is therefore isotropic. 

The lifetime of plasmons is simply related to the con- 
ductivity. Comparing (8.1) of NP I with (7.6), we see 
that 

1/t p= 410 (kw). (7.7) 
This simple relation was obtained earlier by Wolff'® 
and Kanazawa.!’ Equation (7.7) may be obtained from 
a mascroscopic argument, and is true even if our deter- 
mination of r,; and o fails because of the effect of the 
subsidiary conditions. 

Finally when the test charge oscillates at the plasma 
frequency, w(k), strong absorption occurs because of the 
emission of plasmons. The calculation of plasmon ex- 


* Note added in proof.—In the case of large damping (0 of the 
order of the average wno) € in Eqs. (7.2) to (7.5) should be replaced 
by the complex dielectric constant, e* = e+-47io/Q. 

16P. A. Wolff, Phys. Rev. 92, 18 (1953). 

17. Kanazawa, Progr. Theoret. Phys. Japan 13, 227 (1955). 
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citation by, for instance, a moving charge, is straight- 
forward, and has been dealt with elsewhere.!!:!” 


8. OPTICAL PROPERTIES OF SOLIDS 


In the preceding sections we have obtained the longi- 
tudinal polarizability and conductivity. In this section 
we use the same collective approach to the transverse 
polarizability and conductivity, and hence optical 
properties of the solid. Bohm and Pines'* have given a 
treatment of this problem for the case of free electrons, 
and what follows is simply a generalization of their 
results to the case of electrons in a periodic lattice. A 
somewhat different approach has been proposed by 
Fano.” 

The Hamiltonian for the system of electrons inter- 
acting with the electromagnetic field may be written”’: 


i= Hot px Mi pxp_x 
k 


(4ne)! 
. a (expe Oy, 
ikp m 


+3 pa LPag* Put (wr? +R) Oxy * Oey | 
kip 
2rre? 


+ DS —etiy: enprrOnQn, 
kylA-ky m 


(8.1) 


where Q,, is the Fourier component of the electro- 
magnetic field with wave vector k, polarization e, 
(perpendicular to k), and where P;, is the conjugate 
momentum of Q;,-P:, and Q;, are assumed to satisfy 
the reality condition: 


(Qku)*=Q_« wy 


(Pu,)*=P_s » 


(8.2) 


In (8.1) we may neglect the long-range part of the 
Coulomb interaction. Most of it will be described in 
terms of longitudinal plasmons, and could lead only to 
a very weak coupling with transverse photons (only 
“three-particle” transitions will have a nonzero matrix 
element). As for the short-range Coulomb interaction, 
either its effect on the electron motion is small, and we 
may neglect it, or it is large, and we take it into account 
by including H,, in the basic representation of the elec- 
tron operators (absorbing H,, into Ho). We remark that 
(8.1) is very similar to the Hamiltonian obtained for 
plasmons in Sec. 4 of NPI: it differs only by the 
replacement of w,? by (w,’+c’k?), and of e by the 
transverse e;,. This resemblance comes from the fact 
that the plasmons are simply longitudinal photons. 

The last term of (8.1) describes a nonlinear interac- 
tion between photons and electrons. It is directly 
analogous to the random-phase term U of NP I. It is 


‘8D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951), hereafter 
referred to as BP I. 

1 U. Fano, Phys. Rev. 103, 1202 (1956). 

*” See, for instance, BP I, Eq. (8). 
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known to be important only for very high-energy 
phenomena (for instance, the Compton effect). We 
therefore neglect it. The only problem left is then to 
eliminate the linear photon-electron interaction in 
(8.1). We achieve this by the same techniques as those 
used in NP I for the plasmon case, working in the repre- 
sentation ®, where Ho [or, if necessary, (Ho+H,,) ] is 
diagonal. 
Let us therefore write the Hamiltonian as 


H= Hot} DU (Piu* Pip tor, PQiu* iw tL ViewQen 
ko ku 
+3 D0 (PACH wey )Ocu*Oxu, (8.3) 
kip 


where V,, is defined by 


: _ (dre)! 
Vag= 2, ——— (enn pre **. 
i om 


(We have dropped the electron Coulomb interaction, 
which we shall not take explicitly into account in the 
following calculation.) In order to eliminate the inter- 
action term, we perform the canonical transformation 
generated by 


S=D> (AkyP tpt Biwi), (8.4) 
Kou 
where the operators A,, and B,, are defined by 
(. 1 ku) mn= ( Vian ‘(wey r— eins (8.5) 


(Bip) mn= — 10) mn Vanlion (Wky?— Wmn’). 


As in NP I, we take the principal part of any divergent 
expression, and treat later the energy-conserving transi- 
tions, which give rise to the conductivity. We choose 
the corrected frequency w;, such that the second-order 
terms cancel the last term of (8.3). This leads to the 
following dispersion relation 


2 | (View)on | ano 
wr =08+eR+— 0) —— =". Om 


° ‘ 
h n Wky —Wno” 


The final Hamiltonian is simply 


: a= Hyt+3 Ss (Pru*PiptwrwOkeu* Qu) 
Kip 


—}> (V eyA—ky + Any V key). (8.7) 
ky 


Let us first consider the last term of (8.7) which 
describes the screened magnetic interaction of the 
electrons brought about by the exchange of virtual 
photons. The nonscreened interaction should be 


V iewV ky 


9 i (8.8) 
ku CR 


The screening therefore consists of the replacement of 
Vi» by ckAx,. From (8.5), we see that the screening 
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radius k,~! is roughly defined by ck,=wy. This result is 
quite analogous to the one obtained in NP I. There, we 
were dealing with electric longitudinal interactions and 
found a very effective screening, within a range 
k--!~/w». In this section, we are dealing with mag- 
netic transverse interactions, whose strength is very small 
(of order vo/c smaller than the electric ones). On the other 
hand, their screening is much less drastic, within a 
range k,-!~ (c/v)k-'. This explains why, for very long 
wavelengths, the screened longitudinal and transverse 
interactions are of the same order of magnitude (to go 
from V;, to the V,; of NPI, one just has to change 
fi, into ex, and wx, into wx. When kKw,/c, this is not 
much of a change”). 

Let us now turn to the dispersion relation (8.6) 
which we write explicitly : 


dw," 
CR =w,,2—w,"— 
imi N 
(>; (€x,y° pe ks Xi)on|? “Wnd 
xx — —_——. (89) 
% Why? — Wn" 


In the last term of (8.9), the intraband transitions give 
a contribution at most of order w,?(v?/c®), which is 
completely negligible. The contribution from the inter- 
band transitions is most conveniently described in 
terms of the following transverse oscillator strengths: 


2 | (Lis (enn pile ™* Jen |? 
fonin**(k,u) =— — a, 
im Wnd 
(8.10) 
OE 
foni™***(k MM) = pe (xy) a * (&xy,)s— 
Oued Kg 


It is shown in the appendix that these quantities 
satisfy the usual f-sum rule: >>, fon(k,yuw)=N. Using 
again the fact that, for an intraband transition, 
wn0°/wx,” is negligibly small, we may write (8.9) as 


9 
Wk 


(8.11) 





CR=w,2— 


eat Ss fon( Rm) 
N 
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In this form, the analogy of (8.11) with the plasmon 
dispersion relation is obvious. Equation (8.11) is a 
well-known result, which is discussed in many places.” 

In order to link our microscopic result with the usual 


macroscopic treatment, we use the familiar relation 
CPR? = wpe (Wey). (8.12) 

a The 1 magnetic and electric screened interactions nevertheless 
keep their respectively transverse and longitudinal character. No 
mixing of their effects occurs, except in high-order transitions. 
For instance, the longitudinal dielectric constant is negligibly 
affected by the magnetic screened interaction between electrons. 
2 See, for instance, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940). A very detailed dis- 





cussion is given by Fano (reference 19). 


TO 


DIELECTRIC CONSTANT 775 
Comparing (8.11) and (8.12), we obtain 
1 fon(R,u)w,’ 
hi) (8.13) 
Nn Wky~— Wno 


The transverse dielectric constant €(w:,) given in (8.13) 
is very similar to the longitudinal (2,2) given in Sec. 4. 
When kK&w,/c, the transverse and longitudinal e are of 
the same order of magnitude (and would be equal for 
an isotropic solid). On the contrary, when k>w,/c, the 
transverse polarizability [¢(w:,)—1] is drastically re- 
duced, while the longitudinal one is still very large. 

Let us now turn back to (8.3), and consider the real 
transitions for which w;,’=w,o?. They give rise to the 
conductivity. We evaluate the lifetime + of the photon 
Qi, by usual time-dependent perturbation method. We 
find* 


1 rw,’ 
ae fon( Ryu) 5(wky—wno), 


r 


(8.14) 


which is the simple transverse analog of the plasmon 
lifetime calculated in NP I. From 1, it is a straight- 
forward matter to calculate the rate of energy loss 
from the photon field, and hence the conductivity, 
o(k,u), which is 


i -wé L 
o( ku) =—=— > fon(R,u)5(wiw—wno) (8.15) 


4rr 2m n 


Equation (8.15) generalizes to transverse modes the 
longitudinal result obtained in Sec. 7. 

We have now completed the determination from first 
principles of the macroscopic properties of the solid: we 
know the polarizability and the; conductivity both for 
transverse and longitudinal modes, at various wave- 
lengths and frequencies. Let us again emphasize the 
similarity of the transverse and longitudinal results, 
which differ from one another only through the replace- 
ment of longitudinal fo, and w(k) by their transverse 
analogues. 


9. CONCLUSION 


On first beholding the familiar expression for the 
static dielectric constant (3.8), coming as it does after a 
lengthy and sometimes involved derivation, the reader 
may well be inclined to wonder what all the fuss is 
about. Certainly (3.8) may be derived in a wide variety 
of ways. However, the conditions under which it is 
valid have been a subject of much debate, and it is for 
that reason that we have gone into the matter in so 
much detail. 

The collective approach which we have developed 


*3 Equation (8.14) is not exact for intraband transitions. Since 
these can never conserve the energy, this does not matter. Notice 
that the validity of (8.14) depends also on the assumption that the 
individual-particle excitation spectrum is not appreciably affected 
by the subsidiary conditions. 
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is most useful when 4r7a>>1; this is also the region of 
greatest uncertainty about the nature of possible local 
field corrections. In this region of high polarizability, 
we find that (3.8) is rigorous, provided we work in a 
representation in which (Ho+H,,) is diagonal, so that 
the oscillator strengths and energy differences which 
appear there are calculated in this many-body repre- 
sentation [compare (3.9) ]. Here the question of a local 
field correction does not arise, but the many-body 
eigenstates and oscillator strengths raise new problems. 
Fortunately, in many cases H,, is of sufficiently short 
range that it may be treated as a relatively small 
perturbation. In such cases again we have no local field 
correction, and further more the fo, and wno of (3.8), 
being now associated with only one-electron transitions, 
should be calculable with no further intrinsic difficulties. 

Examples of simple, highly polarizable solids, for 
which (3.8) applies, are those solids for which the 
plasmons are a well-defined mode of excitation possess- 
ing an energy near fw,. Thus, on comparing the condi- 
tions for the validity of (3.8), and the “existence” and 
“convergence”’ criteria for plasmons developed in NP I, 
we find they are essentially identical. We furthermore 
know that H,, is a small perturbation when most of the 
w,o are smaller than w,, i.e., when the plasma frequency 
w is very close to the free electron w,. Hence we should 
expect (3.8) to be quite accurate in the alkali and 
alkaline earth metals, in Al, and in Si and Ge. We also 
expect it to be quite successful in a wide variety of 
compounds. 

The conditions under which our basic formula for the 
dielectric constant fails, and local field corrections 
become important are considerably less clear. Local 
field corrections could arise when 4ra<i, but in this 
very low-polarizability region, they represent a small 
correction to the already small polarizability. The inter- 
mediate-polarizability region, 4ma<1, combined with 
fairly well localized charges (e.g., the Lorentz insulator), 
would seem a prospect for possible local field corrections, 
principally because our calculation is not accurate in 
this domain. On the other hand, it should also be noted 
that one might expect (3.8) to furnish a fairly accurate 
interpolation formula throughout the region of inter- 
mediate polarizability, since it works in both the limits 
of high and low polarizability. As we saw, we also can 
have important local field corrections when 4ra>>1, if 
k. is small enough that H,, perturbs strongly the electron 
motion. However, such corrections do not change the 
order of magnitude of a, and are far smaller than those 
predicted by the Lorentz formula. 

To sum up, we find that for a highly polarizable 
electron system (and hence a nonlocalized group of 
electrons), the local field corrections are small. For a 
group of tightly-bound electrons (which display an 
accordingly low polarizability) the Lorentz field correc- 
tion exists, but the dielectric constant is only slightly 
altered. Thus, our calculations substantiate the classical 
work of Darwin.° 
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With a knowledge of the dielectric constant and con- 
ductivity at various wavelengths and frequencies, we 
are able to deal with a large class of problems in solid 
state physics, namely, those where the electron inter- 
action enters only through its average effect. For in- 
stance, the effective interaction between minority 
carriers derived in Sec. 6 depends only on the macro- 
scopic ¢(2,k). Other applications include the energy 
loss of fast particles (which will be described in more 
detail in NP IV), and the screened interaction of ions 
in a metal, which is closely related to the propagation of 
sound waves.** Quite generally, our derivation of « 
and o provides a link between the macroscopic approach 
(for instance, the Fermi dielectric approach to the 
characteristic energy-loss problem), and the micro- 
scopic approach from first principles (as in the BP 
treatment of the energy loss). 

The usefulness of the macroscopic concepts (€ and a) 
depends on the neglect of the electronic fluctuations. 
Whenever these fluctuations are important, our aver- 
aging processes fail. This happens, for instance, when 
k~™ is of the order of the interatomic spacing, or when 
Q is of the order of the individual electron excitation 
frequencies. In such cases, our treatment does not 
converge, and, in fact, the macroscopic quantities ¢ and 
o lose most of their physical meaning. A detailed treat- 
ment of the microscopic correlations is then necessary. 

It should be noted that the concept of a dielectric 
constant is generally quite meaningful at frequencies 
near the plasma frequency. We therefore expect that in 
this range of frequencies, the interaction of electrons 
goes through a resonance, due to exchange of virtual 
plasmons. Such an effect might occur for the d-d inter- 
action in transition metals, and be of importance for 
the study of ferromagnetic effects.” Another possible 
field of application of the present results might be ferro- 
electricity, where theoretical treatments have, in 
general, been obscured by the uncertain knowledge of 
the local field corrections. It is our hope that the con- 
siderations developed in this paper may prove to be a 
useful guide for the construction of a satisfactory theory 
of ferroelectrics. 

This paper constitutes an attempt to recognize that 
many properties of solids do not depend on a detailed 
solution of the many-body problem, and to formulate 
carefully the conditions under which this is true. We 
have seen that in the “well-behaved” ranges of k and Q, 
one may describe the effect of the electric and magnetic 
interactions of electrons using macroscopic polariz- 
abilities and conductivities. This result promises a con- 
siderable simplification in the treatment of electrons in 


* Thus the methods developed in this paper could be applied 
to a derivation of the sound-wave dispersion relation in metals. 
The results obtained will be completely equivalent to those found 
by J. Bardeen and D. Pines [Phys. Rev. 99, 1140 (1955) ]. 

25 A similar effect may occur in the interaction between transi- 
tion-metal impurities in metals. 
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solids and will form one of the major topics of the 
following paper. 


APPENDIX 


Let us study more closely the oscillator strengths 
defined in (8.10). Since the relevant values of k are 
very small (<w,/c), we may replace (8.10) by its limit 
for k=0. For the interband oscillator strengths, wno is 
independent of k. We then see from (8.10) that the 
transverse oscillator strength fon(k,u) is just equal to 
the corresponding longitudinal fon(e:,), in the limit of 
small k. The interband oscillator strengths depend 
only on the polarization of the wave, and not on its 
direction of propagation. 

In (8.10) we defined the intraband fo,(k,uw) as being 
equal to the longitudinal f¢,(e:,). The f-sum rule for 
the transverse fon(k,u) is then a trivial consequence 
of the sum rule for the longitudinal fo, (e:,). If, however, 
we had defined the intraband oscillator strength by the 
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same expression as the interband one, 


: 2 Li (een Pie **"**)on|? 
fonit**® (ky) =— ———_____—, 
hm Wno 


(Al) 





we would not have an f-sum rule. Using (A1) in place 
of (8.10), one finds that 


m 
pa fon (kyu) =N— p> > Anda) (A2) 
54 af 


n(intra) a8 m 


where the vector A is given by 


(€xpX tx) X VLE 
A=———_ (A3) 
e° VE 


For a longitudinal polarization e,,, A=0 and the two 
definitions of the intraband oscillator strength are 
equivalent. It is not so, however, in the transverse case. 
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Superexchange Interaction Energy for Fe*+-O*--Fe** Linkages 
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The superexchange interaction energy for an Fe*+-O?--Fe** linkage is considered for seven oxides in 
which Fe** is the only magnetic ion present, and for magnetite. The superexchange energy may be estimated 
from the value of Tc/n, where T¢ is the Curie temperature and m is the number of Fe**-O?~-Fe** inter- 
actions per Fe** ion per formula unit. The average value of T¢/n is 115° (range 106 to 132°). The only 
compounds considered are antiferromagnetic oxides in which Fe** ions are present in one set of crystallo- 
graphically equivalent positions and ferrimagnetic oxides in which Fe** ions are present in two different sets 
of crystallographically equivalent positions. No distinct correlation of superexchange energy with Fe**-O?- 
distances or with the included angle in the linkages is evident. Superexchange coupling is considered only 
for contact distances and for included angles substantially greater than 90°. 





INTRODUCTION 


RAMERS' first suggested that the coupling of mag- 
netic moments of transition-metal ions in oxides 
could take place through excited states of intervening 
oxygen ions. The nature of this coupling, which is 
known as superexchange? interaction, has been investi- 
gated in more detail by Van Vleck*® and Anderson.‘ 
Néel® has shown that the antiferromagnetism of transi- 
tion-metal oxides and the spontaneous magnetization 
of iron spinels (ferrites), which he has called ferrimag- 
netism, may be understood on the basis of negative 
exchange (antiferromagnetic) interaction. 
Thus far, attempts to estimate the exchange energy 
have not yielded entirely satisfactory results. Theo- 


1H. A. Kramers, Physica 1, 182 (1934). 

2 Superexchange hereafter will be called exchange for brevity. 
3 J. H. Van Vleck, J. phys. radium 12, 262 (1951). 

4P. W. Anderson, Phys. Rev. 79, 350 (1950), 

5 L. Néel, Ann. phys. 3, 137 (1948). 


retical treatment of the problem is difficult and experi- 
mental data have been inadequate. Weisz® found a 
semiempirical relationship of the exchange energy to 
the magnetic moment of M, the M-O distances and 
the M-O-M angle, where M is a transition-metal ion. 
However, his relationship depends on the structure 
type involved. 

The Curie temperature,’ Tc, of a material may be 
considered to be the most direct measure of the inter- 
action energy between magnetic ions. The number, 1, 
of M-O-M interactions per magnetic ion per formula 


®R. S. Weisz, Phys. Rev. 81, 626 (1951); Ceram. Age 59, 35 
(1952). 

7 The Curie temperature, 7c, will denote the temperature below 
which order appears in the orientation of: the moments of the 
magnetic ions. Usually T¢ corresponds to the appearance of 
spontaneous magnetization as a consequence of order in ferro- 
or ferrimagnetic materials, whereas the Néel temperature, Ty, 
designates the appearance of order in antiferromagnetic materials 
which have zero spontaneous magnetization. 











778 M. 


TABLE I. T7¢/n for oxides in which only iron ions are magnetic, 
where n is the number of Fe**t-O?--Fe** negative exchange 
interactions of appreciable strength per Fe** ion per formula unit 











Compound Name Tc(°K) n Tc/n(°K) 

(a) Fe;0,4 magnetite 848 8 106 

(b) y-Fe20Os maghemite or 850-950 7} 113-127 
siderac 

(c) LinjeFes/204 lithium-iron 950 74 132 
spinel 

(d) Y3;Fee(FeO,)3 yttrium-iron 545 4! 114 
garnet 

(e) LusFe2(FeO,); lutetium-iron 549 4¢ 114 
garnet 

(f) LaFeO; lanthanum-iron 738 6 123 
perovskite 

(g) YFeO; yttrium-iron 648 6 108 
perovskite 

(h) a-Fe.0; hematite 950 9 106 


unit (i.e., the average number of interactions per mag- 
netic ion) is an important factor which depends on 
structure and which must be taken into account in 
estimates of the interaction energy, J, per M ion per 
linkage. For m interactions, J would be expected to be 
proportional to kT ¢/n.*-° 

At present sufficient data are available for non- 
isostructural oxides in which Fe** is the only magnetic 
ion present so that J may be determined on the basis 
of kT c/n in several independent cases. 


Fe*+-O? -Fe** INTERACTION ENERGY IN 
DIFFERENT STRUCTURE SYSTEMS 


Oxides will be considered which contain Fe*+ as 
magnetic ions and which have the cubic structures of 
the garnet and spinel types, the rhombohedral structure 
of the corundum type and the orthorhombic structure 
of the perovskite type.* In all cases the exchange inter- 
action is negative. The exchange interaction may, as 
discussed by Anderson,‘ increase in strength as the 
Fe**-O*?- distances decrease and as the Fe*+-O*?--Fe*+ 
angle approaches 180°; the interaction is assumed to be 
negligible for angles near 90°. 

The number, n, of the interactions which determine 
the Curie temperature of these oxides is, accordingly, 
determined by the number of Fe**-O?--Fe** linkages 
in which the Fe*t-O?~ distances correspond to the 
contact distance (about 2 A) and in which the angle is 
substantially greater than 90° (in almost all cases 
> 125°). 


8 The approximate proportionality of J to 1/n is shown by the 
work of Heisenberg* who was first to demonstrate the quantum- 
mechanical exchange interaction. Van Vleck" discusses the theory 
of Tc and the exchange interaction in more detail. 

®W. Heisenberg, Z. Physik 49, 619 (1928). 

10 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, New York, 1932), Chap. XII. 

* Note added in proof.—An article by E. W. Gorter [Advances in 
Phys. 6, 336 (1957) ] in which the interaction geometry of many 
ferrimagnetic oxides is clearly presented and instructively dis- 
cussed has appeared since this paper was submitted for publica- 
tion. Oxides containing many different transition-metal ions are 
considered, 
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In the antiferromagnetic oxides considered, all Fe*+ 
ions are in equivalent positions; the magnetic moments 
of Fe** ions are so arranged that there are equal numbers 
of antiparallel moments. In the ferrimagnetic oxides 
considered, the Fe** ions occupy two sets of nonequiva- 
lent positions in unequal numbers and are in antiparallel 
orientation so that there is a net moment. Oxides in 
which the Fe** ions occupy more than two positions, 
such as those with magnetoplumbite structure in which 
the Fe*+ ions occupy five different crystallographic 
positions, are not considered. Consideration of 6-FesO; 
has been omitted for lack of sufficient data on structure 
and magnetism. !!)!? 

A tabulation (Table I) of data obtained on this basis 
shows that for the eight oxides considered the average 
value of T¢/n is 115° with extremes of 106° and 132°. 
In no case has any allowance been made for the varia- 
tion of interionic distances or angles from one com- 
pound to another (Table IT). 


DISCUSSION 


From the data presented (Tables I and II) it is evi- 
dent that the Curie temperature may depend primarily 
upon the number of interactions in the case of oxides 
in which the Fe**-O?--Fe** linkage is responsible for 
the only exchange interactions present. Although no 
obvious correlation of the variation of T¢/n from the 
average value of 115° with the distances and included 
angles can be seen, the probability of negligible inter- 
action at 90°, as suggested by Anderson,‘ is thoroughly 
substantiated. Each case, however, should’ be con- 


TaBLE II. Contact distances and included angle of the 
Fe,**-O?--Fe,3* linkages (see Appendix for sources of data). 


Number 
Fe. Fes** of inter- 
Oz -O? actions 
Fe.3* dis- Included dis Fe,3* per for- 
posi tance angle tance posi mula 
Compound tion (A) (deg) (A) tion unit® 
(a) FesO« 16(d) 2.07 124.0 1.88 8(a) 24 
16(d) 2.07 91.9 2.07 16(d) 24 
(b) y-Fe2Os 16(d) probably about the same 8(a) 15 
16(d) as corresponding values 16(d) + 124 
for (c) 
(c) Lity2Fes;20< 12(d) 2.03 123.0 1.90 8(c) 18 
12(d) 2.03 93.2 2.03 12(d) 134 
(d) YsFee(FeOs)s 16(a) 2.00 126.6 1.88  24(d) 24 
(e) LusFe2(FeOs)s —:16(a) similar to (d) 24(d) 24 
(f) LaFeOs 4(b) 1.97 176.8(O1) 1,97 4(b) 2 
4(b) 2.11 149.9(On) 1.96 4(b) 4 
(g) YFeOs 4(b) 1,92 163.8 (Or) 1.92 4(b) 2 
: 4(b) 2.02 153.2(Om) 1.94 4(b) 4 
(h) a-Fe2O; 4(c) 2.06 132.6 1.98 4(c 12 
4(c) 1.98 116.2 1.98 4(c) 6 
4(c) 2.06 94.5 1.98 4(c) 12 
4(c) 2.06 88.9 2.06 4(c) 6 


* Numbers in italics are used for the calculation of n. 
1Q. Glemser and E. Gwinner, Z. anorg. u. allgem. Chem. 240, 
161 (1939). 

21. Néel, Ann. phys. 4, 249 (1949), 
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sidered separately for qualifications on the evaluation 
of T c/n. 

For spinels and garnets, the angles and distances ob- 
served are very nearly the same in the case of exchange 
interactions important to the Curie temperature. The 
similarity of these ferrimagnetic materials extends to 
the coordination of oxygen with iron. In spinel there 
are one tetrahedrally, 8(a), and three octahedrally, 
16(d), coordinated iron ions per formula unit; in garnet 
there are three tetrahedrally, 24(d), and two octa- 
hedrally, 16(a), coordinated iron ions per formula unit. 
However, there is a difference of some consequence 
between the interactions in these two structures. In 
iron spinels there are twelve weak exchange interactions 
for each octahedral ion with other octahedral ions at 
contact distance"; in iron garnets there are no exchange 
interactions at contact distance other than those con- 
tributing to ferrimagnetism." 

Interaction between magnetic ions in octahedral 
sites in the spinel structure, which is not included in n, 
is known to yield only very low antiferromagnetic 
Curie temperatures. Two examples’*:!®.'® are ZnFesO, 
(Tc=9.5°K) and CdFe,04 (Tc™10°K) in which iron 
is located only in octahedral sites (‘‘normal”’ spinel 
structure). This interaction would be expected to reduce 
the Curie temperature and, consequently, the apparent 
exchange energy (k7'¢/n) in comparison with that of 
yttrium-iron garnet. In connection with the influence 
of interionic distance on exchange energy, Friedberg 
and Burk! have noted that the increase of lattice con- 
stant from ZnFe2O, (a= 8.42 A) to CdFe20, (a= 8.69 A) 
does not seem to lower the Curie temperature (variation 
of the oxygen parameter is not known). 

Although it has not been taken into account, the 
presence of Fe? ions in the octahedral sites!’ of mag- 
netite (“inverse” spinel structure) probably affects the 
Fe*+-O?--Fe*+ exchange energy. Valence exchange 
among iron ions in the octahedral sites as a conse- 
quence of electron transfer brings about a random 
distribution of Fe*+ in these sites, i.e., each octahedral 
iron ion is divalent or trivalent for one-half of the time 
on the average. 

The difficulties attendant to evaluation of the 
Fe*+-O?--Fe*+ exchange energy in magnetite as a con- 
sequence of valence exchange are not present in the case 
of y-Fe2O; and Liy/2Fes/204; no divalent iron is present. 
The structure of y-Fe,O; may be regarded as that 
of Fe;O04 in which one-third mole of Fe?* has been 
removed from the octahedral positions and the re- 
maining two-thirds mole of Fe?* oxidized to Fe** to 
yield Fe*+[ Fe*+5/3 ]O4.7 The structure ‘of Liy/2Fe5/204 


13 E. W. Gorter, Philips Research Repts. 9, 295 (1954). 
44S, Geller and M. A. Gilleo, J. Phys. Chem. Solids 3, 30 (1957). 
18S. A. Friedberg and D. L. Burk, Phys. Rev. 98, 1200 (1956) ; 
Conference on Magnetism and Magnetic Materials (American Insti- 
tute of Electrical Engineers, T-78, October, 1955), p. 62. 

16 J. M. Hastings and L. M. Corliss, Phys. Rev. 102, 1460 
(1956). 
17 FE. J. W. Verwey and P. W. Haayman, Physica 8, 979 (1941). 
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may, for convenience, also be regarded as that of 
magnetite in which one-half mole of Fe** has been 
removed from octahedral positions and replaced by Li‘, 
and the remaining one-half mole of Fe** oxidized to 
Fe*+ to yield Fe*+[ Lit 12Fe*+3/2 ]O4.!8 

It would appear, then, that Lij2Fes;204 represents 
the best case from which the Fe*+-O?--Fe*+ exchange 
energy may be estimated for a spinel-like structure: 
There is no Fe** present, in contrast to Fe;O4, and the 
average number of interactions between octahedral 
iron ions has been reduced from twelve for Fe;O4 to 
nine per octahedral iron ion (from twenty-four to 
thirteen and one-half per formula unit). Accordingly, 
the value of T'¢/n would be expected to be somewhat 
higher than for magnetite; the reason for its being the 
highest observed, 132°, is not clear. 

Although y-Fe,O; also contains no Fe?*, it would 
be less satisfactory than Li,2Fes/20, for estimation of 
the Fe*-O?--Fe*+ exchange energy in a spinel-like 
structure because the number of octahedral-octahedral 
iron-ion interactions is larger (sixteen and two-thirds 
per Fes;;0, formula unit vs thirteen and one-half for 
Liy/2Fe5/20,). 

Among the compounds under discussion, the anti- 
ferromagnetic oxides (Table I) bear little resemblance 
in structure to each other or to the ferrimagnetic 
oxides. The perovskite-like structure is the simplest 
one of all. Each Fe** ion is octahedrally coordinated 
with O*-; it interacts with another Fe** ion through 
each of the six O?~ ions in three nearly mutually per- 
pendicular directions. There are no linkages with in- 
cluded angles near 90°. In LaFeQ; six Fe** ions have 
moments antiparallel to a central Fe** ion according to 
the neutron diffraction data of Koehler and Wollan”; 
presumably a similar arrangement of moments applies 
to isostructural YFeO;. Although the Fe*+-O?--Fe*+ 
angles in these two perovskite-like compounds (Table IT) 
approach 180° more closely than in any of the other 
compounds listed and the distances are not much 
different from each other, the values of Tc¢/n differ 
more with each other than with the average value 
of T¢/n. 

In contrast to the simple interactions of perovskite- 
like compounds, the corundum structure of a-FesO; 
presents the most complicated interaction picture to be 
considered. Because other previous treatments of this 
problem have been inadequate for the present dis- 
cussion, the treatment of this case will be given in 
somewhat more detail.?°:?! 

The magnetic structure has been established by 
Shull, Strauser, and Wollan?? by means of neutron 
diffraction. Although the data were given in rhombo- 
hedral coordinates (Wyckoff notation), it is advisable 

18 P. B. Braun, Nature 170, 1123 (1952). 

19 W. C. Koehler and E. O. Wollan, J. Phys. Chem. Solids 2, 
100 (1957). 

*Y.-Y. Li, Phys. Rev. 102, 1015 (1956). 

1S. Iida, J. Phys. Soc. Japan 11, 1300 (1956) ; 12, 222 (1957). 

2 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
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to transform to hexagonal coordinates in which the 
layer nature of the structure is more clearly evident 
(Fig. 1).% 

The number of interactions which must be con- 
sidered is determined as follows: There are four Fe** in 
coordination with each O?- so that six Fe**-O?--Fe*+ 
configurations are present; of these six configurations 
there are only four distinct ones—two pairs and two 
singles. One pair and one single have angles near 90°; 
the remaining pair and single have substantially greater 
angles so that they may be considered to be exchange 
interactions (Table II). Therefore, each Fe** ion appears 
in a total of eighteen Fe**-O?--Fe** configurations 
of which nine are important as exchange interactions. 

With this knowledge the interactions may be pre- 
sented on a layer diagram (Fig. 1) in which one-third 
are shown because the Fe** ions all lie on threefold 
axes. The magnetic structure is consistent with the 
negative exchange interaction always expected for the 
Fe*+-O*?-Fe* linkage. 

A good first approximation of the exchange energy 
of the Fe*t-O?-Fe** linkage has been achieved on 
the simple basis of T¢/n. The exact relationship between 
exchange energy and T¢ would require more detailed 
knowledge and treatment of the problem. In particular 
an understanding of the influence on the exchange 
energy of the distances and angles in the Fe**-O?--Fe*+ 
exchange linkage would require that good structure 


*3 In a-Fe2O; the O?- ions lie in (00-1) planes (or layers) sepa- 
rated by 2/12; the Fe** ions lie in two planes spaced +(2/12—z) 
from a plane midway between the oxygen planes, 
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data be obtained at Tc, the temperature of evaluation. 
Of the compounds considered, the data for Y;Fe2(FeO,); 
and Liy/2Fes/204 are the best. It would be desirable that 
all data for each compound be established for the same 
lot of material. 
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APPENDIX 


The data employed in the compilation of Tables I 
and II, and their origins, are given below for each 
compound. In every case room-temperature structure 
data are given. The notation is in accordance with 
Internationale Tabellen.* Lattice constants are given in 
the units of the references cited and have been used 
without revision. 


(a) Fe,0, 


Crystal structure*: O,(7)—Fd3m, Z=8, a= 8.400 A. 
Fe*+ in 8(a); ($Fe**+3Fe**) in 16(d); O? in 32(e), 
x=0.379+0.001. 

Magnetic data: Fe*+[8(a)] antiparallel with (}Fe*+ 
+4Fe*+) [16(d) }**; To=848°K.”" 


(b) -Fe,0; 


Crystal structure: O,(7)—Fd3m, Z= 32/3, a=8.338 
kx-units.28 Fe*+ in 8(a); 3Fe*+ in 16(d); O? in 32(e), 
x=0.382. 

Neither the structure nor composition of y-Fe,O; 
seems to be definitely known.'*:**.* The above approxi- 
mation is based upon the work of Braun'* which gave 
evidence that the compound could be Fe,0;-*%H.,O 
which could become isostructural with Lis2Fes;204 for 
x=. The structure given is also suggested by mag- 
netization data.**! The observed moment, 2.5 wz per 
formula unit, may be explained if the 8(a) positions are 


* Internationale Tabellen zur Bestimmung von Kristallstrukturen 
(Gebriider Borntraeger, Berlin, 1935). 

25 A. A. Claassen, Proc. Phys. Soc. (London) 38, 482 (1925-6). 

26 Shull, Wollan, and Strauser, Phys. Rev. 81, 483 (1951). 

271). O. Smith, Phys. Rev. 101, 959 (1956) ; see also W. Kopp, 
thesis, Zurich, 1919, as given in reference 5. 

287. David and A. J. E. Welch, Trans. Faraday Soc. 52, 1642 
(1956). 

27. Behar and R. Collongues, Compt. rend. 244, 617 (1957). 

3 P, Weiss and R. Forrer, Ann. phys. 12, 279 (1929); W. E. 
Henry and M. J. Boehm, Phys. Rev. 101, 1253 (1956). 

31 Maxwell, Smart, and Brunauer, Phys. Rev. 76, 459 (1949), 
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filled and the remainder of the Fe** ions are in 16(d). 
The Curie temperature has not been directly observed 
because the material becomes unstable at a lower 
temperature. However, data for xFeO- Fe20;, extrapo- 
lated to x=0, imply that Tc for y-Fe,O; may be 
about the same as for Fe;O,.*! Data for sodium stabilized 
y-Fe,O; indicate a Curie temperature nearer that of 
a-FesO3.*" 

David and Welch” have also observed the importance 
of H,O in y-Fe,0;. Behar and Collongues® have found 
evidence for an order-disorder transition in y-Fe.O3 
which, it is felt, could be related to that observed by 
Braun! in Liy/2Fe5/204. 


(c) Li,Fe,O, 


Crystal structure!*: O(6)—P4;3, Z=8, a=8.33 A. 
Li+ in 4(b); Fe in 8(c), x=0+A:2; O? in 8(c), 
x=3+A,; Fe* in 12(d), x=$+A,1; OF in 24(e), 
x=}+A;, y= —}—Ays, 2=}+As5. The parameters A;, 
Au, As, and Ag~0.007; A; and A, are much smaller. 
For A,= A.=0 and for A;= Ay= As= A, the space group 
becomes O,(7)—Fd3m for random distribution of Li* 
and Fe*+ in 16(d) which is observed above an order- 
disorder transition at 755°C.'* 

Magnetic data": Fe*+ [8(c) ] antiparallel with Fe** 
[12(d) ] as deduced from a magnetic moment of 2.5 us 
per formula unit; 7¢=950°K. 


(d) Y;Fe.(FeO,); 


Crystal structure": O,(10) —Ja3d, Z=8, a= 12.376 A. 
Fe*+ in 16(a) ; Y** in 24(c) ; Fe** in 24(d) ; O? in 96(h), 
x= —0.0274, y=0.0572, z=0.1492. See also Bertaut and 
Forrat®* and Prince.™ 

Magnetic data: Fe*+ [16(a) ] antiparallel with Fe*+ 
[ 24(d) ] from a magnetization of 5 ug per formula unit® * 
and from neutron diffraction data* 57; T¢=545°K.% 46 


(e) Lu;Fe.(FeO,); 


Crystal structure**: O,,(10) —Ja3d, Z=8, a=12.277 A. 
Ion positions are the same as in (d) except that the 
96(h) parameters have not been determined; pre- 
sumably they are near those of (d). 


#® A. Michel and G. Chaudron, Compt. rend. 201, 119 (1935). 

% F, Bertaut and F. Forrat, Compt. rend. 242, 382 (1956). 

34 E. Prince (to be published) ; International Union of Crystal- 
lography, Fourth International Congress, July, 1957, Abstract 
6.28, Acta Cryst. 10, 787 (1957). 

35S. Geller and M. A. Gilleo, Acta Cryst. 10, 239 (1957). 

36 Aléonard, Barbier, and Pauthenet, Compt. rend. 242, 2531 
(1956). 

37 Bertaut, Forrat, Herpin, and Mériel, Compt. rend. 243, 898 
(1956). 

38 F, Bertaut and F. Forrat, Compt. rend. 244, 96 (1957). 
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Magnetic data®: presumably the same as for (d) 
except Tc=549°K. 


(f) LaFeO; 


Crystal structure“: D2,(16)—Pbnm, Z=4, a=5.556, 
b=5.565, c=7.862 A. Fe* in 4(b); La* in 4(c), 
x=—0.01, y=0.023; Oy? in 4(c), x=0.01, y=0.50; 
Oy? in 8(d), «= —0.29, y=0.27, z=0.06. The param- 
eters employed are those determined for the compound 
La(Coo,2Mno,s)O3"' as was suggested as a good approxi- 
mation by Geller‘? and confirmed by Koehler and 
Wollan.”” 

Magnetic data: each Fe* is surrounded by 6 anti- 
parallel Fe** nearest neighbors according to neutron 
diffraction data”; T¢=738°K.¥ 


(g) YFeO; 


Crystal structure*: D2,(16)—Pbnm, Z=4, a=5.302, 
b=5.589, c=7.622 A. Fe* in 4(b); Y* in 4(c), 

=—0.018, y=0.060; Ox? in 4(c), «=0.05, y=0.47; 
On?” in 8(d), «= —0.29, y=0.275, 2=0.05. 

The parameters employed are those determined for 
GdFeO; by Geller“ because of the close similarity of 
the lattice constants of these two isostructural com- 
pounds. 

Magnetic data: the arrangement of Fe** moments 
is presumed to be identical with (f); T7c=643°K.* 


(h) a-Fe,0; 


Crystal structure‘: Dy(6)—R3c, Z=6, a=5.03, 
c=13.73 A. Fe* in 12(c), s=0.145; O? in 18(e), 
x= —0.2927 

Magnetic data: the magnetic structure has been 
deduced from susceptibility!?* and neutron diffrac- 
tion?? data. All Fe*+ ions, and moments thereof, are in 
(00-1) planes; all moments are parallel in the Fe** 
planes between O*? planes; the moment direction 
reverses across O?~ planes; T¢=950°K. 12:48 


9 R. Pauthenet, Compt. rend. 243, 1499 (1956). 
S. Geller and E. A. Wood, Acta Cryst. 9, 563 (1956). 
41M. A. Gilleo, Acta Cryst. 10, 161 (1957). 
#S. Geller, Acta Cryst. 10, 243 (1957). 
8H. Forestier and G. Guiot-Guillain, Compt. rend. 230, 1844 
(1950). 

4S. Geller, J. Chem. Phys. 24, 1236 (1956). 

4H. Forestier and G. Guiot-Guillain, Compt. rend. 235, 48 
(1952) ; the lower Curie temperature given (275°C) is for a garnet 
impurity phase, see R. Pauthenet, [Compt. rend. 242, 1859 
(1956) ]. 

46L. Pauling and S. B. Hendricks, J. Am. Chem. Soc. 47, 781 
(1925). 
47 The original data were given in the rhombohedral system. 
48 L.. Néel, Revs. Modern Phys. 25, 58 (1953). 
* H. Forestier and G. Chaudron, Compt. rend. 183, 787 (1926). 
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Approximate Theory of Ferrimagnetic Spin Waves* 


T. A. KApLant 
The Pennsylvania State University, University Park, Pennsylvania 
(Received June 26, 1957) 


The wave functions and the energy spectrum for the spin-wave problem in a normal spinel are found 
by means of a straightforward extension of Anderson’s approach to antiferromagnetism. Only A—B ex- 
change is assumed to exist, and the calculation is carried to second order in the magnitude of the propagation 
vector, k. Five distinct energy surfaces (E vs k) are found, two of which are identical, in the classical limit, 
to the ones previously reported by H. Kaplan. Although the energy surfaces are all spherically symmetric, 
the wave functions depend in general on the direction of k. The error in a calculation by Vonsovski and 
Seidov, which led to a linear energy vs & relation for the lowest branch (as opposed to the quadratic relation 


found by H. Kaplan), is pointed out. 


I. INTRODUCTION 


URRENT experiments being performed by Brock- 

house! on the inelastic scattering of neutrons by 
ferrites have stimulated interest in the theory of ferri- 
magnetic spin waves. The theoretical situation has been 
somewhat confused since there are in the literature two 
papers which give contradictory results. In one of 
these, H. Kaplan? applies the semiclassical spin-wave 
theory in the form presented for example by Herring 
and Kittel,* to the normal spinel structure. By assuming 
that the spin-wave amplitudes for the tetrahedral (A) 
sites are equal and those for the octahedral (B) sites 
are equal, he finds two branches in the energy (£) vs 
propagation vector (k) relation. The lower one, for 
small k, is quadratic in k. In the other paper, Vonsovski 
and Seidov‘ use the approach of Holstein and Primakoff® 
or Anderson.*:’ Again assuming equal spin-wave ampli- 
tudes for the A sites and for the B sites, they obtain 
two branches in the E vs k curve. However, when the 
A—A and B—B interactions are put equal to zero in 
their result, their lower branch is linear in & for small k, 
in serious contradiction to the result of H. Kaplan. 
Because of experimental uncertainty, Brockhouse! was 
not able to decide definitely between the two relations; 
however, his data tended to favor H. Kaplan’s result. 

The situation is resolved when one notes an ele- 
mentary, but essential error in the calculation of 
Vonsovski and Seidov. Namely, their assumption of 

* Work performed under the auspices of the National Security 
Agency and the U. S. Atomic Energy Commission. 

+ Guest at Brookhaven National Laboratory, Upton, New York. 

1B. N. Brockhouse, Phys. Rev. 106, 859 (1957). 

* H. Kaplan, Phys. Rev. 86, 121 (1952). Although an arbitrary 
distribution of two types of paramagnetic ions among the A and 
B sites was considered, the sites in a given sublattice were assumed 
to be mathematically equivalent, this being realized by an 
averaging process. This is the same as assuming that one is dealing 
with a normal spinel structure and that furthermore one is 
considering only those normal modes in which the spin wave 
amplitudes are the same within a given sublattice. 

3 C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 

4S. V. Vonsovski and Y. M. Seidov, Izvest. Acad. Nauk 
S.S.S.R. 18, 319 (1954). Translation available through Columbia 
Technical Translations. 

5 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 

6 P. W. Anderson, Phys. Rev. 86, 694 (1952). 

7Ryogo Kubo [Phys. Rev. 87, 568 (1952) ] has shown the 
equivalence of these approaches. 


equal spin-wave amplitudes on the A sites and on the 
B sites is incorrectly made in the Hamiltonian (whereas 
H. Kaplan does it in the equations of motion). The 
fact that the two results differ is simply a matter, 
speaking classically, of whether one differentiates the 
Hamiltonian (to obtain the equations of motion) before 
or after equality between various independent variables 
is assumed.* Stated alternatively, one sees in their 
transformation of variables given by Eq. (1,8), in the 
translation’ of their work, where they assume the 
equality of the various spin wave amplitudes, and 
which they then use in the Hamiltonian, the total 
number of independent variables is reduced. 

It is felt that the calculation of the full energy 
spectrum and the wave functions (with the removal of 
the a priori assumption as to the equality of any spin 
wave amplitudes) will be of interest. Knowledge of the 
wave functions, for example, will enable one to calculate 
the neutron scattering cross section, which should be 
useful in connection with current experiments. Conse- 
quently we carry out this calculation in the present 
paper. Our method is a straightforward extension of 
that used by Anderson® for the antiferromagnetic case ; 
our model is a normal spinel in which only A—B 
exchange is assumed to exist. The results are obtained 
to second order in k. 

Five energy surfaces (E ws k) are found, two of which 
in the classical limit of large spin quantum numbers, 
are, as expected, identical to those found by H. Kaplan 
(when the A—A and B—B interaction terms are 
neglected in the latter). Although all the energy surfaces 
are spherically symmetric, the normal coordinates (and 
therefore the wave functions), with the exception of 
those corresponding to H. Kaplan’s surfaces, depend on 
the direction, k, of k. This is physically reasonable 
since the properties of the lattice depend on k. For 
example, the densities of B sites in adjacent planes of 
constant k-r will be in the ratio 3:1 when k is in the 
(1,1,1) direction, while this ratio will be 1:1 for k ina 


8 This may be seen in terms of the formalism of the present 
paper. The “before” and “after”? methods indeed lead to quadratic 
and linear relations, respectively, when the spin quantum numbers 
for all sites are equal (which is the case considered by Vonsovski 
and Seidel). 
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cubic direction. In connection with the higher energy 
surfaces, it is noted that, from energy considerations 
alone, neutrons with wavelength of the order of 1 to 
2 A have sufficient energy to excite them. (See Sec. IV.) 


Il. THE HAMILTONIAN 


We begin with the Heisenberg exchange Hamiltonian, 


H=J¥S,4-8,4, (1) 


which is appropriate to a normal spinel structure 
assuming interaction only between nearest neighbor 
A—B pairs. §;4 and S,# are the spin operators (in units 
of #) for the tetrahedral and the octahedral atoms, 
respectively. The summation is over the nearest neigh- 
bors j of i, followed by the summation of 7 over 
the A sites. We make the approximation (following 
Anderson)® 


S;47SS 4, 


SF"=— Sz, (2) 


where S, and Sp, are the spin quantum numbers 
associated, respectively, with the A and B sites, and 2’ 
refers to an arbitrary direction. Then, for large S4 and 


Sp, 
(S424 (SAv’)? 


SA”S=S A- —, 
25-4 
(3) 
(SP*¥+(SP"/ 
§P"=-SF+- se" 
2S" 


where 
SA=[Sa(Sat)]}, S#=[Sa(Set+1)]. (4) 
Equation (1) becomes, dropping a constant term and 
neglecting higher order terms in the x’ and y’ compo- 
nents, 
Si 
" 


n= 11244 Jrcseyr +s“ 
re i 


5-4 
+1Jzal — ELS + (5:70) 
3 i 


+J +a (S;47'S 22 +S,Av'S 31’), (5) 


i,j) 


where Z,4 and Zz are 12 and 6, the numbers of nearest 
neighbors ‘“‘seen’”’ by the A and the B sites, respectively. 
Note that (5) reduces to Anderson’s Eq. (6) for the 
antiferromagnetic structures which he considers. 

The six magnetic atoms in a primitive unit cell for 
the spinel structure”’ are shown in Fig. 1. The primitive 





9 Equation (3) is the central approximation of the theory. 
Anderson’s justification for the antiferromagnetic ground state, 
as wellas F. J. Dyson’s recent work [Phys. Rev. 102, 1217 (1956) ], 
which justifies the spin-wave picture for long wavelengths and 
small excitation in the ferromagnetic case, indicates that the 
approximation is probably valid for the present case. 

10 For a detailed discussion of the spinel structure see, for 
example, E. W. Gorter, Philips Research Repts. 9, 295 (1954). 
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Fic. 1. The sites in a primitive unit cell of the spinel structure. 
o =A sites; @=B sites. (Oxygen not shown.) 


translations may be taken as 


a,;=4a(1,1,0), as=3a(0,1,1), a;=43a(1,0,1), (6) 


where the numbers in parentheses refer to the x, y, and 
z components, respectively. The atoms are located at 


o4=0, o24=ja(1,1,1), 


01° =§0(1,5,1), 922=$a(3,5,3), (7) 


. 


03? = 4.a(3,7,1), 04? =}a(1,7,3). 


Each of the two cubes shown in Fig. 1 are octants 
of the usual cubic unit cell. Any two such octants 
sharing an edge are identical, any two sharing a face 
are different. 

The general location of the sites is 


fa4(n)=Rit+oc4, a=1, 2, 


rs?(n)=R,+03", 6=1, 2, 3, 4, 8) 
where the lattice translations are 
R,.=ma;+meaotnga;, ni=1,2,---,Ni, (9) 
and 
N=N,N2N;3= total No. of unit cells. (10) 


We now make the transformation to the Fourier 
transforms (spin-wave amplitudes) of the spin variables: 


S40'[r,4 (n) ]= (Sa/N)' Dox exp[ik-r.4(n) ]P.4(k), 
S42 Tr.4 (n) ]= (Sa/N)! Dy exp[—ik-1re4(n) 10.4 (k), 
S8u'[ rg (n) J= — (Sp/N)! Do exp[—ik- rg? (n) ]Ps? (k), 
S82’ rg? (n) |= (Sp/N)! x exp[ik- rg? (n) 10s? (k), 





(11) 
where 
3 mM; 
k=27 >> ( )o: 
i=1 \N; 
(12) 
a; b’=6;;, 
m;=0, +1, +2, ---, +($Ni—1), 3Ni. 
The inverses follow from 
>, exp[i(k—k’)-R,, ]= Nobxx-. (13) 
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Using (2), we find for the commutators 


[Pa*(Kk),Qa-4(k’) ]=[Pa?(k),Qa°7(k’) ] 


= — Waa’; (14) 


with all other pairs of variables commuting. 

Note that we have N values of k and therefore 6 Q’s 
and 6N P’s, which corresponds correctly to the 12 
variables S,47, S§;4¥, S27, $4. Equations (11) are now 
to be substituted in (5). Sample terms are 


d.(S.47)2=S4 Du Da Qat(K)Qa4(—k), (15) 
and 
1 
> S478 2" =—(S4Sz)i§ > » ay exp[ —ik-ra4(m) 
a,j N (n,a;n’,B) kik 


+ik’- rg? (n’) ]0.4(k)Os?(k’). (16) 


To treat the latter equation, write 


rg? (n’)=re4(n)+ ta, (17) 
where tas is independent of ». Then 
> Si47'S FP?’ =(S4Sz)' > Y Oa*(k)Os?(k) 
i,j k (a, B) 
Xexp(ik-tas), (18) 


where 


> =sum over the nearest neighbors 8 of a and sum a 
(a, B) 
over the unit cell 


° 
(8, a) 


Referring to Fig. 1, we see that 


> Qa*(k)Qs?(k) exp(ik- 2.3) 
(a, B) 
2 4 
=> Y fas(k)Qa4(k)Qs?(k), (19) 
a=1 s=1 
where 


Caa(k as: exp(ik- 23"), (20) 


u=1 
and ts", u=1, 2, 3, are the vectors connecting the ath 
A site to the three nearest neighbor B sites character- 
ized by a given os”. The tas" are given explicitly in 
Eq. (26). 
Thus (5) becomes 


4s [P24 (k)P4(—k)+004(k)Q24(—k)] 


a=1 


H= 3 
B4 

*? dD LPs? (k) Ps? (—k) +05? (k) Qs? (—k) ] 
sp=1 


+y & [oas(k)Q04 (Kk) 04% (k) 


—f£as(—k)Po4(k)Ps*(k) ’ (21) 
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where 
A=JZ4S2(Sa/S-4), B=JIZpS-4(Sp/S*), 99 
y=J(SaSp)!. 22) 


We now make the canonical transformation to the sine 
and cosine transforms, 


PaA+(k)=2""[Pa coho #( tk) }, 
Q.4+(k) om 2-(0.4(k +0,4( (—k)], (23) 
P,4-(k)= pr P.4(—k)], 
Qa4~(k) =i2-4[0.4 (k)—Q.4(—k) ], 

with similar definitions for P,2* and Q,8*. (The + 


and — variables are, respectively, even and odd in k 


to —k.) Then 


H=D' {$A LD al (Pa*t)?+ (Pat-)?+ (Qa**)?+ (Qa4)*] 
+3B Das pty Py P+ Ot! +- Or) 
+y¥ Die bap*(Qa*tOg?+— P,A+ P,?+—Q,4 “Og? - 
+P PP) +7 Dan tas’(QOa* Op” 


— Pat~P g++ Qa4tQg?-—PaA*Ps?-)), (24) 


where >-’, means to sum over half the Brillouin zone 
[ Eq. (12) 1, such that, if k is in the set, —k is not 


3 3 
fas°= >. cos(K-tas"), fas°= >. sin(k-*43"), (25) 
uml sure 


and the arguments (k) of all the functions have been 
omitted in the notation. It is interesting to note that 
the nonvanishing of fas° connects the sine and cosine 
transforms. This corresponds to the nonvanishing of 
the first derivative terms in the Herring-Kittel semi- 
classical equations, and corresponds physically to the 
fact that the two A sites in our unit cell are not equiva- 
lent lattice points and the four B sites are not equiva- 
lent lattice points. 
The tas", in units of a 8, are given explicitly by 


"= (1, 1, —3), (1, —3, 1), (—3, 1, 1); 
*12"= (—1, 1, 3), (—1, —3, —1), (3, 1, —1) 
26) 
£13°>= (—1, —1, — 3), (—1, 3, We (3, —1, Ae 
e4"= ti. —1, 3): (1, a, —1), (—3, —1, —1); 
with 
#138"= — top", u=1, 2, a B=1, 2, a, 4. (27) 
It may be noted that (27) is consistent with the 


well-known fact that every B site is a center of inver- 
sion; i.e., if some B is connected to an A by +, then —* 
connects that B with another A. The pair of A’s, by 
(27), will always be an A, and an A>. On the other 
hand, the fact that there is no t:3” which is —%"" is 
consistent with the fact that the A’s are not inversion 
centers. 
From Eq. (27) it follows that 


$16°=F28°, (28) 
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and 
$18°= — 28°. 
We may be interested in the calculation to second 
order in k. Hence we may put 


3 
Ca3°= > k-t43". (29) 


3 
Sap°=3—3 DL (k-tap")*; 
u=] u=l 
Then 
61°= —ta(k.tk, +h), 
12°= 4a(k,—k,y+k,), 
13°= 4a(k.+k,—k,), 


14°= 4a(—k,+k,+h.), 


(30) 


and 
11k’a? 
+Xap, 
64 


3 
DX (k-ts")?= (31) 
u=l 


where 
Xn= — xy" (keky+kek. t+ kyk,), 
X12= 330" (keky— kk. +k,kz), 
X13= pya?(—Rkeky +k. t+ k,k,), 
xiua= fy0"(kekythek,—kyks), 


(32) 


and 
Xip= X28. (33) 
Hence the coefficients in the Hamiltonian (24) are 
anisotropic in k. 
It follows that 


Da fap’= Lp Sas’=9, (34) 

and 
Ys Xap= 0. (35) 

Also 
tas°= 3— (11/128) k?a?— fxe8=n— 3X a8. (36) 


III. THE NORMAL MODES 


Referring to the Hamiltonian (24), one sees that the 
normal coordinates and frequencies are to be found for 
a 12-variable problem (fixed k). Fortunately there is 
enough symmetry in the equations to enable one to 
find these coordinates by inspection when the coeffi- 
cients are kept only to second order in k. However, for 
the sake of clarity, we shall first reduce the problem to 
three 4-variable problems, and then drop higher terms. 

The normal coordinates can obviously be found by 
treating the P’s and Q’s as classical quantities. The 
equations of motion, using (24), are 

Qatt=APa*t—7 Yia(Sap*Ps**+Fap°Ps), 

Qs8+= BPg®+ —y Doa(Sap*Pattt+hap°Pa*), 

Q.4-= A PA +7 Ds(Sas* Ps? —fap°Ps*), 

Qs?-= BPP +¥ LeSas*Pa4 : —fap°P.**), 

P,At+= —AQa*t— 47 Yip (Sas'Qs"* +S aps"), 

P,Pt= ae BOQg?+— ‘4 LalSapVattt+Fap'Va*), 

P,A-= —AQ.* +7 LaF ass? —Fap°Os"*), 

PP-= si BQg®-+7 DalSapVa4~—fap°Va4*). 


(37) 
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By considering the constructs o1*=) a Qa4*, o2* 
= Ls f18°Os?*, 03*=Q14F-Q247, oct#= Dp $18°Os"*, 
using the exact properties (28) and Eqs. (37), it is easy 
to see that 


4 
q? => a,*o;*, 
im! (38) 


pP* = @,*7T;> — A9*t9++ G3*7 3+ — Og*74* 


are normai coordinates and their conjugate momenta. 
+ 


Here, 7;*+ are obtained from o;* by replacing Q by P; 
the a;+ are determined by 





| A Fh 0 FoF bet re 

| +2y —B 0 0 | ao+ a_* 

? oe ae 3 

| O —y& A —véko| | as*] 7 a3* ? = 
0 O 2&6 —B J la) a4} 


where 
4 4 4 

f= > (S18), E= DX (610), & = X Sis*Ers’, (40) 
p= g=1 p= 


and the values of w are the roots of the quartic 


[(w— A) (wt B)+2y°é. J[ (w— A) (w+ B)+27*E.] 


—4y't2=0. (41) 


The exact roots may be found by first neglecting ¢ 
[see Eq. (48) ]. Considering well-known rules governing 
various sums of products of the roots, it then becomes 
apparent that the exact solutions are 


2w1= (4—B)—[(A+B)?—8y%.+2]}, 
2w2= (A—B)+[(A+B)2?—8y%.+2]}, 


(41’ 
2w3= (A —B)—[(A+B)*—8y%.—2]}, ) 
2w4= (A — B)+[(A+B)?—8y7§,—x }}, 

with 
t= 4y*(E-— Eo) { 1 aa [1 + ¢ (€.— £.)? }*} . 
The conjugate pairs satisfy 
q=wp, p=—w9, (42) 
and 
Lq,p]=i, (43) 


the latter assuming the commutation relations (14). 
[Equations (43) with (39) completely determines the 
a’s.] This provides 8 of the 12 normal coordinates; we 
shall denote them by q;+, p,+, 7=1, 2, 3, 4. 

The remaining four normal coordinates and momenta 
are readily found to be 


4 4 
qit= LD e:sQs®*, p= > eisPs®*, i=5,6, (44) 
p=1 b=1 
the eg being determined by 
Lis ish ip*= Lop Cistip°=0, DL espejs=di;. (45) 


These coordinates are degenerate with the frequency 


w= B, (46) 
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We now note that é’ is of order k* whereas &, and £, 
are, respectively, of order k° and k*. Hence, in the 
calculation to second order, we may neglect terms in 
t’ in Eqs. (39) and (41). The resulting solution is 
immediately found to be 


Qit=di(Dia Vat +c; Dip $18°Os"*), t=1,2 
p.t=di(Qa Pat Fei Des $18°Ps**), i=1,2 
g*=d;(Qr4¥—Qs4¥ +6; Da Ss'Os"*), j=3,4 
pjt=d;(Pi4* — Pott —c; Va $is°Ps?*), j=3,4 (48) 
2w;= A—B—[(A+B)*—8y°E.]}, 
2w2= A— B+[(A+B)?—8yE. ]}}, 
203= A—B-—[(A+B)*—8y’é. }}, 
2u4= A—B+[(A+B)?—8y°to}, 
where 
c= (A—wi)/yEe=27/(Btwi), 1=1,2 
re ae 
cj= (A—w@;)/véo= 27/(Bt+a;), j=3,4 
dj= (2—é.c;*), j=3, 4. 
Explicit calculation gives, to second order, 
£.=4n’= 36(1—€)’, (50) 
where 
e= 11k?a?/384, §,=k'a?/16. (51) 
Using (22), we see that 
2= AB/Z Zp, (52) 
so that we may rewrite w; and we: 
2w,= A—B—[(A+B)*—4AB(i— 62], 
(53) 


2w2=A—B+[(A+B)*—4A B(1— 6)? }}. 


These branches are identical to those found by H. 
Kaplan" if we go to the classical limit S.4. 7S, ps. 
To second order, assuming that ABe/(A—B)*<1, 

we have 

wy= —2A Be/(A—B), 

we= A—B+2ABe/(A—B), 

o3>= —B+2A Be/33(A+B), 

ws= A—2A Be/33(A+B). 


We see that some of the frequencies are definitely 
negative. This is not accidental (since the w’s to second 
order are roots of equations quadratic in w), but has 
the following significance. Whenever w<0, the corre- 
sponding coefficient d is imaginary, so that the corre- 
sponding operators are not Hermitian. However, the 
simple canonical transformation q’= ig, p’= —ip relieves 
us of this difficulty. Thus, dropping the primes in these 
cases, the Hamiltonian (24) is 


H=3 U'skD |o| (P?+9°)}, (55) 


" Note: H. Kaplan’s Jaz is J/2 and his a is one-half our a. 
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where the second >> means to sum over the 12 normal 
modes. (w is in units of #.) Since the various q’s and p’s 
satisfy [g;,px £6; Lapproximately, even considering 
(14) to be exact, since &’ was neglected], the wave 
functions follow immediately in terms of the solutions 
to the harmonic oscillator problem. 


IV. DISCUSSION 


In Fig. 2 is shown a sketch of the five branches found 
for the spectrum. The case B<A<2B is shown, so 
that we is lower than w3 or ws. However, for A>2B, 
the branches w; and ws will lie below we. (Note that 
when A <2B, S4>Sp.) When A= B, w; and we coalesce 
and are linear in k for small k; w; and ws equal w;= A 
for k=0, deviating from this value quadratically in k. 
To the order of our approximation (3), A=JZ4Sz, 
B=JZpSa, so that A=B implies S4=2Sz or antiferro- 
magnetism (i.e., zero net moment in the ground state). 

It is interesting to see how the zero-point excitation 
enters into the calculation of the z component of the 
total spin to give the expected value 2NV(S4—2Sz) 
instead of 2N(S,.4—2S.%). Using (3) and (11) we find, 
to order 1/S4,z, 


S,=>. SA’+>- SP’ 
=2N(S.4—2S8.8)—4 Do'e Del Dal (Pat)? 


+ (Qa4?)? J—D al (Ps?*)?+ (Qs?")?]}, (56) 
where o=+ and —. Write Eqs. (38) and (44) as 
g=L C:0;, pHrL D, ;P3. (57) 


Since we are assured by normal mode theory [and 
Eq. (43) ] that [q;,p.]=76;. [for the exact normal 
coordinates and assuming (14) is exact], the inverse, 
C, of C is simply the transpose, D’, of D; also (D)" 
= C7, We thus find 
S2=2N(SA-—2S.8)—$3 a Za ad (pi")?— (1°)? 
+ (p2)?+ (g2”)?— (p3”)?— (¢3”)?+ (pa?)?+ (G47)? 
—L(ps")?+ (957)*+ (p6")?+ (q6")? }}, (58) 
for A> B. For A<B, interchange 1 and 2. [The p’s and 
q’s here are the Hermitean operators used in (55). ] 
Hence the eigenstates of (55) are also eigenstates of S.,; 
using the values (p;7)?+ (q:7)?=2n,7+1, ni7=1, 2, «+>, 
it is seen the zero-point excitation terms in modes 5 


ae... 
Ww, 


W, 
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and 6 add up to N, thus canceling the terms in S,4 and 
S.8 of order 1/54, .!* Hence 


Sy=2N(S4—2Sp)—Do'e So (n2?— m1 + 14" 


A>B. (59) 


—n3°— Ns’ —N6"), 


Note that the excitation of modes 1 and 2 contributes 
to S, in the same way as found by Keffer" for anti- 
ferromagnetic structures in the presence of a magnetic 
field parallel to the spin axis. This is reasonable: for S4 
slightly different from 2.S,, the energy eigenstates are 
approximately those linear combinations of the de- 
generate states corresponding to w;=w2 which are 
eigenstates of S, (as they must be since S,, is a good 
quantum number) and hence of the Hamiltonian 
including the energy due to a magnetic field in the 
z’ direction. 

Perhaps some insight into the dependence of the 
normal coordinates on the direction of k may be gained 
by the following simple intuitive discussion. Consider 
the example k= k(0,1,0). Referring to Fig. 1, it is seen 
that atoms B, and By, are in one plane of constant 
k-r while B; and B, are in another such plane. Hence 
one might expect B, and B, to be equivalent and 
similarly for B; and By, each pair then behaving 
analogously to the example of Fig. 3(a). This is borne 
out in all the normal modes [Eqs. (44) and (47) ], in 
the sense that, say, Q,"+ and Q.%* are either equal or 
mx out of phase; similarly for any pair of variables 
corresponding to B, and B, or B; and By. [This follows 
since €19°= €1°(1,1,1,1 P 618°=F11°( L : ~~ i —] ), €1p 
= (1/2)(1, —1,1, —1), exs=(1/2)(1, —1, —1,1).] As 
a second example we take the case k= (k/V3)(1,1,1). 
By the same reasoning Bo, B;, and By would be expected 
to be equivalent and hence to behave analogously to 
the example of Fig. 3(b). This is again borne out in 
all the normal coordinates: €12°=£13°= 14°, €12°= {18° 
=f14°(= —f11°/3), eip= (1 v2) (0, 0, a —1 ), €28> (1/ 
1/6) (0, 2, —1, —1). For the example of Fig. 3(b), the 
normal coordinates are x%1+X2+%3, X2—x3 and 2%,—4Xe2 
—x;; furthermore, the two oscillatory modes are 
degenerate, completing the analogy (as far as we shall 
carry it). 

It is interesting to compare these results with those 
obtained in a preliminary calculation, in which all terms 


2 Tt is felt that the alternation of sign from modes 1 to 2 and 
3 to 4 (which results in no contribution from the zero-point 
excitation in these modes), although deduced from expressions 
(47)-(49), valid only to second order in k, probably occurs for all 
k. The statement concerning modes 5 and 6 is exact since (44)—(46) 
are valid for all k. 

3 F, Keffer, thesis, Berkeley, January, 1952 [see Keffer, Kaplan, 
and Yafet, Am. J. Phys. 21, 250 (1952) ]. 
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(a) 


Fic. 3. Examples of 
coupled oscillators. (Equal 
masses and equal spring 
constants; the masses are 
constrained to move along 
the lines of the springs. ) 





(fas° and xg) anisotropic in k were neglected. The only 
difference in the spectrum is that the small deviation 
of w3; from the value B, and w, from A, did not occur. 
Differences of zero order in k enter into the coordinates 
associated with ws and w; in the sense that the pertur- 
bation requires a particular linear combination (for each 
direction of k) of the originally degenerate coordinates 
associated with the frequency B. The differences in the 
remaining coordinates are of higher order. 

Equation (55) provides the starting point for the 
calculation of the neutron scattering cross section. This 
will be reported in a future paper with the purpose of 
comparing the result for scattering involving the lowest 
mode with current experiments, as well as a step 
towards answering the question as to the possibility of 
observing the higher modes. In relation to this question, 
we should mention that the energies needed to excite 
the latter are in the slow-neutron range (~10~? ev as 
estimated by using the value, /=4X10~ ev found by 
Brockhouse! in connection with the lowest branch, and 
taking S4=2.5, Sg=2.25, characteristic of magnetite). 
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Note added in proof—After the present manuscript 
was submitted for publication, the author became aware 
of a paper by J. S. Kouvel [Technical Report 210, 
Cruft Laboratory, Harvard, February 1, 1955 (unpub- 
lished) ] in which the semiclassical spin vector method 
is applied to the ordered magnetite structure; in the 
region of overlap of his and the present results there is 
agreement as expected. 
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Heat Capacity in the Normal and Superconducting States and 
Critical Field of Niobium*t 
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The heat capacity of a vacuum-annealed sample of niobium has been determined in the temperature 
range 1.5 to 30°K. The heat capacity measurements in the normal state below the transition temperature 
were carried out in magnetic fields up to 4130 gauss. The effect of vacuum annealing on the heat capacity, 
transition temperature, and critical field was determined in an effort to obtain a so-called ideal supercon- 
ductor. After the initial annealing, within experimental error, the heat capacity in the superconducting 
state was found to be independent of further treatment. In the normal state the heat capacity (C,,) can be 
represented by the relation 

C,=0.0018T +464.4(7/6)3, 


where @ varies from 256 to 320 degrees depending on the temperature for the best annealed sample. No 
simple relationship holds for the heat capacity in the superconducting state. The heat capacity data could 
not be fitted to any existing corresponding state theory for superconductors. 

The zero-field transition temperature (7) and the critical field (H.) were found to depend on the extent 
of annealing. For T.=9.07°K, (dH./dT)T=T-=1148 gauss deg whereas for 7.=9.17°K, the highest 
transition temperature measured, (dH./dT)T=T,=734 gauss deg. From the heat capacity data 
(dH ./dT)T=T.=415 gauss deg and Ho, the critical field at absolute zero= 1944 gauss. It was not possible 


by vacuum annealing even at 2100°C to obtain an “ideal” superconductor. 


INTRODUCTION 


HE thermodynamic treatment of the supercon- 
ducting phase transition in metals, in the 
presence of a magnetic field, requires that the difference 
in the free energies of the normal and superconducting 
phases be proportional to the square of the critical 
magnetic field. Thus the differences in the entropy 
between the two phases as well as the heat capacities 
can be deduced from the critical field curve. Comparison 
of critical-field data with calorimetric data has shown 
that the agreement is generally good in the case of the 
so-called “‘soft superconductors.” Considerable dis- 
crepancies however have been found for “hard super- 
conductors” whose magnetic properties depend strongly 
on the physical and chemical condition of the specimen. 
This was shown by Webber! and by Wexler and Corak,” 
who found that the hardness of these metals arise from 
inhomogeneous strains set up in the lattice either by 
mechanical work or by impurities, particularly carbon, 
oxygen, and nitrogen, which at low concentrations are 
present in the lattice interstitially. Annealing at ele- 
vated temperatures and high vacuum can remove 
mechanical strains or gaseous contaminants but not, in 
general, the strains due to interstitially located foreign 
atoms. 
An attempt has been made in this laboratory to 
investigate both the calorimetric and magnetic behavior 


* This work was assisted in part by the Office of Naval Research. 

+ This article contains in part material abstracted from a 
dissertation presented by Chien Chou to the Graduate School of 
The Ohio State University in partial fulfillment of the require- 
ments of Degree of Doctor of Philosophy, 1953. 

t Present address Institute of Applied Physics Academia Sinica, 
Peking, China. 

§ Present address Herrick L. Johnston, Inc., Columbus, Ohio. 

1R. T. Webber, Phys. Rev. 72, 1241 (1947). 

2 A. Wexler and W. S. Corak, Phys. Rev. 85, 85 (1952). 


of the hard superconductors niobium and tantalum 
after careful annealing and degassing in high vacuum 
at elevated temperatures. The results on niobium are 
reported in this paper. During the course of this 
investigation the heat capacity of niobium in the 
normal and superconducting state was reported by 
Brown, Zemansky, and Boorse.’ No attempt, however, 
was made in their research to determine the effect of 
repeated annealing and purification of the sample on 
the thermodynamic properties. 


APPARATUS 
1. Calorimeter 


A Nernst-type vacuum calorimeter shown in Fig. 1 was 
used in this research. The calorimeter proper A was made 
of O.F.H.C. copper in the shape of a cylindrical round 
cap with an o.d. of 1 in. and id. of approximately 
0.70 in. The inside of this cap was threaded so that a 
metal sample could easily be attached. Apiezon V 
stopcock grease was used in the threads for thermal 
contact. A bare carbon resistor, used as a resistance 
thermometer, was coated with a thin film of Bakelite 
and inserted in the upper part of the calorimeter B. 
G.E. 7031 adhesive was used for thermal contact. On 
the outside of the copper calorimeter a constantan 
heater C was wound bifiliarly (No. 36 B & S Driver 
Harris “Advance” double nylon insulated). The room 
temperature resistance of this heater was approximately 
85 ohms. A thin layer of highly polished copper foil 
(0.001 in. thick was wrapped around the heater. This 
was to serve as a radiation shield. 

All the leads from the calorimeter (No. 34 B & S 
Driver Harris double nylon insulated manganin wire) 


3 Brown, Zemansky, and Boorse, Phys. Rev. 92, 52 (1953). 
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passed through the cylindrical lead block D and a 
copper block F. The latter was soldered to the vacuum 
jacket G so that it made good thermal contact with the 
bath. The copper block F served to remove the heat 
transmitted through the leads from the top of the 
calorimeter as well as a radiation shield. Since the bath 
temperature during a run was always somewhat lower 
than the calorimeter temperature the lead block D 
served to reduce the heat leak through the manganin 
leads. This block was approximately 1 in. in diameter 
and } in. long and was wound bifiliarly with a con- 
stantan heater so that its temperature could be con- 
trolled. 

The calorimeter was surrounded by a cylindrical 
brass vacuum jacket G approximately 1} in. diameter 
and 53 in. long. A monel pumping tube approximately 
3 in. in diameter was soldered to the vacuum jacket. 
The whole calorimetric assembly was placed in a 
Pyrex Dewar vessel 40 in. long and 2% in. o.d. into 
which liquid helium or hydrogen could be transferred. 
This was surrounded in turn by a somewhat large 
liquid nitrogen Dewar into which an air core electro- 
magnet could be positioned for both the calorimetric 
and magnetic investigations. The magnetic field was 
parallel to the sample cylinder axis. This liquid- 
nitrogen-cooled magnet was a modified version of the 
magnet described by Fritz and Johnston,‘ Formex- 
coated copper wire (B & S No. 21) having been used 
in the construction rather than cotton-insulated wire. 
The magnet gave a field of 200+.2 gauss per ampere at 
its center. The current source for the magnet consisted 
of twenty-four 8-volt submarine batteries of 500 
ampere hours capacity. The maximum field strength 
obtainable without serious overheating of the magnet 
was approximately 5600 gauss. 

For the calorimetric measurements above 9°K (liquid 
hydrogen in the small Pyrex Dewar) the calorimeter 
was cooled by means of a small amount of helium 
exchange gas (10-*-10-* mm Hg) inside the vacuum 
jacket. After the calorimeter had equilibrated with the 
bath, good thermal isolation of the calorimeter was 
achieved by pumping in the vacuum jacket for approxi- 
mately two hours. For the measurements below 9°K 
(liquid helium in the small Pyrex Dewar) sufficient 
thermal isolation could never be achieved by the above 
procedure to enable any reasonable measurements 
particularly in the range 1.5 to 3°K. (The heat capacity 
of the niobium sample at 1.5° is approximately 0.6 
X10~* cal deg.) To avoid this difficulty a stainless 
steel capillary E, 0.020 in. i.d. and 0.036 in. 0.d., was 
soldered to the top of the calorimeter. It passes through 
the lead, vacuum jacket (making good thermal contact 
with both), and liquid helium refrigerant to a helium 
gas supply. From earlier experiments® it was found that 
such a capillary containing gaseous helium considerably 





4J. J. Fritz and H. L. Johnston, Rev. Sci. Instr. 21, 416 (1950). 
5 White, Chou, and Johnston, J. Chem. Phys. 20, 198 (1952). 
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Fic. 1. Calorimeter. 


below its saturation pressure and in contact with liquid 
helium below the A point, conducts heat very rapidly 
(transport by superfluid adsorbed film). Furthermore, 
if the gas pressure in the capillary is reduced sharply 
by pumping for only a few minutes, thermal contact 
between the liquid helium in the bath and the capillary 
becomes negligible. In the case of the calorimeter it 
was found that when the liquid helium temperature was 
reduced to 1.5°K, helium at approximately 10-?-in. 
pressure in the capillary reduced the temperature of 
the calorimeter from 9°K to 1.5°K in a period of 3 hour. 
Excellent thermal isolation of the calorimeter was 
achieved by pumping the capillary for approximately 
10 minutes. This was indicated by the linear change in 
temperature of the calorimeter in the fore and after 
periods of a run due to the energy input of the resistance 
thermometer and a small amount of heat leak through 
the leads. 


2. Electrical Circuits and Timing 


The circuits used in this research were similar to those 
used by Gibson and Giauque® except that the heater 
current and voltage were measured directly by a type 
B Rubicon potentiometer with a maximum range of 
1.6 volts. During the first part of the investigation a 

6G. E. Gibson and W. F. Giauque, J. Am. Chem. Soc. 45, 93 
(1923). : 
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modified version of the timer designed by Johnston’ 
was used. In the later runs a stopwatch checked against 


a jeweler’s electric timer was used. 


PROCEDURE 


The experimental methods used in the measurements 
of the heat capacity followed those commonly used and 
described extensively in the literature. Only those 
features specific or unique to the investigation will be 
given. A new method has been used to determine the 
threshold field at various temperatures. This is dis- 
cussed in detail below. 


1. Thermometry 


For the measurement of temperature, a 1-watt 40- 
ohm carbon resistor was used as a thermometer. It was 
produced by the Speer Resistor Company and differed 
from the Allen and Bradley in the dR/dT character- 
istics. Some values are tabulated below: 

T°K R (ohm) dR/dT (ohm deg) 
20 75 1 

15 80 1.3 

10 87 2.0 

4.2 116 10 

1.3 170 40 


In the range 10 to 20°K the carbon thermometer was 
calibrated by direct comparison with the vapor pressure 
of solid and liquid hydrogen read on a mercury and 
dioctyl phthalate manometers with a Gaertner cathe- 
tometer. The vapor pressure of solid and liquid hydrogen 
were converted to temperatures using the vapor pres- 
sure equations of Scott and Brickwedde.* A calibration 
was usually made after each series of heat capacity 
determinations in the temperature range. In the range 
1.5 to 4°K the carbon thermometer was calibrated 
against the vapor pressure of helium, and converted to 
temperatures by using a table compiled by the Royal 
Society Mond Laboratory® known as the 1948 temper- 
ature scale (T4s). Since the completion of this research 
a new temperature scale (7552) has been published by 
Clement, Logan, and Gaffney.’ The data have been 
corrected on the basis of this new scale. 

The resistance-temperature relation for the carbon 
resistor in both the liquid helium and solid and liquid 
hydrogen ranges was quite simple. A large scale plot of 
logioR vs logioT gave approximately two straight lines 
which were joined graphically. The deviations from a 
straight line were then tabulated at intervals of 9.05 in 
logioR and the second difference numerically smoothed. 
Temperatures calculated from this table reproduced 
the original data to within +0.001 degree. The calibra- 
tion of the resistance thermometer was found to be 
independent of an external magnetic field. 

7H. L. Johnston, Rev. Sci. Instr. 17, 381 (1928). 

8 Woolley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 


®H. van Dijk and D. Shoenberg, Nature 164, 141 (1949). 
10 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955). 
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2. Heat Capacity Measurements in 
a Magnetic Field 


The magnetic field was always applied after the 
sample had cooled down to the lowest temperature 
which was approximately 1.3°K. The procedure em- 
ployed in the heat capacity measurements was identical 
to that in zero field. The magnetic field was held 
constant throughout the run to within +0.03% by 
manual control of the current in the solenoid. 


3. Determination of the Critical Fields as a 
Function of Temperature 


For a direct comparison of the magnetic properties 
of the sample with those computed from the calori- 
metric data it was felt necessary to perform the critical 
field determination on the same sample as in the 
calorimetric experiments and without further handling 
of the sample. As a result of this the critical field as 
well as the transition temperature in zero field were 
determined in the calorimeter from heating curves. A 
break occurs, in the former case, due to the latent heat 
which is supplied during the transition interval in a 
magnetic field (the interval being quite large due to 
the shape of the sample) and in the latter due to the 
difference in heat capacity between the normal and 
superconducting states. 

The experimental procedure was as follows: the 
sample was cooled down to a few tenths of a degree 
below the transition temperature and a constant magnet 
field applied. It was then slowly heated at constant 
energy input. The temperature of the sample was noted 
every 15 seconds until the slope of the temperature- 
time curve corresponded to that of the sample in the 
normal state. In Fig. 2 a heating curve for the zero 
field is shown. The temperature of the sample, expressed 
in microvolts, is plotted as a function of time which is 
directly proportional to the energy input. An abrupt 
change in slope occurs at 9.17°K, the zero-field transi- 
tion temperature. From the slope before and after the 
transition temperature, the difference in heat capacity 
between the sample in the normal and superconducting 
states can be calculated. This is found to be identical 
with that obtained from the heat capacity determi- 
nations. 

In Fig. 3 the heating curve in a field of 198 gauss is 
given; a break occurs at 8.86°K. Since the slope of the 
curve above 8.86°K corresponds to that for the sample 
in the normal state, it follows that the above magnetic 
field is sufficient to destroy completely the supercon- 
ductivity at that temperature. 


PURITY AND TREATMENT OF SAMPLE 


The niobium sample used in this research was a 
cylinder approximately ? in. in diameter and 1 in. long 
obtained in 1948 from Fansteel Metallurgical Corpora- 
tion, the only commercial source of the high grade 
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Fic. 2. Zero-field transition of Nb IT. 


metal. It was delivered as annealed, strain free, and of 
99.8% purity, the major impurity being tantalum." 
This sample was probably identical to the Fansteel 
sample employed by Boorse e/ al.’ in their calorimetric 
and magnetic investigations. Their observed zero-field 
transition temperatures were 8.70 and 8.65°K, respec- 
tively. 

It had been observed earlier in this laboratory that 
both tantalum or niobium obtained from the Fansteel 
Corporation, when heated above 1000°C, gave off con- 
siderable quantities of noncondensible gases (probably 
Ne and Oz). An attempt was therefore made to improve 
the quality of the niobium sample by vacuum annealing, 
thus removing the gaseous contaminants as well as 
relieving any internal stresses. It was, however, found 
impossible by this procedure to reduce the niobium to 
a so-called ‘ideal’? superconductor characteristic of 
the soft superconductors. 

The niobium sample was annealed and degassed three 
times at successively higher temperatures in a water- 
cooled brass vacuum furnace described by Edwards, 
Johnston, and Blackburn." The residual pressure in 
the furnace during the annealing was always less than 
5X10-§ mm Hg. 


1! Fansteel Columbium-Fansteel Metallurgical Corporation, 
N. Chicago, Illinois (1946), 12 pp. 

12 Cook, Zemansky, and Boorse, Phys. Rev. 80, 737 (1950). 

13 Edwards, Johnston, and Blackburn, J. Am. Chem. Soc. 74, 
1539 (1952). 
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Fic. 3. Transition of Nb II in a field of 198 gauss. 


8 hours; 
20 hours; 
8 hours. 


Annealing I: 1200-1600°C, 
II: 1450—2100°C, 
III: 2100°C, 


The niobium sample after the first, second, and third 
annealing will be referred to subsequently in the text- 
as Nb I, Nb II, and Nb III, respectively. 


EXPERIMENTAL RESULTS 
1. Heat Capacity 


The experimental results for samples Nb I and Nb II 
are given in Tables I and II. Only a few heat-capacity 
measurements were made using Nb III, since it was 
found that its zero-field transition temperature was 
identical to that of Nb II. These results, which covered 
only the temperature range 1.59 to 1.87°K, are given 
in Table III. Because of the controversy concerning 
the thermodynamic temperature scale in the liquid 
helium range, the heat capacity results in this temper- 
ature range is reported with both the 1948 (T4s)° and 
1955 (Ts5sz)"° temperature scales. The heat-capacity 
data are plotted in Figs. 4 and 5. 
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TABLE I. Heat capacity of Nb I. TABLE IT. Heat capacity of Nb IT. 
Run No. 1. Zero magnetic field Tsse Cose X104 Ts Cas X108 
Tsk Cssz X10 T+ Cw X108 (°K) (cal deg™ mole) (°K) (cal deg™ mole) 
ad ; (cal o —_ Bioci ventsnisenendl Run No. 1. Zero magnetic field 
2.039 3.85 2.040 3.87 1.467 0.66 1.469 0.66 
2.297 6.64 2.301 6.61 1.732 1.25 1.729 1.29 
2.425 7.46 2.429 7.49 1.863 2.34 1.865 2.36 
2.481 8.61 2.485 8.64 2.081 3.97 2.082 3.98 
2.725 14.1 2.729 14.2 2.314 6.65 2.318 6.61 
2.821 17.0 2.825 17.1 2.519 9.42 2.525 9.46 
3.045 21.8 3.048 22.0 2.788 14.8 2.794 15.0 
3.690 48.4 3.691 48.7 3.146 24.2 3.149 24.5 
4.009 62.1 4.009 62.6 3.602 39.4 3.603 39.8 
4.310 78.1 4.307 78.7 3.929 55.9 3.928 56.5 
4.740 106.0 4.736 106.3 4.348 78.4 4.344 79.1 
5.212 140.0 5.207 140.0 4.809 111.6 4.804 111.9 
5.788 193.2 5.786 192.6 5.305 150.7 5.300 150.2 
6.383 254.4 5.786 6.017 220.0 6.015 219.2 
7.012 335.6 6.923 334.0 6.923 333.1 
7.637 437.4 same as Ts5¢ 7.857 472.3 
8.202 532.3 8.468 581.1 
10.081 508.2 8.763 650.1 
10.875 600.3 9.927 486.5 same as Ts5¢ 
nen 10.015 493.5 
Run No. 2. Zero magnetic field 11.132 644.4 
T Cp X10 
(°K) (cal deg mole) Run No. 2. Magnetic field 4130 gauss 
8.804 655.3 1.353 27.0 1.353 27.1 
8.932 711.5 1.466 25.1 1.467 24.9 
9.030 624.2 1.620 32.0 1.623 31.6 
9.712 462.8 1.770 33.6 1.774 33.6 
9.951 487.7 1.961 38.4 1.967 37.9 
10.300 527.7 2.217 44,2 2.229 42.8 
10.757 578.4 2.402 48.9 2.418 47.8 
11.406 662.4 2.596 50.7 2.613 50.9 
12.034 750.1 2.940 59.5 2.954 61.0 
12.740 846.4 3.250 65.3 3.258 66.6 
13.538 976.2 3.579 76.4 3.583 77.0 
14.594 1158.1 3.929 86.0 3.933 85.9 
15.648 1369.0 4.436 99.5 4.439 99.8 
16.654 1564.8 4.877 120.9 4.819 121.7 
17.680 1792.8 5.392 139.3 5.392 139.5 
18.903 2138.8 6.059 176.0 
20.138 2617.0 6.887 222.3 same as T 55g 
21.574 2995.2 7.921 291.9 
22.979 3631.0 9.110 390.6 
24.323 4233.3 ” tals 
25.859 5131.2 
27.724 6175.0 
29.450 7425.1 2. Critical Field 
r ee “Cp X10 The zero-field transition temperatures and_ the 
(°K) (cal deg mole critical-field data for NbI, II, and III are given in 
5.078 192.5 Table IV. The upper limit of the width of the zero-field 
5.125 176.1 transition intervals, for all three samples, could be 
con ~agd estimated from the heating curves. For NbI it was 
7.734 300.3 found to be less than +0.05 degree, whereas for Nb II 
8.469 354.5 : re 4 2 wee 
9.138 4159 and III it was less than +0.03 degree. 
10.121 520.3 
10.944 611.8 TABLE IIT. Heat capacity of Nb III. 
Run No. 4. Magnetic field 3000 gauss 
T Cp X104 Zero magnetic field 
(°K) (cal deg™ mole™ Tsk Cssz X10 Ts Cu X10 
(°K) (cal deg mole~!) (°K) (cal deg mole) 
5.267 169.7 s 
7.313 263.5 1.585 1.20 1.587 1.21 
9.001 398.5 1.699 1.45 1.703 1.46 
9.853 481.8 1.789 1.76 1.793 1.78 


10.744 584.4 1.863 2.28 1.868 2.30 
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3. Probable Errors 


The heat capacity (in cal deg~! mole™!) is computed 


from the experimental data by using the expression 


where £ is the voltage across the heater, / the current 
in amperes through heater during energy input interval, 
t the heating time in seconds, AT the change in temper- 
ature due to heating, J the value of the absolute calorie 
defined as 4.1840 absolute joules, Cy, the heat capacity 
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Fic. 4. Heat capacity of Nb in the superconducting state. 


of the copper block supporting the niobium sample, 
heater, and resistant thermometer, and » the number 
of moles of niobium. The quantities E and J were 
measured with a precision of better than 0.1%. When 
the time ¢ was measured by using a stopwatch, it was 
measured to within +0.1 sec so that the maximum 
uncertainty for the shortest heating period 60 sec, is 
+0.2%. Cori was determined experimentally before 
the niobium sample was attached. In the temperature 
range 1.5 to 4.5°K. Chix is given by the relation 


Cox X 104= 0.7917 +0.08781T°. 
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Fic. 5. Heat capacity of Nb in the normal state. 


From 4.5 to 9°K, 
Cri X 104= 1.0387+0.7557T°. 


Above 9°K, Cy1x was tabulated at every degree and 
numerically interpolated. At 9.795°K, Cyix= 0.008194 
calfdeg 1 at 24.851°K, Cyix,=0.10433 cal deg. Crix 
was approximately equivalent to the heat capacity of 
0.46 mole of copper. Since the niobium sample used in 
the experiments was approximately 0.5 mole, the 
percentage of the total measured heat capacity due to 


TABLE IV. Critical field as a function of temperature. 





Temperature (°K) Critical field (gauss) 





NbI 
9.07 0 
5.9 2640 
4 3000 
Nb II 
9.17 0 
9.04 98 
8.86 198 
8.68 297 
8.45 509 
7.96 798 
7.18 1262 
6.57 1624 
5.62 2189 
Nb III 
9.17 0 
8.06 740 
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Cy1x Was approximately as follows: 
At 1.5°K (superconducting state), 70%; 


1.5°K (normal state), 10%; 


4°K (superconducting state), 24%; 
4°K (normal state), 18%; 
10°K, 25%; 
20°K, 30%. 


The uncertainty of Cy, at 1.5°K, 4°K, 10°K, and 20°K 
is approximately 5%, 0.3%, 0.2%, and 0.2%, respec- 
tively. Thus the uncertainty in the heat capacity of 
niobium due to this effect is of the order of 3.5% at 
1.5°K, in the superconducting state, but only 0.5% 
in the normal state. Above 2°K the uncertainty is less 
than 0.1%. 

The temperature difference AT was obtained by 
graphical extrapolation of the temperature drifts before 
and after the heating interval. In almost all cases these 
were found to be linear with time, permitting an 
extrapolation precision of 0.1%. 

If the errors discussed above were all cumulative and 
of the same sign, the expected precision at 1.5°K, where 
the shortest heating interval is used, would be +5.4% 
in the superconducting state and +1.0% in the normal 
state. At 2°K, however, it would only be +9.5%, and 
would reach a minimum of approximately +0.3% at 
higher temperatures. The average deviation of the 
experimental data from a smooth curve is consistant 
with precision measure discussed above. 

The uncertainty in the zero-field transition tempera- 
tures from the heating curves is estimated to be +0.01 
degree. The uncertainty of the applied magnetic field 
is +1%. 

DISCUSSION OF RESULTS 


1. Heat Capacity 


The effect of vacuum annealing on the heat capacity 
of niobium is somewhat ambiguous. From Fig. 4 it is 
evident that the heat capacities in the superconducting 
state for Nb I, II, and III are identical within experi- 
mental error. However, the heat capacity in the normal 
state appears to be somewhat greater for Nb I than for 
Nb II in the temperature range 7 to 9°K. In this 
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temperature range, the data for NbI are similar to 
those of Brown ef al.’ on what was probably a similar 
but untreated sample. If the effect of annealing is to 
improve the purity of the sample as well as decrease 
the hardness, one might expect the heat capacity to 
increase with successive annealing due to a decrease in 
the Debye @. This is evident in the heat capacity of 
vanadium reported by Worley, Zemansky, and Boorse."* 
On the other hand, the heat capacity may decrease due 
to a decrease in the electronic specific heat as shown in 
the case of tantalum by the above authors. Since the 
samples Nb II and III were the best annealed and 
purified material used in the research, the heat capaci- 
ties of these samples are used in the calculation of the 
thermodynamic properties given below. 

The heat capacity of a superconductor in the normal 
state, C,,, at low temperatures can be expressed by the 
Debye-Sommerfeld relation as the sum of an electronic 
term and lattice term: 


C,=77T+464.4(7T/0)*. 


TABLE V. Critical field as a function of temperature. 


CK) AS 104 e.u. He (gauss) 
0 0.0 1944 
1 18.80 1920 
2 36.80 1848 
3 52.65 1726 
ZF 63.30 1554 
5 66.90 1335 
6 63.20 1072 
7 52.00 767 
8 32.25 423 
9 4.55 63 
9.17 0.0 0 


If, in the temperature range in which the heat capacities 
are determined, the Debye @ remains constant, then y 
can readily be evaluated from a plot of C,,/T versus T?. 
Examination of Fig. 5 shows that this plot does not 
lead to a straight line in the experimental temperature 
range 1.5 to 30°K. Thus the Debye @ is not constant 
for niobium. This is consistant with the theoretical 
calculations of the heat capacity from the normal modes 
of vibration for a body-centered cubic lattice by Fine." 
His results, based on the measured elastic constants of 
a single crystal of tungsten, indicate that the Debye 6 
for this metal starts from a value of 367 degrees at the 
absolute zero and falls monotonically with increasing 
temperature to a constant value of approximately 300 
degrees at 55°K. Although the values of the Debye 6 
for tungsten deduced from the heat capacity data of 
Horowitz and Daunt'® are in considerable disagreement 
with the calculations of Fine, they nevertheless show 
an even stronger dependence of the Debye 6 with 
temperature. Since it is impossible to evaluate independ- 
14 Worley, Zemansky, and Boorse, Phys. Rev. 99, 447 (1953). 


16 P, C. Fine, Phys. Rev. 56, 355 (1939). 
16 M. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (1953). 
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ently the variation of the Debye @ with temperature 
for niobium, the value of the electronic specific heat 
term y cannot be simply evaluated from the heat 
capacity data. Choosing a value for y of (18.0+1.0) 
x10 cal mole deg’, reasonable curves for the 
variation of the Debye 6 with temperature are obtained. 
If y=19.0X10~, the Debye @ decreases from a value 
of approximately 330 degrees at the lowest temperature 
to a constant value of 258 degrees at higher tempera- 
tures. This is shown in Fig. 6. If a value of 17.0 10~4 
is chosen, the variation of the Debye 9 with temperature 
is very similar to that of Horowitz and Daunt’® for 
tungsten, with a maximum occurring at approximately 
5°K (@=252). The value of y reported by Brown, 
Zemansky, and Boorse’ is 20.4 10-4 cal mole deg~. 

An attempt was made to fit the heat capacity of 
niobium in the superconducting state, C,, to an empiri- 
cal relation of the form 


C,=AT", 


where A and n are constants. Large deviations occurred 
at the lowest temperatures. 


2. Calculation of the Critical Field of Niobium 
from the Heat Capacity Data 


The critical magnetic field H, as a function of 
temperature can be deduced from the heat capacity by 
using the following expression: 

—") 
dT 


; VT d 

AC=C,=C,= —-— - (1 
4n dT 

where V is the molar volume at temperature 7. Inte- 

grating the expression twice, first from O°K to T and 

then from T to T,, the zero field transition temperature, 

one obtains 


—8r pt T1Ca—C; 
H2=- f | f ( -- Jer}ar, 
V Jer 0 ‘k 


where the term in the curly brackets corresponds to the 
difference in entropy between the normal and super- 
conducting states. The critical-field data for niobium, 
as well as the difference in entropy between the normal 
and superconducting states, are given in Table V as a 
function of temperature. The molar volume of niobium 
was estimated to be 10.80 cc mole from 0 to 10°K on 
the basis of the thermal-expansion data of Edwards, 
Speiser, and Johnston.'’ The critical-field data are 
plotted in Fig. 7 versus the square of the temperature. 
The curve deviates somewhat from a straight line 
indicating that the critical field is not given by the 
simple parabolic relationship. The initial slope of the 
critical field (dH ./dT)r=r, and the critical field at 
absolute zero, Ho, are —415+2 gauss deg“ and 1944 
+10 gauss, respectively. The initial slope calculated 


17 Edwards, Speiser, and Johnston, J. Appl. Phys. 22, 424 (1951). 
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from Rutger’s equation, 


~VT 4 /dH.\* 
ACT =T,=0.0335 =——_ (—-) ; 
dor dT T=T, 


gives a value of 421+4 gauss deg”. The large uncer- 
tainty here is due to the uncertainty in the extrapolation 
of the heat capacity of niobium in the superconducting 
state to the transition temperature. The values of 
(dH ./dT)r=r, and Ho reported by Brown, Zemansky, 
and Boorse from their calorimetric data are —453 
gauss deg! and 2009 gauss, respectively. 


3. Effect of Annealing on the Zero-Field Transition 
Temperature and Critical Field. Comparison 
with Calorimetric Data 


The effects of annealing on the magnetic properties 
of niobium and the zero-field transition temperature are 
clearly demonstrated in Fig. 7, and in Table VI. Cook, 
Zemansky, and Boorse” annealed their sample at 
1000°C for five hours. Since it is probable that their 
Fansteel niobium sample was similar to the one used 
in this research, their results!* are included in Table VI. 

It is clear from Table VI that vacuum annealing did 
not reduce the Nb sample to a so-called ideal super- 
conductor and that further treatment even at 2100°C 

18 J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) 
A160, 127 (1937). 
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TABLE VI. Effect of vacuum annealing on the magnetic 
properties of niobium. 








(3) 
Annealing temperature "e oT / r-7¢ Ho 
(°C) (°K) gauss deg™! (gauss) 

1000 (5 hr) 8.65 — 1910 8250* 

(NbI) ~ 1200-1600 (8 hr) 9.07 —1148> 4760» 

(NbII) 1450-2100 (20 hr) 9.17 — 734> 3370° 

(Nb III) 2100 (8 hr) 9.17 — 734» 3370» 
Calorimetric data 9.17 — 415 


1944 


| 





* See reference 12. 
> These values were calculated on the assumption that the parabolic 
relation for the critical field is valid. 





leads to no visible improvement. This was not the case 
in tantalum” where vacuum annealing produced an 
ideal superconductor. The reason for the difference in 
behavior between niobium and tantalum may be in 
the fact that a substantial amount of tantalum is 
present in the niobium sample. This cannot be removed 
by vacuum annealing and may result in internal 
stresses. The magnetic behavior of niobium may be 
considered comparable to some alloys (even soft super- 
conducting alloys) which exhibit unusually large critical 
fields.”° 


4. Comparison of the Heat Capacity with Two-Fluid 
Models of Superconductivity 


The experimental heat-capacity data were compared 
with the theoretical relations of Marcus and Maxwell”! 
and Koppe’ based on the two-fluid model. In both 
cases Cu/yT is expressed as a function of 7/7. where 
C.: is the electronic contribution to the heat capacity 
in the superconducting state. In order to make the 
comparison, the generally accepted assumption that 

1” White, Chou, and Johnston, Phys. Rev. 109, 797 (1958), 
following paper. 

» Shoenberg, Superconductivity (Cambridge University 
Press, Cambridge, 1952), p. 42. 


21P. M. Marcus and E. Maxwell, Phys. Rev. 91, 1035 (1953). 
2 H. Koppe, Ann. Physik 1, 405 (1947). 
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the heat capacity in the superconducting state is 
the sum of two terms, lattice and electronic, must 
be employed in conjunction with the data. C,, is 
obtained by subtracting the lattice term from the total 
heat capacity in the superconducting state, C,. Since 
the Debye @ is not a constant for niobium in the temper- 
ature range of interest. C.; was evaluated from the 
experimental data by using the relationship 


Ca=C.—CratyT. 


The choice of y is important if a positive value for Ce 
at the lowest temperatures is to be obtained. For this 
reason y= 19.0 10~ cal mole! deg~? was chosen, even 
though the more probable value, reported earlier in this 
discussion, was (18.0+1.0)X10~ cal mole“! deg. 
Comparison of the C.i/yT so calculated with that 
obtained from the Marcus and Maxwell relationship, 
for any value of a, the undetermined constant in their 
equation, gives relatively poor agreement. Agreement 
with the Koppe relation, however, is remarkably good 
in the range 7/T.=0.25 to 1.0. Below T7/T,.=0.25, the 
deviations are as large as 300% at the lowest temper- 
ature. 

Corak, Goodman, Satterwaite, and Wexler® have 
shown that C,.; for superconductors could be repre- 
sented, below approximately 0.77., by an empirical 
exponential relation of the form 


Ce/(yT-) = ACFE!” 


As in the case of Koppe’s theory, this relationship 
agrees with the experimental data only at the higher 
values of T7/T,. 
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Critical Field of Tantalum*} 
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The heat capacity of a vacuum-annealed sample of tantalum has been measured in the normal and 
superconducting state from 1.3 to 25°K. In the normal state the heat capacity Cw can be represented by 
the expression Cy =0.001367T +464.4(7/0)*, where @ varies from approximately 255 degrees at the lowest 
temperature to 220 degrees at the highest. The zero-field transition temperature, 7., and the critical field 
H, were determined using a calorimetric method. T, was found to be 4.39°K. The width of the transition 
was approximately 0.03°C. The measured critical field was within experimental error comparable to 
that calculated from the heat-capacity data. The tantalum sample therefore exhibited the properties of an 
ideal superconductor characteristic of the so called soft superconductors. The critical field at the absolute 
zero, from an extrapolation of the critical field data, was found to be 780 gauss. 





INTRODUCTION 


HE heat capacity, critical field, and zero-field 
transition temperature of tantalum has been the 
subject of considerable research in the past.! The result 
of these investigations indicates that there is consider- 
able disagreement in the above mentioned properties of 
tantalum. Furthermore there exists a discrepancy be- 
tween the critical field determined from heat-capacity 
data and that obtained from direct determination. One 
of the difficulties arises from the fact that tantalum is a 
so-called hard superconductor whose properties (especi- 
ally the magnetic properties) are very strongly de- 
pendent on the physical and chemical state of the 
sample. One of the methods which has been employed 
to reduce these hard superconductors to an ideal state 
has been vacuum annealing. In the case of niobium, 
which has been discussed in the preceding paper,’ it was 
found that vacuum annealing at elevated temperatures 
did not result in an ideal superconductor even though 
the discrepancy between the calorimetric and magnetic 
properties was considerably diminished. It was felt, in 
this case, that the discrepancy persisted mainly because 
of the large amount of tantalum impurity which could 
not be removed. 
An effort has therefore been made in this investigation 


* This article contains material abstracted from a dissertation 
presented by Chien Chou to the Graduate School of The Ohio 
State University in partial fulfillment of the requirements for 
the Degree of Doctor of Philosophy, 1953. 

+ This work was assisted in part by the U. S. Office of Naval 
Research. 

{Present address, Institute of Applied Physics, Academia 
Sinica, Peking, China. 

§ Present address, Herrick L. Johnston, Inc., Columbus, Ohio. 

1W. H. Keesom and M. Desirant, Physica 8, 273 atl LF G. 
Daunt and K. Mendelssohn, Proc. Roy. Soc. (London) A160, 
127 (1937); K. Mendelssohn, Nature 148, 316 (1941); M. Desirant, 
Report of the International Conference on Fundamental Particles 
and Low Temperatures (Physical Society, London, 1947), Vol. 2, 
p. 124; W. Meissener and H. Frang Z. Physik 63, 558 (1930); 
R. T. Webber, Phys. Rev. 72, 1241 (1947); Brukseh, Zeigler, and 
Hickman, Phys. Rev. 62, 354 (1942); Silsbee, Scott, and Brick- 
wedde, J. Research Natl. Bur. Standards 18, 295 (1937); Worley, 
Zemansky, and Bourse, Phys. Rev. 99, 447 (1955). 

2Chou, White, and Johnston, preceding paper [Phys. Rev. 
109, 788 (1958). 


to determine whether if, by starting initially with a 
tantalum sample of high purity, it could be reduced to 
a so-called ideal superconductor by vacuum annealing, 
thus removing the existing discrepancies between the 
calorimetric and magnetic properties. 

The apparatus, procedures, treatment of data, and 
probable errors in the research are identical to those 
discussed in detail in the investigation of the heat 
capacity and critical field of niobium by the same 
authors.’ Only those features specific to the investi- 
gation will be given below. 


PURITY AND TREATMENT OF SAMPLE 


The tantalum sample was obtained from Fansteel 
Metallurgical Corporation, the only commercial source 
of high-purity tantalum. The stated purity was 99.9% 
or better. 

The tantalum sample in the form of a cylinder ? in. 
diameter and 1} in. long, threaded at one end was 
degassed and annealed before use in the calorimetric 
and magnetic investigations. The vacuum furnace used 
was identical to that used for niobium.? The tantalum 
sample was subjected to temperatures of from 1800 to 
2400°C for twenty hours. The pressure of the residual 
gas in the furnace during this time ranged from 110-5 
to 1X10-® mm Hg. The final weight of the tantalum 
was 169.43 g which corresponded to 0.9367 mole. 


EXPERIMENTAL RESULTS 
1. Heat Capacity 


The heat-capacity data of tantalum in the normal 
and superconducting states as well as some data in the 
intermediate state are given in Table I. The results are 
plotted in Figs. 1 and 2. The data in the liquid helium 
range are given in terms of both the 1948 temperature 
scale (74g)° and the 1955 temperature scale (755z).* 

Four series of heat capacity measurements were 
made in the presence of a magnetic field. In the first 


°H. van Dijk and D. Schoenberg, Nature 164, 41 (1949). 
4 Clement, Hogan, and Gaffney, Phys. Rev. 100, 743 (1944). 
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TABLE I. Heat capacity of tantalum. 
(a) Zero external field (b) External field 1930 gauss 
Tsk Cssz Cus Tsk Cosk T Cus 
(°K) (cal deg mole) (°K) (cal deg mole) (°K) (cal deg™ mole) (°K) (cal deg“ mole) 
1.255 0.00057 1.253 0.00058 1.421 0.00204 1.422 0.00203 
1.380 0.00057 1.381 0.00056 1.545 0.00222 1.551 0.00217 
1.379 0.00064 1.381 0.00062 1.714 0.00248 1.720 0.00252 
1.448 0.00072 1.450 0.00070 1.966 0.00280 1.967 0.00286 
1.650 0.00119 1.656 0.00120 2.274 0.00354 2.274 0.00354 
1.676 0.00128 1.680 0.00129 2.655 0.00421 2.654 0.00425 
1.875 0.00192 1.878 0.00197 3.126 0.00509 3.122 0.00515 
1.884 0.00192 1.887 0.00197 3.500 0.00604 3.495 0.00603 
2.055 0.00241 2.055 0.00246 3.851 0.00693 3.848 0.00685 
2.068 0.00268 2.068 0.00272 4.269 0.00829 4.271 0.00819 
2.209 0.00324 2.208 0.00326 4.685 0.00940 4.690 0.00935 
2.253 0.00349 2.252 0.00349 5.025 0.01059 5.031 0.01057 
2.404 0.00438 2.403 0.00437 5.392 0.01189 5.397 0.00195 
2.872 0.00680 2.870 0.00690 = nee aindetineniaaneen tens amen 
3.200 0.00909 3.195 0.00915 NT caceomniesnneteeschsomc ll ems 
3.442 0.01081 3.437 0.01079 5 
3.726 (0.01298 3.722 (0.01288 | a 36 
3.959 0.01490 3.957 0.01470 1.960 0.00224 1.962 0.00229 
4.109 0.01613 4.110 0.01591 2.185 0.00319 2.184 0.00322 
4.256 0.01742 4.259 0.01721 2.409 0.00431 2.408 0.00430 
4.441 0.01181 4.445 0.01172 2.620 0.00535 2.619 0.00540 
4.683 0.00964 4.688 0.00958 2.842 0.00660 2.840 0.00669 
4.926 0.01043 4.932 0.01041 3.067 0.00804 3.064 0.00814 
5.168 0.01117 5.174 0.01119 3.242 0.00940 3.238 0.00945 
5.702 0.01330 5.707 0.01336 3.403 0.01400 3.399 0.01399 
6.266 0.01587 6.269 0.01586 3.539 0.03356 3.536 0.03338 
6.732 0.01837 6.735 0.01839 3.824 0.01040 3.822 0.01030 
7.365 0.02270 7.366 0.02280 4.232 0.00816 4.234 0.00805 
4.519 0.00891 4.523 0.00885 
= anes = (d) External field 454 gauss 
TusE C Tas Cw 
T c T ce (°K) (cal deg? mole") (°K) (cal deg™ mole) 
(°K) (cal deg™ mole) (°K) (cal deg mole) nee > a aie oo mae - . ie, 
pitt ens Fa Se ead A 1.334 0.00104 1.334 0.00101 
8.063 0.02853 11.828 0.08054 1.500 0.00143 1.505 0.00139 
8.698 0.03485 12.515 0.09337 1.648 = 0.00181 1.654 0.00182 
8.915 0.03749 13.041 0.1047 er — 
9.365 0.04299 13.098 0.1061 1.954 0.00284 1.956 0.00291 
9.487 0.04363 13.293 .1110 = — ia 
9.899 0.04927 13.864 0.1250 2.299 0.00457 2.298 0.00457 
10.447 0.05652 14.653 0.1464 2.446 0.00548 2.445 0.00547 
10.499 0.05742 15.443 0.1692 | —_— seen —— te 
11.152 0.06765 16.347 0.1994 | 2.707 0.01521 2.705 0.01540 
11.577 0.07473 17317 0.2347 | — 2562 001850 
11.700 0.07744 18.353 0.2753 3.033 0.00509 3.030 0.00516 
18.988 0.3089 22.040 0.4692 | 3.254 0.00500 = 8.250 (0.005685 
19.386 0.3264 23.247 0.5573 (e) External field 557 gauss 
20.611 0.3864 24.323 0.6301 es ee 
21.941 0.4645 | 1.583 0.00246 1.589 0.00242 
1.875 0.00347 1.879 0.00356 
2.144 0.00494 2.143 0.00501 
| 2.285 0.00724 2.284 0.00724 
2.335 0.01140 2.334 0.01139 


case, 1930 gauss, the sample was cooled down to the 
lowest temperature after which the field was applied. 
This field was sufficient to completely destroy the 
superconductivity. In the second case, 237 gauss, the 
field was also applied after the sample had been cooled 
down in zero field. This field was insufficient to destroy 
the superconductivity at the lowest temperatures. The 
superconducting transition begins to take place at 
approximately 3.3°K. Since the sample has the shape 
of a short cylinder, its demagnetizing factor causes the 
latent heat of transition to spread over a finite temper- 
ature as can be seen in Fig. 1. For the measurements in 





















fields of 454 and 557 gauss, the sample was cooled down 
in the presence of fields of 237 and 454 gauss, respec- 
tively. It can be seen that the heat-capacity values, in 
these cases, are intermediate between that of the normal 
and superconducting state (Fig. 1). The probable 
explanation of this “frozen in” flux effect is that the 
demagnetizing effect causes an inhomogeneous field 
distribution around the specimen. Thus a ring on the 
surface of the tantalum is able to become supercon- 
ducting earlier than the rest of the sample as the 
temperature is being reduced in a constant external 
field. For further variation of the field distribution a 
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persistent current is induced in this ring thus keeping 
the flux constant in the interior regions and preventing 
them from becoming superconducting again. A detailed 
discussion of the effect can be found in the literature.® 


2. Critical Field 


The zero-field transition temperature and the critical 
field data for tantalum are given in Table II and Fig. 3. 

The zero-field transition temperatures and critical 
field were determined from heating curves previously 
discussed in detail.2 From these curves the zero-field 
transition interval has been estimated as 0.03°C. The 
temperature given in Table II corresponds to those 
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Fic. 1. Heat capacity of tantalum in various 
external magnetic fields. 


temperatures at which the superconductivity was com- 
pletely destroyed. This can be readily ascertained by 
comparison with the heat-capacity measurements in 
fields insufficient to destroy the superconductivity. 


DISCUSSION OF RESULTS 
1. Heat of Capacity 


The heat capacity of a superconductor in the normal 
state Cy, at low temperatures, can be expressed by the 
Debye-Sommerfeld relation as the sum of an electronic 

5D. Shoenberg, Superconductivity (Cambridge University 
Press, New York, 1952), second edition. 
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Fic. 2. Heat capacity of tantalum in the normal state. 


and lattice term 
Cy=yT+464.4(T/6)*. 


As in the case of niobium,” it is found that Debye 6 
for tantalum is not a constant but varies with temper- 
ature. This is consistent with theoretical calculations 
of Fine.® Since there is considerable uncertainty in the 
theoretical form of the variation of @ with temperature, 
the electronic specific heat constant, y, cannot be 
evaluated readily from the heat capacity data. The 
contribution of the lattice to the total heat capacity 
cannot be neglected even for the determinations at the 
lowest temperatures. A numerical extrapolation pro- 
cedure was therefore used to estimate y. It was found 
to be (13.6+0.3)X10~ cal mole deg. Upon using 
this value of y, the variation of Debye @ with temper- 
ature is shown in Fig. 4. 

A comparison of the heat capacity of tantalum in 
the normal and superconducting states from this 
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Fic. 3. Critical field of tantalum. 





®P. C. Fine, Phys. Rev. 56, 355 (1939). 
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TABLE II. Critical magnetic field of tantalum. 














Tssz (°K) Ta (°K) Hi (gauss) 
4.390 4.393 0 
4.237 4.239 56 
4.111 4.112 100 
3.929 3.927 160 
3.675 3.670 237 
3.288 3.282 336 
3.272 3.266 337 
2.884 2.881 454 
2.354 2.353 557 
1.798 1.802 647 
1.608 1.614 683 


research with earlier results has already been made by 
Worley et a/.' and will not be discussed further here. 


2. Calculation of the Critical Field of Tantalum 
from the Heat-Capacity Data 


The critical magnetic field H, as a function of 
temperature can be determined from the heat capacity 
by using the following expression: 


—8r ¢7™ 77™/C.—C, 
a2-——f if ( Jar lar, 
V vr 0 T 


where V, 7, and C, are the molar volume, the zero-field 
transition temperature, and the heat capacity in the 
superconducting state, respectively. The term in the 
curly brackets corresponds to the difference in entropy, 
AS, between the normal and superconducting states. 
The molar volume of tantalum was estimated to be 
10.83 cc mole for 0-5°K. The critical field calculated 
from the above equation as well as AS is given in 
Table III. 

The above tabulated critical fields are also shown in 
Fig. 3. The initial slope of the critical field (dH ./dT) r =r, 
and the critical field at the absolute zero are —331+2 
gauss deg! and 780+4 gauss, respectively. The initial 
slope calculated from the difference in heat capacity, 
AC, between the normal and superconducting state at 
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the zero field transition temperature, using the Rutgers’ 
equation 


AC =0.01010= (—VT,/4x) (dH,/dT) r=172 


gives a value of —334+2 gauss deg. The values of 
(dH ./dT)r=7r, and Ho reported recently by Worley, 
Zemansky, and Bourse! from their calorimetric data 
are —334 gauss deg”! and 860 gauss, respectively. 


3. Comparison of Measured Critical Field with 
That Calculated from Heat-Capacity Data 


A comparison of the experimentally determined 
critical field of tantalum with that calculated from the 
heat-capacity data is shown in Fig. 3. The agreement 
is quite striking and indicates that the annealing has 
reduced the tantalum to an ideal superconductor. The 
experimentally determined critical field fits the para- 
bolic relationship given below, within experimental 
error. 


H,.=780{1—(7/4.39)%). (1) 


The initial slope calculated from the relationship is 


TABLE III. Critical field as a function of temperature. 


7 AS X104 He 
(°K (entropy units) (gauss) 
0.0 0.00 780 
0.5 6.50 769 
1.0 13.08 738 
is 18.31 683 
2.0 21.23 609 
2.5 21.48 504 
3.0 19.03 395 
3.5 14.22 259 
4.0 7.20 115 
4.39 0.00 0 


| 
\| 
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—355 gauss deg™ and the critical field at the absolute 
zero is 780 gauss. The data of Daunt and Mendelssohn! 
are also shown in Fig. 3. Their critical field at the 
absolute zero, 975 gauss, and the slope of the critical 
field curve at T,, —310 gauss are considerably higher 
than the values obtained in this research. For a well- 
annealed sample free of internal strain, both Ho and 
—(dH/dT)r=r, will be lower than for an unannealed 
sample. Since our calorimetric results yield the same 
critical field curve, within experimental error, as that 
measured, it can be assumed that the tantalum sample 
was in a so-called “ideal” state characteristic of the 
soft superconductors. This would imply that the frozen 
internal strain in our sample was very small. Never- 
theless —(dH/dT)r=r, calculated from either our 
calorimetric data or the parabolic relation given above, 
is considerably higher than that reported by Daunt 
and Mendelssohn. 

Another method which can be used to check the 
consistency between the heat-capacity data and the 
critical field data is by comparison of the latent heat of 
the superconducting transition in a field of 237 gauss. 
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The latent heat Q in a field of 237 gauss at the transition 
temperature of 3.67°K can be computed from the 
parabolic relation (1) representing the critical field 
data from the expression 


QO=—VT(H./4n) (dH ./dT) 
=().0053» cal mole™!. 


The latent heat at the above transition temperature and 
critical field cannot be calculated from the heat-capacity 
data without making some assumptions since the 
demagnetization factor due to the shape of the sample 
causes the transition to spread over a finite temperature 
range (Fig. 1). However, the change in enthalpy, AH, 
from 3.24°K (in the superconducting state) to 4.24°K 
(in the normal state) determined from the heat-capacity 
data in a field of 237 gauss, 


4.24 
au= f C237 gauss? 2 =0.0145 cal mole“, 
3.24 


can be compared with the change in enthalpy over the 
same temperature range from the following expression: 


3.67 
au= 
3.24 


where () is determined from the critical field data. Using 


4.24 
C.dT+O+ J Cur, 
3.67 
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Fic. 5. Comparison of the heat capacity of tantalum and niobium 
with corresponding state theory of Koppe. 
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Fic. 6. Comparison of the heat capacity of tantalum and niobium 
with relation of Corak et al. 


the value of Q obtained above, AH =0.0143 cal mole, 
which is in good agreement with the value obtained 
from the calorimetric data. 


4. Comparison of Heat-Capacity Data with 
Corresponding State Theories of 
Superconductivity 


The experimental heat-capacity data have been 
compared with two theoretical calculations, one by 
Marcus and Maxwell’ and the other by Koppe,* which 


. relate C.i/yT. to the dimensionless quantity, 7/7., for 


all superconductors. C,.; is the electronic contribution 
to the heat capacity in the superconducting state and 
was computed from the expression 


Ca=C.,—C,+7T. 


The agreement with the a theory of Marcus and Max- 
well is poor.’ A comparison of the smoothed heat- 
capacity data with the theoretical curve predicted by 
Koppe can be seen in Fig. 5. The heat capacity results 
for niobium? have also been included.’ The agreement 
with the niobium heat capacities appears to be better 
than that for tantalum; however, even for niobium the 
deviations at the lowest temperature are quite consider- 
able. 


7P. M. Marcus and E. Maxwell, Phys. Rev. 91, 1035 (1953). 

8H. Koppe, Ann. Physik 1, 405 (1947). 

9 The value of y used in the computation of C,; for niobium was 
19.0X10-* cal mole! deg. This value was chosen to avoid 
negative values of C,; at the lowest temperatures, which would 
result if the more probable value of y=18.0 cal mole deg™ is 
used. Although the heat-capacity data at the lowest temperatures 
are subject to considerable uncertainty and may give rise to this 
effect, another possibility is that the generally accepted assump- 
tion that the heat capacity of the superconducting state is the 
sum of two terms, lattice and electronic, may be invalid. 
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The heat-capacity data for both tantalum and 
niobium have also been compared with the empirical 
relation, 
Ca/yT = Aer?” 


of Corak, Goodman, Satterthwaite, and Wexler.'° 
The data for niobium and tantalum appear to be on 


10 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102 
656 (1956). 
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The manner in which the anisotropic forced magnetostriction contributes to the magnetostriction of 
ferromagnetic substances at high-magnetic fields is discussed theoretically. In the past, the isotropic forced 
volume magnetostriction has been considered to be the only cause of the forced magnetostriction. This is 
probably one reason for the discrepancies between the experimental value of the volume magnetostriction 
and the theoretical value expected from the pressure dependence of the Curie point, etc. In addition to this, 
the limitations of the present theory concerning the relation between the isotropic volume magnetostriction 
and the related properties mentioned above are briefly examined in connection with the discrepancies 


between experiment and theory. 


I. INTRODUCTION 


T is generally accepted that there are two completely 
different kinds of magnetostriction corresponding 

to the two magnetization processes. The first is one 
corresponding to the magnetization process of alignment 
of domain magnetization vectors while the second in- 
volves an increase in the spontaneous magnetization 
of the domain itself. 

In the alignment process the domian magnetization 
vectors change their direction; the crystallographic 
orientation remaining fixed. It should therefore be 
possible to explain the magnetostriction curves by 
assuming that below the Curie temperature all the 
domains are spontaneously strained by the spontaneous 
magnetization within each domain. The strain within 
each domain is assumed to vary with the direction of 
the domain magnetization. Therefore, as the domain 
distribution changes with the magnetization, magneto- 
striction occurs and this should saturate when the 
magnetization saturates. Furthermore, there is only a 
very small volume change when the domain magnetiza- 
tion changes from one crystallographic direction to the 
other. This type of dependence of the spontaneous 
lattice strain can be calculated from considerations of 
lattice symmetry and has been treated in detail by 
Becker and others.'~* Since this part of the magneto- 


'R. Becker and W. Doring, in Ferromagnetismus (Verlag Julius 
Springer, Berlin, 1938), pp. 270-311. 

2 E. W. Lee, in Report on Progress in Physics (Physical Society, 
London, 1955), Vol. 18, p. 184. 

3 W. P. Mason, Phys. Rev. 82, 715 (1951). 
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the same curve, Fig. 6. However, it is evident that there 
is considerable deviation from the straight line pre- 
dicted, particularly at the lowest temperatures. 
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striction derives from the spontaneous lattice strain and 
a volume change is not involved, we shall call this part 
the “morphic term” of the magnetostriction. 

After the magnetization is saturated, one can still 
observe a change in size of a ferromagnetic sample 
which depends linearly upon the magnetic field. This 
differs from the low-field magnetostriction in that 
whereas the latter takes place without change of 
volume, the magnetosiriction in a high field is primarily 
a volume effect, the expansion being the same in all 
directions. It is natural to associate this volume strain 
with the field-induced increase in the spontaneous 
magnetization. In this sense, the effect is called forced 
magnetostriction. Since this effect is related to the 
nature of the special internal forces in a ferromagnetic 
crystal (about which information is not obtainable by 
other means) it has been the object of an intense study 
and also is the main concern of this note. 

As a matter of fact, the volume magnetostriction is 
usually considered to consist of three different terms 
which arise from different sources.!.? These are the form 
effect, the crystal effect, and the forced magnetostriction 
mentioned above. 

The form effect arises purely from sample geometry. 
When the sample is magnetized, because of its finite 
demagnetizing factor, it has a certain amount of mag- 
netostatic energy and magnetostriction occurs in order 





‘ This word has been used in a different sense to describe the 
change in the elastic constants due to the deformation of the 
crystal lattice accompanying spontaneous magnetostriction. 
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to decrease this energy. This term, w;, can be expressed 
in terms of the demagnetizing factor \V (a definite 
constant in the case of an ellipsoid) and the mag- 
netization M (referred to a unit volume) and the bulk 
modulus x. 


wy=4NM?/c. (1) 


This reaches a limiting value when M= M,, the satura- 
tion magnetization, and is usually the dominant term 
in low fields. 

The second term, the crystal effect w;, is the small 
volume change which occurs with the morphic effect. 
As mentioned before, a change in the direction of the 
domain magnetization causes a change in the symmetry 
of the crystal lattice which is almost without a volume 
change. However, a small volume change which is 
different for different directions of magnetization with 
respect to the crystal lattice does occur and con- 
tributes to the observed volume magnetostriction. This 
term should be included in the morphic term mentioned 
before and is related to the volume dependence of the 
ferromagnetic anisotropy constant. 

The third term, the forced magnetostriction, comes 
from the volume dependence of the saturation magneti- 
zation. If we can assume this dependence, the change of 
volume at high magnetic field can be explained. Since 
the increase of M, by an external field is small and can 
be said to be linear in the field, this volume change is 
also linear in the external field. 

As is easily understood from the foregoing discussion, 
the morphic effect as well as the first two effects of the 
volume magnetostriction, ws and w,;, saturate as the 
magnetization saturates. (As a matter of fact, the 
magnetization never saturates except for the case of a 
single crystal in certain special directions but approaches 
saturation asymptotically by increasing the external 
field. However, the contribution to the magnetostriction 
from this fact can be easily shown to be negligible if the 
external field is appropriately high.) At high fields, 
therefore, the forced volume magnetostriction is the 
only term which contributes to the change of size of the 
sample and this term is an isotropic volume change in 
the case of a cubic crystal, if only the volume depend- 
ence of the spontaneous magnetization is considered. 

These ideas represent the usual interpretation of the 
phenomena of magnetostriction. We shall hereafter 
treat only the forced magnetostriction of cubic ferro- 
magnetic substances. 

Since the forced magnetostriction arises from the 
volume dependence of the saturation magnetization, 
this effect should be connected directly to the pressure 
dependence of the saturation magnetization and also, 
less directly, to the pressure dependence of the magnetic 
Curie point, the anomalous thermal expansion near the 
Curie point, etc. However, experiments so far show that 
there is no satisfactory agreement between the experi- 
mental results and the theoretical prediction of these 
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quantities using the above relations. Also, a recent 
experiment? shows that the forced linear magnetostric- 
tion is not isotropic as the theory would demand. 

The existence of an anisotropic forced magneto- 
striction indicates that there must necessarily be a 
discrepancy between the measured forced magneto- 
striction and that which can be deduced from the 
related effects mentioned above. It is an aim of this 
note to investigate the origin of such an anisotropic 
forced magnetostriction. At the same time, the limita- 
tions involved in the deduction of the relations between 
the isotropic forced volume magnetostriction and the 
related phenomena will be discussed. These relations are 
of fundamental importance for obtaining information 
about the nature and behavior of the internal force in a 
ferromagnetic crystal. 


II. ANISOTROPIC FORCED MAGNETOSTRICTION 


Since the phenomenological treatment so far ad- 
vanced is insufficient, we must start from a more 
fundamental point of view in order to understand the 
origin of anisotropic forced magnetostriction. First, we 
neglect all kinds of contributions to the magnetostric- 
tion which depend upon the geometrical shape of the 
sample, for example, the form effect, and look into the 
properties which are characteristic only of the substance. 
In this case, a knowledge of the free energy of the 
system (referred to a definite quantity of substance) 
will be sufficient to treat the whole problem. We shall 
treat the problem with a localized model such as the 
Weiss-Heisenberg model of ferromagnetism. With this 
assumption, we can conveniently divide the free energy 
F of a ferromagnetic substance into three terms: 


F=F,+F pt+Fy. (2) 


Here, F’, is the part of the free energy of nonmagnetic 
origin, similar to the state above the Curie point. In 
other words, all free-energy terms which do not depend 
upon the alignment of the constituent magnetic 
moments are included here. We then divide the free 
energy of magnetic origin into two parts, F,, and F;,, 
the isotropic part and the anisotropic part. That is, we 
separate out a part of the free energy of magnetic 
origin which depends only on the direction of the aligned 
magnetic moments with respect to the crystallographic 
axes. This term is F; and just corresponds to the so- 
called ferromagnetic anisotropy energy as is easily 
understood. The meaning of the separation in the above 
manner can be realized in the following discussion. The 
interaction energy E between magnetic moments in 
metals, which is essentially an exchange interaction, is 
actually not isotropic because of the spin-orbit interac- 
tion. It can then be expanded in terms of pseudomulti- 


5B. A. Calhoun and W. J. Carr, Proceedings of the Pittsburgh 
Conference on Magnetism and Magnetic Materials, AIEE (1955), 


p. 107, 
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pole interactions ; 


(S;- ij. S;- ij 
ia ea 


B=a(S-8) +9] 8-8,-3— 


ri? 


Here, S; and S; denote vectors indicating the direction 
of the magnetic moments i and j, and r;; is a radius 
vector connecting the two magnetic moments. The 
quantities a, 8, etc. are constants which include a radial 
dependence. F,, is then the sum of the isotropic terms 
(including the entropy term which depends on the 
relative alignments of magnetic moments with one 
another) and F; is the sum of such psuedomultipole in- 
teraction terms which have an angular dependence. 
The magnitude of the sums depends upon the degree 
of alignment of the magnetic moments. Therefore there 
will also be a constant term corresponding to the free 
energy of the state of random spin orientation which 
will be considered as part of the F,, term. 

Now, consider the condition of equilibrium, 
dF /0A%=0, where Ax is a component of the strain 
tensor. Above the Curie point, this can be replaced by 
dF ,/0Ax.=0, because F,,, and F; do not exist. Below the 
Curie point, the magnetic moments become spontane- 
ously parallel to each other and F,, and F; appear. Since 
both 0F,,/0A, and 0F;/0A x, are not usually zero, the 
lattice deforms in order to satisfy the new equilibrium 
condition dF /0A ;.=0. This is the origin of spontaneous 
magnetostriction. Thus we can clearly separate two 
different types of contributions to the spontaneous 
magnetostriction with this model. This deformation 
is usually very small and can usually be treated as a 
perturbation. 

The second term F,, comes from the isotropic part 
of the exchange energy. Therefore, the spontaneous 
magnetostriction arising from this term does not depend 
upon the direction of magnetization but does depend 
only upon the degree of relative alignment of spins, i.e., 
on the magnitude of the spontaneous magnetization 
M.,. Therefore, this is an isotropic volume effect and we 
can observe this effect as an anomalous change in the 
volume or in the lattice constant below the Curie point. 
Since this is an isotropic volume change, this term does 
not contribute to the magnetostriction during the 
process of magnetization by alignment of domain mag- 
netization vectors. However, at high magnetic fields, 
the saturation magnetization M, is raised by an external 
field and then a volume change will occur. Therefore, 
this term contributes to the isotropic forced volume 
magnetostriction discussed in the previous section. 

The third term gives rise to a spontaneous magneto- 
striction that comes from the strain dependence of the 
ferromagnetic anisotropy energy. Since this term de- 
pends upon the direction of the magnetization of the 
domain with respect to the crystal lattice, the spon- 
taneous magnetostriction arising from this term is an 
anisotropic deformation of the lattice with respect to 
the direction of the aligned magnetic moments, This is 
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then the “morphic effect” mentioned in the previous 
section including the “crystal effect” of the volume 
magnetostriction w;. Although this effect was treated 
in detail from symmetry arguments, Kittel® seems to 
have pointed out for the first time the importance of 
relating it to the anisotropy energy. This is important, 
because only this kind of treatment allows us to judge 
whether or not the magnetostriction coming from the 
F, term gives rise to a forced magnetostriction in 
addition to that from the term F,,. If this effect exists, 
then this is the anisotropic forced magnetostriction. 
The strain dependence of the term F; can be ob- 
tained by expanding it in a Taylor series in the strain: 


OF; 
F,=F + (—*) Aipt:>*. (4) 
i>j 0Aij; 0 

In this expression, F;° refers to the undistorted 
lattice and must satisfy cubic symmetry. The terms 
(OF ;./0A;;)0Ai; may have lower symmetry because these 
terms refer to the deformed lattice. Considering only 
the lowest order of expansion in terms of orientation, 
we may take from symmetry considerations, 


OF ,/0A i= Bya?, OF, ‘0A i;= Braia;, (5) 


where the a,’s are the direction cosines of the magnetiza- 
tion with respect to the crystallographic axes. According 
to the previous discussion, these terms should give the 
morphic effect of the magnetostriction and B, and By 
are called magnetoelastic coupling constants. By com- 
parison with the treatment from the symmetry argu- 
ment,! B, and By are related to the magnetostriction 
constants (h’s) in Becker’s expression or to the usual 
expression Ajo9 and Aj; in the following manner: 


A100= 3/1 = —3B,/ (Cu—-Cw), 
Ain = $h2= — 3 B/Cus, (6) 


where Cy, Ciz2, and Cys are the elastic constants. By 
taking the higher symmetry terms, we can easily get 
more relations involving more B’s and h’s.’ 

In addition to its strain dependence, the anisotropy 
energy also depends strongly on the temperature. 
Since it arises from the relative alignment of the 
magnetic moments, the temperature dependence of 
the anisotropy energy should be related to the tempera- 
ture dependence of the spontaneous magnetization. 
This idea was first expressed by Zener’ ina clear-cut way 
and later treated in more detail by Keffer. According to 
this idea, the temperature dependence of the anisotropy 
constant K is given by 


K/K°=c(M,/M,°)". (7) 


Here K® and M, are the values of K and M, at absolute 
zero temperature, respectively, and c is a proportionality 


°C. Kittel, Revs. Modern Phys. 21, 555 (1949). 
7C. Zener, Phys. Rev. 96, 1335 (1954). 
® F, Keffer, Phys. Rev. 100, 1692 (1955), 
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constant. The value of » depends upon the mode of the 
spin alignment and, therefore, is not necessarily constant 
throughout the whole temperature range.* In the case 
of K,, the first anisotropy constant, the behavior is 
well reproduced by m=10 for iron and n=20 for Ni. 
Although the K’s are used here instead of F;, in Eq. (7), 
the relation between F;, and the K’s can be understood 
easily and K;, is the most important term in F;. 

At high fields, the saturation magnetization is raised 
by the external field and, thus, a change of the aniso- 
tropy constant should occur through Eq. (7): 


AK/K°=n(M,/M,°)""AM ,/M,°. (8) 


Therefore K and hence F; depends on the magnetic 
field as well as F,,. Since the factor n is big, the change 
of K is not small and the constants B,, Bs, etc., as well 
as the magnetostriction, constants /, hz, etc., depend 
rather strongly on the magnetic field. The forced mag- 
netostriction, therefore, not only consists of the isotropic 
volume effect as mentioned before, but also has an 
anisotropic linear magnetostriction which comes from 
the term F,;. Actually, the phenomenon corresponding 
to this fact was observed by Vautier® in the case of 
iron and by Calhoun and Carr® in the case of Si—Fe. 
Although the magnitude of this contribution is small, 
it is not correct to calculate the forced volume magneto- 
striction by taking three times a linear forced magneto- 
striction. At the same time, the crystal effect of the 
volume magnetostriction w;{=3h35; s is given by 
Eq. (10) ], being of the same origin, also gives rise to a 
forced volume magnetostriction which is sometimes not 
negligible as compared to the isotropic forced volume 
magnetostriction. In the case of nickel, for example, 
the actual forced volume magnetostriction is very 
small on the one hand, and » is large (~20) on the 
other hand. In such a case, the effect of the contribution 
of such an anisotropic forced volume magnetostriction 
would be serious. This might be the reason for the dis- 
crepancies even in the sign which exist in the measured 
values of the volume magnetostriction.”” 

Before discussing the magnitude of this effect, it 
might be appropriate to remark here that the anisotropy 
constant will increase with field through the mechanism 
(7). In torque measurements of the constant A, for ex- 
ample, the values are actually observed to depend upon 
the magnetic field. This is usually attributed to the in- 
homogeneity in magnetization inside the sample because 
its shape is different from that of an ellipsoid, which 
changes with the field.'"" However, from the above 
reasoning, a part of this effect should be the real increase 
in K with field which, in some cases, may not be 
negligible, especially when an extrapolation to infinite 
field is involved as the usual procedure requires. 


®R. Vautier, Ann. phys. 9, 322 (1954). 

1K. Azumi and J. E. Goldman, Phys. Rev. 93, 630 (1954). 
uL. P. Tarasov, Phys. Rev. 56, 1224 (1939). 

2]. S. Kouvel and C. D. Graham, Jr.; Proceedings of the 


Boston Conference on Magnetism and Magnetic Materials, 


AIEE (1956), p. 85. 
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Let us now estimate the size of the volume effect 
contributed by the morphic term (crystal effect). Ac- 
cording to Becker’s calculation,' w, is given as follows: 


w= (vK/k)s. (9) 


Here « is the bulk modulus, K is the anisotropy constant, 
v is the volume dependence of the anisotropy constant, 
(1/K) (0K/dV), and 


s= avar+ar’a;+a;"a;’, (10) 
where the a’s are the direction cosines of the magnetiza- 
tion vector with respect to the crystal axes. Thus the 
forced volume magnetostriction arising from the 
morphic term is 


du,/dH = (v/x) (dK /dH)s. (11) 


Because of the relations (9) and (11), we can measure 
separately w; and dw;/dH and thus separate them from 
the total effect by using a single crystal. So far w,; has 
been only estimated indirectly from measurements of 
the field dependence of the volume magnetostriction 
of a polycrystalline sample, by estimating the form 
effect according to Eq. (1) and by extracting the forced 
magnetostriction by a linear extrapolation from high 
fields. However, a single-crystal measurement should 
give more reliable information concerning w;, and 
dw,/dH which may not be obtained by other means. 
Now for a polycrystal 


dK/dH=n(K/M)(dM/dH), 


and 


dw /dH = —(vK/«)sn(1/M)(dM/dH), (12) 


where § is the average of s. The quantity — (vK/x)8 has 
been estimated, from the field dependence of the volume 
magnetostriction, as mentioned above, to be of the 
order of 10~® in the case of iron. If we take n=10 and 
(1/M,)(dM,/dH) to be 10-* to 10-7, the value of 
0w,/8H would be of the order of 10-" to 10~-”. The 
forced volume magnetostriction of iron is of the order 
of 10-'. Therefore, the contribution of such an effect 
can be of the order of 10% of the total forced volume 
magnetostriction. In the case of single crystal, the 
magnitude of the effect will, of course, depend upon the 
direction of the field. 

As for the forced linear effect 0h/0H, its order of 
magnitude can be estimated from the ratio of w, to 
Ow,/0H, because this ratio is nearly the same as the 
ratio of h to 0h/0H. This shows that the contribution 
of the linear effect to the forced magnetostriction is more 
serious. Phenomenologically, the magnitude of the 
anisotropic forced magnetostriction can also be esti- 
mated from the temperature dependence of the magneto- 
striction constants which may be more direct, (i.e., the 
dependence of the magnetostriction constants on the 
saturation magnetization M,.) 
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III. LIMITATIONS OF THE ARGUMENT 
CONCERNING THE VOLUME 
MAGNETOSTRICTION 


The basic assumption in deriving the origin of the 
anisotropic forced magnetostriction is Eq. (2). This 
assumption is rather general if we can justify adopting 
a localized model in treating ferromagnetism. Actually, 
with a localized model many fruitful results have been 
obtained concerning the phenomena of ferromagnetism. 
However, if we start from a band model, the division 
of the free energy in a manner similar to that in Eq. (2) 
is no longer clear-cut. The actual situation lies between 
these two points of view and thus the limitation of the 
present treatment is that we do not have a sufficiently 
exact knowledge of ferromagnetism. It seems futile, in 
the present stage, to go further. 

In the discussions of the previous section, it was 
pointed out that one possible reason for the discrepancies 
between the experimental values of the forced mag- 
netostriction and the values which are calculated from 
the pressure dependence of the saturation magnetiza- 
tion or of the Curie point, etc., is the contribution of the 
anisotropic forced magnetostriction (linear and volume 
effect) to the forced magnetostriction. Since we can 
separate experimentally the anisotropic forced mag- 
netostriction by using a single crystal, we should then 
expect good agreement between experiment and theory. 
However, there still remain several points in the theory 
to be examined. These arise mainly from the fact that 
we must adopt some kind of a model of ferromagnetism 
which can be treated in a quantitative manner in order 
to derive the relationships between these various 
measured quantities. 

It is somewhat easier to investigate experimentally 
the pressure dependence of the Curie point than that of 
the saturation moment, and as a result the data for the 
former are much more complete than for the latter. 
Since the present status of the theory of ferromagnetism 
is such that any direct calculation of the change of Curie 
temperature with pressure is out of the question, the 
relation between the volume magnetostriction and the 
pressure dependence of the Curie point is more fre- 
quently required than others. As has been pointed out 
before, since this relation and others like it are of 
fundamental importance for obtaining information con- 
cerning the interaction between magnetic moments in 
a ferromagnetic crystal, the limitations of a treatment 
of this kind will be examined here. 

The earliest attempt to correlate these quantities is 
that by Kornetzki."* He assumes the same basic view- 
point as Weiss and further assumes that the absolute 
saturation referred to a fixed quantity of substance 
does not change. Therefore, the change in the saturation 
magnetization by a change in volume at a definite 
temperature is assumed to occur only through the 
volume dependence of the Curie point, in other words, 


18M. Kornetzki, Z. Physik 98, 289 (1935). 
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through the volume dependence of the exchange integral 
or molecular field constant (these quantities being 
directly related to the Curie temperature). By doing 
this he could connect the pressure dependence of the 
Curie point to the volume magnetostriction only by 
assuming M,= f(T /0) (where @ is the Curie point and 
is a function of the volume), without any exact knowl- 
edge of the functional form of f. It was found, by this 
assumption, that 


0w/dH 


ia. 4 


= - —, (13 

6 dp T (0M,./0T),—3axdw/dH 
in which p is the pressure, dw/AH the isotropic forced 
volume mangetostriction, a the coefficient of thermal 
expansion, and «x the bulk modulus. Usually the second 
term in the denominator is much smaller than the first 
and since (0M,/0T), is always negative, a positive 
00/dp is associated with a negative dw/dH and vice 
versa. This relation is still a basis for interpretation of 
results. Since the exchange interaction is known to 
depend on interatomic distance, the pressure depend- 
ence of the Curie point tells us the dependence of the 
interaction energy on the interatomic distance. In this 
sense the volume magnetostriction occupies an im- 
portant place in the investigation of the nature of the 
fundamental interaction between the magnetic mo- 
ments. However, Kornetzki’s assumptions are especially 
doubtful in the case of metals, because, with a change 
of volume, the degree to which the electrons distribute 
among s and d states may differ and also the relative 
shift of bands for the electrons with plus and minus 
spins may change because of the change in the kinetic 
energy of free electrons. Especially in the case of iron, 
for example, the latter effect might be rather important, 
because both plus and minus d bands are assumed to be 
incompletely filled. 

Some of these difficulties were removed by Smolu- 
chowski," although he still used a molecular-field treat- 
ment. He admitted a change in the absolute saturation 
with the change of volume, but instead he had to as- 
sume, at constant volume, a definite functional form of 
f(T/6). In his case, this dependence was represented by 
that calculated from a Brillouin function. This treat- 
ment is certainly a compromise between the Ising-type 
localized treatment and the band model to cover the de- 
fects mentioned above. A drawback of this treatment is, 
however, that the theoretical results are very sensitive 
to the form of the M,—T curve. This situation causes 
trouble in two ways. The determination of the internal 
quantum number of the atomic spin system, /, in order 
to specify the Brillouin function, and the approxima- 
tional method of calculating the Brillouin function 
itself. It is very difficult to give a reasonable value of 
j in the case of metals, because the number of Bohr 
magnetons per atom is not an integral number. The 


4 R. Smoluchowski, Phys. Rev. 59, 309 (1941) ; 60, 249 (1941). 
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value of j probably differs from atom to atom and the 
system is a kind of combination of several different 
states. Furthermore, a change in the absolute saturation 
by a volume change means a change in the number j, 
and we can not specify this. The shape of the Brillouin 
function depends sensitively on j. Second, the shape 
of the Brillouin function is also very sensitive to the 
approximations in the calculation. For example, the 
Brillouin function which is usually used for the com- 
parison of theory and experiment, using the shape of 
the temperature dependence of the saturation value and 
susceptibility above the Curie point, etc., to determine 
j is that which is calculated on the basis of a zeroth 
approximation in the statistical treatment (Weiss, 
Bragg-Williams). If we adopt the Bethe approximation 
to this problem, for example, the M, versus T/@ curve 
for j7=1 is almost the same as for j=} in the Bragg-Wil- 
liams approximation for both body-centered and face- 
centered cubic cases.!* Furthermore, in the case of alloys, 
the M, versus T/@ curve seems to deviate from that 
of the pure element appreciably but in a systematic 
way which cannot be ascribed to the change of j in 
any way.'® For these reasons, Smoluchowski’s improve- 
ment of the treatment has no practical advantage over 
Kornetzki’s treatment. 

In connecting the volume magnetostricition with 
other properties, the change of the spontaneous mag- 
netization by an external field appears implicitly. To 
obtain the result quantitatively, it is therefore necessary 
to know the form of the M, versus T/@ curve under 
an external field because the volume magnetostriction 
is measured under a high external field. As is well known, 
this is definitely different from that under no field. 
The deviation is especially large near the Curie point. 
In deriving the necessary relations, this effect has been 
completely neglected. In principle, we can derive this 
effect theoretically, if we can assume, for example, the 
validity of the Brillouin function for this problem. Then 
the external field can be included in the expression 
analytically and an M, versus T/@ curve can be derived 
for a definite external field. However, this brings up the 
same problems pointed out before, i.e., the applicability 
of the Brillouin function and the selection of 7. In any 
event, at the present stage of the theory, we can not 
rely too much on a quantitative relationship between 

15H. Sato, unpublished work presented before the meeting of 


the Physical Society of x April, 1949. 
16 J. J. Went, Physica 17, 98 (1951). 
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the intrinsic isotropic forced volume magnetostriction 
and the pressure dependence of the Curie point, the 
form of the so-called- Bethe-Slater curve, etc., though 
we can expect an improved qualitative agreement by 
subtracting the anisotropic forced magnetostriction 
from the total forced magnetostriction. 


IV. SUMMARY 


The origin of the anisotropic forced magnetostriction 
is discussed. The main points of this discussion can be 
summarized as follows: 


(a) Crystal anisotropy is shown to depend upon the 
external magnetic field. In some cases, this may affect 
the result of the measurements of the anisotropy. 

(b) As a result, the morphic term of the magneto- 
striction depends upon the field strength and this gives 
rise to an anisotropic forced magnetostriction. There- 
fore it is not correct to interpret the observed linear 
forced magnetostriction as coming from the isotropic 
volume effect only. 

(c) The morphic term also includes a volume effect. 
The field dependence of this anisotropic forced volume 
magnetostriction can be estimated to be of the order of 
10-"—10-” in the case of iron. This corresponds to, at 
most, 10% of the total volume effect. The anisotropic 
linear forced magnetostriction can be much bigger 
and have a more serious influence on the forced 
magnetostriction. 

(d) The anisotropic forced magnetostriction can be 
separated experimentally by making a measurement 
with a single crystal. By subtracting these contributions 
from the total effect, we can expect a more satisfactory 
agreement between theory and experiment. 


The limitations of the present treatment concerning 
the origin of the anisotropic magnetostriction are dis- 
cussed. In addition to this, the limitations of deducing 
the relationships between the isotropic forced volume 
magnetostriction and the pressure dependence of the 
Curie point are also discussed, since these effects are 
important to understanding the fundamental interac- 
tion between elementary magnetic moments. 
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Nuclear magnetic resonance lines have been observed for the more aboundant isotopes of the semicon- 
ductors GaAs and InAs. The resonances are broader than expected from nuclear dipolar widths alone. The 
additional broadening is explained by the indirect nuclear exchange mechanism and is consistent with 
previous measurements on the homologous semiconductors InSb and GaSb. 





INTRODUCTION 


UCLEAR magnetic resonance (NMR) investiga- 

tions of solids have revealed a variety of inter- 
actions between nuclei and their environments. In 
general, NMR lines in solids are broadened by nuclear 
dipolar fields. Van Vleck! has calculated the dipolar 
contributions to line widths and numerous experiments 
have illustrated this effect. Van Vieck’s calculation of 
line widths (actually only second and fourth moments 
of the absorption are calculated) included the possi- 
bility of contributions from exchange fields. Since most 
of the experiments which followed this study investi- 
gated the resonances of light nuclei, hydrogen, and 
fluorine in particular, it was several years before ex- 
change contributions to the resonance widths were 
observed. The reason was that the exchange mechanism 
which has been observed is an indirect exchange process 
which occurs through the electron-nuclear hyperfine in- 
teraction and consequently is more pronounced in the 
heavier elements. Ruderman and Kittel,? in order to 
interpret Jeffries’ observations of the NMR line widths 
in metallic silver, and Bloembergen and Rowland,’ in- 


Taste I. Line widths and second moments. For InAs and GaAs 
the values listed in the third column are derived from the experi- 
mental results listed in the second column by the relation 
6H?=4AH,?. For InSb and GaSb, on the other hand, the third 
column lists measured values of AH,?. In the last column the 
differences between the third and fourth columns are listed and 
attributed to exchange effects. 


Nucleus 6H 


AH? Calculated 


measured (gauss) (gauss?) (AH 2? dipole (AH 2? exch 
Ga®As 2.43+0.2 1.47 0.79 0.68+0.3 
Ga™As 2.43+0,2 1.47 0.80 0.67+0.3 
GaAs’® 2.86+0.2 2.04 1.34 0.70+0.3 
In™5As 3.30+0.2 2.72 1.68 1.0 +0.4 
InAs*® 8440.3 17.6 +2 3.60 14.0 +2 
Ga®Sb 5.1+0.15 65 +04 1.20 5.3 +0.4 
Ga™Sb 5.6 +0.15 6.2 +04 1.20 5.0 +0.4 
GaSb™ 4.7 +0.2 6.7 +04 1.05 5.6 +0.4 
GaSb" 5.1 +0.2 8.4 +1 0.93 7.4 +1 
In™ Sb 90+0.2 24 +1 1.65 22 +! 
InSb!” 17.5 +1 65 +4 2.52 62 +4 


| 





1 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
2M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 
( 4. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 
1955). 


dependently interpreting their observations on metallic 
thallium and T1,03;, each postulated the indirect ex- 
change process and derived its consequences. Shortly 
thereafter an investigation of the semiconductors‘ 
InSb and GaSb showed the resonances to be broadened 
considerably by indirect exchange fields. 

We can consider the indirect electron exchange to 
arise from a hyperfine interaction between electron and 
nucleus. As a result the electronic state is perturbed 
to accommodate a polarization of the electronic spins. 
The electronic polarization is conveyed to a nearby 
nucleus by the hyperfine interaction and in this manner 
the fields at one nucleus are influenced by the dipole 
orientations of another. With heavy atoms, where the 
hyperfine interactions are strong, the exchange fields 
will exceed the dipole fields. Since the strength of the 
interaction involves a virtual excitation of the electron 
to higher energy states it is, to a degree, a measure of 
the excited states. In order to extend the measurements 
previously reported on GaSb and InSb, NMR meas- 
urements were made on the more abundant isotopes 
of the homologous compounds GaAs and InAs. 


EXPERIMENTAL 


Measurements were made either with a Varian 
Associates Variable Frequency Induction spectrometer 
or with a modified Pound-Knight-Watkins®* spectrom- 
eter. Magnetic field sweep was used and the absorption 
derivative recorded. Suitable precautions were taken 
to prevent modulation broadening and saturation. In 
the GaAs sample the Ga®, Ga”, and As’® resonances 
were observed and in InAs we measured In" and As”. 
Both samples were polycrystalline and were powdered 
to allow uniform penetration of the radio-frequency 
fields. Both the GaAs and InAs were m type with ~ 10!” 
carriers/cc. The separations between derivative ex- 
trema, called 6H, were measured and are listed in the 
second column of Table I along with similar data on 
InSb and GaSb reported previously. Line shapes in 
GaAs were determined to be Gaussian by fitting them 
to Gaussian shape functions. The stronger In"*As 
resonance was not Gaussian because of the presence of 


4 Shulman, Mays, and McCall, Phys. Rev. 100, 692 (1955). 
5 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 
6 Mays, Moore, and Shulman (to be published). 
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symmetrical wings that caused it to fall off slower than 
a Gaussian line. For Gaussian lines the line width 6H 
is related to the second moment by the expression 
6H?=4AH,*. We have neglected departures from 
Gaussian shapes and have converted the widths into 
second moments which are listed in the third column 
of Table I. Dipole contributions to AH,? have been 
calculated from Van Vleck’s formula and are presented 
in the fourth column. The differences between AH;? 
and (AH>”) dipote are listed in the last column. 


INTERPRETATION 


Several factors make it apparent that only semi- 
quantitive agreement between the data and the indirect 
nuclear exchange theory can be expected in these 
compounds. The assumption of Gaussian line shapes 
in InAs (which are predicted by the exchange broaden- 
ing mechanism) is not well justified by the experiments 
as mentioned in the previous section. We have arbi- 
trarily assumed that 6H is a measure of the Gaussian 
width and that the additional broadening in the wings 
does not affect this value appreciably. Another experi- 
mental limitation is that the differences between dipolar 
widths and measured widths are much smaller than in 
the antimonides, in fact only barely outside of experi- 
mental error. This means that the relative contributions 
of exchange broadening to different resonances will be 
difficult to confirm. However the magnitude of the 
exchange broadening is well established by the 
measurements. 

The theory of indirect exchange interactions has 
been extended to semiconductors by Anderson.‘*:? By 
using this theory to fit the experiments we would obtain 
some information about the excited states of InAs and 
GaAs. However, because of the experimental limita- 
tions, it is not felt that any information obtained about 
the energy surfaces would be trustworthy. Therefore 
we have decided to use the “empty lattice” approxi- 
mation for the energy bands which was found to be 
applicable to the antimonides. In this way we deter- 
mine the applicability of exchange broadening to the 
NMR lines while at the same time we eschew obtaining 
any additional information about the energy bands. 


AH;*(Ga®Sb) L% sb) (Ti 
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Exchange contributions to the second moment of the 
ith nuclei are 


(Av?) w= 3 § DL (Ie+1) > PP A ;,?(Ri;) y' (1) 


where subscripts f refer to different nuclear species and 
A,;(Ri;) is the exchange interaction with the jth 
nucleus of type f which may be a function of distance 
R,;. Anderson’ has shown for semiconductors that, to a 
first approximation, 


3.36 10-722m*E i W2(O)W 2 (O) nin; 
A ij(Ri;)= soct*, (2) 
TI ;Ri;' 





where {2}= atomic volume, 
=4(m.*m,*)}(m.*+m,*)~, 


m,* and m,* are effective masses for electrons and holes, 
respectively, y,?(0)=the probability of finding the 
outer s electron of atom 7 at its nucleus, and 


_Wi ig 0) hole; (O)elect ron_]solid 


Ly? (0)}. atom 


Additional details of the interaction have been discussed 
previously*’ and will not be repeated here. 

In the appropriate “empty lattice” approximation 
the electron and hole are assumed to have the free- 
electron mass and a wave function characteristic of the 
free-atom functions that merge to form the band. Each 
electron and hole in these compounds, therefore, has 
one-quarter s character and the mass of the free elec- 
tron. This means that §,?(0) and £,;*(0) are the un- 
determined parameters in Eq. (2). If we make the 
reasonable assumption that fGa¥aa?(0) is the same in 
GaAs and GaSb, then we can calculate the relative 
values of £4.Was?(0) and éspWsp?(0) in these two com- 
pounds. By making the same assumption about indium 
in InSb and InAs, it is possible to determine the same 
ratio of density functions in this pair of compounds. 

Substituting in Eq. (1), we find the ratios of the 
second moments to be 





Sb) (123) Zi2s+1)A 69- ua] 








AH?(Ga® As) 


Substituting further and bearing in mind that atomic 
volumes are proportional to the lattice constants cubed, 
we find numerically 


AH;?( GaSb) _ 
AH 2(Ga®As) 


Phil sp! (0) 
oe Was’ (0) 


If we assume that és»= és then we find that st?(0), 
Was?(0)=1.3, while if we follow the same procedure 


5.0(gauss)? 








. (4 
0. 67 (gauss)? 


7P. W. Anderson, Phys. Rev. 99, 623 (1955) and private 
communication. 





(3) 


(77s) (I7s+1)A e925" ] 





in analyzing the In"5As data with respect to In"™®Sb we 
find this ratio to be 2.3. The average of these is 1.8 
which, considering the experimental accuracy, is in 
agreement with the factor of ~two predicted by the 
Fermi-Segré* formula for these two atoms. 

In conclusion we can say that the NMR lines in InAs 
and GaAs are broadened by indirect exchange effects 
and that the magnitude of this broadening is consistent 
with the exchange broadening previously studied in 
InSb and GaSb. 


8 E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 
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This paper reports on the calculation of the crystal potential in ZnS. Experimental evidence relating to the 
nature of the chemical bond is reviewed, and it is concluded that the bonding is a mixture of covalent and 
ionic with effective charges of +4 for Zn, —} for S. Radially symmetric sp? valence electron densities are 
constructed for each ion and normalized within each equivalent volume sphere to the appropriate net ion 
charge. It is concluded that the same charge densities are appropriate for zincblende and wurtzite. Calcu- 
lation using these charge densities then shows the crystal potential to be the same for both modifications in 
two corresponding prominent crystallographic directions. Hence, there is justification for using the same 
spherical potential for the cellular calculation of electronic energy bands in both structures. Finally, the 
close geometrical relationship of the two structures implies that many of the LCAO integrals which will arise 


in interpolating the band structures are identical. 


1. INTRODUCTION 


HIS is the first of several papers reporting on the 
cellular calculation of electronic energy bands in 
crystalline ZnS. In this paper the nature of the chemical 
bond in ZnS, and the calculation of the crystal potential, 
will be discussed. It will be shown that it is reasonable 
to use the same crystal potential for both ideal crystal- 
line modifications of ZnS, in the approximation that 
the potential is spherically symmetric. The subsequent 
papers will report on the results for zinc blende, and for 
wurtzite.! 

The cellular calculation can be conveniently carried 
through only at isolated points of high symmetry in the 
Brillouin zone (generally end points in prominent 
directions) and the main burden of the calculation is to 
obtain accurate eigenenergies at these points. When 
such eigenenergies are available, the method of Slater 
and Koster? can be used to obtain the values of certain 
“LCAO” (linear combination of atomic orbitals) in- 
tegrals needed to interpolate the band structure at 
points of lower symmetry in the zone. As a consequence 


i} Yy 
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Fic. 1. Atomic polyhedra, zincblende (left-hand side) and 
wurtzite (right-hand side). The atoms are assumed equal in size. 
The polyhedron appropriate to zinc (or sulfur) is shown in each 
case. The wurtzite polyhedron is obtained from zincblende by 
rotating the three planes (110), (101), (011) into (100), (010), 
and (001), i.e., by 60° about the [111] direction. (All directions 
are given in a Cartesian system.) 

1In what follows, zincblende and wurtzite will refer to the 
actual ZnS cubic and hexagonal structures, which are to a good 
approximation “ideal.” 

2 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 


of the geometry of the two structures, many of the 
same LCAO integrals arise in the band calculation for 
zincblende and wurtzite. Hence the LCAO integrals 
determined from the two independent cellular calcula- 
tions should agree closely. In fact, ZnS is well suited to 
test the LCAO approach in this manner because of the 
close relationship of its two ideal crystalline modifica- 
tions. Since for ZnS, both of the ideal crystalline 
modifications exist, an experimental test can be made 
of the band structures predicted by the cellular calcu- 
lations, and of the relationship between the wurtzite 
and zincblende band structures predicted from the 
appearance of common LCAO integrals. 


2. GEOMETRY OF ZINCBLENDE AND WURTZITE 


Zincblende belongs to space group 7,*, with the 
atomic positions fixed by symmetry.’ The structure may 
be considered as two cubic close-packed arrays, one of 
sulfur atoms, the other of zinc atoms, translated with 
respect to one another by } the body diagonal of the 
usual cubic cell (i.e., along a threefold axis). Each atom 
has 4 first neighbors of the other kind at the corners of 
a regular tetrahedron, and 12 second neighbors of the 
same kind. Six of the second neighbors are in the same 
plane as the original atom, at the corners of a regular 
hexagon ; the remaining six are distributed three above, 
and three below at the corners of a trigonal antiprism. 
Crystallographic data are summarized in Table I. 

Wurtzite belongs to space group C;,‘. This space 
group allows the introduction of a parameter.’ The 
structure may be considered as composed of two 
interpenetrating hexagonal close packed arrays of zinc 
and sulfur atoms displaced with respect to one another 
along their common threefold axis. The parameter in 
this space group is a measure of the relative separation 
of the two close packed arrays. In the ideal wurtzite 
structure, the ratio c/a= (8/3)! and the parameter 
u=%. For this ideal structure, each atom has 4 first 

3R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Chap. III, p. 19; /nternational Tables for 
—— (Kynoch Press, Birmingham, 1952), pp. 
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neighbors of the other kind at the corners of a regular 
tetrahedron, and 12 second neighbors of the same kind. 
Six of these are in the same plane as the original atom, 
at the corners of a regular hexagon, the remaining six 
are three above and three below this plane at the corners 
of a trigonal prism. For the appropriate crystallographic 
data see Table [. 

Although the ZnS wurtzite structure is not ideal 
(c/a¥ 1.633), for purposes of this calculation it can be 
considered ideal. In addition the first and second 
neighbor spacings are, to within 2%, identical for both 
zinc blende and wurtzite. Hence, in comparing the two 
structures we see that first neighbors are in identical 
locations, as are 9 of the 12 second neighbors, the other 3 
being rotated by 60° just as in the difference between 
a trigonal prism and a trigonal antiprism. It is necessary 
then, to go to third neighbors of a given atom in order 
to find significant differences between the two modifi- 
cations (see also von Hippel*). 


TABLE I. Crystallographic data for ZnS.* 





Wurtzite 
ai=a(v3/2, ry 0) 
a2=a(0,1,0) 
a;=c(0,0,1) 


Zincblende 


a, =a(1,1,0) 
a2=a(1,0,1) 
a;=a(0,1,1) 


Primitive v vector ‘set? 


(0,0,0), (4, 4, 4) (0,0,0), t 


(0,0,u), 


Basis 3, 4) 
3, 3, $+) 


First neighbor distance 


: 33 A 
Second neighbor distance 3.82 / 1A 
3 


c/a° 
us 
rrysh® 3.18 a.u. 


6 
375 
17 a.u. 


* Data from R. W. G. 
lishers, Inc., New York, 1948), Vol. 1. 

b Referenced on Cartesian coordinate axes. a =like atom separation; 
a and c: hexagonal cell sides. 

¢ The value of u has been assumed =}. For the ideal wurtzite structure 
c/a =1,633, which is sufficiently close to the observed value to consider 
it ideal. 

4 Radius of the equivalent-volume sphere (EVS), i.e., a sphere whose 
volume equals the volume per atom (atoms are assumed of equal size in 
each structure). (In atomic units: i a.u. =0,528 A.) 

¢ We shall take the revs for wurtzite to be 3.18 a.u. in the calculation, 
even though this introduces an error of 0.01 a.u. 


Wyckoff, Crystal Structures (Interscience Pub- 


The geometrical relationship of the two structures is 
conveniently seen by constructing the atomic and 
cellular polyhedra which are appropriate. An atomic 
polyhedron for a given structure may be defined as 
that region closer to the atom at its center than to 
any other atom in the structure. If there is more than 
one atom in the base, the cell polyhedron is formed by 
taking together the polyhedra for all the atoms of the 
base. (The concept of cell polyhedra or “fundamental 
bereiche” of the structure was earlier discussed by 
Schénfliess.*) To construct the atomic polyhedron the 
atom is imagined shrunk down to a point, and then the 


4A. von Hippel, Z. Physik 133, 158 (1952). 

5 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 329. 

6A. Schénfliess, Theorie der Kristallstruktur (Gebruder Born- 
trager, Berlin, 1923), p. 513. 


Fic. 2. Cell polyhedron, zincblende structure. Atoms are assumed 
equal in size. © is a zinc atom, O’ a sulfur. 


planes perpendicularly bisecting the radius vectors from 
the atom to its first and second neighbors are erected ; 
these bound the polyhedron. In Fig. 1 the atomic 
polyhedron for zinc in zincblende and wurtzite are 
shown. Note the close similarity of the two figures; 
both polyhedra enclose the same volume, and the per- 
pendicular distance from the center of each to corre- 
sponding planes is identical. For zincblende the bound- 
ing planes of the zinc polyhedron are (111), (111), 
(111), (111) and the 12 {110} planes. If wurtzite is 
referenced on cubic axes, the corresponding bounding 
planes are (111), (111), (111), (111), the 9 {110} planes 
with one or both indices negative, and (100), (010), 
(001). By this construction then, the cell polyhedron 
for zincblende, Fig. 2, is identical to that for diamond, 
O,’, and that for wurtzite, obtained by superimposing 
4 polyhedra like the right-hand side of Fig. 1, to a Dea‘ 
structure. 

Clearly, if the zinc and sulfur atoms were the same 
size it would be reasonable to assign to each the same 
size polyhedron, and then Fig. 1 would be a valid 
representation of the region in space belonging to each 
atom, in the particular structure. Hence a decision as 
to the appropriate atomic or cell polyhedra in a given 
structure depends upon assigning sizes to the atoms, 
and this in turn depends upon our conception of the 
bonding. 

3. CHEMICAL BOND IN ZnS 


The evidence indicating that ZnS is characterized by 
a type of bonding intermediate between the extremes 
of pure covalent and pure ionic will be reviewed in this 
section. 

If ZnS were pure ionic, one would picture closed-shell 
configurations of Zn*+?, S~?, resulting from a transfer 
of two zinc 4s electrons to the sulfur M shell. The very 
first conception of the bonding in ZnS was that it was 
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Fic. 3. Cell polyhedron for zincblende, assuming ions. Faces in 
the sulfur polyhedron are more developed; see text for details of 
construction. This cell would be appropriate for cellular-type band 
calculations in a pure ionic model. © is a zinc ion, 0’ a sulfur ion. 


purely ionic, and this followed from the assumed ease 
of creating closed shell ions Zn**, S~? by complete 
electron transfer. The fair agreement of (a) the theo- 
retical and experimental (Born-Haber) binding energies, 
(b) the sum of ionic radii and the observed lattice 
spacing, and also (c) the large electronegativity differ- 
ence which is consistent with this model, led support 
to this belief. In fact, as recently as 1940 Seitz included 
ZnS among the “ionic solids.”” One then expects the 
two ions to differ markedly in size, as is reflected in the 
Pauling or Goldschmidt ionic radii, so that in defining 
the region about one ion “belonging” to that ion it 
would be natural to modify the construction which led 
to the atomic polyhedra. Figure 3 shows such a modified 
polyhedron constructed for zincblende by erecting 
planes perpendicular to the radius vectors from each 
atom, which divide the lines to first neighbors in the 
ratio of the ionic radii.* Crystallographically, the poly- 
hedra shown in Fig. 3 are similiar to those of Fig. 2 
except that certain faces are more “developed.” Simi- 
lar polyhedra could be constructed for wurtzite by 
developing the appropriate faces of zinc and sulfur 
polyhedra. 

The belief that ZnS is a purely covalent material 
stems essentially from the tetrahedral surroundings of 
each atom, which imply directed valence bonds of sp* 
character? for each atom. These are the strongest” 
covalent bonds which can be formed from the available 
s and p valence orbitals of both zinc and sulfur. Since 
the eight valence electrons per atom pair are shared 


7 Reference 5, p. 53. 

8A. F. Wells, Structural Inorganic Chemistry (Oxford Uni- 
versity Press, New York, 1950), p. 70. 

® Eyring, Walter, and Kimball, Quantum Chemistry (John Wiley 
and Sons, Inc., New York, 1944), Chap. XII. 

” Reference 8, p. 48. 
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equally, the effective formal charges would be Zn~? and 
S**. Equal sharing also implies that equal regions of 
space belong to each ion and hence the polyhedra shown 
in Figs. 1 and 2 would be appropriate. However, because 
of the closer fit of the sum of ionic radii to the observed 
internuclear spacing, and the unlikelihood of occurrence 
of Zn~*, it was early realized that the covalency must 
have a considerable admixture of ionic binding." 
Clearly, in order to proceed with a calculation, it is 
necessary to estimate the departure of the bond type 
from either extreme. One method of characterizing the 
bond is by means of the effective charge per ion, and 
so we need to estimate these charges from the available 
evidence. The first quantitative indications of the 
departure of ZnS from pure ionic binding were obtained 
by Born and Bormann in 1920 when they estimated 
the effective zinc charge as +0.3, using the Born lattice 
theory and the measured yalues of elastic, dielectric, 
and piezoelectric constants.'? A more recent attempt, 
to obtain the ionic charges from the piezoelectric con- 
stant alone, has been shown to be incorrect."* (It may 
be possible to use a model proposed by von Hippel* in 
this connection but this calculation has not yet been 
concluded.™) Vasileff, in a recent paper on thermal 
ionization of impurities has obtained a value of +0.51 
for the zinc effective ionic charge, using measured values 
of the Reststrahl frequency and the dielectric con- 
stants. Another indication of the departure of the 
bond in ZnS from pure ionic is obtained from the photo- 
elastic constants'* although the quantitative interpreta- 
tion of the measured constants is not a simple matter, 
and the existing theory is incomplete for ZnS due to 
neglect of the inner displacements.'” Studies based on 
hardness and the cleavage in ZnS!* have also indicated 
a mixture of about 3 ionic and 3 covalent binding, hence 
effective charges of +0.7 for zinc. From considerations 
of the electronegativity coefficients for Zn and S,” one 
is led to an assignment of an effective charge of about 
+0.5 for zinc. Paramagnetic resonance experiments on 
ZnS: Mn also indicate the mixed bonding through the 
magnitude of the hyperfine splitting constant A.” A de- 
creases in a systematic fashion with increasing covalency 
between Mn++ and its neighboring anion in a series of 
Mn++ substituted compounds.”! A rough estimate indi- 








1, Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1945), p. 178. : 

12M. Born and E. Bormann, Ann. Physik 62, 218 (1920). 

13 B. D. Saksena, Phys. Rev. 81, 1012 (1951). 

4 J. Birman, Phys. Rev. 98, 1567(A) (1955). 

16H. D. Vasileff, Phys. Rev. 97, 896 (1955). 

16 —. Burstein and P. Smith, Phys. Rev. 74, 229 (1948). 

17H. Mueller, Phys. Rev. 47, 947 (1935), especially footnote 18, 

. 951, 
‘ 18G. A. Wolff, Signal Corps Laboratories (private communi- 
cation). I am indebted to Dr. Wolff for a discussion of his work. 

19 Reference 8, p. 37. 

2 W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
(1952). 

21 J. S. van Wieringen, Discussions Faraday Soc. No. 19, 121 
(1955); L. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 
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cates about 30% covalent character for the Mn—S 
bond, and if this is characteristic of the bonding of sulfur 
to zinc, too, then the zinc effective charge is about 
+0.8. In summary, the evidence cited in the foregoing 
paragraph indicates effective charges in the neighbor- 
hood of +0.5 for zinc and sulfur, respectively. 

Evidence indicating higher effective charges is pro- 
vided by Asano and Tomishima”? and Jumpertz.* The 
former is a theoretical paper in which the cohesive 
energy of zincblende is calculated by a variational 
method due to Schmid,” and effective charges of about 
+1.7 are deduced for zinc and sulfur, respectively. 
These authors use interpolated atomic wave functions 
for sulfur, and for the zinc 4p state, which may intro- 
duce an error in computing necessary exchange and 
overlap integrals; these are particularly sensitive to the 
wave function.** This treatment is of value in illus- 
trating the different contributions to the binding energy, 
and their relative magnitudes. The second paper, an 
experimental determination of the total electron density 
distribution in zincblende by Fourier x-ray methods, 
clearly shows the departure of the total electron density 
between the atoms from values presumably charac- 
teristic of either pure ionic or pure covalent binding. 
By means of an integration of the (assumed) spherically 
symmetric charge density Jumpertz finds an effective 
charge for Zn of +1.29. However, to determine the net 
charge of each ion precisely, requires values of $(sin@/d) 
at small values of (sin#/A). There are no experimental 
points at sufficiently small values (Jumpertz; Fig. 4) to 
allow an accurate extrapolation. Hence the net charge 
determined in this manner may be in error.”® 

Although the evidence is by no means conclusive, 
the writer feels that a choice of effective charges of +3 
for zinc, —4 for sulfur is reasonable, and these effective 
charges will be used in the calculation. Since these 
charges imply a sizable (~}) covalent character for the 
bond, it is felt that the polyhedra of Fig. 1 which as- 
sign equal volumes to each of the atoms in each structure 
are appropriate. Of course in principle one should strive 
for self-consistency in the band calculation, ie., the 
charge density p(r) used in calculating wave functions 
¥x, should have the property p=>ox|¥x|? and further, 
at each stage of such a self-consistent calculation, the 
appropriate polyhedra should be constructed and used 
for normalization and boundary conditions. However, 
the work involved in such a program is probably greater 
than is justified by our lack of really precise and con- 
vincing knowledge of the nature of the bond. It is hoped 
that the energy band structures calculated here from 
the assumed charges and charge densities will at least 


( oe Asano and Y. Tomishima, J. Phys. Soc. Japan 11, 644 
1956). 

% FE. A. Jumpertz, Z. Elektrochem. 59, 425 (1955). 

*L. A. Schmid, thesis, Princeton University, July, 1953 
(unpublished) ; Phys. Rev. 92, 1373 (1953). 

26 Reference 24, p. 2. 

26 J. M. Bijvoet and K. Lonsdale, Phil. Mag. 44, 204 (1953). 
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be qualitatively correct. In discussing the uniformly- 
charged-sphere approximation, a method will be sug- 
gested for using fairly realistic potentials in which the 
effective ion charge and size could be carried through 
the band calculation as a parameter and varied to see 
its effect on the location of the calculated eigenenergies. 

Although most of the evidence presented above 
relates to zincblende, the close similarity of the 
geometry and properties of zincblende and wurtzite 
lends strong support to using the same effective ionic 
charges and charge densities for the ions in both 
structures, and this will in fact be done. 


4. CHARGE DENSITIES 


In what follows we shall assume spherically sym- 
metrical charge densities centered at each atom’s site 
(in agreement with Jumpertz). The equivalent-volume 
sphere (EVS), whose volume equals the volume per 
atom, will be used for normalization and for integration 
of the radial equation. 

From the Hartree calculation” for atomic Zn we can 
obtain charge densities for all zinc electrons up to and 
including 4s. For the zinc 4p function we use a Slater 
orbital with constants so determined that the 4p func- 
tion has its maximum at 3.15 a.u. just within the 
EVS.”§ Self-consistent-field calculations for K+, A, Cl- 
(a series isoelectronic with S~*) are available” and have 
been extrapolated to obtain the charge densities of the 
sulfur atomic states 1s through 3p. The actual extrapo- 
lation was carried out on Z,, (the effective charge for 
potential® in state nl) as this is the most suitable 
quantity for an extrapolation (i.e., most smoothly vary- 
ing as a function of atomic aumber). The extrapolation 
procedure used, described in the Appendix, was tested 
by “predicting” the Z,:(r) for Cl- from those for argon. 
The agreement was excellent. (As distinct from refer- 
ence 22 we are extrapolating essentially charge densities, 
rather than wave functions, so we hope a smaller error 
is thereby made.) From the extrapolated Z,,(r), the 
corresponding radial charge densities P,,; were obtained 
by a numerical differentiation. Thus we have obtained 
the “working” radial charge densities P,, for zinc and 
sulfur, for all core states, and forthe valence states: 
respectively, 4s, 4p for Zn and 3s, 3p for S. Although 
little can be said quantitatively about the accuracy of 
the interpolated densities, it is believed that the 
accuracy of the crystal potential determined from these 
densities is no less than the over-all accuracy with 
which the cellular calculation can be carried out. 

The crystal charge density will consist of a core 
charge density for each atom plus a valence electron 
density for each. At the observed internuclear spacing, 


27 Hartree, Hartree, and Manning, Phys. Rev. 59, 299 (1941). 

28 Reference 9, p. 163. 

2% T), Hartree and W. Hartree, Proc. Roy. Soc. (London) A166, 
450 (1938) ; 156, 45 (1936). 

% J. C. Slater, Quantum Theory of Matter (McGraw-Hill Book 
Company, Inc., New York, 1951), p. 137. 
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the core densities do not overlap, hence atomic core 
densities are taken over for the crystal. For the valence 
density we construct for each atom, an sp* hybrid 
consisting of the radial parts of the appropriate atomic 
densities, i.e., pyai=V(p.+3p,) using 4s, 4p for zinc and 
3s,3p for sulfur. The normalization constant N is so 
chosen that the net charge in the equivalent-volume 
sphere is +} and —} for zinc and sulfur, respectively. 
Effectively then, we create a smeared-out covalent-like 
spherical charge density for each atom, so normalized 
as to yield ions at the sites. This is the basic crystal 
charge density for both wurtzite and zincblende. 


5. CRYSTAL POTENTIAL 


The crystal potential consists of a classical part, and 
a quantum-mechanical part; these will be discussed 
in order. 

The classical or Coulomb potential consists of an 
inner potential and an exciting potential. The inner 
potential is the Coulomb potential within the equivalent- 
volume sphere, due to the point charge nucleus, the core 
electrons, and the valence density contained therein. 
The charge densities are spherically symmetric so the 
classical inner potential is too, and is easily calculated 
by Gauss’s theorem. Clearly, the inner potential is the 
same, for the same ion in each of the two structures. 

The exciting potential is the potential within one 
EVS due to all the ions in the crystal except the one in 
that EVS. Clearly, the exciting potential is not spheri- 
cally symmetric in zincblende or wurtzite, and, since it 
must show the crystallographic symmetry 7,’ or C¢,', 
respectively, may be expected to differ in the two 


TABLE II. Exciting potential in ZnS.* 








1. Self-potential (Madelung constant) 
¢000(000) = — 1.8914 


2. >[111],=(001].=[1/3, 2/3, —1/8]. 
oo0(1/24, 1/24, 1/24) = — 1.8984 
o00(1/12, 1/12, 1/12) = — 1.9902 

000(1/8, 1/8, 1/8) = —2.3094 


3. >[110],=[010],, 
¢000(1/8, 1/8, 0) = — 1.8961 
000(1/4, 1/4, 0) = —1.6579 


4. [111], 
$o00(1/12, —1/12, 1/12) = — 1.8105 
oo000(1/8, —1/8, 1/8) = — 1.6739 
$o00(1/4, —1/4, 1/4) = — 1.0108 
¢000(3/8, —3/8, 3/8) = —0.7698 
000(1/2, —1/2, 1/2) = —0.72125 








* The ions are assumed to have net charges of +4 for zinc and sulfur, 
respectively. All potentials are given in units of |e|/d, where |e| is the 
magnitude of the electron charge and d is the cubic cell side. The subscript 
on the direction bracket indicates either zincblende (s) or wurtzite (w), 
the latter in terms of the usual hexagonal coordinate system. (See Table I.) 
_ The directions indicated are from a zinc ion, assumed at 000. The results 
in corresponding directions from a sulfur ion are the negative of those listed. 

> Coordinates of points refer to zincblende. The potential is identical at 
corresponding points in wurtzite (see text), to 5%. 


= M. Born and M. G. Mayer, Handbuch der Physik (Verlag 
~— Springer, Berlin, 1933), second edition, Vol. 24, Part 2, 
p. A 
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Fic. 4. Exciting potential in ZnS. Ordinate gives the value of 

the exciting potential, abscissa the distance along the specified 

direction in fractions of the cubic cell edge. Directions indicated 

are for zincblende; however, the potential is the same to first and 

second neighbors in wurtzite. Results from a sulfur ion are negative 
of those illustrated. 


structures. First we discuss the calculation of the 
exciting potential in zincblende and then in wurtzite. 
In the following two paragraphs crystallographic direc- 
tions in zincblende and wurtzite will be indicated by 
affixing a subscript z or w to the bracket: thus [hk/],, 
[hkl]... respectively, for zincblende and wurtzite. (For 
the former, directions will be referred to Cartesian axes, 
while for the latter, directions will be referred to the 
vector set a), a2, a3 defined for wurtzite in Table I.) 
For zincblende the exciting potential has been com- 
puted in the three inequivalent directions from a zinc 
atom (assumed at 000): [111]., [110],, and [111]. 
There are four equivalent [111 ],, and twelve [110], 
directions going to first and second neighbors, respec- 
tively. These are the prominent directions of interest in 
choosing a spherical potential. The [111], directions 
lead to “holes” in the structure, and may be of im- 
portance in calculating activation energies for diffusion 
of ions; results in this direction will not be used in the 
band caiculation, but are appended for illustrative 
purposes. The calculated exciting potentials are tabu- 
lated in Table II and illustrated in Fig. 4. From the 
figure we note that the exciting potential is equal in 
[111]. and [110], directions, and essentially constant 
to ({r|)/d=0.1. When (|r|)/d>0.1, the two potentials 
differ, and this difference increases as we go to the edge 
of the EVS (|r| /d=0.31). To proceed with a cellular 
calculation we need to create a spherically symmetric 
exciting potential. This is often done by simply adding 
the constant Madelung potential to the Coulomb inner 
potential, but we feel this gives too much weight to the 
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potential at the origin, which is a nonrepresentative 
point. Instead we multiply the computed exciting 
potential in the [111 ], direction by a constant so chosen 
that the total classical potential (inner plus exciting) is 
zero at the edge of the zinc EVS. This has the effect 
of normalizing the results in the most important co- 
valent direction (that to nearest neighbors) in such a 
way that the classical potential obeys an ionic-like 
condition: namely is zero midway between nearest 
neighbors. [The edge of the EVS corresponds in this 
sense, to the point (%, %,%).]| A similar procedure is 
applied in the sulfur EVS. In Fig. 5 we plot the poten- 
tial in each EVS due to the net core charge (+2 for 
zinc, +6 for sulfur), plus the assumed valence electron 
density, as the dashed curve; and then this potential 
plus the sphericalized exciting potential as the solid 
curve. It will be noted that the latter is continuous and 
smooth across the surface of the EVS, which corre- 
sponds to the midpoint between the ions. (The true 
classical potential, including the proper contribution 
from core states, is included in Table III). 

The exciting potential was computed in wurtzite 
in the directions [001 ]., (4,3, —4]w which are in- 
equivalent directions to first neighbors (there are 
three equivalent directions [4, 3, —4]u, (4, —4, —# Ju, 
[—%, —4,—4]., and the unique [001 ],, direction to 
first neighbors), and in the direction [010 ],,, to second 
neighbors. It was necessary to interpolate the available 
Ewald potentials* in order to make the calculation, and 
hence the results are accurate to only about 5%. To this 
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Fic. 5. Classical potential in ZnS. Dashed curve: inner potential 
due to core charge (+2 or +6 for zinc and sulfur, respectively) 
plus valence electron density (normalized sp? density) ; full curve: 
dashed curve plus the sphericalized exciting potential. Potential 
is normalized and plotted against fraction of the distance to the 
edge of the EVS. 


#® F, Hund, Z. Physik 94, 11 (1935). 
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TABLE III. Effective charge for potential in ZnS. 








2Z>» sulfur 


16.20 
14.86 
13.68 
12.69 
11.79 
11.01 
10.30 
9.082 
8.038 
7.211 
6.540 
5.976 
5.468 


2Z» zinc 


28.16 
26.01 
24.34 
22.82 
21.39 
19.96 
18.75 
16.54 
14.69 
13.14 
11.85 
10.76 
10.32 
8.944 
8.337 
7.128 
6.208 
5.334 
4.783 
4.202 
3.697 
3.318 
2.954 
2.676 


r 2Zp zinc 2Z, sulfur 


0 60.00 32.00 
0.005 58.86 
0.01 57.70 





0.02 


0.03 29.53 
28.73 
28.08 
27.21 
26.51 
25.83 
25.19 
24.57 
24.59 
22.31 
21.36 
20.42 
19.58 
18.81 
18.09 
17.43 
16.79 


0.04 
0.05 
0.06 


0.08 
0.09 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 


4.472 
3.790 
3.229 
2.784 
2.464 
2.261 
2.089 
2.059 
2.050 
2.098 
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accuracy we find: (1) exciting potential in [4, 3, —4].. 
is the same as in [001 ],, i.e., along the line to first 
neighbors the potential has tetrahedral symmetry; 
(2) this first neighbor exciting potential in wurtzite is 
the same as the [111 ], exciting potential in zincblende; 
(3) the [010],; exciting potential is the same as that 
for [110 ].. Hence along two prominent crystallographic 
directions (to first and second neighbors) the potential 
in zincblende and wurtzite is the same. We therefore 
feel it reasonable to construct a spherical exciting 
potential in wurtzite in the same manner as was done 
for zincblende (the midpoint between first neighbors 
should be at zero potential for an ionic wurtzite, too). 
Hence the results illustrated in Fig. 5 apply for wurtzite 
as well as zincblende. 

The quantum-mechanical part of the potential which 
will be used for the band calculation is the exchange 
potential, which was computed by making use of the 
Slater free-electron approximation.™ 

In Table III the radially symmetric effective charge 
for potential including the Coulomb contributions from 
the point nuclei, the atomic core states, and the 
hybridized valence states, the sphericalized exciting 
potential, and the free electron exchange potential, is 
given for each ion, within its equivalent-volume sphere, 
as it will be used in the subsequent numerical integra- 
tion of the radial equation, for both zincblende and 
wurtzite. 


6. UNIFORMLY CHARGED SPHERE APPROXI- 
MATION; ADDED TERM 


Recent work on approximate molecular charge densi- 
ties* makes it of some interest to examine a uniformly- 


% J. C. Slater, Phys. Rev. 81, 385 (1951). 


4 Neumark, Westerman, Kleiss, and Birman, theses, Columbia 
University Chemistry Department, 1951-1952 (unpublished). 
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Fic. 6, Classica] potential for the uniformly-charged-sphere 
model of ZnS. Dashed curve: inner potential due to both core 
charge (+2 or +6) and uniform valence electron density, nor- 
malized to —1.5 and —6.5, respectively; full curve: the dashed 
curve plus the exciting potential along the line of centers. Poten- 
tial is normalized and plotted against fraction of the distance of 
the edge of the EVS. 
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charged-sphere approximation to the potential. This 
approximation leads to a simple analytical expres- 
sion for the spherical inner potential, for which the 
radial Schrédinger equation is easily integrable. Further, 
it is a simple matter in this approximation to alter the 
effective charges of the ions, and to relate the ionic 
radius to the effective charge in any prescribed manner. 
One may thus obtain the solution of the Schrédinger 
radial equation with effective charge as a parameter, 
and examine the dependence of the location of band 
edges on effective charge. Consider two point charges 
+2 and +6 separated by a distance 2R, each sur- 
rounded by a spherical cloud of uniform negative charge 
density, radius R, content —1.5 and —6.5, respectively. 
A simple calculation of the inner potential and the 
exciting potential along the line of centers, gives the 
result illustrated in Fig. 6. Aside from the location of 
the minimum in the inner potential of the S cell (the 
radius at which the net enclosed charge=0), Fig. 5 and 
Fig. 6 are quite similar. 

In principle, valence and conduction band electron 
wave functions should be orthogonalized to lower lying 
core wave functions. Gombas has pointed out*® that the 
requirement of orthogonality is essentially a statement 
of the Pauli exclusion principle. That is, for a solid, 
valence and conduction band electrons are excluded 
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Fic. 7. Inner potential in zinc and sulfur cells without Gombas orthogonality term 2V(r); with the term for “s’’-like 
states 2V (r)—2V*(r) ; with the term for “p”-like states 2V(r) —2V7(r). (Ordinate: potential ; abscissa: distance from the 
origin of each EVS.) To emphasize the effect of the Gombas term, only the potential near the origin is plotted for each ion. 
For both zinc (left half of the figure) and sulfur (right half of the figure) the edge of the EVS is at 3.18, and from r=2.5 


to r=3.18 the results with and without the Gombas term are 


essentially indistinguishable. 


35 P. Gombas, Die Statistische Theorie des Atoms (Springer-Verlag, Berlin, 1949), p. 150; Handbuch der Physik (Springer-Verlag, 


Berlin, 1956), Vol. 36, p. 168. 








ELECTRONIC ENERGY BANDS 


from states in phase space already occupied by core 
electrons, and this has the effect of repelling the outer 
electrons from regions in phase space densely occupied 
by core electrons. This “repulsion” can be formulated 
in the sense that the outer electrons do a certain amount 
of work to get into such regions. Gombas has shown 
how (in the free-electron approximation) to construct a 
potential to be added to the Schrédinger equation for a 
given state, incorporating the desired effect of repulsion 
of lower states with the same symmetry. At k=000, in 
zinc blende, the valence and conduction states may be 
described as “‘s’’- or ‘‘p’’-like so that Gombas’ procedure 
can be used directly to calculate the added potential 
for those states. To illustrate the added term, the total 
inner potential with and without this correction is 
plotted in Fig. 7. Although the added term was not 
used in integrating the radial equations, it may be used 
later as a perturbation. 

It may well be that a simple uniformly-charged- 
sphere approximation, with free electron exchange 
(Slater) and orthogonality (Gombas) terms, will suffice 
to give a qualitative picture of the energy band struc- 
ture of materials with mixed binding. However, further 
work will need to be done on this point before anything 
can be conclusively stated. 


7. SUMMARY 


The nature of the binding in ZnS has been discussed, 
and the evidence indicating mixed covalent and ionic 
binding reviewed. The effective ionic charges used in 
the calculation are +3 for zinc and sulfur, respectively. 
Radially symmetric valence charge densities of the form 
sp® have been set up, and normalized to the chosen 
effective charge within the equivalent-volume sphere of 
each ion (the ions are assumed of equal size). It has 
been shown that the same equivalent-volume sphere, 
and spherically symmetric potential is appropriate in 
both zincblende and wurtzite.** It has also been shown 

36. M. Matarrese and C. Kikuchi [J. Phys. Chem. Solids 1, 


126 (1956)], have assumed that (a’) (ground-state splitting 
parameter in zero magnetic field) is identical in zincblende and 
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that a crude uniformly-charged-sphere model is a fair 
approximation to the calculated potential. Further 
work along the lines of such simple models may prove 
fruitful in elucidating the qualitative detail of band 
structures in solids with mixed bonding. 

Finally, because of the great similarity in the geom- 
etry of first and second neighbors, in zincblende and 
wurtzite, it follows that many of the same LCAO 
parameters should arise in both band calculations. This 
will be discussed further in the later papers. 
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APPENDIX. INTERPOLATION PROCEDURE 


Given Z,,(r), we want to find the radial scaling 
function F,:(r) such that Znr’ (rF ni(r)) = Zar (r) where 
N’=N+1 and the superscript refers to the atomic 
member of the ion. The two ions are assumed to be 
isoelectronic, e.g., Cl- and A. Physically we wish to find 
the radius r of the sphere about ion N’ which contains 
the same net charge as the sphere of radius rF,,;(r) 
about the isoelectronic ion V. It is assumed that 


N—Sni(r) 


F u(r) eal ae 

N’—Syil(r) 

and the S,,;(r) are determined numerically from the 
isoelectronic series K+, A, Cl- for use in extrapolating 
from CI to S~. 


wurtzite, in computing a doublet splitting of 32 gauss for Mn** in 
wurtzite. If the experimentally observed splitting is of this 
magnitude it will be a confirmation of our result and their assump- 
tion, on the equality of the potential in prominent directions in 
zincblende and wurtzite. I am indebted to Dr. Kikuchi for a 
discussion of this point. 
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Electronic Energy Bands in ZnS: Preliminary Results 


CARL SHAKIN* AND JOSEPH BIRMAN 
Sylvania Electric Products, Incorporated, Bayside, New York 
(Received September 18, 1957) 


Preliminary results of the cellular calculations of electronic energy bands in cubic ZnS have been obtained 
at three points in the Brillouin zone: I’, X, A. These results indicate that there is a normal order of states in 
the valence band, and an energy gap of 6-8 volts at k= (0,0,0) corresponding to the I'y’—I transition. 


E are reporting some preliminary results that we 
have obtained in a cellular calculation of elec- 
tronic energy bands in zincblende (cubic ZnS). In this 
work we used a potential that was spherically symmetric 
within the equivalent-volume sphere of each atom and 
which was derived from valence charge densities corre- 
sponding to a mixture of ionic and covalent bonding.’ 
For both zinc and sulfur the valence electron density 
consisting of the radial part of an sp* hybrid was con- 
structed, and normalized within each ion’s equivalent- 
volume sphere to the assumed net charge of that ion: 
respectively, +3 for zinc and —} for sulfur. 
In the preliminary calculation reported here, the 
wave function of each of the states considered was 
expanded in a four-term series in each cell, as 


vu(n)=Li da AlgKia(6p)Ri( |r| ,€). (1) 


In (1), Kia(6@) is a lattice harmonic completely specified 
by symmetry,” R,(|r|,¢) a solution of the radial equa- 
tion for given /, depending upon the trial energy 
parameter ¢, and Ai, is a constant. Both ¢ and Al, can 
be determined from the boundary and normalization 
conditions. Boundary conditions have been applied at 
discrete match points on the bounding surface between 
a zinc polyhedron and its four neighboring sulfur 
polyhedra. At each match point P we obtain two 
equations of the form 


Yan(P)=+7es(P), 
n- V¥zn(P)= —vun- Vys(P), (2) 
where 7x is a phase factor, depending on wave vector k, 
which includes the effects of the basis displacement and 


the Bloch condition.’ 


Fic. 1. Electronic po- 
tential energy near the 
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edge of the zinc and 
sulfur equivalent volume 
spheres plotted versus 
distance from the center 
of each sphere, and cel- 
lular results for certain 
eigenenergies at three 
prominent points in the 
Brillouin zone: T'(0,0,0), 
A(x/2a,r/2a,r/2a), and 
X(2/a,0,0). Potential] en- 
ergy is discontinuous be- 
cause of the contribution 
from exchange in each 
cell. The length of each 
arrow indicates approxi- 
mately the range of vari- 
ation of numerical re- 
sults due to use of dif- 
ferent sets of match 
points in matching zinc 
and sulfur wave func- 
tions. The number in pa- 
rentheses indicates the 
degeneracy of the state 
so labeled, except for Ai, 
where the two indepen- 
dent A; states fell within 
the indicated range. Our 
present approximation is 
not sufficiently accurate 
to resolve the conduc- 
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tion band states at X. 
r Energy is in rydbergs, 
and distance (r) in 
atomic units. 


* Summer visitor. Now at Physics Department, Harvard University, Cambridge, Massachusetts. 


1 J. Birman, Phys. Rev. 109, 810 (1958), preceding paper. 
2D. G. Bell, Revs. Modern Phys. 26, 311 (1954). 


’D. P. Jenkins and L. Pincherle, Phil. Mag. 45, 93 (1954), Eqs. (2) and (3). 
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The results we obtained for the location of the eigen- 
energies at the points I’, X, and A in the Brillouin zone‘ 
are shown in Fig. 1, which also illustrates the variation 
of the spherically symmetric potential energy with dis- 
tance near the edge of the equivalent-volume sphere. 
These results are taken from use of several sets of 
match points for each state. For all states except I’;, the 
numerical results were sensitive as to which set of 
match points was used. However we believe that certain 
conclusions can be drawn tentatively from the calcu- 
lation at this time. They are: 

(a) The valence and conduction band edges are at 
k= (0,0,0). 

(b) The top of the valence band is triply degen- 
erate I',’. 

(c) The bottom of the conduction band is non- 
degenerate I’). 

(d) The optical and thermal gaps both represent a 
vertical transition at k= (0,0,0), of about 6-8 volts. 

(e) The states are in normal order in valence band 

“‘s”-like lowest, “‘p’’-like higher). 

From the results illustrated in Fig. 1 we have de- 
termined the approximate values of certain LCAO 
(linear combination of atomic orbitals) integrals that 


4 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936); R. H. Parmenter, Phys. Rev. 100, 573 (1955). 
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may be used to interpolate the band structure by the 
Slater-Koster method.* In this we have used the nearest- 
neighbor approximation, assuming a linear combination 
of s and p orbitals for each atom. The integrals that 
arise correspond to diagonal s and p zinc and sulfur 
energies, and off-diagonal zinc and sulfur first-neighbor s 
and p interactions. The values we obtained seem reason- 
able, although because of the present uncertainty in 
the cellular results it seems better to wait until more 
precisely known eigenenergies are available before 
carrying out the interpolation. 

In the improved calculation now in progress, the 
series expansion of the wave function (1) is terminated 
when all terms for each state up to and including /=6 
are included. The four-term expansion for I; already 
includes /=6, and the results are not sensitive to the 
set of match points chosen. For this reason we believe 
the procedure described will result in an improvement 
in the precision of the calculation. 
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Structure of the Barium Resonance Line 


J. E. Macx* 
General A tomic, Division of General Dynamics, San Diego, California 
(Received September 27, 1957) 


For the Ba 1 line 6s? 'Sy—6s6p 'P, the structure 


0.088 [—3.1), +9.95, +17.7,]}87 +31 [—0.3,, +11.4), +18.4,]95 +51" 


is suggested as being consistent with the experimental evidence (subscripts are 'P, F-values; superscripts, 
isotopes; numbers on the line, wave numbers relative to isotope 138, expressed in mK =10- cm™). 


INCE three evidently careful experimental studies’ * 
of the structure of the barium singlet resonance 
line have led to three mutually inconsistent inferences 
by the respective authors with respect to the hyperfine 
structure and isotope shift, we have considered it 
useful to lock afresh fpr a reasonable interpretation not 
seriously inconsistent with any of the strongly estab- 
lished features in the reported experimental results. 
The virtually unique result of such a search is shown 
in Fig. 1 and Table I, with some features of the experi- 
mental data and earlier inferences for comparison. 
Although Jackson’s inference is inconsistent with 
Arroe’s data by many times Arroe’s indicated un- 
certainty of +0.7 mK, the blend positions required 
by our inference do not depart by more than 0.5 mK 
(a relative difference of less than 3X10~*) from the 
findings of either Arroe or Jackson ; this agreement is to 
be compared with the +0.7 mK attached to Arroe’s 
inference and with Jackson’s experimental mean devia- 
tions of 0.3 and 0.5 mK. The principal inconsistency 
is with the reported intensities; intensities are no- 
toriously difficult to determine photographically, espe- 
cially for faint lines on the wings of strong ones or where 
it is necessary to subtract microphotometer trace dis- 
placements. Some of the components can be adjusted 
in position, but hardly by more than a fraction of a 
millikayser without a major change such as down- 
grading some of the stronger experimental evidence. 
Our inference has the virtue of plausibility in having 
the 'P, hyperfine structure inverted, the three two- 
mass-unit shifts nearly equal, and the relative isotope 
pattern not different from that of more widely spaced 
barium lines; but it should be noticed that these three 
plausible properties were postulated for this study, so 
the result gives no evidence with respect to them 
except that the data do not exclude them. The data are 
not sufficient to decide the relative order of occurrence 
of 134 and the centroid of 137; unfortunately there is 
no experimental basis for carrying a second digit in the 
position of 136 or 134. 


* Permanent address: Department of Physics, University of 
Wisconsin, Madison, Wisconsin. ; 

1H. Kopfermann and G. Wessel, Nachr. Akad. Wiss. Gottingen, 
Math.-physik KI. No. 2, 53 (1948); No. 3, 1 (1951). 

2Q. H. Arroe, Phys. Rev. 79, 836 (1950). 

3D. A. Jackson, Phys. Rev. 106, 948 (1957). 


Quantitatively, the Landé-Goudsmit hyperfine struc- 
ture A factors of the odd isotopes for the configuration 


TaBLE I. Inferred structure of Ba 1 6s? 4S9—6s6p 'P1. 








Inferred structure (mK) 


Author 138 137centroid 136 135 centroid 134 Aw Alls 
Kopfermann- 

Wessel* 0 7 +12 +18 +24 sb ee eb 
Arroe* 0.0 +5.24 + 2.24 + 7,44 + 4.44 tee 
Jacksone 0.0f 46.2 + 4.2 +14.5 +80 42.9 +42.6 
Mack (this 

note) 0.08 +4.7 +3 + 6.7 + 5 —-5.2 —4.7 





*Kopfermann and Wessel, reference 1. Natural sample. Absorption 
atomic-beam photography; microphotometer trace ordinate with absorp- 
tion beam subtracted from ordinate without beam. They observed a 
continuum from the main peak to ~+30 mK, with suggestions of maxima 
near +12 mK and +24 mK. 

>» Numbers in these columns are the Landé-Goudsmit separation factors; 
Kopfermann-Wessel and Arroe made no estimates for these factors. 

¢ Arroe, reference 2, Enriched isotope samples. Hollow-cathode emission 
at about 100°K. Photography. Fabry-Perot spacers up to 4.0 (corrected 
from 40) cm, instrumental resolution about 5 mK, Doppler half-intensity 
width 18 mK. He recorded the centroid only, from each mixture (+4.5 mK 
in 67% 135 and +3.0mK in 51% 134, relative to a natural-abundance 
sample; no report on 39% 137). He assumed all two-mass-unit shifts to be 
equal, in agreement with partial observations on Ba 11. Consideration has 
been given to the possibility that the line has been distorted by self- 
absorption, but with the low barium-atom density in the hollow cathode it 
seems possible to neglect any such effect. 

4 +0.7. 

e Jackson, reference 3. Natural samples. Nine absorption atomic beams, 
thrice traversed, collimation 28:1, Doppler width 1.4 mK, Photography. 
Fabry-Perot spacer 8 cm, instrumental width about 1 mK. He found four 
components, with respective positions 0.0, +3.8, +9.9, +18.4mK; mean 
deviations ---, +0.5, +0.3, +0.3 mK; widths 2.5, 3.0, 4.0, 2.5 mK; and 
intensities [eye estimates, normalized to total (100) for display in this 
table] (71), (16), (9.0), (3.5). In this table all intensity values are enclosed 
in parentheses. 

f The spacing inferred by Jackson would lead to blends in Jackson's ex- 
periment, indicated by curly brackets, with weighted mean positions (the 
+3.8-mK blend being recalculated here to +3.9 mK) and total intensities 
(in parentheses) below, for comparison with Jackson's observation, as 
follows: 


{1.087 0,018) 43,247 4.4 2126) 
1 (1.9) (72) f\ G8) (7:8) f 
0.0 +3.9 
(74) (12) 
{+7.9%5 48.01% +410,5137 +11,9135) +18,4135 
( (4) (2.4) (5.7) (2.2) f (3.3) 
+9.9 +18.4 
(11) (3.3) 


« The spacing inferred by Mack would be expected to lead to blends in 
Jackson's experiment, indicated as in note f for comparison with Jackson's 
observation, as follows: 


{-3.137  —0,3135 0.0185) / 4.3138 +5™ | 
1 (5.7) (3.3) (72) $\ (7.8) (2.4) 
—0.2 +3.s 
(81) (10) 
{ +9,9137 sone eae + 
\ (3.8) (2.2) (1.9) (1.1) 
+10.4 +18.0 
(6.0) (3.0) 


but the redmost component, —3.1 mK, might conceivably be partly re- 
solved, although its relative separation from its neighbor, 13 times as 
strong, is only 1.7 X10~7. In Fig. 2 (especially in both orders of part c) of 
reference 3 there may be an actual indication of partial resolution. If that 
component were found to be farther than 3.1 mK from 0.0, the agreement 
of this inference with Jackson's data in both the +9.9-mK region and the 
+18.4-mK region could be improved by increasing the hyperfine structure 
A-factors somewhat. 
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“WO QOmK +32 +42 fe2]+79 +80 +05 +19 [+145] 
(b) 


6s6p are approximately as one would have predicted. 
After the determination of the new numerical values 
listed in Table I (and consequently without influence on 
those values), an estimate was made for comparison 
with the last two columns of Table I, as follows: If 
a(6p) is neglected, A (®P1)+A (‘P:) =A (*P2) =a(6s)/4, 
independent of coupling,‘ and it follows immediately 
from the values’ A (*?P;)=+30 mK, A (*P,)=+24 mK, 
that if a(6p) is negligible, then A('P:)=—6 mK. The 
coupling is known from the level separations. Professor 
George Hinman has kindly pointed out that if one 
accepts the above-mentioned values of A(*P;) and 


4 The notation and the equations used here follow H. Kopfer- 
mann, Kernomente (Akademische Verlagsgesellschaft, Frankfort 
am Main, 1956): see, Eqs. (27, 17), (27, 20), (29, 10). 

5 Hyperfine structure data used here are taken from P. Brix 
and H. Kopfermann’s compilation, in Landolt-Bérnstein, Zahlen- 
werle und Funktionen aus Physik, Chemie, Astronomie, Geophysik, 
und Technik (Springer-Verlag, Berlin, 1952). 
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(c) 
Fic. 1. Data and inferences on Bat 6s?'!So—6s6p'P:. (a) 


Arroe’s inference. (b) Jackson’s inference. (c) Mack’s inference 
(and centroids after Kopfermann and Wessel, designated by 
“K’’), In each part “134” stands for a 51% 134 sample, ‘135” 
for 67% 135, “NATURAL” for the natural isotope distribution. 
Abscissa, wave number difference (millikaysers); ordinate, in- 
tensity. The ordinate intensity scales are mutually independent, 
but here Jackson’s and Kopfermann-Wessel’s are matched at 
71.7, the natura] abundance of isotope 138. All the experimental 
data are given by curves: each of Arroe’s as a wide (18 mK half- 
intensity width) Gaussian; Jackson’s as a blend of four Gaussians 
with the positions, widths (interpreted as half-intensity widths) 
and intensities as reported by him (see Table I, note e) ; Kopfer- 
mann and Wessel’s from Fig. 1 of the first reference 1. w shows 
the abscissa of the center of Arroe’s experimental curve, A the 
centroid inferred by the author whose initial is in the attached 
circle; thus, the consistency of an inference with Arroe’s data is 
shown by the possibility of horizontal matching of Ww and a for 
all three samples. Heights of lines are proportional to intensities of 
inferred components (full lines) or hfs complexes with unspecified 
splitting (dashed lines) ; each line represents a Gaussian with half- 
intensity width about 18 mK for comparison with Arroe’s experi- 
ment (which shows why his reported data are not inconsistent 
with the existence of weak components near +18 mK), or a beam- 
modified Gaussian with half-intensity width about 1.4mK for 
comparison with Jackson’s. 


A(*P2) one must conclude® that a(6);) is indeed very 
small and A ('P;)=—6mK;; and alternatively, that if 
one takes A(®P;)=+30mK, leaves A(*®P2) to be 
determined, and assumes from a consideration of 
known one-electron parameters in the related spectra 
that a(6p;)/a(6s)=0.05, a(6p;)/a(6s)=0.0075, and 
a’”’=0.0024a(6s), A (®P2) =+23 mK and A (!P;)=—5.5 
mK. Both Hinman’s calculations are in good agreement 
with the last line of Table I, confirming Jackson’s mis- 
givings® with respect to the high A values in his inferred 
1P; structure. 
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Note added November 4, 1957.—Professor Jackson has 
pointed out that his “inference” was not an inference 


6 See reference 4, Eq. (29, 10). 
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(which I am sorry I called it) but a suggestion as to the 
interpretation of the structure of the line, being the 
smallest hyperfine structure and isotope shift that 
would give a pattern of blends conforming with his 
observed Bat structure, taking no account of Arroe’s 
inferred Ba 1 isotope shifts but giving shifts qualitatively 
somewhat similar to Arroe’s observations in Ba II. 


MACK 


He agrees that it is preferable to find an interpretation 
consistent with both Jackson’s and Arroe’s experi- 
ments, as he is satisfied that my inference is. He points 
out that, moreover, my inferred component at —3.1 mK 
provides a very satisfactory explanation of the observed 
increase in the extent of his main component, at inter- 
mediate intensity, to —3.5 mK (reference 3, page 951). 
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Molecular Beam Resonances in Oscillatory Fields of Nonuniform 
Amplitudes and Phases* 


NorMAN F. RAMSEY 
Physics Department, Harvard University, Cambridge, Massachusetts 


(Received October 9, 1957) 


Molecular beam resonances are discussed for molecules subjected to various combinations of nonuniform 
fixed and oscillatory fields. The transition probability equations are reduced to forms which are suitable 
for digital computer calculations. A UNIVAC computer program for the calculation of the shapes of the 
resonances has been developed which is applicable to systems involving simultaneous transitions between 
two or three different energy levels and to cases where the magnitudes of the fixed fields, the amplitudes 
of the oscillatory fields, and the phases of the oscillatory fields vary arbitrarily throughout the transition 
region. The calculation is applicable to systems perturbed at as many as nine different frequencies simul- 
taneously and to arbitrarily determined molecular velocity distributions. Curves are shown for molecular 
beam resonances with two, three, and four separated oscillatory fields and for resonances with a gradually 
applied single oscillatory field. The effects of phase variation along the beam in distorting a separated 


oscillatory field resonance are discussed. 


I. INTRODUCTION 


N his original molecular beam resonance proposal, 
Rabi! considered only a single uniform oscillatory 
field region. Several years ago Ramsey’ pointed out that 
this was not the only method of applying the oscillatory 
field since resonance curves of a different and often 
more useful character could be obtained if the amplitude 
and phase of the oscillating field were varied along the 
path of the beam. However, the only arrangement 
which he discussed in detail was that of his separated 
oscillatory field method in which the oscillatory field is 
confined to small initial and final regions, with no oscil- 
lating field in between. It was shown that the separated 
oscillatory field method often provided much narrower 
resonances than a single oscillatory field and that the 
resonance was less affected by Doppler broadening. 
Other, possible configurations of oscillatory fields were 
not discussed because of the difficulty in calculating 
the shapes of the resonances for more complicated field 
configurations. In the present paper general methods 
are presented for the calculation of the shapes of 
molecular beam resonances under a wide variety of 
circumstances. Results of calculations of the shapes of 


* This research was supported by the National Company of 


Malden, Massachusetts. 
1]. I. Babie? al., Phys. Rev. 53, 318 (1938); and 55, 728 (1939). 
2N. F. Ramsey, Phys. Rev. 76, 996 (1949); 78, 695 (1950); 


and 84, 506 (1951). 





the resonances for various field configurations are 


described. 
II. PROBABILITY AMPLITUDE EQUATIONS 


Consider a system with three eigenstates p, g, and r 
of the Hamiltonian 5». Let the system be acted upon 
by the additional time-dependent perturbation V and 
let (p|t) represent the transformation function between 
the eigenvector |p) of the pth eigenstate of Ky and the 
general time-dependent state vector |/) of the system 
with 3¢=Ho+V. Then by a simple generalization to 
three energy levels of the well-known’ two-level rela- 
tions, the three appropriate differential equations are 


d 
ih XP|1)=(P|ICo| pXB|)+(0) V | pp! t) 
HPV gXg\)+(p|V\rXr\t),  (Leye 


together with the two equations obtained by cyclic 
permutations of p, g, and r. Here and subsequently, 
the subscript ‘“‘cyc” behind the equation number indi- 
cates that the equation represents the three equations 
obtainable by cyclic permutations of p, g, and r. 
Equation (1) is exact but it is excessively general for 
integration since no limitations on the forms of 3C) and 
V have been made. A wide variety of relevant problems 





*N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1955), pp. 119 and 127. 





MOLECULAR BEAM 


can be included if 3) and V are restricted to forms 
which provide Hermitian matrix elements such that 


(p|Ho| p)/h=ay, 
(p|V | q)/h=b, expli(wot+5,,) ] 
+c, exp[i(werltder) |, 
(p\V | r)/h=b, exp[_i( — whl —5oq) | 
+¢,4 expli(—Wwegl—5eq) |, 
(p|V | p)/h=d, cos(waytt+5u,), 





eye 


where dp, by, Cp, dp, dcp, Sap, etc. are real constants that 
are not explicit functions of the time, although they 
may vary in magnitude along the path of the beam. 
For example, if the amplitude of b, vanishes everywhere 
except at the beginning and end of the transition 
region, the condition corresponds to that of the sepa- 
rated oscillatory field method. The quantities w,,», etc., 
correspond to the various frequencies of the perturba- 
tions and are assumed to be unaltered throughout the 
transition region. 

If Eq. (2) is substituted into Eq. (1) the required 
three complex simultaneous differential equations for 
(p|t) are obtained. Alternatively these three complex 
differential equations could be reduced to six equations 
for the real and imaginary parts respectively of each 
(p|t). For only two energy levels, for a constant oscilla- 
tory field amplitude, and for a single perturbing 
frequency, these equations have known integrals,’ but 
this is not true for the more general cases considered 
here. 


III. REDUCTION TO ITERABLE FORM 


In principle, the combination of Eqs. (1) and (2) 
together with a knowledge of a,, etc., and of the initial 
conditions (p|0), etc., provide equations that could be 
numerically integrated to yield the desired transition 
probabilities. In practice, however, such a straight- 
forward numerical integration procedure is not useful; 
in a typical experiment the molecules are subject to 
frequencies of 10’ cycles per second for 0.01 second so 
a million or more successive steps would be required 
for a direct numerical integration with a moderate 
number of steps per cycle; such an integration would 
have to be completed for several different velocities 
before a single theoretical point on a resonance curve 
could be obtained. 

However, for most significant problems the oscillatory 
frequencies of the perturbations are much greater than 
the rates at which the perturbation and probability 
amplitudes change as the molecules go through the 
transition region. Consequently, for an interval of time 
A including a considerable number of cycles, the 
coefficients in Eqs. (1) and (2) may be treated as 
approximately constant. Under such conditions expres- 
sions for the integrals can be obtained in terms of 
well-known functions. 
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The results of the above integration over time A 
may be written as 


(p|t+A)r=F(ap,dp,wap,t,A)(p| lr 
+[G (4p,09,b,,007,5075t,) 
+G(dp,09,Cr,WerSerstyA) (gq |t)r 
+[G(ap, ar, bg, —wog, —5bq, t, A) 
+G(ap, Gr, Cqy —~Weay Bee, l, A) ir br 
+H (ay,dp,wWap,5ap,l,A)(p|l)7 
+[I(d,4,b7,0r,507,t,A) 
+I (dp,0q,Cr,er,Seryt,A) Kq\t)1 
+[I(a,, Gr, ba, —~Wbay —Sbq, t, A) 
+I (dp,47,Cq) — Weg, —Seq, t, A) Kir t)1, (3)eye} 

(p|t+A)r= —H (dp,d p,wap,dap,t,A)(p| br 
—[T (@p,4q,br,@br,50r,l,A) 
+I (Gp,49,Cr,WerSer,t,A) Kg\ tr 
—[I (ap, Gr, De, Wie; — bye, t,:4) 
+I (dp, Gr, Cg, —Weq, —5eq, t, A) Kr| te 
+F (ap,dp,wap,Sap,t,A)(p | l)1 
+[G(ap,4,b,,057,507,0,A) 
+G (dp,04,C,,Wer,bcr,t,A) Kg) 
+[G(a,, Gr, bg, —wig, —5bq, t, A) 
+G (dy, Gr, Cqy —Weg, —Seq, t, A) Kr|t)r, 

where 


F(a,do,5,t;d) 
=cos(aA) — 2d cos[w(t+A/2)+6] 
Xsin(aA)[sin(wA/2) ]/w, 
G(az,dy,b,w,6,t,4) 
= 26 sin[w(t+A/2)— (a,+a,)A/2+6 ] 
X {sin[ (w—az+a,)A/2]}/(w—a,+a,), 
H (a,d,w,6,t,A) 
=sin(aA)+2d cos[w(t+A/2)+6 ] 
Xcos(aA)[sin(wA/2) ]/w, 


(4) 


I (d2,4y,b,w,6,t,4) 
= 2b cos[w(t+A/2)—(az:+a,)A/2+6] 
X {sin[ (w—a,+a,)A/2]}/(w—a,+a,). 


The subscripts R and J indicate real and imaginary 
components. The conditions for the validity of Eq. (3) 
are (a) that A must be sufficiently small for the quanti- 
ties dp, by, dp», etc., not to change significantly through- 
out the time A, and (b) that A must be sufficiently small 
for the products of A times the perturbation coefficients 
by, Cp, dp, etc., to be small compared to one. The last 
condition must be well satisfied since Eq. (3) is ordi- 
narily used many successive times and errors may tend 
to accumulate. 


IV. CALCULATIONS OF TRANSITION 
PROBABILITIES 


The formulas of Eq. (3) which relate (p|/+A) to 
(p|t), etc., may be used successively many times to go 











824 


from the initial probability amplitudes (p|0)’s to the 
final (p|)’s. Since this iterative procedure may have 
to be applied a hundred or more times to obtain a single 
transition probability for a single molecular velocity, 
it is best done with the aid of a high-speed digital 
computer. This problem has been programmed for such 
a computer and coded for the UNIVAC I. In the pro- 
gram, the twenty-one quantities ap, by, Cp, dp, Sop, Sep, 
dap, etc., may vary along the beam path in an arbitrary 
fashion provided only that their values can be satis- 
factorily inferred by linear interpolation between values 
tabulated at twenty arbitrarily chosen points along the 
beam. For each resonance frequency, the transition 
probability can be calculated at up to twenty different 
molecular velocities and these can be averaged with 
arbitrarily chosen weights to provide an average over 
any desired probability distribution. Ordinarily an 
average over only five velocities is sufficient and for 
some purposes the use of a single velocity is adequate 
and much faster. 

With no significant increase in computing time, the 
final occupation probabilities of all three states can be 
calculated separately. The extent to which these add 
up to unity provides a measure of the degree to which 
the validity conditions discussed at the end of the 
previous section are satisfied. 


V. SINGLE PERTURBATION FORMULATION 


The above procedure is of course applicable to cases 
in which only a single oscillatory perturbation is applied 
and in which only two energy levels are concerned. 
Such a case would correspond to all b,, cp, dp, etc., being 
equal to zero except for b,, so that transitions occur 
only between levels p and g with a perturbation at the 
single frequence w,,. However, such a procedure is 
wasteful of computation time since for this special case 
the following much more efficient program can be 
devised which is not dependent upon the validity 
restriction (b) at the end of Sec. III. Consequently, 
greater accuracy can be achieved with fewer iterative 
steps. 

In the single perturbation case, advantage can be 
taken of the fact that Eq. (1) can be solved exactly if 
Gp, Gg, Cr, and 6, are constant. These solutions can be 
used as the basis of the iteration; there is then no 
objection to large variations of (p|t) and (g|¢) over the 
time A. From the standard form of these solutions,’ it 
can be seen that all the procedures of the above sections 
remain applicable except that in Eq. (3) F(a p,dpwap, 
5ap,t,A) is replaced by F’(ap,d,b-,wor,5or,t,4) with a 
similar change being made for H, whereas G and J are 
merely replaced by G’ and J’ with the variables upon 
which they depend being unaltered. The G’s and /’s 
which depend on c, may be omitted but that is not 
necessary since these functions vanish in any case for 
the assumed conditions, Equation (4) is replaced by 
the following new set of defining equations: 


RA AIT AED SURE 
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F’ (az,dy,b,w,5,t,) 
=cos[ (w—a,—a,)A/2] cos(AA/2)+ (wt+a,—ay) 
Xsin[ (w—a,—a,)A4/2][sin(Ad/2]/A, 
G’ (@2,dy,b,w,5,t,A) 
= 2b sin[w(t-+A/2) 
— (as+a,)A/2+8].sin(AA/2)V/A, 


H’ (a2,dy,b,w,6,t,A) 
= —sin[ (w—a,—a,)A/2] cos(AA/2)+ (wt+a,—<a,) 
Xcosl(w-az—a,)A/2 ][sin(AA/2) ]/A, 
I’ (a2,y,b,w,6,t,A) 
= 2b cos[w(t+A/2) 
— (az+a,)A/2+6 ][sin(AA/2) ]/A, 


where 
A=[(ay—az—w)?+ (2b)? }}. (6) 


Even though there may be a large change in probability 
amplitude in a single step, the above procedure is 
exact in so far as the perturbation can be represented 
in a stepwise fashion. 


VI. MULTIPLE SEPARATED OSCILLATORY 
FIELDS 


One application of the above methods is the calcu- 
lation of the molecular beam resonance to be expected 
when more than two coherent separated oscillatory 
fields are employed.’ Figure 1 shows the resonances to 
be expected with two, three, four, and an infinite 
number of successive oscillatory fields; the total length 
of the transition region is kept fixed. It will be noted 
that the resonance becomes slightly broader as the 
number of successive oscillatory fields is increased. 
However, the resonance then becomes more clearly 
differentiated from the neighboring subsidiary minima ; 
under some circumstances, this can be valuable. 
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Fic. 1. Molecular beam resonances with various numbers of 
oscillatory fields. —— represents two separated fields, --- three, 
—-- four, and —-—-— infinitely many separated fields (the 
latter is equivalent to a single oscillatory field extending through- 
out the entire transition region). 
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VII. STRAY FIELDS WITH A SINGLE 
EXCESSIVE OSCILLATORY FIELD 


Another application is the determination of the effect 
of stray oscillatory fields in narrowing a resonance when 
excessive oscillatory fields are used. Kusch* has observed 
that when excessive oscillatory fields are used in the 
single oscillatory field methods, the resonance is often 
narrower than would be expected. Salwen® has suggested 
that this may be due to stray oscillatory fields and he 
showed that such an effect can occur with an expo- 
nentially applied field. 

This interpretation was confirmed by the application 
of the present program to a case where the oscillatory 
field was primarily at a constant amplitude four times 
the normal optimum. A comparison was then made 
between the resonance pattern when there was just the 
constant oscillatory field for a distance and no stray 
oscillatory field and the pattern with a stray field. The 
amplitude of the stray field was assumed to rise linearly 
from zero to optimum value in the first distance #/, to 
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Fic. 2. Assumed variation of oscillatory perturbation amplitude 
along the transition region for the transition probability calcu- 
lation whose results are shown in Fig. 3. 


jump abruptly to four times optimum, and to stay 
there for a distance / before dropping abruptly to 
optimum value and then linearally falling to zero in the 
final distance $/. The assumed amplitude variation is 
shown in Fig. 2. 

From Fig. 3 it can be seen that the apparently almost 
negligible stray field has a profound influence on the 
resonance shape and markedly narrows it. In some 
respects the stray field gives to the resonance many 
properties of the separated oscillatory field method.’ 
The narrow dips on the far wings of the resonance were 
totally unexpected; they probably correspond to the 
similar dips whose occurrence in the separated oscilla- 
tory field method has been explained by Ramsey.® 


4P. Kusch, Phys. Rev. 93, 1022 (1954). 

* H. Salwen, Phys. Rev. 99, 1274 (1955) and private communi- 
cation. 

6 Lewis, Pery, Quinn, and Ramsey, Phys. Rev. 107, 446 (1957). 
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Fic. 3. Transition probability with excessive oscillatory field 
and stray field. —— represents the transition probability with 
stray fields as shown in Fig. 2; --- represents the transition 
probability with no stray fields. 


VIII. RESONANCE SHIFTS FROM STRAY 
FIELDS OF DIFFERENT PHASES 

Computations have also been carried out to investi- 
gate the effects of stray oscillatory fields in shifting the 
resonance frequency in the separated oscillatory field 
method. The results of the calculations are consistent 
with there being no shift as long as the stray fields are 
either in phase or 180° out of phase with the primary 
fields. However, if the stray fields in part have other 
phases by virtue either of a simple phase shift or of a 
rotation of the direction of the oscillatory field in space, 
the frequency of maximum transition probability may be 
shifted from the resonance frequency wo= (E,—E,)/h. 

The magnitude of such a shift may be estimated from 
the relations derived by Ramsey’ for the effects of 
several oscillatory fields at different frequencies. These 
relations apply since the motion of the molecule through 
the region where the phase changes gives rise to an 
oscillatory field which is at a slightly different frequency 
as seen by the molecule. Such an oscillatory field not 
only gives rise to resonance transitions at its own 
apparent frequency, as in the Millman effect,’ but also 
slightly shifts the position of the narrow resonance of 
the separated oscillatory field method. 

If all the stray fields are at the same phase as all of 
the primary fields or of opposite phase, the resonance 
is distorted but it is not shifted since under this condi- 
tion the perturbations at higher and lower frequencies 
are symmetrical about the oscillatory frequency so that 
the shifts cancel. 
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The total ionization yield of protons in nitrogen and argon gases was studied for energies in the range of 
a few to 250 kev. A large cylindrical ionization chamber was used for this study. The chamber was alter- 
nately operated as a proportional counter and an ionization chamber to measure the rate with which the 
protons entered the chamber and the total ionization produced by them, respectively. The results indicated 
a straight-line relation between the ionization yield and proton energy for energies above 75 kev in nitrogen 
and above 25 kev in argon. Straight-line plots of the data had slopes corresponding to 36.6+0.7 ev per ion 
pair for nitrogen and 26.50.5 ev per ion pair for argon. For argon the straight-line plot intercepted the 
energy axis at 1.4+0.9 kev, indicating a slight ionization defect. 


INTRODUCTION 


ONIZATION of gases by charged atomic particles 
has been studied both experimentally and theo- 
retically for many years, especially in regard to the 
relation between the energy of the particle and the 
total ionization produced. A review of the experimental 
results up to 1944 has been given by Gray,! and a more 
recent summary may be found by Bethe and Ashkin.? 
Massey and Burhop* have discussed the experimental 
results for very low-energy ions. Most investigations 
of the ionization yield have been concerned with the 
light nuclear particles produced by natural radioactive 
sources or by induced nuclear reactions. Consequently, 
the energies of the particles were generally above 0.5 
Mev. The need for further measurements in the energy 
region below 500 kev was apparent. It was the purpose 
of the work reported herein to develop the apparatus 
and a technique for the measurement of the ionization 
yield of charged atomic particles in gases for energies 
in the range of a few to 250 kev. Preliminary studies 
were made of the ionization yield of protons in nitrogen 
and a more complete and precise study was made of 
protons in argon. 

Ionization is one of the fundamental energy-loss 
processes for charged particles and it is in the low-energy 
region that the competing process of elastic scattering 
becomes significant. The total ionization produced has 
often been used as a means of determining the energy 
of a charged particle. Accordingly, the most practical 
aspect of ionization studies is the relation between the 
total ionization and the energy of the incident particle. 
The quantity of the greatest practical importance is the 
average energy per ion pair W which is the ratio of the 
total energy £ of the incident particle and /, the total 


* Work was performed in the Ames Laboratory of the U. S. 
Atomic Energy Commission. 

¢ Present address: University of Virg.nia, Charlottesville, 
Virginia. 

1L. H. Gray, Proc. Cambridge Phil. Soc. 40, 72 (1944). 

2H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, p. 166. 

3H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, Oxford, 1952). 
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number of ion pairs produced: 
W=E/I. 


A theoretically more significant quantity is the energy 
W’ per ion pair for a small change in particle energy: 


W’=dE/dI. 


At sufficiently high energies, W’ approaches a constant 
value. In this energy region the energy of the incident 
particle may be expressed by the simple relation 


E=E,t+W'I, (v>), 


where 2% is the velocity of the electron in the first Bohr 
orbit of the hydrogen atom, e?/#. The quantity Eo is 
sometimes referred to as an ionization defect*® and is a 
function of both the gas and the type of incident 
particle. 

APPARATUS AND PROCEDURE 


In order to investigate the low-velocity region over 
a continuous energy range, it was necessary to resort 
to an ion accelerator as a source of charged particles. 
The ion beams studied were produced by the kevatron, 
a 300-kv linear dc accelerator. The desired ion com- 
ponent of the kevatron beam was selected by magnetic 
analysis. The energy of the ion component was deter- 
mined by means of electrostatic deflection. The re- 
solving power of the electrostatic analyzer was adjusted 
to approximately 200. 

A schematic drawing of the ionization chamber is 
shown in Fig. 1. The primary ions were admitted into 
the ionization chamber by means of an open window. 
Differential pumping was used between the ionization 
chamber and the high vacuum system of the electro- 
static analyzer. This permitted the chamber to be 
operated at pressures up to 10 mm Hg. A liquid 
nitrogen cold baffle was installed in the differential 
pumping section to reduce the concentration of pump 
oil vapors in the vicinity of the window. 

The chamber was cylindrical with a diameter of 10 
inches and an over-all length of 41 inches. The stainless- 
4J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951). 

5 Knipp, Leachman, and Ling, Phys. Rev. 80, 478 (1950). 
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Fic. 2. Schematic diagram of the aperture assembly. 


steel outer electrode was 9 inches in diameter and 40 
inches long, being insulated from the chamber walls by 
fluorothene rings. An electrical connection was made 
to the outer electrode by way of a vacuum tight 
fluorothene feed-through insulator in the chamber wall. 
The center electrode was made of stainless steel, 0.125 
inch in diameter with a 0.25-inch diameter sphere on 
the end. It was supported from the end plate by means 
of a fluorothene feed-through insulator. This electrode 
was located one inch off the axis of the chamber so it 
would not be directly in the path of the ion beam. The 
other end of the center electrode was 2.5 inches from 
the end of the outer electrode and was supported from 
the top of the outer electrode by means of a silk thread. 

The open window consisted of an aperture 0.004 inch 
in diameter. The aperture assembly is shown in Fig. 2. 
The end of the outer electrode was about 0.125 inch 
from the aperture plate and insulated from it. 

The gas from the supply tanks passed through a 
dry-ice cold-trap and was admitted into the chamber 
by means of a thermal valve. In the case of argon, the 
gas entered the chamber through a hot calcium purifier 
operated at 300 to 350 degrees C. An automatic pressure 
regulating device® was developed to maintain a given 
pressure in the chamber over the long periods required 
for the measurements. 

The negative ions produced in the chamber were 
collected on the outer electrode by operating the center 
electrode at a negative potential. This ionization was 
measured as a current with a vibrating-reed electrome- 


6 Lowry, Osher, and Miller, Rev. Sci. Instr. 27, 309 (1956). 





FLUOROTHENE RING 
1. Continuous-flow current ionization chamber. 


\ 


Fic. 


TO BAFFLE SYSTEM 


AND 500 LITER/SECOND 
DIFE PUMP 


ELECTROSTATIC ANALYZER 





R. A. LOWRY 


SCALER 











a 2 
z r—ressel + ic ice 
¥ IONIZATION CHAMBER 





SCALER 





sw 


VIBRATING 
REED 
ELECTROMETER 


sw 











POSITIVE 
= VOLTAGE 


++FOR CENTER 
if . | ELECTRODE 
NEGATIVE | = 
VOLTAGE FOR 
CENTER 
ELECTRODE 
IF 





























Fic. 3. Block diagram of apparatus for ionization-yield 
measurements. 


ter. The outer electrode was made slightly positive with 
respect to the chamber walls by inserting a small 
battery between the input of the electrometer and the 
outer electrode. In this way the ionization between the 
outer electrode and the aperture was collected and 
included in the current measurements. The ionization 
currents were generally in the range of 10-" to 10-” 
ampere. The input time constant for the electrometer 
when connected to the outer electrode was about 70 
seconds. 

The rate at which the primary ions entered the 
chamber was determined by alternately operating the 
chamber as a proportional counter. In this way each 
primary particle entering the chamber was detected 
and counted. The pulses which originated in the 
chamber were amplified with a minimal noise pre- 
amplifier’?’* followed by a Los Alamos Model 100 
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Fic. 4. Ionization yield of protons in nitrogen. 


7K. Enslein and B. Brainerd, Rev. Sci. Instr. 24, 916 (1953). 
®R. L. Chase, Rev. Sci. Instr. 25, 1219 (1954). 
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amplifier? with the input adapted to delay-line clipping. 
The total gain of the amplifiers was approximately 10°. 
The pulses from the amplifiers were recorded by two 
scalers operated in parallel. Their resolving times were 
about one microsecond. The total resolving times for 
counting were 7 to 10 microseconds for nitrogen gas 
and 15 to 20 microseconds for argon. Counting rates 
of 1000 to 3000 counts/sec were used for nitrogen and 
500 to 2000 counts/sec for argon. 

Figure 3 is a block diagram of the measuring ap- 
paratus. In the sequence of measurement, the voltage 
on the center electrode was first adjusted to a negative 
value which collected all of the ionization but gave no 
multiplication. The outer electrode was then un- 
grounded and the electrometer was allowed to record 
for 400 seconds. The outer electrode was again grounded 
and the center electrode voltage was adjusted to a 
positive value which operated the chamber as a pro- 
portional counter. The primary ions were counted for 
100 seconds. 


TABLE I. Ionization yield of protons in nitrogen. 





Estimated 
uncertainty 
percent 


10:6 x Y 
coul per 
proton 


Proton 


energy Ww 


ev/ion pair 
36.3 
38.6 
37.5 
36.7 
36.6 
36.5 
36.8 
36.9 





The ionization yield Y (coulombs per primary ion) 
was computed by the equation 


Y= Ionization current/count rate, 
and the average energy per ion pair 
W =EX1.6X10~/Y (ev/ion pair), 


where E was the energy of the primary particles in 
electron volts. 

One disadvantage of the above technique was that 
the ionization current and the primary ion rate were 
not measured simultaneously. Hence, any variation in 
the incident beam current during the period of counting 
resulted in an error in the ionization yield deter- 
mination. To reduce the effect of fluctuations in the 
primary beam current, the sequence of measurements 
summarized above was repeated 10 to 25 times and 
averaged for each ionization yield determination. 


ERROR AND ADJUSTMENT OF DATA 


The uncertainties in the measurements were esti- 
mated as follows: primary ion energy, +1.0%; ioni- 


8 W. C. Elmore and M. Sands, Flectronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 











TABLE II. Ionization yield of 50-kev protons for various 
outer electrode potentials. 











Outer Center 10° x Y 

Chamber electrode electrode coul 

pressure potential potential per 

mm Hg volts (+) volts (—) proton ev/ion pair 
4.46 0 137 2.784 28.77+0.37 
4.46 Ls 137 2.869 27.92+0.28 
4.46 3.0 137 2.869 27.92+0.36 
6.50 0 137 2.724 29.41+0.39 
6.50 1.5 137 2.922 27.41+0.29 
6.50 3.0 223 2.924 27.39+0.37 
8.79 1.5 223 2.865 27.96+0.26 
8.79 3.0 223 2.876 27.85+0.30 
8.79 4.5 223 2.892 27.70+0.27 





zation current, +1.0%; particle counting, +0.5%. It 
was necessary to make correction for the energy lost 
by the primary ions in the aperture assembly. This loss 
was of the order of 0.015 kev per mm Hg of chamber 
pressure. Uncertainties in the counting rate included 
the correction for resolving time of counting. Except 
for the errors in the absolute calibration factors, the 
over-all uncertainties in the final results were reduced 
by averaging several independent determinations. The 
over-all uncertainties in the final values for the ioni- 
zation yield of protons in argon ranged from +1.5 to 
+2.0%. 
RESULTS 


Nitrogen 


A preliminary investigation of the ionization yield 
of protons in nitrogen was made to check the feasibility 
of the experimental method and the performance of 
the apparatus. Nitrogen was used so that gas purity 
would not be too important. The chamber was not 
completely vacuum tight and consequently the results 
given for nitrogen in Table I are actually for a gas 
mixture with a composition somewhere between pure 
nitrogen and air. The values of the ionization yield 
given in the second column are plotted in Fig. 4. The 
straight line represents a least-squares plot of the points 
at 75, 100, 150, and 200 kev. The slope of this line 
corresponds to 36.6+0.7 ev per ion pair. Systematic 
errors related to gas composition, saturation, and 
aperture losses may have been much larger than the 
random uncertainties specified for this value of W’ and, 
consequently, the total uncertainty might well be 
increased to as much as +10%. 


TABLE ITI. Ionization yield of protons in argon. 








Average energy per 





Proton energy 10'6 Xionization yield ion pair 
kev coul/proton ev 
25 1.455+0.026 27.52+0.49 
50 2.879-+0.044 27.82+0.43 
100 5.957+0.114 26.89+0.51 
150 8.923+-0.145 26.93+0.44 
200 12.04 +0.18 26.61+0.40 
250 15.26 +0.25 26.25+0.43 
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Fic. 5. Saturation curve for 50-kev protons in argon. 


Argon 


A more precise study was made of the ionization 
yield of protons in argon. The characteristics of the 
chamber were studied in detail. For a given energy the 
ionization yield was measured as a function of the center 
electrode potential to ascertain that all ionization 
produced in the chamber was being collected. These 
saturation studies were made for 50- and 200-kev 
protons. A typical saturation curve is displayed in 
Fig. 5. 

The collection of the ionization in the gap between 
the aperture and the outer electrode was also investi- 
gated. This study was made at low energies where the 
ionization produced in this gap was a significant portion 
of the total ionization. The ionization yield of 50-kev 
protons was measured for several differeht values of 
outer electrode potential. The results for three different 
pressures are shown in column four of Table II. 

It was also necessary to establish that no primary 
ions were lost to the electrodes. This was accomplished 
by measuring the ionization yield as a function of the 
pressure. The results of these investigations are il- 
lustrated by the curves in Fig. 6. This as well as the 
other results will be discussed in the next section. 

The final values for the ionization yield of protons in 
argon are given in Table III and generally are the 
weighted average of several determinations. For each 
energy studied, both the ionization yield and average 
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Fic. 6. Average energy per ion pair for 50- and 200-kev protons 
in argon as a function of chamber pressure. 
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Fic. 7. Ionization yield of protons in argon. 








energy per ion pair are given. The ionization yields 
are plotted in Fig. 7. The straight line represents a 
weighted least-squares plot of the data and has a slope 
corresponding to 26.5+0.5 ev/ion pair. The least- 
squares plot intercepts the energy axis at 1.4+-0.9 kev, 
indicating a slight ionization defect for protons. 


DISCUSSION 


The chamber was filled through the hot calcium 
purifier from a tank of argon supplied by the Matheson 
Company and reported to have a purity of 99.9%. The 
rise times of the proportional counter pulses were much 
longer for argon than for nitrogen. An appreciable 
nitrogen or carbon dioxide contamination in the argon 
gas would have noticeably decreased these rise times. 
However, upon filling the chamber with new gas, there 
was no detectable change in the rise time of the pulses, 
the multiplication, or ionization yield. On the basis of 
these observations it was concluded that the purity of 
the argon gas was at least 99.0%. 

The cylindrical geometry and highly nonuniform 
electrical fields in the chamber made it difficult to 
saturate. The degree of difficulty depended upon the 
spatial distribution of the ionization. The spatial 
distribution of the ionization produced in a gas by a 
collimated beam of heavy ions has been studied by 
Evans, Stier, and Barnett,!° and by Cook, Jones, and 


10 Evans, Stier, and Barnett, Phys. Rev. 90, 825 (1953). 
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Jorgensen." The results of the former investigation 
indicated that the attenuation of the beam of ions was 
approximately exponential in the axial direction and 
approximately Gaussian in the lateral direction. The 
lateral spread of the ionization increased with energy, 
causing a greater portion of the ionization to be pro- 
duced near the outer electrode. In this extended region 
the fields were weak and, consequently, the region was 
difficult to saturate. Thus, in the present experiment it 
was more difficult to saturate the chamber for 200-kev 
protons than for 50 kev. 

The data in Table II indicated that an outer electrode 
potential of 1.5 to 3.0 volts was adequate to collect all 
of the ionization produced in the gap between the 
aperture and outer electrode. It was assumed, therefore, 
that the correction for loss in the aperture itself was 
the only one necessary for the energy of the protons. 
This correction was at most only 0.13 kev. 

Some of the primary ions were lost to the center 
electrodes and at sufficiently low pressures some were 
lost to the outer electrode. This loss to the electrodes 
decreased as the pressure was increased, which ac- 
counted for the negative slope of the curves in Fig. 6. 
However, at the maximum permissible operating pres- 
sure of 10 mm Hg, the average energy per ion pair for 
200-kev ions continued to decrease as indicated by Fig. 
6 and, hence, there may stil! have been significant 
energy loss to the outer electrode. The primary energy 
lost to the center electrode was approximated by 
means of an empirical equation’ for the ionization 
distribution in the chamber. The constants of the 
equations were evaluated from the ionization density 
contours for protons in argon published by Cook et al." 
It was possible to establish 0.8% of the total energy 
as an upper limit for the energy lost to the center 
electrode by 250-kev protons in argon at a pressure of 
9 mm Hg. The energy loss was less at lower energies. 

The pressure curve in Fig. 6 for 50-kev protons seems 
to indicate the presence of a second effect whereby the 
apparent ionization yield decreased as the pressure was 
increased. The variations were not outside of the un- 
certainties in the data but were, in general, repro- 
ducible. It may be possible for such a pressure anomaly 
to exist due to emission of electrons from the electrodes. 
Generally, it is expected that the emission from the 
center electrode of a cylindrical ionization chamber 
will be less than from the outer electrode because of 
the difference in area. However, in the present experi- 
ment, the density of excited and ionized atoms was 
much greater in the vicinity of the center electrode. 
As the pressure was decreased, the lateral dimension 
of the ionization envelope expanded and surrounded 
the center electrode with a greater density of excited 
and ionized atoms. This could have increased the emis- 
sion of secondary electrons which would have been 


11 Cook, Jones, and Jorgensen, Atomic Energy Commission 
Report AECU-2467, 1952 (unpublished). 
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detected as an increase in the ionization yield. Such an 
effect might account for some of the differences in 
measurements of ionization yields by fast (electron 
collection) and by slow (total ion collection) chambers. 

Since the velocity of a 200-kev proton is about the 
same as that of an 800-kev alpha particle, it is to be 
expected that the average energy per ion pair should 
be the same for the two. Investigations!*"* of the ioni- 
zation yield of alpha particles in argon for energies 
above 1 Mev have indicated the existence of a straight- 





12 Jesse, Forstat, and Sadauskis, Phys. Rev. 77, 782 (1950). 
13W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 
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line relation between the ionization yield and the energy. 
The slope of this linear function corresponded to 26.4 
ev/ion pair. The present data for protons in argon seem 
to fit a straight line and the value obtained for W’, 
26.5 ev/ion pair, is in good agreement with the above 
results for alpha particles. The value of 1.4 kev for Ko 
is consistent with Jesse’s!” prediction that the ionization 
defect, if present, should be small. 

It can be seen in Table III that the average energy 
per ion pair increases as the energy decreases. This 
variation can be interpreted as indicating that the 
energy-loss processes competing with ionization are 
becoming more significant at lower energies. 
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Ropert C. Rempert 
Stanford University, Stanford, California 
(Received May 13, 1957) 


Nuclear relaxation effects in molecules containing several coupled spins are treated by a generalization of 
the method of Wangsness and Bloch. Variations in line shape and structure for two coupled spin-} nuclei as 
various parameters are changed from one extreme to another are derived and plotted graphically. The calcu- 
lation is continued to obtain an expression for the line shapes in the double-resonance experiment of Bloom 
and Shoolery. It is next shown that under certain circumstances the concept of ‘‘semimacroscopic magnetic 
moments” enables one to write the quantum-mechanical equations of motion in the form of coupled Bloch 
phenomological equations. In addition, a discussion of internal relaxation and the Overhauser effect is given. 


I. INTRODUCTION 


ANGSNESS and Bloch! have derived an equa- 

tion which gives the dynamical behavior of an 
ensemble of nuclear spins that interact with their 
molecular surroundings but not with each other. The 
essential feature of this calculation is that the molecular 
surroundings are assigned the properties of an infinite 
heat bath. The action of the molecular surroundings on 
the spin system influences the behavior of the spin 
system, but the action of the spin system on the molecu- 
lar surroundings is assumed to leave the state of the 
molecular surroundings unchanged. The immediate 
molecular surroundings may be considered to be in 
thermal contact with an infinite heat reservoir at some 
temperature 7. Any change in the state of the molecular 
surroundings brought about by contact with the spin 
system will, in a short period of time, be canceled by a 
much stronger coupling to the heat reservoir.? The 
molecular surroundings will be in thermal equilibrium, 








* This research was done while the author held a National 
Science Foundation Predoctoral Fellowship. 

t Based on a dissertation submitted to Stanford University in 
partial fulfillment of the requirements for the Ph.D. degree in 
physics (1956). 

t Now at Varian Associates, Palo Alto, California. 

1R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953). 

? For additional comments on this point, see U. Fano [Phys. 
Rev. 96, 869 (1954) ]. 








and thus in a Boltzmann distribution, at this 


temperature 7.’ 

As is well known, line structure may arise from spin- 
spin interactions between nuclei of a polyatomic mole- 
cule in a liquid.*~’? The form of this interaction was 
proposed independently by Gutowsky, McCall, and 
Slichter® and by Hahn and Maxwell.* The mechanism 
giving rise to the interaction was pointed out by Ramsey 
and Purcell* and a more detailed treatment has been 
given by Ramsey.’ The methods of Wangsness and 
Bloch will now be used to obtain equations from which 
one may determine the dynamical behavior of an 
ensemble formed of systems of interacting spins.'° 


3.W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 

4. L. Hahn, Phys. Rev. 80, 580 (1950). 

> Gutowsky, McCall, and Slichter, Phys. Rev. 84, 589 (1951). 

6 E. L. Hahn and D. E. Maxwell, Phys. Rev. 84, 1246 (1951). 

7M. E. Packard and J. T. Arnold, Phys. Rev. 83, 210(A) (1951). 

8 N. F. Ramsey and E. M. Purcell, Phys. Rev. 85, 143 (1952). 

9N. F. Ramsey, Phys. Rev. 91, 303 (1953). 

1 The work reported here is a generalization of the original 
Wangsness-Bloch theory. A somewhat different generalization has 
been developed by F. Bloch [Phys. Rev. 102, 104 (1956) ]. The 
relation between these generalizations is as follows: (a) The work 
presented here is concerned with spin systems in which the spin- 
spin interactions may be considered small compared to differences 
between unperturbed energy levels. In the treatment of Bloch, 
this is not necessary. (b) The relaxation terms are here calculated 
through the use of correlation functions. In this approach the 
conditions for validity of the treatment appear in somewhat 
different, although largely equivalent, form. (c) It is shown that 
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Each system of spins will be considered to be inde- 
pendent; a spin will interact only with spins of the 
same system, with the molecular surroundings, and 
with external fields. We shall explicitly consider the 
expectation value of the magnetization from spins in a 
single system; to obtain the total magnetization one 
must multiply by the total number of systems (mole- 
cules) in the sample. 


II. DIFFERENTIAL EQUATION FOR THE 
SPIN-DENSITY MATRIX 


The spin system will lie in the magnetic field 
H=kA,+H'(t), | Ho|>|H’(d)|. (1) 


H, is the strong constant magnetic field (taken in the z 
direction) and H’(é) is the weak rf magnetic field. 

Chemical shifts will be incorporated in the gyro- 
magnetic ratios. Like, environmentally equivalent spins 
will then have the same gyromagnetic ratio. An in- 
dividual spin will be designated by a double subscript 
which first denotes to which group of N groups of 
equivalent spins the particle belongs and which then 
indicates the position of the spin in this group. 

The Hamiltonian of the composite system formed of 
the spin system and the molecular surroundings is 
taken to be 


H= DL (HiPtHi'+Git+ LD RijertF. (2) 


ig>kl 
Ki= —hyl ijzHo is the energy of spin (77) in Ho, (3) 
K,;’= —hyl;;-H’'(é) is the energy of spin (z/) 
in H’(d), 
Gij= energy of interaction of spin (77) with the 
molecular surroundings, (5) 


Ki.1= spin-spin interaction between spin (77) 
and spin (k/), (6) 


¥=energy of molecular surroundings. (7) 


A representation of the spin system is used in which 
—hmj~;, #;=7iHo, is the energy eigenvalue of spin 77 
in Ho. The representation, the continuum properties, 
and the heat-bath nature of the molecular surroundings 
are the same as those described in the paper of Wangs- 
ness and Bloch; in particular, see Eqs. (2.33)—(2.35). 
For convenience, the following notations are introduced : 


m= (11,M}2,° + * MNnn) (8) 

is the complete set of magnetic quantum numbers and 
M- w= D> 5 jMy 703. (9) 

The density matrix p for the composite system satis- 


the concept of “semimacroscopic magnetic moments” enables one, 
under certain conditions, to write the resulting equations of mo- 
tion in the form of coupled phenomenological equations. 
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fies the differential equation 
dp/dt= — (i/h)[X,p]. 


Following Wangsness and Bloch, one goes to an inter- 
action representation in which the large part of the 
Hamiltonian, }°%,+5, is transformed away; an 
asterisk (*) shall be used to denote an operator in 
this representation. The transformed density matrix 
p*(tot+d) is obtained by a second-order iteration of 
p*(to) in the transformed differential equation corre- 
sponding to (10). One then has 


p* (to+t) =p* (to) +p*™ (to,t) + p*™ (t0,t), 


(10) 


(11) 


with 


or r(in=—(-) f dt'[@*(tot+t’), p*(to)], (12) 


1 t t’ 
p*?) (to,t) =— (~)f ar f dt”’ 
F h2 0 0 


X[B*(to+?’), [B*(to+t”), p* (to) J], 
@*=K*—>_ 5H, /*- 5*. 


(13) 
(14) 


Correspondingly, the spin-density matrix or distribu- 
tion matrix, ¢, is introduced by summing the density 
matrix over the quantum numbers of the molecular 
surroundings; with it the expectation values of mag- 
netic-moment operators may be obtained. 

From previous discussions it follows that p(¢o) may 
be written as the product of o(¢)) and the Boltzmann 
factor, P(f), for the molecular surroundings. Then 
p* (to) is 


(m/s | p* (to) |m’f’s’)= (m|o* (to) |m’)P(f)5 7-540. 


From the terms (12) and (13), correlations will start to 
develop between the initially uncorrelated spin system 
and the molecular surroundings and thus one might 
question the future validity of (15). The molecular sur- 
roundings in the immediate neighborhood of the spin 
system may be considered to be in thermal contact 
with an infinite heat reservoir formed of the remainder 
of the molecular surroundings. With this classical view- 
point, it may be said that this strong thermal inter- 
action quickly destroys these correlations. The thermal 
interaction gives a change in the state of the molecular 
surroundings that can properly be taken into account 
only with an explicit knowledge of their dynamical be- 
havior. We shall assume its effect is to keep the molecu- 
lar surroundings in a Boltzmann distribution. The 
apparent development of correlations allows for ex- 
change of energy between the spin system and the 
molecular surroundings and thus provides the mecha- 
nism for relaxation. 

Contracting the indices of the molecular surroundings 
in Eq. (11), one obtains 


o* (to+t) =0* (to) +a*™ (to,t) +0* (to,t), 


(15) 


(16) 
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where o*(to), o*@) (t,t), and o*°) (t,t) are the contrac- 
tions of p*(to), p*®) (to,t), and p*“ (¢o,4), respectively. 

The matrix o*) (t,4) may be obtained in a straight- 
forward manner; the explicit expression for it may be 
seen as part of Eq. (30). The validity criteria relating 
to this expression are 


(\yH,'|, 


H;' is the effective magnitude of H’(é) in inducing 
transitions of spins in the group 7. | §.;x:| is the element 
of |(m|,jx.|m)| with the greatest magnitude, where 
(m|,jx:|m’) is defined by 


(17) 





Dijxr| /WIKAK | wi — | t. 





(m | Dries |m’) 


=¥ fain(/) PU) omfs| ens)’ f) (18) 


@,, may similarly be defined. As G,; is the coupling of 

spin (ij) to the molecular surroundings through random 

fields whose average value is presumably zero, G,; will 

be zero. The first two of conditions (17) express the 

fact that |o*) (t,t)! must be much less than |o*(¢o) |. 
Let 


Qijkt=KH ijni(1— 546 5.) + Gijdin5 jt. (19) 


A typical term in the expression for o*‘ (¢,4) may then 
be written as 


or t t’ 
. ) f wf at” { avr) 
pa NP J oy 0 


Xexp{il(—v+p-o)t/+(— (p+q)-@)t’+q- wl }} 


, X(m+q|o*(to)|m’). (20) 
Pas(v)=— DL | dfn.(f)P(f)ne (f+) 
Qe ss’ 
X(m/fs| @ijxr|m+p, f+», s’) 
<X(m+p, f+y, s’| @avea|m+q, fs) (21) 


is the spectrum of the correlation function between the 
interactions Qj: and @asea,’ where a is the index which 
takes into account the indices ijk/, m, and m+p of 
Qijx, and 6 takes into account similar indices of Qabca. 
Using the fact that 


bas(i)=2r | dy Paa(v)e~i” (22) 


is the correlation function, Eq. (20) becomes 


1 t 
. 2 (m-+q|o*(t) im) f dt’ exp[ip: w(to—?’) } 


x f débag(t) exp[i(pt+@)-wk]. (23) 
0 


1 Y. Ayant, J. phys. radium 16, 411 (1955). 
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Define a correlation time t4g which measures the range 
of time within which ¢aa(¢) is significantly large. Two 
cases will now be considered. 


Casel: tKrag. (24) 

In this case ¢ag(£) may be removed from the inte- 
grand and given the value ¢as(0). Integrating, using 
Eq. (22) and the last of conditions we find that (17), 


(23) becomes 
(P/2h?)>-’ (m+ q|o* (to) im’)2n f di.s(r) (25) 
P q 


Here >,’ is the sum over all magnetic quantum num- 
bers p subject to the restriction p-w=0. By using (21) 
and the second of the conditions (17), it may be shown 
that this term may be dropped as being negligibly 
small. It may be noted that whenever one or both of the 
interactions @;;x; Or @asea may be considered to be 
diagonal in the quantum numbers of the molecular 
surroundings, this relation 7g will hold true. 


Case 2: t>rag. (26) 
The limits on the integration over & may be taken 
as zero to infinity. The integration over £ in (23) may 


be written as 


1 +0 
-f dipas(é) expli(p+q) -wé ] 


—@ 


1 2 
- f dt (beat) expLi(p+q)- of] 


—as(—£) expl—i(pt+q)-wé]}. (27) 
The first term gives 2r*b.[ (p+q)-w]. The second 
term may be shown to contribute to a line shift.!* This 
shift can be seen to be of the order wrag times the first 
term, where w is a typical Larmor frequency of the 
problem. Depending on the correlation time, this term 
may or may not be negligible. We shall drop it from 
our considerations. Using the first term in (27) and the 
last of the conditions (17), we find that (23) reduces to 


f 
Gz L(+ q|o* (to) |m’)2rbas[(p+q)-w]. (28) 


The coefficient of to*(to) in (28) is essentially the re- 
ciprocal of a relaxation time. For the perturbation 
calculation to be valid in second order, it is then re- 
quired that the relation 


(1/T*)K1 | (29) 


obtain, where (1/7*) is the largest decay constant for 
the decay of the spin-density matrix in the absence of 
the rf magnetic field. At this point it might be remarked 


12 For a discussion of this shift see F. Bloch, Phys. Rev. 105, 
1206 (1957), and also E. T. Jaynes, (to be published). 
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that because of the first of the relations (17) the terms 
in 5;;’* need not be considered in evaluating o*) (t,t). 

For ¢ lying in the ranges given by (17), (29), and 
either (24) or (26), o* (tot) and o*) (t,t) represent 
small changes from o*(¢o) and are essentially linear in 
time. With ¢ considered a differential increment, 
[o* (to,t)+-0*) (¢o,t) Jt becomes do*/dt evaluated at 
t=to. Upon transforming from do*/dt to do/di in an 
obvious manner, it is found that 


1 
d(m|o|m’) at=—(~) (am) EL (504-50, a |\m’) 
1 i) 
j 
-() > LY ’L(m!H;j..}m+p)(m+ p|c|m’) 
h ij>kl p 


—(m|o|m’+p)(m’+p|,j.:|m’) | 
+> LY YLY'{CC(—p, a; m’+p, ijkl; m+ p, abcd) 


ij>klab>cd p q 
+C(—p, q; m’+p, abcd; m+ p, ijkl) | 
x (m+p+q|o|m’+p) 
—C(p,q; m,ijkl ; m,abcd) (m+ q|o|m’) 
—C(p—q, —q; m’+4q, abcd; m’+4q, ijkl) 
X(m|o|m’+q)}, (30) 


where the ,;; are defined by Eq. (18) and the C are 
defined by 


C(p,q; m,ijkl; m’ abcd) = (/h?) f dfn.(f)P(f) 


Xne(f+p-@)(m/s| @ij.0|m+p, f+p-o, s’) 


X (m’+p, f+p-e, s”| @as-a|m’+q, fs). (31) 


Upon using the properties of the Boltzmann factor, 
P(f), it may be shown that 


C(— p,q; m’+ p, ijkl; m+ p, abcd) 
=C(p+4q, q; m,abcd ; m’— q, ijkl) 


Xexp(—hp-w/kT), (32) 


where it must be recalled that, in (30), q-w=0. C will 
be taken as zero for those terms from which the relation 
(24) holds true. 

The most serious restriction on the applicability of 
these equations lies in the requirement 


| Daze! h«l1 1K Wi-Wki. (33) 


For like, but chemically nonequivalent, groups of 
spins, the spin-spin interactions may be of the same 
order of magnitude as the chemical shifts and (33) will 
not be true. 


III. SINGLE AND DOUBLE RESONANCE FOR 
TWO SPIN-} PARTICLES 


In this section Eq. (30) will be used to find some line 
shapes for one of the simplest systems of interacting 
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spins. The spin system is taken to be two spin-} nuclei 
interacting through the electron-coupled interaction 


KRiy=hal,-I,, (34) 
with a a constant. The rf magnetic field to be used is 


H’=i(H, cosw't+H» cosw’’t) 


—j(H, sinw't+H2 sinw’’t), (35) 


where w’ lies close to w; and w” lies close to w2. The 
component of H’ rotating with angular frequency w’ 
will excite transition m — m+ 1; the component rotating 
with angular frequency w” will excite transitions 
n—>n+1, where m is the magnetic quantum number 
of spin 1 and m is the magnetic quantum number of 
spin 2. 

Steady-state solutions will be sought in which the 
diagonal elements of the spin-density matrix are con- 
stant. The time dependence of the off-diagonal elements 
of the spin-density matrix is taken to be 


(, +4|o|—4, 8) = hte", 


. All 1 —_ iw’'t 
(+4, 3/0/43, f,*e ’ 


Lig|— 


(3, 21 

1 

2) 
where A, ¥, and the é are constant. It may be shown 
that other time-dependent terms in elements of the 
spin-density matrix have negligibly small amplitude. 
For similar reasons one may use 


(m'|: >’ |m+1)= —yhHy(m|\ 1); m+1)e* it, 


; ; * (37) 
(n| Ko! |n+1)= —yohH(n| Io2|n+1)e*’"*, 


In the following, use is made of the result of Wangs- 
ness and Bloch,! that for a spin-} particle, 


1/7, =2C(1, 0; —43,a; —3,a)(1+e-"), 


a 
Sone (38) 
1/T: =4C(0, 0; 4, a; 3, @)+1/27,, 


where a= 1 refers to nucleus 1, a=2 refers to nucleus 2 
and ka=hwe/kT. The relaxation times of spin 1 and 
spin 2 will be denoted by a single and double prime, 
respectively. It is to be understood that these are the 
parameters which would be used in the Bloch equations 
that would apply if the spin-spin interaction were not 
present. 

For convenience, the following notations are also 
introduced : 


y=, vo= 2H, 


” 
5; =’ —w, bo=a —We, 


and 


1/Te= (84/h*)X | dfn f)P(f)ne(f) 


X (3fs| Gildfs’)(3fs’| Gold fs). (39) 


1/T, is a measure of the correlation between the z 
components of the magnetic field from the molecular 
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surroundings at the positions of the two spins. 1/7. 
directly affects the double-quantum terms ) and y. 
As may be expected, it can be shown that a positive 
correlation broadens the resonance of A and narrows 
that of y. 

For the problem being considered, the solution of the 
complete set of Eq. (30) requires, when one considers 
the real and imaginary parts, the solution of 16 equa- 
tions in 16 unknowns. Although this can be readily 
reduced to the solution of 8 equations, the solution of 
these remaining equations would still be quite tedious 
and will not be attempted here. Instead, some special 
cases will be considered. In obtaining these solutions 
nothing essential is lost by assuming x, 21 and carry- 
ing only terms of leading order in x; and x». 

Case 1.— v.=0 

In this case += £-=A=Y=0. The solution of the 
remaining equations gives 


Rei," = (6;— $a)A (1+a) Imé; 


+ (6;+3a)AaImé;*, (40) 


Reé,+= (6;— 4a)Aa Imé;- 
+(6:+3a)A(1+a) Imé;*, (41) 
—8(vK;)7 Imé,;- 


=[(6:+4a)*A+a(6:+30)Aa+A+77B)/A, 


— 8(vyx;)~! Imé;* 
=[(6:—4a)?A —a(6,—3a)Aa+A'+ 7B ]/A, 


(42) 


(43) 


where 
A=T(1+T?'/T," P, 
B=T,(1+T71'/T," P, 
a=T,!(2T;")", B=T)'(2T,")-, 
and 
A={ (6:—4a)"A (1+a)+ (1+a)/T2'+v7B(1+8)} 
X { (614+ 3a)7A (1+a)+ (1+a)/T2’+7B(1+8)} 


— { (6;— 4a) (5; +40) Aa— (2T;")+»2BBy?. (47) 


Here 
Mio= Yihky + 


_ (48) 





(M12, y)abs/(M10"17 2’) =—— 


where 


r=T,!/T,". (52) 


Figure 1 gives a plot of this function for r=0 and 
various values of the parameter +; r=O0 falls under 
case (c), i.e., these are the sum of two Lorentzian lines, 
one centered at w=} and the other centered at w= —} 

Figure 2 gives a plot of Eq. (51) forr=1 and the same 
values of the parameter 7 as in Fig. 1. The double- 
peaked curves of Fig. 1 have been broadened and 
lowered, the double peaks of the r=2 curve having 


~ 18 F, Bloch, Phys. Rev. 70, 460 (1946). 


w=, /a, r=aTy, 
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is the equilibrium polarization of spin 1 in the magnetic 
field Ho; 

(iz, yabs= — V1 Im(§- +17), (49) 
and 


(u12, ydis= ih Re(é;-+ £17) (50) 


are the absorption and dispersion components, respec- 
tively, of (uiz,y). 

In a number of limiting cases this solution may be 
compared with the usual steady-state solutions of the 
Bloch equations,"* where effective Mo, 71, T2, and line 
centers may be ascribed to the solution. 

(a) For |a|«|(T2')-*+vPTy'/T,'|*, the spin-spin 
splitting is much less.than the line width in the absence 
of the spin-spin interaction and (u1,, ,) reduces to a single 
line at 6:=0 with 7,=7)', T2=T>', and Mo= 0. 


(b) For |a|>>| (T2’)?[1+T7.'/27,"" > 
+27 (147 y/2Ty" JA+T2 /2T1"] 
X(T?’ (1+T7/Ty") $3, 


the lines at 6;=}a and 6;= —}a are well separated and 
about each of the points (u1,, ,) reduces to a line with 


T= T,[1+ jag /2T" JA+TY TT, 
T2=T2/[1+T?'/2T1"}, 
My= 310. 


(c) For T,">{ T2',Ty’, T2'[4aT2'+ (v1Ty')* }}, (u1z, y) 
is the sum of independent lines at 6;= 3a and 6;= —}a, 
with the parameters of each line being 7;= 71’, T72= Ty’, 
Mo= 3M10- 

(d) For 7T,'/T," sufficiently large, the spin-spin 
coupling is averaged out by rapid transitions of spin 2 
induced by its coupling to the molecular surroundings. 
The line structure collapses to a single line about 6,=0 
with 7,=7,', T2=T,, and Mo=n1. When saturation 
terms are small, it is necessary that the relation 


T2!, F Yhap >: (a T.')? 


hold for this condition to obtain. ; 
When saturation terms may be neglected, the ab- 
sorption component of (uz, ,) is given through 


wr+2(1+r) P+ (1+,7)? 
wie +atrL (Let $e) — 48] + tert (1+9)(1+r+ hr) 





(51) 





disappeared. For all these curves the value at w=0 has 
been raised from its value in the corresponding curve of 
Fig. 1. 

Figure 3 gives a plot of Eq. (51) for r= 16 and values 
of the parameter 7 ranging from zero to infinity. These 
curves show the transition, as r is increased, from the 
well-separated lines of case (c) to the collapse of the 
line structure into case (d). 

Case 2.—The double-resonance experiment of Bloom 
and Shoolery."* 


4 A. L. Bloom and J. N. Shoolery, Phys. Rev. 97, 1261 (1955). 
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Fic. 1. (uiz,y)abs/miovi7 2’ plotted as a function of w=6;/a for 
r=T,'/T”=0 and various values of the parameter r=aT.’. 
Saturation terms have been dropped. 


In this calculation H» is assumed strong in the sense 
that vo?7,/’T>'">>1 and H; is assumed weak in the sense 
that »;°7;'T./K1. The resonance of spin 2 is heavily 
saturated while saturation terms may be neglected in 
the resonances of spin 1. It may be shown that 


(E-+£1+) = (vues /4)[—81 +3 022(dt +-d-)+i/A ]/D 
+3(v,r2a)[—B Im (&-— &s*) 
+4d* (f-— &+)—fd-(&s-— &*)* J/D, (53) 
where 
d+= (6, +6.—1/T2*)-, (54) 


¢-= (6;—bo—1 ia es (55) 
1/ T,+=1 T.'+1 To’+1 ; ye (56) 


D=[6:—}a—}-*) (d++d-)—i(1+a)/T2'] 
X [6:4+3a—4y.?(d++d-)—i(1+a)/T2'] 
—[4v2(d++d-)+i/T,"f. (57) 
The dispersion and absorption components of (u1z, y) 
are given by the real and negative imaginary parts, 
respectively, of yi4i(;-+&,*). It may be shown that, 
consistent with our assumptions, the £* are given by 
Eqs. (40)-(43) when the indices of spin 1 and spin 2 
are interchanged. 
For line spacings much greater than line widths, the 
positions of the lines may be found by assuming the 
relaxation times infinite. D=0 then gives four lines at 


6; =+ 2-{6.?+ 1@?+ ve 


+[ (5:°+ 4a°+v2*)’—6:'a? }}}4. (58) 


Equation (53) may be considered in greater detail 
for the particular case 6.=0. It will now be assumed 
that the fields from the molecular surroundings at the 
positions of the two spins are uncorrelated; 1/7, will 
then be zero and T;+=7;-=T>. For 62.=0 Eqs. (42) 
and (43) immediately give Im(&-— &+)=0. For 62=0 
and T;+=T-,,, the coefficient of the Re(£:-— &+) term 
in Eq. (53) vanishes. 


Equation (58) gives lines at 6;=0 and 6 
=+(4a?+y,”)'. A more exact calculation shows the 
positions of the two outside lines to be 


b= {(fa?+ w+ (Ty)? (1+T2'/T 1) 
—v?[T2T 2" (a?+ 72") YA. (59) 
These outside lines are found to have the parameters 
M = w10(2+8-?/a?), (60) 
T2=T2/{1+T2'/Ty" 
+v?T2'[2T 2" (fa?+ 927) 7}. 
The line at 6;=0 is found to have the parameters 
Mo=pw(1+a"/4v7), 
T2= To! (1+-42?/a?) (14+ 79'/T 2! +402/a)-. 


(61) 


(62) 
(63) 


In the limit »»—> © (62) and (63) reduce to parameters 
of a line with Mp=pyo and T,= 7%’. In the limit vz» > « 
it may be shown that, without assuming 6.=0 and 
1/T.=0, the general expression (53) reduces to a line 
at 6;=0 with Mo=y and 7,=T;’. For v2 sufficiently 
large the resonances of spin 2 will be so heavily saturated 
that (-—£é:+) terms may be neglected in (53). This 
limiting form is the line one obtains in the absence of 
spin-spin interaction. This is in agreement with the 
concept that sufficiently intense irradiation of spin 2 
averages out the spin-spin interaction. 

In an actual experiment w’ and w” will be held con- 
stant while the magnet field is swept; the complete 
expression (53) must be considered and the interpreta- 
tion becomes more involved. It may be noted that 
under many conditions the resonances of spin 2 will be 
saturated to the extent that the terms (é~—&*+) can 
be dropped. 


IV. SEMIMACROSCOPIC MAGNETIC MOMENTS 


The spin system to be used in this section is one of 
two spins interacting through the electron-coupled 


“ix, y/abs 


/ 
Mio” Te 
1.0 


YH 


16 1,2 8 “4 . 8 1.2 1.6 








Fic. 2. (u12,y)abs/“10v17 2’ plotted as a function of w=é:/a for 
r=T,'/T’=1 and various values of the parameter r=aTy’. 
Saturation terms have been dropped. 















interaction 


Hy»=hal,-I, (64) 


with @ a constant. The rf magnetic field is one with 
frequency components near w; and none near we. Transi- 
tions of spin 2 will be incoherent. It may be shown that 
the only elements of the distribution matrix excited by 
this field are those diagonal in the quantum numbers of 
spin 2, i.e., those of the form 


(65) 


(mn|o|m'n). 


We shall define “‘semimacroscopic magnetic moments” 
which are found under these circumstances to obey a 
system of equations quite analogous to coupled Bloch 
equations. The “‘semimacroscopic magnetic moments” 
of spin 1 are defined by 


(ui)"=yih(1,)" 


=yh ¥ (m'\1,|m)(mn\o\m'n). (66) 


The total macroscopic magnetic moment is evidently 
the sum of these semimacroscopic magnetic moments. 


Differentiating (66) with respect to time and substitut- 
ing from Eqs. (30), (32), (64), and (65), one obtains 


d(us)"/dt=iy2h > (m’|1,|\m)(mn|(1-H", o ]|m’n) 


mm 


+yih & (m’'|1;|m){2e-"°C(p,0; m,1; m’,1) 


mm’ p 
X (m+ p, n\o|m’+p, n)—LC(p,0; m,1; m,1) 
+C(p,0; m’,1; m’,1) ](mn\o|m'n))} 
+y:h ¥ (m’\1,|m)2C(q,0; n,2; 2,2) 


mm’ q 


X[e-24(m, n+q|o|m',n+q)—(mn|o|m'n)], (67) 


where 


H*= H’ (#)+k(Ho—na/y:). (68) 


It will again be assumed that x;,.<1. 

We shall explicitly consider the case where spin 2 is 
coupled to the molecular surroundings essentially only 
through a magnetic dipole interaction. For this inter- 
action only the terms with |g! =1 remain in Eq. (67). 
Referring to Eq. (31), one may then write 


C(q,0; ,2; ,2) 


= (n | (Io2— ig] oy) (I2:+iqI oy) | n)oo", (69) 
where 
b:t= try | dfn f)Pf)ner(f+qus) 
X (fs | H22+igH ey | ft+que, s’) 
X (f+ que, s’|H22—itgHey| fs). (70) 


The operator H, is that of the magnetic field from the 
molecular surroundings at the position of spin 2. For 


RELAXATION EFFECTS FOR 











COUPLED NUCLEAR SPINS 














Fic. 3. (uiz,y)abs/“10v17 2’ plotted as a function of w=6:/a for 
7=aT,/=16 and various values of the parameter r=72'/T1”. 
Saturation terms have been dropped. 


xx1 and magnetic dipole relaxation, Wangsness and 
Bloch have shown that 


$2) =go7'=4T)". (71) 

The relaxation processes of spin 1 in the absence of 
spin-spin interaction will be taken to be of a nature 
which permits them to be described by a 7)’ and a Ty’. 
Using the foregoing conditions, the commutation rela- 
tions for angular momentum, and Eqs. (66), (68)—(71), 
we find that Eq. (67) becomes 


d(yi)"/dt=1(ui)"X WH" —[i(urz)"+j(ury)" /T 2’ 
—k[(u12)"—p10/(222+1) )/TY 
—([(ui)"— (ui)"* Le Z2+ 1) — n(n+1))/2T1”" 
—[(ui)"— (ui)" L722 +1) —n(n—1))/2T1", 


with yyo= if 1(J1+1)/3 the equilibrium polarization 
of spin 1. 

It might be noted that the remarks for two spin-} 
particles that were made following Eqs. (49) and (50) 
may be easily verified with the use of Eq. (72). In 
particular, if the widths of the two lines for spin 1 are 
much less than the line spacing, and if the frequency of 
the rf magnetic field is near w,—}a, the transverse 
components of (u,)! will be excited while those of 
(ui)? will not be. The steady-state equation d(u:.)~*/dt 
=0 then reduces to 


(ure)? 10/2 J/ Ty’ +L (ur) 4 — (ui)? )/2T1" =0. = (73) 
Upon using Eq. (73) to eliminate (u;.)~?, the differential 
equation for (u1)! is found to be 
d(ux)#/dt= (ui)! Ht 
—[i(uiz)+-j(ury) 1+ 72/27)" )/ 272’ 
= k[ (u12)!— $10 |L1+ T/T; ] 
X(T A+T/2T)") PF. 


From an inspection of the equation it is obvious that 
the parameters of a steady-state line will be 7» 


(72) 


(74) 
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= T/A+TY yaa 
ed ee and Mo= 3 i10. 

Electric quadrupole relaxation of spin 2 will directly 
couple (u1)"so(u1)"**, the amount of coupling depending 
on the importance of the quadrupole process. Without 
knowing the relative strengths of the dipole and quad- 
rupole terms it will not be possible to relate 
C(1,0; 2,2; ”,2) and C(2,0; ,2;,2) to Ty’. In fact, 
when quadrupole effects are important, it may not be 
possible to define a 7,’’. Whatever the relaxation 
mechanism, 2C(g,0;,2;,2) is the transition proba- 
bility per unit time that the interaction of spin 2 with 
the molecular surroundings induces the transition 
n—n+q. 


7 \.= Ty (i+ T,’ 2Ty")\A+TY / 


V. INTERNAL RELAXATION AND THE 
OVERHAUSER EFFECT 
In the two preceding sections, cases were considered 
in which the spin-spin interaction was diagonal in the 
quantum numbers of the molecular surroundings. In 
this section we shall consider instead that the correla- 
tion time of the spin-spin interaction is much less than 
the time interval ¢. Relaxation will occur through 3(12 
as well as through G; and Ge. The interactions Gi, Se 
and 5j2 will be assumed to be uncorrelated. It will also 
be assumed that all spin-spin interactions are of a 
random nature, i.e., (mn|D42|m'n')=0. 
Upon using Eq. (30), the time rate of change of (I,) 
is seen to be 


d(I,)/dt=yi(L)xXH+ ¥ (m'\I1,\m) 


mm'np 
X {2C(— p,0;m'+ p,1;m+ p,1)(m+p,n\o|m'+p,n) 
—(C(p,0; m,1; m,1)+C(p,0; m’,1; m’,1)] 
X(mn\a\m'n)}+ > 


X {2CL(— p,—4),0;(m'+ p,n+q),12;(m+p,n+q),12] 
X (m+ p, n+q\o|m'+p, n+q) 

— (CL(p,q),0; (mn) ,12; (mn),12] 

+CL(pq),0; (m’n),12; (m'n),12])(mn|o|m'n)}. (75) 


(m’|\1,|m) 


The first sum gives the relaxation through direct 
coupling to the molecular surroundings. The paper of 
Wangsness and Bloch (reference 1) gives a complete 
treatment of the cases under which this sum reduces to 
terms in the Bloch phenomenological equations. The 
second sum gives relaxation from the coupling of the 
molecular surroundings to the spin-spin interaction. 
This sum will now be discussed in greater detail. 
KH 2 may be written as 


KRy=), 1,?1.%F-? a. 
Pq 


where 


P=1,, [#=[,+il,. 
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For the interactions which concern us, namely, the 
dipole-dipole and scalar interactions, p and q are re- 
stricted by |p| <1, |q| <1. Substituting Eq. (76) into 
Eq. (31), one obtains 


CL(pq),0; (m’n),12; (mn),12] 
= (n| 19-91 92|n)(m' | 1;-?| m'+p) 
X (m+ p|11?|m)y"*, (78) 


where 


y?t= (x, WY dfns(f)P(f)ne (f+ pwit que) 


X (fs|F??| f+ poitques’) 
X (f+ port que, s’|F-?-9| fs). 


Using the properties of the Boltzmann factor, it is 
seen that 


(79) 


yr —I=yra exp— (kiptKoq). (80) 


Upon using Eq. (78), the second sum in Eq. (75) 
becomes 


Dwr Toh J+? bi h’}). 


Pq 


(81) 


The x component of (81) is 


—((I2(12+1)— 122 Jhiz) 
X(t) yt (Lets) -y(1e-s)] 
— (122112) (W°(1+e")+y"] 
= ((To(Te+1)— Jo ieliethiel iz }) 
KW (1 —eo-e) t+ yl] —ennitea)] 
=U? idlietdieliz]y°(1—e") 
+(ee{Tielietieliz]) 
XM -es9) pL et) ] 
+ (oT 12) [Y(1— 78-8) —p (1 — et) 
+"(1—e-#)]. 


A similar equation obtains for the y component of (82). 
The z component of (82) is 


((e(Ie+1)— Ie? Ti (+1) — hz) 
[24 (1—e-*-*) + 2p 1 (1-12) J 
+ (22h (+1) — he )})2y(1-—e") 
= ((T2(Te+1)—J2.27 Viet Lhi(ht+ 1 )—I12 VI) 
x 2p" (1+ e-"!-*) 
—((e(Ie4+ 1) — Ie? i — Tit) — hh? V2) 
XK 2p (1+e-+9) 
— (I2,71,,)2Y°(1+e—") 
+ (T2112), 2Y4(1—e-"'—*) — 2p 41 (1-9) J. 


(82) 


(83) 


Equation (83) remains valid even if (mn|5C12|m’n’) 
does not vanish. It remains now to find the circum- 
stances under which Eqs. (82) and (83) reduce to terms 
in the phenomenological equations. 

To begin with, because of the terms (J2,I,) and 
(Lol Diz, yliztTiel iz, y]), these will not in general reduce 
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to terms in the Bloch equations. If, however, «1, <1 
the aforementioned terms may be neglected; (82) and 
(83) shall now be discussed under this restriction. 

Because of the terms (/2,7/;,) in (82), the transverse 
component will reduce to terms in the Bloch equations 
only for J2=4. In this case Eq. (82) becomes 


— (sty 4+ y+ dy y) (7,2), 


the coefficient of —(J;,) forming a part of 1/7». For 
similar reasons, Eq. (83) will reduce to a simple form, 
only if 1;=7:=}. In this case Eq. (83) is 


— (2Y9+- 2+) (his) — lio] 
—2(y'-y \[(T22)—T20 ], 


(84) 


(85) 
where 
(86) 


Le = 
Io= AK, I9= 4X2 


are the equilibrium polarizations of spin 1 and spin 2, 
respectively, in the magnetic field Ho. 

The operators F?? for the dipole-dipole’® and scalar 
interactions are well known. Making the usual assump- 
tion that for the dipole-dipole contribution the average 
over the molecular surroundings contains in it effec- 
tively an average of the operators over a sphere,’® 


15 See, e.g., Bloembergen, Purcell, and Pound, Phys. Rev. 73, 
679 (1948). 

16 Tn doing this, one tacitly assumes that the correlation times 
are much shorter than the reciprocals of the Larmor frequencies. 
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one finds 


VP=YpU=byi (87) 


For the scalar interaction, only y,*"—” are present. 
For J,=3, the z component of the first sum in Eq. (75) 
is of the form 


—(Niz)—Tiol/TY. (88) 


Use of Eqs. (86)—(88) in Eq. (75) gives 


d(I,,)/dt=y,0(11)X H).—(C(hz)—Tio /T1 


—[(I2:)—Ie0]/Ti2, (89) 
where 
(90) 


(91) 


1/T,=1/T;'+20p2'1+2y, 
1/T12= 10f4' 1 — 2p). 


This is the equation which describes the Overhauser 
effect. For (/2,)=0, the equilibrium value of (J;,) will be 


Tiot+TDo0T 1 IT x. (92) 


It is apparent that the results of Secs. 4 and 5 can 
be generalized to the case of more than two interacting 
spins. 
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Fock’s equations for the (nl) wave functions of an atom can be expressed in the form of Schrédinger’s 
equation for a single particle by including in the potential energy a term n(ml; r) expressing the ‘‘exchange” 
terms in the equation. As a further approximation, this term can be replaced by some average over the 
various (nl) wave functions. This “‘exchange’’ contribution to the potential is evaluated for the (nl) wave 


functions of Cut 


, and an appropriate mean is compared with the “averaged exchange potential,”’ based on 


the statistical model, suggested by Slater and used by Pratt in calculations for Cut. It is found that the range 
of variation of n(nl; r) with (nl) is of the order of a factor 2, so that its replacement by an average over (nl) 


is only a rough way of treating exchange effects. 





N the approximation to a many-electron atom ex- 

pressed by the term “self-consistent field with 
exchange,” the equation for the (wl) radial wave func- 
tion P(nl;r) can be written 


1(1+1) 


r 





2 
|v 1) — Ent, ni— |p r) 
dr or 


=X(nl;r), (1) 


where r'Y(nl;r) is the potential function used in 
evaluating that wave function, and X(ml;r) is the 
“exchange” term for that wave function. These equa- 
tions, for the set of wave functions of an atomic con- 
figuration, are called Fock’s equations. In the equation 
for P(nl;r) the function r-'Y(nl;r) differs from the 
total potential r'Y(r) at radius r, first through the 
omission of the contribution r~'Yo(nl; nl;r) from one 
electron in the (nl) group to which the equation refers, 
and secondly, for 10, through inclusion of some terms 
rY;,(nl; nl;r) with k#0, arising partly from the de- 
parture of the (n/) wave functions from spherical sym- 
metry and partly from exchange within the (ml) group. 
Equation (1) can be written 


a 2 K(1+1) 
[+ “hited (7) +2n(nl ; 7) — €nt, nr ——— | 


r id 


XP(al;7)=0, (2) 


where r'Y(r) is the total potential at radius r and is 
the same for all is functions and 
X(nl;r) 
2n(nl ; r) = ‘ty (nl; r)—Y <<, (3) 
P(nl; 1) 


If (nl; r) were replaced by a function n(r) independent 
of (nl), the calculation of atomic structures would be 
reduced to the solution of a homogeneous differential 
equation (2) in which the potential term in the operator 
in square brackets is the same for all wave functions, so 
that those of the same / value would be orthogonal (as 
contrasted with those of the self-consistent field without 

* The research reported in this document was made possible 
through support extended the Massachusetts Institute of Tech- 


nology, Department of Physics, by the Navy Department, Office 
of Naval Research, under Contract No. 1841(34). 


exchange which are not orthogonal). The solution of 
this set of equations would be much simpler and shorter 
than the solution of Fock’s equation (1), which are 
essentially integro-differential equations. 

The function »(r) can be regarded as a way of ex- 
pressing the effect of exchange approximately by means 
of a quasipotential which is a function of the local 
value of r only [as contrasted with an integral over the 
whole range of r as in Eq. (1) ]. Slater’ has given an 
argument which suggests that an approximation to 
such a quasipotential is given by 


6f 3r } 
2n(r) = 5 201+) Pal) | (4) 


rL32r* nl 


[see Pratt?; Pratt’s 2(r) is r times the quantity termed 
the “averaged exchange potential” ; z(r)/r corresponds 
to the quantity 2n(r) in Eq. (2) ]. This formula (4) was 
used by Pratt? in a calculation for Cut, the heaviest 
ion for which results of calculations of the self-consistent 
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Fic. 1. Exchange quasi-potential n(ml;r) for the various (nl) 
wave functions of Cut. Ringed points show values of mean 7 
given by formula (7) of text. Dot-dash curve shows “average 
exchange potential” used by Pratt. 

1J. C. Slater, Phys. Rev. 81, 385 (1951). 


2G. W. Pratt, Phys. Rev. 88, 1117 (1952); see formula 7. 
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REPRESENTATION 


field both with exchange* and without exchange‘ were 
available at the time. 

The working sheets of W. Hartree’s calculations with 
exchange for Cut have been preserved, and it seems of 
interest to obtain the functions (nl; 17) given by for- 
mula (3) from these calculations, both to examine the 
extent of the actual variation of this function with (nl) 
and to see how an appropriate mean of these functions 
differs from the function (4) used by Pratt in his 
calculations. 

The results of such an examination are shown in 
Figs. 1 and 2, Fig. 1 referring to the range r=0 to 0.4, 
and Fig. 2 giving, on different scales of r and of n(nl; 1), 
the results from about r=0.3 to 2; beyond r=2, the 
wave functions are too small to give significant values 
of n(nl;1r). The full curves give the functions (ml; 1) 
for the (ms) wave functions, the broken curves those 
for the (mp) and the (3d) functions. The dot-dash curve 
in Figs. 1 and 2 gives the “averaged exchange potential” 
(4) used by Pratt. Pratt gives in his paper? a table of 
U(r) = Yo n2(21+-1) PF? (nl; r). A convenient form of for- 
mula (4) for numerical evaluation is 


2n(r) =[.2.0518U (r) /r? }8. (5) 

It is not to be expected that the total exchange term 
n(nl;r) in Eq. (1) for each (nl) will have nodes exactly 
at the nodes of P(nl;r), though it is found empirically 
that each node of P(nl; r) has a node of X (nl; r) near it. 
The curve of n(ml; r) has a vertical asymptote at a node 
of P(nl;r) [unless a node of X (nl; 1r) happens to coin- 
cide with it]; the branches of the curve of n(nl;r) on 
either side of such a singularity have been joined by a 
dotted line in Figs. 1 and 2. 

It will be seen that for fixed r the variation of (nl; r) 




















Fic. 2. Exchange quasi-potential n(ml;7r) for the various (nl) 
wave functions of Cut. Ringed points show values of mean 7 
given by formula (7) of text. Dot-dash curve shows “average 
exchange potential” used by Pratt. 


’D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
157, 490 (1936). 
*D. R. Hartree, Proc. Roy. Soc. (London) 141, 282 (1933). 


OF THE EXCHANGE TERMS 


TABLE I. Cut. Averaged exchange potential. 











r 29 (r) r 2n(r) 
(atomic formula 2n(r) (atomic formula 2n(r) 
units) (6) (Pratt) units) (6) (Pratt) 
0.005 58.6 68.4 0.7 4.73 4.53 
0.01 56.7 62.1 0.8 4.30 3.94 
0.02 51.75 51.4 0.9 3.85 3.39 
0.03 45.55 42.5 1.0 3.42 2.92 
0.04 39.6 35.5 1.1 3.04 2.52 
0.06 29.3 25.8 1.2 2.70 2.17 
0.08 22.1; 20.8 i 2.41 1.88 
0.10 18.4 18.4 1.4 2.15 1.63 
0.12 16.9; 17.0 1.6 1.74 1.26 
0.140 15.9 15.9 1.8 1.45 0.99 
0.16 15.1 14.8 2.0 1.24 0.79 
0.18 14.3 13.6 2.2 1.07 0.64 
0.20 13.5 12.5 2.4 0.95 0.52 
0.22 12.55 11.4 2.6 0.85 0.43 
0.24 11.6 10.4 2.8 0.78 0.35 
0.26 10.7 9.5 
0.28 9.7 8.7 
0.30 8.75 8.00 
0.35 O07 6.84 
0.40 6.09 6.25 
0.45 5.55 5.92 
0.50 5.36 5.67 
0.55 5.23 5.41 
0.60 5.08 5.13 





with (nl) covers a range of the order of 2:1, so that its 
replacement by some average over (n/) is only a rather 
rough way of treating the effects of exchange on atomic 
structures. In discussion of these results, Slater sug- 
gested that if one did want to use such an average, 
n(r), the appropriate average would be the mean 
weighted according to the local electron density of 
electrons in the different (nl) groups, that is, 


D nr(21+1)n(nl ; 1) P? (nl; r) 
¥Y nr(21+1) P?(nl; r) 


(6) 





A(n= 


for a configuration consisting of complete groups only. 
The values of this function, at various values of r, are 
indicated in Figs. 1 and 2 by ringed points. The values 
of this function differ only slightly, except for large r, 
from the function (4) used by Pratt. A closer compari- 
son between the function 2%(r) [formula (6)] and 
Pratt’s function 2n(r) [formula (5) ] is given in Table I. 

It seems from this examination that the rather dis- 
appointing character of Pratt’s results, from the point 
of view of providing an approximation to the solution 
of Fock’s equations (1) by use of an “averaged exchange 
potential” (5), must be ascribed to the considerable 
variation of n(nl;r) with (ml), which is discarded in 
using such an averaged exchange potential. 
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The Holtsmark theory of line broadening omits the factor e~Y*s/*? in the evaluation of probabilities, V;; 
being the Coulomb interaction between the ith and the jth ions. This leads to serious errors in the wings of 
a line where frequency shifts arise from close encounters which are inhibited by the Boltzmann factor. In 
part I of the present article a consistent binary approximation to the line shape is given, the assumption 
being made that only a single perturber is involved in a collision. Part II treats the case of many particles, 
retains V;; for all perturbers 7 interacting with a single radiating ion i, but ignores forces between the 
perturbers themselves. Comparison is made with other treatments. 
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HE Holtsmark theory of line broadening involves 
the probability W(F) that the plasma will 
produce an electric field of magnitude F at the radiating 
ion. W(F) has been calculated by Holtsmark with 
neglect of the interaction between the ions. This is a 
good approximation for high temperatures, low density, 
and small ionic charge, but holds in general only for 
relatively small values of F. 

Methods! have recently been proposed to permit 
inclusion of the effect of the interaction between the 
ions. Mayer! employes a single-encounter theory for 
large fields and assumes, for small fields, among other 
conditions, that the ions are attracted to their equilib- 
rium positions by a force proportional to their dis- 
placement. Broyles? uses the method of Bohm and Pines 
to divide the Coulomb field into a short- and a long- 
range component. The former acts like a system of 
particles and the latter like a system of waves. He 
evaluates the particle part using two different approxi- 
mations. The first, (a), considers interactions only 
between the radiating ion and the plasma ions while 
the second, (b), introduces the field but limits interac- 
tion to the nearest neighbor. Ecker,* following Holts- 
mark, keeps the statistical independence of the ions 
but replaces the Coulomb field by a Debye field. 

In part I of this note we sketch a fairly obvious 
generalization of the simple one-perturber form of the 
Holtsmark theory, compare it with the latter in the 
range of distances over which both are valid, and draw 
some conclusions as to the importance of the corrections 
required. This analysis follows a well-known procedure 
outlined, for example, in Unsold’s book.‘ 

In part II we treat the many-body problem using 
the following model : the free electrons form a uniformly 
smeared out negative charge and interactions are con- 
sidered only between the radiating ion and the plasma 


* Work sponsored by the Air Force Office of Scientific Research. 

1H. Mayer, Los Alamos Scientific Laboratory Report LA-647, 
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2A. A. Broyles, Phys. Rev. 100, 1181 (1955); A. A. Broyles, 
Phys. Rev. 105, 347 (1957) ; A. A. Broyles, Atomic Energy Report 
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3G. Ecker, Z. Physik 148, 593 (1957). 

“A. Unséld, Physik der Sternatmospharen (Springer-Verlag, 
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ions; we thus ignore interactions between the plasma 
ions themselves. This model is similar to Broyles’ 
approximation (a) except that we apply it to the actual 
Coulomb interactions of the ions rather than to the 
short-range forces that arise in the Bohm-Pines method. 
The advantage of our method, we believe, is that it 
avoids some uncertainties inherent in the approxima- 
tions attending the use of Bohm-Pines’ approach, for 
our approximations are clear in their physical meaning 
and the analysis is otherwise exact. The limitation of the 
present work is, of course, its failure to be applicable to 
radiating atoms ; here our results reduce to Holtsmark’s. 


I. 


Let P(r) be the probability that there shall be no 
particle within a sphere of radius r about the radiating 
ion. The probability that there be no particle in a small 
spherical shell between r and r+dr is known; it is 
1—4nCe~*!"r'dr provided that 


R 
anf Ce-*"r'dr=N. (1) 
0 


Here a=(Q,02/kT, Q; is the charge on the radiating ion, 
Qs is that on the perturbing ion, V=the total number 
of perturbing ions present, and R=the radius of the 
sphere containing them; & is the Boltzmann constant 
and T the temperature. 

Unless they are equal, we assume that the perturbers 
greatly outnumber the radiators. From (1), 


N r 
C=———_.,, A (ay)= f e~°!"rdr, (2) 
4rA (a,R) 0 


For very large R, A (a,R) = R*/3, and C=n, the number 
of ions per unit volume. 
By the law of combining probabilities 


P(r+dr) =P(r)(1—49Ce~*!"r°dr), 
or 


P= —P4rCe-*!"#", Pa=e"'CA (a,r) 


The probability that there be one or more ions in the 
sphere is 


P(r)=1-P, 
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and 
dP(r)=4nC exp[ —a/r—4nCA (a,r) r'dr. (3) 


This is normalized in the sense that 


R 
=1-—¢% 1. 
0 





R 
f dP(r) = (1—e-47C4 (2.7?) 
0 


Let us refer to (3) as dP(a,r). Holtsmark’s distribu- 
tion is then dP(0,r). The ratio of the two, 


dP(a,r) a r 
S= "mexp| —+4n(— (on) | (4) 
dP(0,r) r 3 





An integration by parts yields 


A (a,r) =4e~*!" (PF —har+ta'r)+ 3a Ei(—a/r), 


© gt 
Bi(—z)=— f ar" 
t 


z 


where 


If we introduce a variable £=r/a, then 


A(a,ta) =4a°F (£), 
and 
F(é)=(#—-32+46)e"/§+3 Ei(—1/6). (5) 
F(&) is plotted in Fig. 1. 

In order that the nearest-neighbor approximation 
shall be a valid approach to the Holtsmark distribution, 
the quantity 6=(ro/r)? must be greater than 7 (see 
Unsold‘), ro being given by 0.62n~*. The present results, 
then, begin to be useful at values of r in the neighbor- 
hood of 4#~! and remain so for smaller radii. At this 


critical r., Eq. (4) becomes 


4n 4 1 
S=exp| —4an'-+~ “nar (— J] (6) 
192 3 4an} 


in view of Eq. (5). The terms in the exponent are 
appreciable when 4an'20.1. If the equality sign holds, 
then 

InS= —0.1+0.065 —0.055 = —0.09, 


the value of F(10) being 845. For 4an'=1, we have 
InS= —1+0.065—0.017 = —0.952, 


and for larger values of 4an' only the term exp(—4an!) 
of S remains important. 

In the light of these numerical results, we consider 
two cases. Of astronomical interest is the perturbation 
of singly ionized helium atoms by protons. Here 
Qi=Q.=e. The condition that our nearest-neighbor 
approximation be significant is that r<0.62n-!. On the 
other hand, r must be greater than the size of a helium 
ion, r>5X10-* cm. Combining these inequalities we 
see that n<10*4 cm“ is the criterion for the existence 
of a useful range for the single-particle approximation. 
This, then, implies no physical limitation at all. 
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Fic. 1. Graph of F(é). 


But to have S appreciably smaller than 1, an? must 
be in the neighborhood of 1. This means that T= (e?/k)n* 
=1.7X10-*n! °K and is probably never of interest in 
astrophysical situations. In a plasma, with a tempera- 
ture of 1000°K, 2 has to be of the order 10'7 cm~ before 
the correction here computed is important. 

The situation is different for conditions of explosions 
treated in references 1 and 2. An atmosphere of iron 
ions, each with Q=23e, and with T=10' °K, has 
a=8.4X10-* cm. At normal density, »~ 10" cm~™, and 
the condition upon r is r<10-*cm. Because of the 
small size of the iron residue, this leaves a considerable 
range in which the present one-perturber theory is 
valid. Indeed, at the critical r, for which formula (6) 
has been computed, S~10~", indicating that the error 
in the Holtsmark formula is enormous. For smaller r 
(larger “frequency distances” from the line center), S 
is accurately given by e~*/". For larger r, a more 
elaborate analysis of the sort given in reference 2 and 
in part II of this paper becomes necessary. 


II. 


If the radiating ion is placed at the origin and there 
are N ions in a volume JV interacting with it, the 
probability W.»(F) that the field at the origin be F is 
given by 


Wy(F)= f vee f Ww (tite:--ty) 


xo(F- =F) Mary (7) 


i=1 j=l 
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where Wy(rr2---ry) is the probability density of 
finding the N ions in the position r,- - -ry. In our model, 
Ww(ti- +t) is 

Wy(ti---tw)=K(V) exp(—adr7), (8) 
where K(V) is a normalization constant. In Eq. (7), 6 


is the Dirac function and F; is the field produced at 
the origin by the 7th ion: 


F;=Qer; ri. (9) 


Equation (7) can be written in a more convenient form. 
It is best obtained through use of a method given by 
Chandrasekhar.® The results can be summarized as 
follows. 

Denote by H(s) the probability of finding a field of 
strength s where the dimensionless quantity s=Fb-! 


b= (4/15) (24Q2)in, 


i.e., b§ is essentially the field produced on one particle 
by an ion at the average spacing between ions, and 
n=number density of ions. We then find® 


x\! 
H(s)=— : exp| — (-) of: sinxdx, 
TS “9 Ss 


15/2\! ¢” 
»-—(-) f dzz~7!?(g—sinz) 
8 Tv 0 
s\? 
xexp| ~62'(~) | (11) 
x 


B= (Q,02'/kT)BF. 


It is seen that, as T— ©, n—1, and Eq. (10) reduces to 
the Holtsmark distribution.’ H(s) can be computed 
directly from Eqs. (10) and (11). However, for certain 
ranges of (8&1 and 8>>1) the form of H(s) can be 
simplified. We shall now obtain expansions for H(s) 
valid in these two ranges of 8 and also for the limiting 
case of finite 6 and large s. 


(10) 


where 


Limit of s— 


It will first be shown that in the limit s— » Eq. (10) 
reduces to the same limit as the binary theory given in 
part I. The integral in Eq. (10) can be written as 


x 3 
im f exp| - (*) nie us 
0 AY 


© w 1 x 3n/2 
=Im f i —(*) n"(—1)"xet*dx. 
9 man's 


The first term in the expansion is zero; the second 
term is }rcs~te-7, where c= (2/x)!(15/8) ; y=8s?, and 


5S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
6 Our notation is slightly different from Chandrasekhar’s. 


LEWIS AND H. 


MARGENAU 


the third term for y>>1 is cwye—7/s*4! Therefore 
H(s)=cs“4e~*[1 + (¢/12)(8/s)+-++], (12) 


valid for s>>8; y=8s'>>1. The leading term of Eq. (12) 
as s— oo agrees with the leading term of Eq. (3) in the 
same limit. 


Case 1: 61; y=6s'!<1 


For this case we expand Eq. (5) and, denoting x/s 
by y, we obtain a series in B: 


15/2\3 7” 
»-—(-) f dzz—*!?(g—sinz) 
8 Tv 0 


~ (—1)"B"y- "2g"? 
XL » (13) 


n=O n! 





which gives 


n=1—cBy!+628*y1+ -- a (14) 


TABLE I. Coefficients of the first two terms of Eq. (15). 
Values of (2/s)Io(s) taken from reference 5. 











s (2/s)Io(s) (2/ms)eli(s) 
0.1 0.004225 0.00745 
0.6 0.129598 0.21264 
1.0 0.271322 0.3860 
2.0 0.33918 0.1791 
3 0.176 —0.08707 
6 0.02417 —0.0507 
8 0.01038 —0.0273 
10 0.00556 —0.0168 








where ¢,;= 3% (w/2)3, co=5/4. Equation (10) becomes 


2 
H(s) ==| 14s) +8eil,(s) 


TS 


cr 
+6(—1) als) ) + | (15) 
2 


I,(s)= f exp| — (*) | sinr(~) ae (16) 


It can be seen that (2/zs)Io(s) is the Holtsmark dis- 
tribution to which Eq. (15) leads in the limit T—>. 

The integral of Eq. (16) can be expanded in a series 
and easily evaluated for s<3 and s>6. The range 
from 3 to 6 is difficult because of the slow convergence 
of the series. The coefficients for the first two terms in 
Eq. (15) are tabulated in Table I. 


where 


Case 2: 6>1; s<6 


For this case we treat Eq. (11) in a different manner. 
If we put x/s=y and Bzty?= 9p, we have 


C) (2) J : p-*[p’y8*—sin(p*y8-*) Je-Pdp. 


T 


15 


4 


Go= 
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We expand the sine and obtain the following asymp- 
totic series for 7: 


n= Kyy'8"— Kyy'B-5+ Kyy"8-*- - -, 


15/2\31 15/2\!4! 
K-—(-) = k=—(-) = 
4\qn/ 3! 4\nr/ 5! 


If only the first term is kept, we have 


2 e Ky} 
u()=|¢ f exp| —y'(—-) | sin(sy)dy}. (18) 
WS c B 


Equation (18) can be integrated to give 


Bis? exp(—s°8/4K)) 











H(s) (19) 
2m! Ky} 
TABLE ITI. Correction to the Holtsmark distribution 
for B=2X107. 
s Holtsmark Correction 
0.1 0.004225 +0.00015 
0.6 0.129598 +0.0042 
1.0 0.271322 +0.0078 
2 0.33918 +0.0036 
3 0.176 —0.0017 
6 0.02417 —0.0010 
8 0.01038 —0.00054 
10 0.00556 —0.00034 








Equation (19) is identical with a formula proposed by 
Mayer!” on the basis of a simpler physical model than 
ours. 


Applications 


(a) A typical case of astronomical interest involves 
the following values of temperature, density and charge: 
T=6000°C, n=10", single charged ions, Q:=Q2=e. 
For this case 8=2X10-*. Here we can use the results 
under case 1 for ranges of s from 0.1 to 100. Table IT 
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TABLE III. Comparison of Eq. (19) with Broyles’ SRNN. 











s Eq. (19) SRNN 
0.3 0.69 0.63 
0.5 1.25 1.13 
1.0 0.64 0.66 
15 0.04 0,147 








corrects the Holtsmark distribution; it is based only 
on the first correction term of Eq. (15), for the range 
0.1<s<10. 

The percentage error in the Holtsmark distribution is 
small. It becomes large in the limit of large s, i.e., when 
the binary theory becomes valid. In the limit of large s, 
the ratio of H,, the corrected Holtsmark, to H, the 
Holtsmark distribution is given by H,/H=exp(—8s?) ; 
hence the percentage error becomes very great. 

(b) A case of recent interest,!? already alluded to in 
part I, involves: T=1.16X10' degrees, n=8.4X10” 
atoms/cc, and Q,;=Q2=23e. For this case, 8=5.5. For 
s5.5 we can use the results under case 2. For s>>5.5 
the binary theory can be used. 

We have compared (see Table III) the SRNN (short- 
range nearest-neighbor) result of Broyles’? with those 
of Eq. (19) for 0.3<s<1.5. The percentage error in 
using Eq. (19) increases with increasing s and is 
estimated to be less then 10% for s=1. Since the as- 
sumption underlying our derivation are quite different 
from his, one may well have confidence in the practical 
correctness of this simple result. 

For a more detailed comparison of Eq. (19) with 
Broyles’ results and the Holtsmark theory see Fig. 2 of 
reference 2.7 The curve marked simple harmonic oscil- 
lator is the result of Mayer!” and, as mentioned before, 
it is identical with our Eq. (19). 
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Polarization in Proton-Proton Scattering at 3 and 4 Mev* 
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A phase-shift analysis of the proton-proton scattering data of Worthington, McGruer, and Findley has 
been carried out in an attempt to find fits which also lead to polarization of non-negligible size. Such fits, 
having P-wave phase shifts separated in spin-orbit order with first Born approximation spin-orbit splittings, 
have been found, giving a polarization as large as 4%. Phase shifts for L<2 have been included, with 


those for higher values of L, J put equal to zero. 





I. INTRODUCTION 


PHASE-SHIFT analysis has been performed on 

the 3.036 and 4.203 Mev proton-proton scattering 
experiments of Worthington, McGruer, and Findley! in 
order to determine whether solutions exist which fit 
the scattering cross section and in addition give meas- 
urable values of polarization. These data have been 
analyzed previously by Hall and Powell* in terms of a 
1§ phase shift, Ko, and a very small effective P-wave 
phase shift. In the present work all three *P phase 
shifts, 50, 6; and 62 and a 'D phase shift, K2, have been 
included. By proper choices of these phase shifts it has 
been found possible to obtain polarizations of up to 
4 or 5% while still maintaining a good fit to the scatter- 
ing cross section. This is possible because the angular 
distribution due to the D wave effectively cancels that 
due to the P waves, enabling large P-wave phase shifts 
(up to about 13°) to be used. Two types of solution 
were found, corresponding to P-wave splittings in 
direct and inverse spin-orbit order, respectively. 


Notation 
Ko, K2=singlet phase shifts for L=0, 2, respectively. 
50, 51, 62=triplet P phase shifts for 
J=0, 1, 2, respectively. 
a5, a.’ =singlet and triplet Coulomb amplitudes. 
§= (69+-36,+552)/9=mean P phase shift. 
(8) w=[ (80)°-+3(61)? +5 (52)? ]/9 
=mean square P phase shift. 
A= — 269—36,+ 5Séo. 
e1ro=exp[_2i(¢1—o0) ]=exp[2i(tan— (n/L) 
+tan™[n/(L—1)]+---tan(n/1))]. 
f=—2 Inn+qo/n+ (Co’/n) cotKo 
=fOLEfV+ RE fO4..., 
II. METHOD OF OBTAINING PHASE SHIFTS 


The cross section and polarization for nucleon- 
nucleon scattering can be expressed conveniently in 


* This research was supported by the Office of Ordnance Re- 
search, U. S. Army and by the U. S. Atomic Energy Commission. 

4 ra McGruer, and Findley, Phys. Rev. 90, 899 
(1953). 

? H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 


terms of the phase shifts by means of the scattering 
amplitudes. This has been done by Breit and Hull? 
and Breit, Ehrman, and Hull‘ (BEH). 

In the present work only the effects of phase shifts 
Ko, 50, 51, 62, and Kz have been included, all phase shifts 
with L>2Z having been set equal to zero. It has been 
assumed that all phase shifts except the S wave are 
small; i.e., the approximation sini~é; cosi~1 has 
been used, except for Ko. Effects of the latter have 
been treated exactly in the nonrelativistic formulas. 
The cross section can be written as 


Ro pp= ko pp(Coul)+kop,(nuc)+k’e,p,(int), (1) 
where the BEH formulas yield® 
Ra »»(Coul) = a5 |2+3)a,7|?, 
kop» (nuc) =sin?K 9+ 9(8) w 
+[5+ (90/7) P4(cos6) |K? 
+ P2(cos6){10K» sinK cos(Ko—2e20) 
+ (9/5) (8) wt (81/5) — pod? 


(1.1) 


+K2?[(50/7)+10 sinKo sin(Ko—2e20) ]}, (1.2) 
Ro y,(int) 
=2 sinKoLcosKo Rea,$+sinK» Ima,§ | 
+18P;(cos0)[6 Re(e:oa.?*) 
— (6?) » Im (e;9a,7*) ]+10P2(cosé) 
X [Ke Re(e20a.5*) — Ko? Im(e20a-5*) ], (1.3) 


while the polarization is given by 
k? (Po) pp— sin8 cos6{52f 951 (5;—52) +650(50—52) ]} 
+sinO{(A*) wy Re(e:oa.7*) +A Im(eyoa-7*)}. (2) 


The abbreviations 


5= (69 +361+562)/9, (3.1) 
(8) w= (60)?-+3 (61)? +5 (62)? ]/9, (3.2) 
A= —259— 36:+552, (3.3) 
(A?) w= — 2(50)?— 3(51)?+5 (62)?, (3.4) 


3G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). 

4 Breit, Ehrman, and Hull, Phys. Rev. 97, 1051 (1955). 

5 Breit, Kittel, and Thaxton, Phys. Rev. 57, 255 (1940) have 
obtained the cross section in a form similar to that given below, 
with a similar grouping of angular dependent terms according 
to Pi(cos#@) and P2(cos@). This form showed that a combination 
of *P and 'Ko, 'Kz can be found to yield an angular distribution 
differing little from pure S scattering. 
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have been used. It is seen that the P-wave phase shifts 
enter in the cross section only in the above combina- 
tions. Also, since the P-wave phase shifts are assumed 
small, large polarization will occur only when the term 
linear in the phase shifts in (2) is large; i.e., when A is 
large. For A large, appreciable polarization can be 
obtained at these energies in the interference region 
because the Coulomb amplitudes are large [Im (e:9a.7*) 
~0.35 at 12° and 4.2 Mev]. Thus, the condition was 
applied to the phase shifts that A have a stationary 
value subject to the auxiliary conditions 5=constant, 
(6) ~=constant. This leads to the results 


A=+3[12(8%) y—1257}}, (4) 
59=5—A/6, (5.1) 
§,=5—A/12, (5.2) 
8.=5+A/12. (5.3) 


It is to be noted that the splitting of the P-wave phase 
shifts is in the ratio 1:2, ie., precisely the splitting 
given by a spin-orbit force in first Born approximation. 
Thus the assumption of large splittings as given by 
Eqs. (5) is equivalent to the assumption of strong 
spin-orbit forces. 

It has been shown by Breit® that strong polarization 
effects are more easily accounted for by spin-orbit than 
by tensor forces. Conversely, it is expected that, since 
the conditions applied to the phase shifts in this work 
lead to splittings and ordering characteristic of spin- 
orbit forces, the nuclear polarization will be sizable. 
The calculations reported here show that this is indeed 
so; the nuclear polarization exceeds the interference 
polarization in several cases. 

The final choice of phase shifts was made as follows. 
Equation (4) was used to eliminate A? from the cross 
section, leaving the four quantities Ko, Ko, 5, (6) to 
be determined. The pure Coulomb cross section (1.1) 
was programed for an IBM 650 computer and sub- 
tracted from the experimental cross section. This 
program also computed the other Coulomb quantities 
appearing in Eqs. (1.2), (1.3), and (2). A value of Ko 
was then selected and the S-wave terms in (1.2) and 
(1.3) computed. The first terms in (1.2) and (1.3), 
which involve only Ko and Coulomb amplitudes, were 
subtracted from k’o,,(expt) —k’a,,(Coul). The residual 
cross section, which was a relatively smooth function 
of angle, was interpolated to find the value at the zero 
of P2(cos), yielding 


Ra (resid) 54.7°= 95{ 2Pi[ (4)*] Re[e10a.?* }} 
+9(8) w{1—2Pi[ (3)*] Im[erca.?*]}. (6) 


This equation was used to express (6) in terms of 6. 
Finally 6 and K» were obtained by fitting the residual 
cross section at 90° and 12°. This gives two simul- 

6G. Breit, Phys. Rev. 106, 314 (1957), especially the appendix. 


Related considerations are discussed in footnote 17 of this 
reference. 
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taneous quadratic equations for 6 and Ke, which were 
solved by successive approximations. Only one solution 
gave physically reasonable phase shifts; (6°), was then 
determined from (6) and two values of A from (4). 
Finally the three P-wave phase shifts were determined 
(for each sign of A) from the Eqs. (5). This procedure 
was repeated for several values of Ko at each energy. 
If the value of Ko is chosen to be greater than that for 
a fit with almost pure S wave? (Ko=50.971° at 3.037 
Mev and Ko=53.808° at 4.203 Mev), then the value 
of (6)4 given by (6) is negative and no solution is 
possible. This result, of course, is to be expected, since 
in order to introduce P-wave phase shifts and still fit 
the total nuclear cross section, one must decrease Ko. 

It was found in using the above procedure for a 
given energy that A’, &, and (é*)4 were almost perfect 
linear functions of Ko. In order to reduce the computa- 
tional labor, these quantities were calculated for a few 
values of Ko and the linear dependence on Ko used to 
obtain further values. In this way, trial sets of phase 
shifts were obtained which were expected to fit the ex- 
perimental cross section and to give large values of 
polarization. All trial sets obtained were used as input 
data for an IBM 650 program which computed exactly 
the cross section and polarization at those angles for 
which there existed experimental values of the cross 
section. This program has the additional feature of 
allowing a search to be made on any specified phase 
shift to find a “‘best fit’ to the cross section, the criterion 
of best fit being to minimize the quantity 


E,?= 





1 1 expt (Ii) —Fen (i) 1 
>>| =|, @ 


nN i=l Agexpt (9) 

where is the number of experimental points. A value 
of E,<2 will, for present purposes, be considered 
satisfactory. In a few cases, searches on K»2 were per- 
formed in an attempt to improve the fit. 


III. RESULTS 


The results of the calculations are given in Table I. 
In this table are given the phase shifts, the value of 
E, (Eq. (7)], and the maximum value of the polariza- 
tion P in (a) the Coulomb interference region, and (b) 
the nuclear region, together with the experimental 
angles at which they occur. A letter A following a case 
number indicates the result of a search on K2. In a few 
cases this search gave a significant improvement in the 
fit to the cross section [compare E, for cases (3-15) 
and (3-15A) |. 

Table I shows that it is possible to introduce con- 
siderable amounts of P-wave splitting and still maintain 
a good fit to the cross section (keep E, small). This 
shows that the method of obtaining trial phase shifts 
outlined in Sec. II is satisfactory. Polarizations up to 
4 or 5% are obtained in the nuclear region and up to 
2% in the interference region, while a reasonable fit to 
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TaBLE I. Phase shifts and polarization resulting from the analysis. 
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Effective Maximum polarization in percent 
Case* Phase shifts in degrees P wave, 5 Interference Nuclear 
Jo. Ko Ke 50 b1 52 in degrees Ez 6 P “ P 
1-1 50.97 0.026 — 0.573 —0.275 0.321 0.0230 1.84 24 —0.157 70 0.007 
1-2 50.47 0.099 — 3.042 — 1.530 1.495 —0.0175 1.88 24 —0.840 70 0.072 
1+ 49.47 0.246 — 5.288 — 2.693 2.498 —0.0975 1.86 24 —1.454 60 0.313 
1-5 48.47 0.393 — 6.893 —3.535 3.180 —0.178 1.69 24 —1.852 60 0.702 
1-7 47.47 0.540 — 8.205 —4.228 3.724 —0.252 1.56 24 —2.135 60 1.190 
1-9 45.97 0.760 — 9.895 —5.139 4.372 —0.381 1.16 24 —2.432 60 2.055 
1-10 44.97 0.908 — 10.898 — 5.684 4.744 —0.470 1.58 24 —2.565 60 2.716 
2-1 50.97 0.026 0.619 0.321 —0.275 0.0230 1.84 24 ~=—0.150 70 —0.009 
2-2 50.47 0.099 3.008 1.495 — 1.530 —0.0175 1.85 24 0.664 60 —0.148 
24 49.47 0.246 5.094 2.498  —2.693 —0.0975 1.75 24 0.931 60 —0.584 
2-5 48.47 0.393 6.537 3.180 —3.535 —0.178 1.48 20 1.007 50 —1.223 
2-8A> 46.97 0.60613 8.205 3.953 —4.549 —0.298 1.08 20 1.075 50 —2.448 
2-9 45.97 0.760 9.150 4.372 —5.139 —0.381 1.37 20 1.062 50 —3.400 
2-10 44.97 0.908 9.958 4.744 —5.684 —0.470 2.31 20 1.024 50 —4.417 
3-1 53.8 0.0372 — 1.209 —0.614 0.575 —0.0196 0.66 25 —0.263 70 0.009 
3-2 53.2 0.1272 — 3.560 — 1.822 1.612 —0.107 0.62 25 —0.795 70 ~=—- 0.074 
34 52.0 0.309 — 5.953 —3.071 2.693 —0.189 0.73 25 —1.287 60 0.386 
3-6 51.0 0.457 — 7403 — 3.845 3.272 —0.286 0.79 25 —1.522 60 0.746 
3-9 49.5 0.678 — 9.179 —4,801 3.976 —0.412 1.03 25 —1.708 60 1.436 
3-12 48.0 0.900 — 10.691 —5.626 4.503 —0.562 1.68 25 —1.784 60 2.224 
3-15 45.0 1.344 — 13.270 —7.053 5.380 —0.837 3.30 16 —2.000 50 4.287 
3-15A 45.0 1.14212 — 13.270 —7.053 5.380 —0.837 1.12 16 —1.994 50 4.303 
4-1 53.8 0.0372 1.171 0.575 —0.614 —0.0196 0.66 25 0.236 70 —0.016 
42 53.2 0.1272 3.500 1.612 — 1.822 —0.107 0.60 25 0.555 60 —0.172 
44 52.0 0.309 5.575 2.693 —3.071 —0.189 0.68 16 0.633 50 —0.677 
46 51.0 0.457 6.830 3.272 —3.845 —0.286 0.77 16 0.727 50 —1.264 
49 49.5 0.678 8.331 3.976 —4.801 —0.412 1.12 16 0.805 50 —2.333 
4-12 48.0 0.900 9.568 4.503 — 5.626 —0.562 2.01 16 0.838 50 —3.563 
4-15A 45.0 1.09103 11.597 5.380 —7.053 —0.837 1.84 16 0.819 50 —6.492 














® The first digit in the case number has the following significance: 1 means E =3.036 Mev, 4 >0; 2 means E =3.036 Mev, A <0; 3 means E =4.203 Mev, 


A>0; and 4 means E =4.203 Mev, 4 <0. 


b The letter A signifies that this case is the result of a search on the phase shift Ke. 


the cross section is still maintained. For these extreme 
cases the P-state phase shifts are large enough to cast 
some doubt on the linear approximation used in obtain- 
ing the trial solutions. This suggests the possibility of 
improving the fit by additional searching on the phase 
shifts. Little searching has been done because the 
present work was intended only to show that such fits 
were possible. 

Figures 1 and 2 give angular distribution for typical 
cases yielding large polarization and reasonable fits to 
cross section viz., cases (1-9), (2-8A), (3-15A), (4-15A) 
of Table I. In Fig. 1 the quantity R=(cS—o)/o% is 
plotted as a function of angle. Here o* is the p-p cross 
section calculated with only the S wave nonzero. The 
experimental errors are obtained from those given in 
reference 1. When theoretical points do not appear, they 
are coincident with the experimental points on the scale 
of this graph. The large size of this ratio over part of the 
angular region indicates the considerable contribution 
of P and D waves to the cross section in these cases. 
Angular distributions for the polarization are given in 
Fig. 2. Case (3-15A) is perhaps of interest. The fit to 
the cross section is within 1.5 experimental errors at 
all but one point (25°) and the polarization is large 
(2% interference, 4.3% nuclear). Also the nuclear 






















polarization with A>0 is of the same sign as obtained 
experimentally at higher energies. 
In the present work the data have been corrected for 
relativistic kinematic effects on center-of-mass angles 
and cross sections, and the relativistic value of 7’ has 
been employed in calculating the Coulomb amplitudes. 
The electrodynamic corrections* have not been con- 
sidered in this investigation which has been thought 
of as exploratory. Any complete analysis of data in 
final form at these energies must include all the effects 
mentioned. 
The introduction of P waves in these fits requires 
that Ko be reduced from the values obtained by Hall 
and Powell,’ and for the fits yielding large polarization 
effects the change is large. For cases (4-15.A) or (3-15A) 
of Table I, for example, Ko is 8.8° smaller than the 
Hall-Powell value. This implies an increase in the value 
of the f-function of Breit, Condon, and Present? to 
~ 14.34, compared to the value ~ 11.65 implied by the 
Hall-Powell Ko. The latter value is in agreement with 
the analysis of Yovits, Smith, Hull, Bengston, and 
7G. Breit, Phys. Rev. 99, 1581 (1955); M. E. Ebel and M. H. 
Hull, Jr., Phys. Rev. 99, 1596 (1955) ; A. Garren, Phys. Rev. 101, 
419 (1955). See also reference 6. 
8L. L. Foldy and E. Eriksen, Phys. Rev. 98, 775 (1955); L. 


Durand, thesis, Yale University (unpublished). 
® Breit, Condon, and Present, Phys. Rev. 50, 825 (1926). 

















POLARIZATION 


Breit." For 3 Mev, cases (1-9) and (2-9) of Table I 
imply a value for the f-function of 11.83 compared to 
10.57 for Hall-Powell and the YSHBB analysis. If it is 
assumed that the P waves disappear at smaller energies 
so that the f-function analysis of YSHBB is valid 
there, it is difficult to justify increases of the size noted 
at 3 and 4 Mev. In the present analysis all values of 
Ko between the Hall-Powell values and the extremes 
listed in Table I have been fitted, so that split P waves 
and polarization can occur with less drastic changes in 
the f function. However, in case (1-4) for example, 
with f=10.80, the maximum polarization is only 
—1.4% (in the interference region). Such a small effect 
might be difficult to detect. 

If, on the other hand, one assumes for the sake of 
discussion that f= 11.83 at 3 Mev and takes the YSHBB 
value of 7.78 at zero energy, a linear interpolation 
between these values implies an increase over the 
YSHBB value of about 0.3 in f at the intermediate 
energy of 0.7 Mev. This corresponds to a decrease of 
about 1 degree in Ko. It is not expected that very large 
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Fic. 1. Plot of the ratio R= (e5—«e)/o* as a function of the 
center-of-mass scattering angle, 0..m,, for E=3.037 and 4.203 Mev. 
The quantity o% is the theoretical cross section with only the S 
wave non zero. The value of Ky used is that for cases (3-15A) 
and (4-15A) of Table I for E=4.203 Mev, and that for case (1-9) 
for E=3.036 Mev. The quantity o is the experimental cross sec- 
tion, or the theoretical cross section of cases (1-9), (2-84), 
(3-15A), and (4-15A). For cases (2-8A) and (3-15A) the theo- 
retical and experimental points are coincident on the scale of this 
graph, except that at 0..m.=25°, ® for (3-15A) is high, about 
the same as the plotted point for case (4-15A). A few of the points 
for case (1-9) are different enough from the experimental points 
to show up. 


10 Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 540 
(1952); referred to as YSHBB. 
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Fic. 2. Polarization, P, in percent plotted vs center-of-mass 
scattering angle, @-.m., as predicted for the phase shifts of cases 
(1-9), (2-8A), (3-15A), and (4-154) of Table I. 


P waves would be needed to make up the difference 
in cross section, so that consistency with no P waves 
at zero energy and sizable ones at 3-4 Mev might be 
realized. The implied increase in the slope, f“, of the 
f,E curve implies an increase in the range" of a potential 
used to fit the curve. This is consistent with the early 
incidence of waves of higher angular momenta, but 
an increase of ~0.16e?/mc* in the range of a Yukawa 
type potential, which occurs if the values mentioned 
are taken literally, is rather larger than is readily 
believed. 

The reduction in the S wave is accompanied by large 
P and D waves, as is shown in Table I: some cases 
have K.~1°, and P waves as large as 10°. Estimates 
based on potential fits to data yield smaller values than 
this. For example, a value of K2<0.06°, and even 
smaller values, at 3 Mev might be expected.” Values 
in that range occur only for a few of the cases tried, 
when Ko is close to the Hall-Powel! value and polariza- 
tion is small. 

Thus the unusual fits obtained, while consistent as 
a representation of the available data at 3 and 4 Mev, 
appear to be somewhat improbable from a more general 
viewpoint. 

Despite the cautions indicated against taking literally 
the more extreme of the results quoted, it seems that 


1 Hatcher, Arfken, and Breit, Phys. Rev. 75, 1389 (1949), and 
Eq. (4) of YSHBB. 


12 G. Breit (private communication). 
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the possibility of having low-energy fits with split P 
waves and polarization is not ruled out. As this analysis 
shows, even the very precise cross-section measurements 
of the type carried out at the University of Wisconsin! 
cannot distinguish between theoretical fits using only S$ 
and effective P waves and those employing split P 
waves and D waves as well. Since the latter type of 
fit implies polarization while the former does not, an 
experimental decision as to the presence or absence 
of a double-scattering asymmetry at these energies 


would be welcome. 
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Partial phase shifts have been deduced from the data on the scattering of a particles (12.3 to 22.9 Mev) 
from He, reported in an earlier publication. The interpretation of the phase shifts is as follows: The mono- 
tonic decrease of the S-wave phase shift throughout the energy range investigated indicates no broad S 
states in Be® for excitations between 0.5 and 11.45 Mev. The D-wave phase-shift energy dependence clearly 
indicates the 2.9-Mev 2* state in Be*. The G-wave phase shift shows a broad 4* state in the neighborhood 
of 11 Mev with a reduced width of about 2 Mev. The J-wave phase shift is first observed at 20 Mev and 


is positive. 


Moderate success has been achieved in explaining the scattering results in terms of Haefner’s alpha- 


particle model of Be’. 


I. INTRODUCTION 


N either the alpha-particle' or central-force model,* 

Be® states with /=0, 2, and 4 at excitation energies 
of about 0, 3, and 10 Mev are predicted. Yet, the 
abundant experimental data’ concerning Be* indicate 
the existence of levels at 2.2, 2.9, 3.4, 4.0-4.1, 4.62, 
4.9, 5.3, 6.8, 7.2-7.5, and 10-12 Mev above the ground 
state. However, more recent experiments® of greater 
accuracy with particle reactions favor the first-men- 
tioned level scheme. 


+ These investigations were supported jointly by the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

* Part of this paper is based on theses submitted in partial 
fulfillment of the requirements for the degree of Doctor of Phil- 
osophy at the University of Illinois for two of the authors (RN 
and GRB). 

tNow at Hanford Atomic Products Operation, Richland, 
Washington. 

j Now at Physikalisches Staatsinstitut, Hamburg, Germany. 

| Now at Radio Corporation of America, Princeton, New Jersey. 

{ Now at Kalamazoo College, Kalamazoo, Michigan. 

1R. R. Haefner, Revs. Modern Phys. 23, 228 (1951). 

?C. H. Humphrey (private communication), and Bull. Am. 
Phys. Soc. Ser. IT, 2, 72 (1957). 

3D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

4D. Kurath, Phys. Rev. 101, 216 (1956). 

5 For excellent summaries of work up to 1954 see R. Malm 
and D. R. Inglis, Phys. Rev. 92, 1326 (1953), and E. W. Titterton, 
ibid. 94, 206 (1954). More recent work is discussed in Part V of 
this paper. 

6 See Part V of this paper. 
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The most direct method of studying the levels of Be® 
with even spin and parity is by the investigation of the 
angular distribution of alpha particles scattered from 
helium. This paper reports the nuclear-scattering phase- 
shift analysis of such an alpha-alpha particle scattering 
experiment.’ Phase shifts from the low-energy scattering 
data of the Carnegie Institution, Department of 
Terrestrial Magnetism® and the Rice Institute? are also 
presented. In reviewing these phase shifts, which are 
now established over the range of bombarding a-particle 
energies 0.4-6 Mev, and 12-22.9 Mev, we propose, in 
addition to the well-known D state at 2.9 Mev, the 
existence of a G state at about 11 Mev. These states 
can be reasonably well interpreted as rotational levels 
of an alpha-particle model. One result of the S-wave 
phase-shift behavior is that the existence of a 0* 7.5- 
Mev state is excluded, in disagreement with the results 
of similar experiments of Steigert and Sampson at the 
University of Indiana.” 


7 Nilson, Kerman, Briggs, and Jentschke, Phys. Rev. 104, 
1673 (1956). 
® Cowie, Heydenburg, Temmer, and Little, Phys. Rev. 86, 
593(A) (1952); G. M. Temmer and N. P. Heydenburg, ibid. 90, 
340(A) (1953); N. P. Heydenburg and G. M. Temmer, ibid. 
104, 123 (1956). 
® Russell, Phillips, and Reich, Phys. Rev. 104, 135 (1956). 
10 F, E. Steigert and M. B. Sampson, Phys. Rev. 92, 660 (1953). 


INVESTIGATION OF EXCITED STATES 


Il. PHASE-SHIFT ANALYSIS 


The expression for the center-of-mass differential 
scattering cross section is 


4 





To.m.(0) = csc’@ exp(—ia log, sin’6) 


M’V4| 
+sec’@ exp(—ia log, cos’6) 


24 Lmao 
+— ¥ (2L+1)P1(cosé) 


(Leven) 
2 


Xexp[2i(¢z—f0) ] exp (2161) — 1 » (1) 


where 6 is the laboratory angle, e is the unit electron 
charge in esu, Z is the atomic number of helium, M is 
the alpha-particle mass, V is the incident alpha-particle 
velocity in the laboratory system in cm/sec, Pz is the 
Legendre polynomial of order L, and a is a velocity- 
dependent parameter defined as 


a=Ze/hV. (2) 


The phase terms {, represent the phase shifts of the 
Lth-order partial waves from the Coulomb interaction 
and are given by 


L 
fr=tot > tan (a/s). (3) 


a=l 


The phase terms 6, represent the phase shifts of the 
Lth-order partial waves from nuclear forces other than 
the Coulomb force, and are the parameters which are 
determined from the cross sections. The mixing of the 
scattered and recoil waves is such that the odd L terms 
vanish inside the sum—a direct consequence of the 
symmetry of the wave functions which are needed to 
describe a system of two Bose-Einstein particles. The 
maximum L in the summation can be determined 
roughly by considering whether the impact parameter 
of the Lth-order wave lies within the range of the 
nuclear forces. For incident alpha particles up to about 
12 Mev, only S and D waves are scattered by non- 
Coulomb forces. Nuclear scattering of G waves begins 
at 12 Mev, and of J waves probably around 20 Mev. 


A. Graphical Method of Determining the 6; 


A graphical method of determining the nuclear phase 
shifts from the experimental cross sections has been 
employed by Wheeler" for the early scattering experi- 
ments of Mohr and Pringle’ and Devons." The 
procedure is to rewrite (1) as 


1 J, A. Wheeler, Phys. Rev. 59, 16 (1941). 

12C, B. O. Mohr and G. B. Pringle, Proc. Roy. Soc. (London) 
A160, 193 (1937). 

13S, Devons, Proc. Roy. Soc. (London) A172, 564 (1939). 
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eee 


4 
=csc’6 exp(—ia log, sin’@) 
Ze 


21 
+sec@ exp(—ia log, cos’#)+—¥ +--+, (4) 
a 


and then solve for the 6; by treating each term as a 
vector in the complex plane. More than one set of 6, 
will usually satisfy Eq. (4). 


21.8- and 22.9-Mev Data 


The graphical method was used in analyzing only 
the two proportional-counter scattering experiments at 
21.8 and 22.9 Mev." Just two phase-shift solutions at 
22.9 Mev and one at 21.8 Mev were found which satisfy 
the requirements that the theoretical cross sections 
computed with the determined phase shifts in expression 
(1) lie within the experimental errors of the measured 
cross sections. These solutions have been denoted as 
Solutions I and II; Solution I is always that one which 
agrees better with experiment. The two solutions are 
tabulated in Table I and the theoretical cross sections 
are plotted in Fig. 1 along with the experimental values. 
The errors shown for the phase shifts were estimated 
from uncertainties in the cross sections and incident- 
particle energies. 


B. Computer Method of Determining the 5, 


The graphical method is very time-consuming and 
tedious, especially when many partial waves must be 
included. Therefore, the phase-shift analyses problem 
has been programed for ILLIAC, the University of 
Illinois digital computer.!® The program is able to 
handle phase shifts up to 69 and the solution is deter- 
mined by considering simultaneously the experimental 
cross sections at a maximum of 32 angles between 
10.5° and 45° (lab). 

By varying the phase shifts 5,, the computer_mini- 
mizes the following function: 





S (50,52, sit -bLmax) 
7 [oexp*(0;)—orn* (0;; bo, °° ‘6Lmax) P 
=> = . 6) 
i=] "3 


TaBLE I. Graphically-determined phase shifts for alpha-alpha 
particle scattering experiments at 21.8 and 22.9 Mev. 











Ei» (Mev) bo (deg) 52 (deg) 8 (deg) bs (deg) 
Solution I 

21.8 — 8.2+40.5 95 +0.4 46.7404 0.5 +0.2 

22.9 —10.5+0.5 94.1+0.4 59.1404 0.95+0.2 
Solution IT 

21.8 No second solution was found graphically 

22.9 86.5 —51 1.8 








4 Of the ten scattering experiments discussed previously by 
the authors [R. Nilson ef al., Phys. Rev. 104, 1673 (1956) ], 
these two have the best statistics. 

15 J. N. Snyder, Phys. Rev. 96, 1333 (1954). 
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Fic. 1. Computed and observed cross sections at E=21.8 and 
22.9 Mev. (See reference 7.) @ Experimental results (proportional 
counter), solid curve computed with either graphically-determined 
or ILLIAC-determined phase shifts of Solution I. 


The oexp*(6;)’s are the experimental cross sections, at 
laboratory angles @;, scaled down to suit the range of 
ILLIAC. Likewise the o:*(6;)’s are the theoretical 
cross sections from expression (1) also scaled down. 
The A,’s represent the experimental root-mean-square 
errors associated with the cross sections at the angles 6;. 


TABLE II. Computer (ILLIAC)-determined eo shifts for 
alpha-alpha particle scattering experiments at 12.3 to 22.9 Mev. 
e=rms error for the least-squares fit (see Part IT, Sec. B). 











Eis» (Mev) 0 (deg) 52 (deg) 54 (deg) 5s (deg) € 

Solution I 
12.3 29 +4 103 +8 3.0+1.5 ve. 1.60 
15.2 11 +4 100 +8 5.242 te 1.66 
17.8 7 42 104 +4 16.242 ee 0.86 
19.1 3 42 101 +4 24.142 0 1.09 
20.4 — 1.642 97.524 27.742 0.54 1.58 
21.65 — 8842 94.742 41.842 0.13 0.13 
21.8 — 6.942 94.8+2 47.042 193s. 15 
22.25 —10.242 93.342 48.1+2 0.09 0.95 
22.81 — 9442 91.7242 56.442 1.07 0.89 
22.9 —10.742 94.0+2 59.242 1.09 1.62 

Solution IT 
12.3 40.2 102 0 . $m 
15.2 60.8 104.5 0.2 cee 1.76 
17.8 68.6 111 — 85 cee 1.38 
19.1 68.9 112 —16 » 2.38 
20.4 79.3 114 —16 3.0 2.72 
21.65 81.7 146 —23.7 —8.5 0.64 
21.8 84.2 116.7 —36.3 3.3 4.27 
22.25 89.7 128.9 —50.3 —3.7 8.4 
22.81 87.8 119.8 —50.0 1.5 1.01 
22.9 86.4 118.2 —51.3 1.6 2.1 
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KERMAN, AND SNYDER 
The following criteria were established in order to 
determine which solution to a particular phase-shift 
analysis was the best one. First, acceptable solutions 
were required to give agreement with the experiment 
(all but two or three solutions were rejected on this 
basis). Second, it was necessary that acceptable phase 
shifts have a consistent and smooth variation with 
energy (none of the solutions rejected for poor least- 
square fits satisfied this criterion). These two criteria 
always reduce the number of possible solutions to at 
most two. Then, the best solution was taken to be the 
one whose energy variation was interpretable in terms 
of a Be® level structure that is consistent experimentally 
and theoretically. When the experimental data were 
sufficiently precise, it was always found that the solution 
finally chosen had the best least-squares fit. 

A measure of the fit was obtained from the rms error 
for the least-squares fit. This quantity is called ¢ and 


is given by 
( Sain ) 
a3, 
(n—m)k 


where n is the number of observations, m is the number 
of parameters used in the least-squares fit (i.e., phase 
shifts), k a normalizing constant, and fmin is the 
minimum value of the function f. Since the rms error 
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Fic. 2. Computed and observed cross sections at E= 12.3 Mev 
(see reference 7). © Low-angle slit results, A high-angle slit 
results, a high-angle slit results ($7—6), solid curve computed 
with ILLIAC-determined phase shifts of Solution I. Shown also 
are results of Steigert and Sampson” at 12.88 Mev (*). 
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associated with the numerical fit o4,* is given by «A, 
a fit commensurate with the accuracy of the experi- 
mental data requires that ¢ be of the order one. 


12.3- to 22.9-Mev Data 


The fact that the graphical analysis previously 
discussed limited the possible solutions to at most two 
for the 21.8- and 22.9-Mev data provided a valuable 
aid in the computer analyses at lower energies. By 
starting the computer with initial sets of phase shifts 
equal to those at 22.9 Mev, the computer found two 
acceptable solutions for the 20.4-, 21.65-, 22.25-, and 
22.81-Mev experiments. Then, by using the 20.4-Mev 
phase shifts as initial values, the phase shifts at 19.1 
Mev were determined, etc. 

The search for suitable solutions was not limited to 
the procedure just described. Many initial values of 
phase shifts were tried so that probably no suitable 
solutions were missed. The two solutions found at each 
energy are tabulated in Table II. The theoretical cross 
sections computed with the phase shifts of Solution I 
in Eq. (1) are plotted in Figs. 2 through 7 along with 
the experimental values. The phase shifts for the 21.8- 
and 22.9-Mev experiments determined by the computer 
check very well with those determined graphically 
(compare Tables I and II). 
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Fic. 3. Computed and observed cross sections at E= 15.2 Mev. 
(See reference 7.) © Low-angle slit results, A high-angle slit 
results, & high-angle slit results (44—6), solid curve computed 
with ILLIAC-determined phase shifts of Solution I. Shown also 
are results of Steigert and Sampson” at 14.86 Mev (*). 
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Fic. 4. Computed and observed cross sections at E= 17.8 Mev. 
(See reference 7.) © High-angle slit results, @ high-angle slit 
results (}47—0), & extrapolated points from do/dE curves taken 
from present data, solid curve computed with ILLIAC-determined 
phase shifts of Solution I. Shown also are results of Steigert and 
Sampson” at 18.32 Mev (). 


The errors assigned to the phase shifts of Solution I 
were determined by ascertaining how great a variation 
could be made in the phase shifts before the theoretical 
cross sections lay outside the errors in the experimental 
cross sections. For example, for the 15.2-Mev data, it 
was found that the D-wave phase shift could be varied 
as much as eight degrees (with suitable adjustment of 
do and 64) before too serious a disagreement with the 
experimental cross sections arose. At energies above 
20 Mev, where energy resolution and statistics are 
better,’ the assigned errors are smaller. 

An interesting symmetry exists between the do, 62, 
and 6, values of each solution. No theoretical expla- 
nation of this symmetry was tried. The symmetry is 
shown in Fig. 8. 


20- and 20.4-Mev Data 


Two scattering experiments have been performed at 
Washington University by Mather at 20 Mev,'*® and 
by Braden et al. at 20.4 Mev."” The experimental points 
are shown in Fig. 6. The absolute values show reason- 
able agreement with our 20.4-Mev results, but insuffi- 
cient data prevented the computer from finding a 
suitable phase-shift solution. 


30-Mev Data 


The experimental cross sections obtained by Graves'*® 
at 30 Mev were also analyzed. Attempts with partial 


16K, B. Mather, Phys. Rev. 82, 126 (1951). 


17 Braden, Carter, and Ford, Phys. Rev. 84, 837 (1951). 
18 EF. Graves, Phys. Rev. 84, 1250 (1951). 
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Fic. 5. Computed and observed cross sections at E= 19.1 Mev. 
(See reference 7.) © High-angle slit results, @ high-angle slit 
results (}7—6), solid curve computed with ILLIAC-determined 
phase shifts of Solution I. Shown also are results of Steigert and 
Sampson” at 19.47 Mev (). 


waves up to ds were made, but no solutions were found 
which gave satisfactory least-square fits. The solution 
which provided the best agreement between the com- 
puted and experimental cross sections is tabulated in 
Table III. The phase shifts reported by Graves'* for 
his data are incorrect since the theoretical expression 
used in the analysis is not symmetric about laboratory 
angle 45 degrees. 
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Fic. 6. Computed and observed cross sections at E= 20.4 Mev. 
(See reference 7.) © Low-angle slit results, A high-angle slit 
results, A high-angle slit results (4¢—@), solid curve computed 
with ILLIAC-determined phase shifts of Solution I. Shown also 
are results at 20 (*)** and 20.4 Mev (D).”” 
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12.88- to 21.62-Mev Data 


Phase-shift analyses of the alpha-alpha particle 
scattering cross sections measured by Steigert and 
Sampson” were carried out with the digital computer. 
The results agree qualitatively with the phase shifts 
published” except for the G-wave phase shift—the rise 
with increasing energy being much more gradual, 
attaining a value of 40 degrees at 21.6 Mev instead of 
the tentative value of ~115 degrees given by Steigert.”° 
A complete discussion of the ILLIAC phase-shift 
analyses of the data of Steigert and Sampson” is given 
by Nilson.” The variance between our data and 
those of Steigert and Sampson” in the energy region 
from 12 to 15 Mev does not lie in the phase-shift 
analysis but arises from the hitherto unexplained 
differences in the experimental cross sections in the 
12-15 Mev range. 
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Fic. 7. Computed and observed cross sections at E=21.65 (*), 


22.25 (a), and 22.81 (0) Mev. (See reference 7.) Solid curves 
computed with ILLIAC-determined phase shifts of Solution I. 
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III. INTERPRETATION OF PHASE SHIFTS 


Our experimental phase shifts (Solutions I) are shown 
in Fig. 9. Included also are the phase shifts from the 
data of the Carnegie Institution® and the Rice Institute. 
The energy dependence of all phase shifts is very 
smooth and consistent for the three groups of experi- 
ments. 

Application of the single-level approximation of the 
Wigner-Eisenbud dispersion theory” has had consider- 
able success in the identification of virtual nuclear 


19R. Nilson, Ph.D. thesis, University of Illinois, 1956 (unpub- 
lished. 

2” E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 
T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 





INVESTIGATION OF EXCITED 


levels in many light element reactions.2» It seemed 
worthwhile, therefore, to analyze the scattering phase 
shifts in terms of the dispersion theory. On the other 
hand, such a procedure may not be completely war- 
ranted since the idea of a compound nucleus being 
formed may not be applicable in a collision of two 
tightly bound alpha particles. 

The single-level approximation of the dispersion 
theory is applied by assuming that only one state 
affects the resonance part of the phase shift over the 
energy range under consideration. This assumption is 
valid if the spacing of Be* levels of the same ZL is large 
compared to the level widths. 
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Fic. 8. Observed mirror symmetry of Solutions I and IT phase 
shifts for data above E=12.3 Mev. 


We express the phase shift 5; as a sum of two terms 
6:=O1 +n. (6) 


The first term in (6) is the potential phase shift and is 
given by the following relation: 


F ,(kr,a) 
ee 
Gr(kr,a)I,n0 


21 See for example the following: p+He—C. L. Critchfield and 
D. C. Dodder, Phys. Rev. 76, 602 (1949); R. K. Adair, ibid. 86, 
155 (1952); D. C. Dodder and J. L. Gammel, ibid. 88, 520 (1952). 
p+C®—H. L. Jackson and A. I. Galonsky, ibid. 89, 370 (1953). 
a+C#—R. W. Hill, ibid. 90, 845 (1953); J. Bittner and R. D. 
Moffat, ibid. 96, 374 (1954). a+O'*—J. R. Cameron, ibid. 90, 
839 (1953). a+Ne—E. Goldberg et al., ibid. 93, 799 (1954). 
d+He—A. I. Galonsky and M. T. McEllistrem, ibid, 98, 590 
(1955). 


(7) 
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TABLE III. Computer (ILLIAC)-determined phase shifts for 
alpha-alpha particle scattering at 30 Mev.* e=rms error for the 
least-squares fit (see Part II, Sec. B). 























bo (deg) 52 (deg) 84 (deg) be (deg) € 
90 30.5 25.3 3.9 3.8 
* It is uncertain that this represents the physically correct solution. 


F, and G, are the regular and irregular radial Coulomb 
functions”; & is the wave number of the center-of-mass 
motion of the two alpha particles, r is the interparticle 
separation, and a is the parameter previously defined. 
The quantity a is the channel or interaction radius. 

The second term in (6) is the resonance phase shift 
nz and is given by 


RiP 
n=tan| — | ; (8) 
1—R1S1 r=a 
R_z is given by 
Ri=(%, 1”); (Ey,1—£). (9) 


where 7,1” and £),, are the reduced width and char- 
acteristic energy (center-of-mass) of the single level. 
E is the channel energy (one-half the kinetic energy 
of the incident alpha particle in our case). Py in Eq. 
(8) is the penetration factor™ and is given by 





kr 
P.=| -| ' (10) 
G?+F/?? r=a 
Sz is the level-shift factor defined as 
kr(F LF 1'+G1Gr’) 
S,= | -————_- , (11) 
F?+G/,? r=a 


The primes in (11) indicate differentiation with respect 
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Fic. 9. Experimental S-, D-, and G-wave phase shifts for alpha- 


alpha particle scattering. 0.4 to 3 Mev, Carnegie Institution’; 
3 to 6 Mev, Rice Institute®; above 12.3 Mev, Illinois Solution I. 


* Bloch, Hull, Bouricius, Freeman, and Breit, Revs. Modern 
Phys. 23, 147 (1951). 

3 This is not to be confused with P, defined earlier as a Legendre 
polynomial. 
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to kr. Eyes is defined as the channel energy at which 
ni=90 degrees, 


Eves= Ey, 1-7), 17S. (12) 


For a compound nucleus state, the reduced width 
gives the probability of finding the decay particles at 
the nuclear surface; the partial width T,,z,, on the 
other hand, determines the probability for the decay 
particles escaping after arrival at the nuclear surface 
and depends on the nature of the potential barrier to 
be penetrated. The relationship usually given for T,z 
in terms of the reduced width is” 


Ty), 1=2P ry, v’. (13) 


The reduced width also is a measure of the overlap of 
the Be® compound-nucleus wave function with a two- 
alpha-particle wave function at the nuclear surface. 
If 7,2? is near its maximum value, which is given by 
the first sum rule of Wigner and Teichmann” as 3h?/2ya’? 
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Fic. 10. Comparison of experimental and single-level dispersion 
theory S-wave phase shifts. Hard-sphere scattering: (a) a=4.12 
X10-8 cm (r9>=1.3XK10-" cm); (c) a=5.71K10-" cm (ro=1.8 
X10~% cm). Hard-sphere scattering plus resonance scattering: 
(b) a=4.4X10-8 cm (ro=1.4X 10-8 cm); y~,?=0.624 Mev-cm 
(0.75 Wigner limit) ; E,-,.=0.096 Mev (c.m.). 


* This relation provides only an estimate of the reduced width 
if Ty, z is known. See R. G. Sachs, Nuclear Theory (Addison-Wesley 
Press, Cambridge, 1953), p. 308. 
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(where « is the reduced mass of two alpha particles), 
the level has a high degree of single-particle purity, 
the single particles being alpha particles. 


S Wave 


The S-wave phase shift (Fig. 9) decreases monotoni- 
cally from 180° below 1 Mev (lab) to —10° at 22.9 Mev. 
It is logical to begin the S-wave phase shift at 180° 
since in the (bombarding) energy region of 0 to about 
200 kev, 59 is required to have risen sharply from 0° 
to 180° because of the L=O ground state at 96 kev. 
There is no indication of any S states (assuming the 
extrapolation between 6 and 12.3 Mev can be made) 
for Be’ excitation energies between 0.5 and 11.5 Mev. 

The ground state width has been determined by 
Russell, Phillips, and Reich? to be 8.5+3 ev (c.m.). 
However, the reduced width is comparable with the 
Wigner limit, so the behavior of the S-wave phase 
shift at energies above the resonance is certainly 
influenced by this resonance level. Evidence of this is 
shown in Fig. 10 where theoretical curves based on 
dispersion theory are compared to the experimental 
phase shifts. Very good agreement can be obtained at 
energies less than 6 Mev (lab) with a combination of 
potential and resonance phase shifts based on the 
following parameters*®®: a=4.44X10-* cm, Eres=0.096 
Mev (c.m.), and 7 ,o?=0.624 Mev (c.m.) (? Wigner 
limit). 

To achieve agreement with potential scattering alone 
at the low energies requires an a value of 5.71X10-" 
cm which is certainly too large. At the higher energies 
the experimental values indicate that a smaller inter- 
action radius should be used. 


D Wave 


In the energy range 2 to 6 Mev (lab), the behavior 
of 52 is clearly one of resonance scattering. The phase- 
shift rise can be reproduced theoretically with the 
following single-level dispersion theory parameters’: 
Exes=3 Mev (c.m.) (based on the well-known 2.9-Mev 
state, i.e., Eres=2.9+0.096= 2.996), a=5.0X10-* cm 
(ro=1.6X10-" cm), and y),2?=0.9 Mev (c.m.) (0.7 
Wigner limit). As Fig. 11 shows, agreement between 
experiment and theory, however, does not continue 
beyond 6 Mev (lab). Assuming a narrower reduced 
width or a smaller interaction radius or both raises the 
theoretical values at the higher energies as shown in 
the figure, but no one set of one-level parameters will 
reproduce the experimental values over the entire 
energy range of 0-22 Mev. 


G Wave 


The G-wave phase shift begins differing from 0° 
around E)},,=12 Mev and also behaves like resonance 
25 Values of a considered were those calculated from the custom- 


ary formula, a= (4!+44)ro. The constant ro ranged between 1.2 
and 1.8X10-" cm. 
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180 





Fic. 11. Comparison 
of experimental D-wave 
phase shifts to that 
obtained from single- 
level dispersion theory 
with LEres=3.0 Mev. 
Data points are from 
Carnegie, Rice, and pre- 
sent experiments. (a) 
Eres=3.0 Mev (c.m.); 
y.2=0.9 Mev (c.m.) 
(0.4 Wigner limit); a 
=3.5X10-% cm (ro= 1.2 
X10" cm). (b) Eres 
=3.0 Mev (c.m.); y,2 
=0.9 Mev (0.7 Wigner 
limit) ; a=5.0X10-" cm 
(ro=1.6X 10% cm). 
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scattering. Depending on the choice of ro, the center- 
of-mass energy at which the resonance part of the 
phase shift attains 90° is as follows: 

ro (cm) Even (Mev) 

1.6 10-8 11 


1.4X10-" 11.8 
1.2X10-* 12.0 


The G-wave phase shift can be reproduced with the 
single-level dispersion theory, the parameters being as 
follows: ro>=1.4X10-" cm (a=4.44X10-" cm), ya, 7 
=2 Mev (c.m.), and E),4=10.6 Mev (c.m.) (Eres 
=11.8 Mev). The sum rule gives 1.59 Mev for the 
single-particle reduced width, and thus this state must 
be wholly a single-particle (alpha-particle) state. The 
experimental and theoretical phase shifts for L=4 are 
compared in Fig. 12. 


I Wave 


A small J-wave interaction improved the agreement 
between the theoretical and experimental cross sections 
above 20 Mev. It is perhaps significant that the re- 
quired J-wave phase shift, though small, is positive 
(see Table II). The L=6 potential phase shift (which 
is negative) should begin to differ from zero around 
E\a»=20 Mev, and an experimentally observed 65 
indicates that an J state may exist at a higher energy. 

Although the experimental phase shifts at any given 
energy can be reproduced theoretically, the same value 
of a cannot be used throughout the whole energy range 
of 0 to 22 Mev. In addition to the requirement that 
the single-level theory be applicable, the Coulomb 


Exag (MEV) 


functions F, and Gy plus their derivatives should not 
vary greatly over the energy range for the single-level 
approximation to be valid. This requirement is not 
met; for example, the value of F, for ro=1.4X10-% 
increases from ~0.01 at 1 Mev (lab) to ~1 at 26 Mev. 


IV. ALPHA-PARTICLE MODEL 
The high degree of single-particle purity indicated 
by the dispersion-theory analyses for the Be® states 
below 12 Mev leads to the interpretation that these 
states can be described by means of an alpha-particle 
model. A very early discussion of allowed alpha-particle 
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Fic. 12. Comparison of experimental G-wave phase shift to 
that obtained from single-level dispersion theory. Eres= 11.8 Mev, 
E),4= 10.6 Mev, y, 2=2.0 Mev, ro=1.4X 107% cm. 
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rotational states in Be® was given by Wheeler.”* The 


rotational energy is 
Er= (h?/2A)L(L+1), (14) 


where A is the moment of inertia of the nucleus and L 
is the angular momentum. Only even L are allowed. 
Wheeler stated that only the lowest vibrational state 
would be expected to have a long enough life to be 
observable and that rotational levels with L>4 may 
be too much widened by dissociation to be of interest. 
For simplicity we consider only rotational states. 

The energies of the first three rotational states given 
by (14) are in the ratio 0:3:10 for L=0, 2, and 4. The 
level energies of the Be® states discussed in the preceding 
section are in the ratio 0:2.9:11.7 for L=0, 2, 4,—a 
striking correspondence to that predicted on the basis 
of a rotational model. 

Haefner' has proposed an alpha-particle interaction 
potential for Be® as follows: 


4e?/r, r>a 


. (15) 
—D+(Ph?)/(2ur*), r<a 


V(r)= 


where r is the separation of the alpha-particle centers, 
e is the electronic charge, D is the well-depth parameter, 
u is the reduced mass of two alpha particles, and g° is 
a parameter which allows convenient use of tabulated 
values of wave functions. The potential is proposed for 
investigation of the Be® compound nucleus for low 
excitations and its shape represents a strongly repulsive 
potential for very small 7, an attractive potential for 
intermediate ranges and the Coulomb potential beyond 
the range of nuclear forces. 

If the wave equation describing the relative motion 
of the two alpha particles is solved with the interaction 
potential given in Eq. (15), and the internal and ex- 
ternal wave functions and their first derivatives (for 
each L) matched at the boundary r=a, two parameters, 
5, and A,/B, are determined as functions of energy. 
The parameter 6, is identical to the nuclear phase shift 
determined in alpha-alpha particle scattering and 
A,/B_z is the ratio of the internal (r<a) wave-function 
amplitude to the external (r>a) wave-function ampli- 
tude. The criterion for a virtual level of angular 
momentum L is given by the maximum of the ratio 
A L/B. 

The well-depth parameter D can be determined from 
the known position of the ground state at E=96 kev 
and turns out to be between 19 Mev and 50 Mev 
depending on the choice of a. 

For values of a between 4.0 and 5.0X10-" cm, 
Haefner found that the maximum in A 2/ Bz lies between 
E=2.7 to 3.8 Mev which brackets the known D state 
at 2.9 Mev. Extending Haefner’s model to include 
L=4, we found that the energy range in which A,4/B, 
attains its maximum value is 9 to 12 Mev for values of 


26 J. A. Wheeler, Phys. Rev. 52, 1083 -(1937). 
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a between 4.13 and 5.08X10—" cm. This includes the 
G state at E,.,=11.8 Mev which was determined from 
the dispersion-theory analysis. 

A more quantitative test of the model consists of 
seeing how well the experimental phase shifts can be 
reproduced. Several curves of 50, 52, and 4, have beea 
calculated for different values of a. As Fig. 13 indicates, 
the best agreement with the low-energy S-wave experi- 
mental phase-shift values requires a small value of a 
(3.49 10-* cm). 

None of the D-wave phase shifts calculated from 
Haefner’s theory rise high enough to reproduce the 
experimental [=2 phase shifts beyond 12 Mev (lab) 
(Fig. 14). 

A good fit to the experimental G-wave phase shifts 
is obtained with a=4.44X10-" cm (Fig. 15). A more 
critical test of the particular potential would be a 
comparison between the experimental and theoretical 
G-wave phase shifts beyond 22.9 Mev. However, no 
experimental phase-shift data exist in this region. 
Recent alpha-alpha scattering data at 38.5 Mev (lab) 
by Burcham, Gibson, Prowse, and Rotblat?’ have not 
yet been analyzed. 

Although the experimental S-, D-, and G-wave phase 
shifts are not exactly reproducible by Haefner’s model, 
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Fic. 13. Comparison of experimental S-wave phase shift with 
that calculated from alpha-particle model of Haefner. (a) a=3.49 
X 10-8 cm, (b) a=5.08X 10-3 cm. 


*7 Burcham, Gibson, Prowse, and Rotblat (private communi- 
cation). 
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the similarities between the experimental and the 
rotational-model phase shifts are a strong indication 
that these three states can be described in terms of a 
two-body interaction. It is not surprising that devia- 
tions from this simple model occur at higher excitation 
energies. There will be more mixing of individual 
nucleons of each a particle in the compound nucleus 
instead of each alpha particle retaining on the average 
its own identity. More recently, Humphrey” has been 
able to reproduce the experimental alpha-alpha 
particle phase shifts for the entire energy range of 0 
to 22 Mev with a modified Haefner model. He finds best 
agreement with a=3.75X10-" cm and an L-dependent 
well depth Dy (Do=21 Mev, D2=25 Mev, and Dy=32 
Mev). Naturally, it is questionable if the introduction 
of an L-dependent potential has any physical signifi- 
cance. He also has obtained good agreement with a 
Margenau potential which is infinite for very small r, 
a negative square well for intermediate ranges, and a 
Coulomb potential beyond the range of nuclear forces. 


V. DISCUSSION OF RESULTS 


The scattering phase-shift data indicate that only 
three states exist in Be* below 12-Mev excitation with 
even spin and parity. 

A study of the Be® levels by particle reactions yields 
the result that only the same three states are evidenced 
as by alpha-alpha scattering if one relies on the more 
recent and most accurate experiments. 

The investigations of the Li’(d,n)Be® reaction by 
Trumpy, Grotdal, and Graue,” and by Trail and 
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Fic. 14. Comparison of experimental D-wave phase shift with 
that calculated from alpha-particle model of Haefner. (a) a=3.49 
X 10-8 cm, (b) a=4.44X 10-8 cm, (c) a=5.08X 10-8 cm. 

28 We are indebted to C. H. Humphrey for granting us per- 
mission to quote his general results. 

* Trumpy, Grotdal, and Graue, Nature 170, 1118 (1952). 
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Fic. 15. Comparison of experimental G-wave phase shift with 
that calculated from alpha-particle model of Haefner. (a) a=5.08 
X10- cm, (b) a=4.60X10™ cm, (c) a=4.44X10~" cm, (d) 
a=4,13X 10-4 cm. 
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Johnson® for Be® excitations up to 9-10 Mev show no 
evidence of a 7.5-Mev state reported earlier.!°#!-* 
Trail and Johnson’s® experiments possess better sta- 
tistics than the work of Gibson and Green,*! and Ihsan.* 
LaVier, Hanna, and Gelinas** have recently studied 
the alpha spectrum from Li’(~,y)Be*—2a and find no 
structure other than that corresponding to the 2.9-Mev 
Be® state and a broad state in the region of E..=10 
Mev. These authors state that the minimum observable 
intensity of a 7.5-Mev state which they should have 
been able to detect is 0.5% of the total alpha intensity. 
This compares to an intensity of one percent observed 
by Inall and Boyle®* for the 7.5-Mev state in the same 
reaction. The work of Cuer ef al.** is in disagreement 
with the work of Holland et al.** who, studying the 
same reaction [ B!°(d,a) Be* ], find no alpha groups other 
than that corresponding to the 2.9-Mev state. The far 
better statistics favor the results of Holland ef al. 

Thus there are contradictory results arising from the 
same reactions, concerning the existence of the 7.5-Mev 
state. The weight of good statistics favors the absence 
of the 7.5-Mev state, and our results concur with this 
conclusion. 

Several other particle reactions also indicate a simple 
Be® level structure. Notably, the recent work of Kunz, 
Moak, and Good*’ on Li®(He*,p) Be*, Malm and Inglis** 
and Holland ef al.*® on B"(p,a)Be*, and Frost and 
Hanna® and Gilbert® on Li’—6-+ Be*—2a all give no 


% C, C. Trail and C. H. Johnson, Phys. Rev. 95, 1363 (1954), 
and private communication. 

31... L. Green and W. M. Gibson, Proc. Roy. Soc. (London) 
A62, 407 (1949). 

3M. A. Ihsan, Phys. Rev. 98, 689 (1955). 

33 E. K. Inall and A. J. F. Boyle, Phil. Mag. 44, 1081 (1953). 

34 Cuer, Jung, and Bilwes, Compt. rend. 238, 1405 (1954). 

35 LaVier, Hanna, and Gelinas, Phys. Rev. 103, 143 (1956). 

36 Holland, Inglis, Malm, and Mooring, Phys. Rev. 99, 92 


955). 

37 Kunz, Moak, and Good, Phys. Rev. 91, 676 (1953). 

38 R. Malm and D. R. Inglis, Phys. Rev. 92, 1326 (1953). 
% R. T. Frost and S. S. Hanna, Phys. Rev. 99, 8 (1955). 
F.C. Gilbert, Phys. Rev. 93, 499 (1954). 
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evidence for the existence of any states in Be® except 
the 2.9-Mev level up to excitations of 8 Mev. The 
recent results of Armstrong and Frye“ on B"(n,a)Li*- 
(8-)Be**(2a) can, within the limits of their statistics, 
be described adequately by only the 2.9-Mev level up 
to an excitation of 10 Mev. In agreement with these 
results, Cameron® observed with the reaction Be®(p,d)- 
Be® only the ground state and broad 2.9-Mev level in 
the region from 0- to 6.5-Mev excitation. With the 
Be*(d,)Be® reaction, no Be® levels were observed in 
the region of 7.1- to 15-Mev excitation.” All these 
recent experiments have in common good statistics. 

The existence of a broad state in the vicinity of 
10-12 Mev is now on secure footing. In addition to the 
previously mentioned Li’(p,y)Be® study of LaVier 
et al.,** which indicated a Be® state at E..=10 Mev, 
more recent work by Moak and Wisseman® on 
Li®(He*,p)Be® in which they have extended the Be® 
excitation energy to 14 Mev indicates a broad state at 
12.3 Mev. Some older measurements purporting to a 
level at 11 Mev are summarized by Ajzenberg and 
Lauritsen. 

Inglis* and more recently Kurath* have shown that 


41 A. H. Armstrong and G. M. Frye, Jr., Phys. Rev. 103, 335 
(1956). 

4 J. R. Cameron, Bull. Am. Phys. Soc. Ser. II; 1, 324 (1956). 

C.D. Moak and W. R. Wisseman, Phys. Rev. 101, 1326 
(1956). 

“ F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 


BRIGGS, 





KERMAN, AND SNYDER 


a central-force model with intermediate spin-orbit 
coupling is also consistent with Be® states with L=0, 2, 
and 4, and excitation energies of about 0, 3, and 10 
Mev, respectively. There are no calculated states 
corresponding to observed levels at 4.2, 5.4, and 7.5 
Mev.! 

In summary, the findings of our scattering experi- 
ments taken together with those of Phillips et al.® and 
Heydenburg and Temmer® are consistent with the 
statement that there are no even states in Be® (broader 
than ~100 kev) other than the S ground state, the 
2.9-Mev D state, and a G state in the vicinity of 11-12 
Mev. These results are in good agreement with those 
from most nuclear reactions. 
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It is found by a delayed-coincidence measurement that part of the 1.04-Mev gamma radiation following 
the beta decay of Ga” is delayed with a mean life of r= (4.00.9) X10~ sec. This lifetime is assigned to 
the 0* level in Ge” at 1.2 Mev which feeds the 2+ level by a 0.174-Mev £2 transition. The observed mean 
life is about sixty times shorter than the Weisskopf single-particle estimate for the quadrupole transition. 





I. INTRODUCTION 


ERMANIUM.- 70 is one of a few nuclei with known 
0+ excited states. Angular correlation and other 
measurements have established the 0* nature of the 
1.21-Mev second-excited state in Ge” (see Fig. 1). 
Neither pair production nor internal conversion elec- 
trons from the 0-0 crossover transition to the ground 
state have been observed. The 1.21-Mev level decays 
primarily by a 0.174-Mev £2 transition to the 1.036- 
Mev 2+ first-excited state. An upper limit for the life- 
time of the 1.21-Mev level has been reported! as 
T,;<4 musec. If the reduced matrix element? for the 
direct EO transition to the ground state is similar to 
that in Ge”, the rate of this transition should correspond 
to a half-life of 200 to 300 musec. 
We have measured the lifetime of the 1.21-Mev 
level by means of beta-gamma delayed-coincidence 
techniques. 


II. EXPERIMENTAL TECHNIQUE 


Almost half of the 1.04-Mev gamma rays are pre- 
ceded by the 0.174-Mev transition. The lifetime of the 
1.04-Mev level is known® to be too short (~10~-” sec) 
for detection by delayed-coincidence measurements. 
delayed coincidences between beta rays of the 0.441- 
Mev group and 1.04-Mev gamma rays can therefore 
be used to measure the lifetime of the 1.21-Mev state. 
This procedure seemed preferable to detection of the 
delayed 0.174-Mev gamma rays since the larger pulse 
height due to the high-energy gamma rays reduces 
time-fluctuations sufficiently to permit the use of a 
Nal(TI) scintillator. The alternative procedure to 
detect the delayed internal-conversion electrons from 
the 0.174-Mev transition would suffer from the high 
background of nuclear beta rays giving rise to accidental 
coincidences. 


t This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

* National Science Foundation Postdoctoral Fellow. 

t Now at the High-Energy Physics Laboratory, Stanford, 
California. 

1 Bunker, Mize, and Starner, Phys. Rev. 105, 227 (1957). 

2 E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 

3 Nuclear Level Schemes, A=40—92, compiled by Way, King, 
McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955) 


The coincidence circuit was of the usual fast-slow 
type. The beta detector consisted of a } in.X1.5 in. 
disk of Pilot “B” plastic scintillator mounted on an 
RCA 6342 photomultiplier. The gamma detector con- 
sisted of a 2 in.X2 in. NaI(T1) crystal also mounted on 
an RCA 6342 photomultiplier. The counters were 
mounted in approximately 10% geometry, with suffi- 
cient brass absorber to prevent beta rays from reaching 
the gamma counter. 

Each fast output was amplified in a gain-of-ten 
distributed line amplifier and the resulting negative 
pulses used to cut off WE404A pentodes. The positive 
pulses from the pentode plates were used to trigger 
EF P60 discriminators of the Moody type.® The 20-volt 
pulses from these circuits were delayed arbitrary 
amounts with RG114/U cable and added at a shorted 
stub. The stub defined a nominal resolving time of 
approximately 4 musec. A back-biased G7A diode was 
used to detect coincident pulses.‘ 

To collect data at several points on the delay curve 
simultaneously we used a time-to-pulse-height con- 
verter similar to that of Sunyar.* The amplified spec- 
trum of pulses from the G7A coincidence diode was 
displayed on a five-channel analyzer, gated by slow 
coincidences between the single-channel discriminators 


(i*) 


Go” Ty,* 21 min) 


.21( Ty, + (2.8 *0.6) x10~%sec) 
1.04 





So Me Lo 
Ge’? 
‘Fic. 1. Decay scheme of Ga™ (reference 4). The maximum 


energy and percent branch per disintegration of the three beta 
groups are indicated. 


4R. E. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
Kai Siegbahn (Interscience Publishers, Inc., New York, 1955), 
pp. 494-520. 
5]T. A. D. Lewis and F. H. Wells, Millimicrosecond Pulse 
ee (Pergamon Press, London, 1954). 
W. Sunyar, Bull, Am. Phys. Soc. Ser. II, 2, 37 (1957). 
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in the slow channels. By using artificial coincidences 
the analyzer calibration was adjusted to approximately 
1 musec per channel. 

With this instrument it was necessary only to 
normalize the data from successive runs, by using the 
prompt coincidence rate. Two different inserted delays 
were then sufficient to determine the whole delayed- 
coincidence curve. 

The “prompt coincidence” curve was determined 
using a Co™ source. As an additional check, the lifetime 
of positrons in the plastic scintillator was measured, Na” 
being used as the positron source. The lifetime 7j-~1.6 
musec was in agreement with other measurements.‘ 

Sources of Ga™ were prepared by the reaction 
Ga®(n,y)Ga” using moderated neutrons from the MIT 
cyclotron. Separated Ga® as gallium oxide was de- 
posited on thin Mylar film from an aqueous slurry. 
The oxide, film, and thin annular Lucite support were 
irradiated together. Radioactivity in the Mylar and 
its support made a negligible contribution to the 
observed coincidence rate. 

Systematic and random errors in timing arising 
from counting-rate-dependent tube or diode biases, 
and from other electronic instability, are difficult to 
assess accurately for delay curves determined from 
rapidly decaying sources such as Ga”(7;=21 min). In 
this experiment the circuits were adjusted so as to be 
nominally independent of the counting rates from the 
sources used. A weak Co® source was prepared on thin 
Mylar film which could be inserted next to the Ga” 
sources in the experimental geometry. The Co® source 
gave a coincidence rate about 20 times that of a fresh 
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Fic. 2. Delay coincidence curve for prompt gamma rays and 
for the 1.036-Mev gamma ray in Ge”, in beta-gamma coincidence. 
See text for discussion of errors. 
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Ga” source. This source was used before and after each 
6-minute Ga” run to check the prompt-delay curve, 
over the range of singles counting rates from each Ga” 
source. A sequence of checks and data-taking was 
extended no more than 30 minutes from the time of 
source irradiation. 

The calibration of the delay analyzer was found to 
be essentially independent of counting rate. Coinci- 
dences from contaminating radioactivity, primarily 
Ga™, were a negligible correction to the data. 

Typical counting rates with a freshly prepared Ga” 
source were: beta fast-trigger circuit 5200 per second, 
gamma fast-trigger 310 per second, the single-channel 
discriminators, beta 550 per second, gamma 8 per 
second. With the Co® cource in addition, the beta rate 
rose about 7%, the gamma rate rose by about a factor 
of four. The Ga” coincidence rate in the prompt 
channel was about 4 per minute and decayed with the 
21-min half-life of Ga”. The coincidence rate with the 
Co® source was about 100 per minute. 


III. RESULTS 


Seven runs were made with the delayed-coincidence 
analyzer; the combined results are shown in Fig. 2. 
The errors shown are the standard deviations from the 
counting statistics. The points for delays of 8 and 9 
muysec correspond to no coincidences during the run. 

The half-life of the 1.21-Mev state in Ge” as measured 
in this experiment is 7}=2.8+0.8 mysec. The quoted 
error, larger than that arising from statistics, includes 
an estimate of errors arising from experimental un- 
certainties. This half-life is, substantially, the half-life 
for the 0.174-Mev £2 transition to the 1.036-Mev 
level, since the branching ratio for the /0 crossover 
processes is quite small.’ The half-life of a 0.174-Mev 
single-particle £2 transition (Weisskopf estimate)’ is 
Ty—~160 musec. 

The enhancement of the decay rate of this transition 
is large, compared, for example, with the analogous 
transition in Ge” which, as yet unobserved,** is en- 
hanced by no more than a factor of five to ten. It is 
larger than the enhancements usually observed? in this 
mass region (i.e., in Ge”) for 2+-0* transitions to the 
ground state, qualitatively explained as due to collective 
components’ in the 2+ configuration. No configuration 
for the 1.21-Mev 0* level in Ge” has been suggested. 
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The energies and relative intensities of the gamma rays following the positron decay of Cu® have been 
determined. The energies are 0.343+0.004, 0.463+-0.010, 0.8724-0.005, 1.305+0.005, and 1.70+0.01 Mev, 
with respective relative intensities of 16+3, 1525, 2944, 3644, and 442%. The half-life of Cu® was 
measured to be 81.50.5 seconds. The energies of ground-state transition gamma rays following the positron 
decay of Cu®! were measured as 0.070+-0.002, 0.282+0.003, 0.659+0.003, and 1.192+0.005 Mev. The 
accumulated works of several authors are discussed and compared. 





I. INTRODUCTION 


T least 17 papers'“'” were published between 1950 

and 1955 on the masses and low-lying energy 
levels of Ni® and Ni®. In spite of all the activity con- 
cerning these two nuclides, a number of serious dis- 
crepancies were noted when the Ni®*(p,y)Cu® and 
Ni®(p,y)Cu® reactions were studied.'* A survey of the 
published information concerning Ni® and the closely 
associated nuclide Ni® (since Ni*® is often produced in 
the same reaction as Ni®) revealed that the data of the 
various experimenters were not in good agreement and 
that no consistent set of energy levels or ground-state 
masses could be assigned from the then available 
evidence. Therefore, it was considered worthwhile to 
investigate these two nuclides by several different 
techniques. Accordingly, the Ni®*(p,y)Cu® and Ni®- 
(p,y)Cu® reactions were studied in great detail."® That 
work included resonances, Q values, cross sections, 
gamma-cascade schemes, branching ratios, angular dis- 
tributions, and partial resonance widths. The reaction 
Co*(p,n)Ni® was studied by Butler, Dunning, and 
Bondelid,” who found several slow-neutron thresholds 
corresponding to the ground state and several excited 
states of Ni®. The gamma rays following the positron 
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decay of Cu® and Cu", and assignments of energy 
levels therefrom, were measured and are reported 
herein. 


Il. EXPERIMENTAL PROCEDURE 
Gamma Rays 


Targets of the separated isotopes (99.6% Ni** con- 
taining 0.3% Ni™, and 98.5% Ni™ containing 1.5% 
Ni*’) were prepared by electroplating 5-10 mg/cm? of 
nickel onto a 0.002-in. silver foil. The targets were then 
bombarded by a beam of 1.9-Mev protons (about 7 wa 
for Ni®® and about 3 wa for Ni®) from the NRL 
Nucleonics Division 2-Mv Van de Graaff accelerator 
for a time greater than a half-life of the residual nuclide 
(the half-life of Cu® is 81 seconds, and that for Cu® is 
3.3 hours). The target (by then a source) was placed 
face up onto the end of a 3-in. X3-in. NaI (TI) crystal as 
shown in Fig. 1. The spectrum of gamma rays emitted 
following the positron decay was then determined with 
conventional pulse-measuring equipment including a 
20-channel differential pulse-height analyzer. The 20- 
channel analyzer was “gated” to accept pulses only 
when they were in coincidence with a pulse in the thin 
Pilot-B phosphor directly above the source. Since the 
0.012-in. thickness of Pilot-B phosphor had a very low 
efficiency for gammas, but a relatively high efficiency 
for betas, most of the gate pulses were initiated by a 
positron from the source passing through the phosphor. 
This positron could then be expected to annihilate in 
the vicinity of the phosphor. Because of the conical Pb 
shield shown in Fig. 1, the gate pulses would seldom be 
accompanied by the entrance of annihilation radiation 
into the Nal crystal. This gate requirement made it 
possible to observe low-intensity nuclear gammas near 
and below the peak of the annihilation radiation. 
A further beneficial effect of this particular coincidence 
arrangement is the strong reduction of ‘add up” true 
coincidences between a nuclear gamma ray and the anni- 
hilation radiation from the positron. This is especially 
important in determining the relative intensities of the 
gamma rays in this experiment because most of these 
gammas differ from their neighbors by about 500 kev. 


21 Obtained from the Stable Isotopes Division, Oak Ridge 
National Laboratory. 
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To determine if any of the gamma rays were in 
cascade, the source was sandwiched between two 3-in. 
X3-in. Nal crystals, placed end to end. The gains of 
the two systems were equalized, the anodes of the two 
phototubes were connected together, and the combined 
pulse was analyzed by the 20-channel analyzer. The 
analyzer was gated on by a coincidence between the 
No. 10 dynode pulses in each of the phototubes, with 
discrimination levels set at 450 kev. This requirement 
essentially eliminated the individual nuclear gamma 
peaks and materially reduced the sum peaks between 
one (or more) nuclear gamma ray and only one of the 
two annihilation quanta, because the probability of 
absorbing both annihilation quanta was greater than 
the probability of absorbing only one. This requirement 
did not affect the “grand sum” peak where both 
annihilation quanta added to the one (or more) nuclear 
gamma. Thus, from this arrangement, one would expect 
a 1.022-Mev peak where a positron left the residual 
nucleus in the ground state (and therefore no nuclear 
gammas in coincidence), or where the nuclear gamma 
was in the “equatorial plane” and therefore did not 
enter either crystal, or where one of the more penetrating 
nuclear gammas completely escaped the crystals. One 
would also expect a peak corresponding to each energy 
level of the residual nucleus added to 1.022 Mev. In 
addition there would be weaker peaks corresponding to 
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particular combinations of the nuclear gammas and 
annihilation quanta. Aluminum absorbers were placed 
on each side of the source to prevent the positrons them- 
selves from entering the crystals. . 

To demonstrate the effect of this arrangement, Fig. 2 
shows the Na” decay spectrum under three different 
conditions. The dashed curve shows the spectrum when 
only one crystal is present, and therefore there is no 
coincidence requirement. The source is lying on the 
end of the crystal in the same location as it occupies 
when the other crystal is over it. Since the two anni- 
hilation quanta are emitted in opposite directions, 
there is no “grand sum” peak, because one or the other 
of the annihilation quanta is always lost. The solid 
curve shows the spectrum when both crystals are 
present, but with no coincidence requirement from the 
No. 10 dynodes of the phototubes. Note that we now 
have a 1.022-Mev peak corresponding to capture of 
both annihilation quanta; and we have a 2.299-Mev 
peak where both annihilation quanta and the nuclear 
gamma have been captured. The dot-dash curve shows 
the spectrum when the coincidence requirement is 
imposed that there be on each No. 10 dynode a pulse 
corresponding to at least 450 kev before a pulse can be 
analyzed and registered. Naturally, the curve goes to 
zero below 900 kev. The nuclear gamma peak dis- 
appears completely, and the sum peak between one 
annihilation quantum and the nuclear gamma is reduced 
by about a factor of two, but the grand sum peak is 
not affected. 


Half-Life 


The half-life determination of Cu® was made after 
bombarding the target for a period of about three half- 
lives (four minutes). The source was then placed face 
down onto the thin Pilot-B phosphor and the positrons 
counted for several half-lives. Precautions were taken 
to insure stability of gain and to maintain a uniform 
counting efficiency as a function of time. 
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Fic. 2. Na® decay spectrum. Dashed curve, one crystal. Solid 
curve, two crystals. Dot-dash curve, two crystals with coincidence 
requirement. The labeled peaks are (in order of increasing channel 
number): one annihilation quantum, two annihilation quanta, 
nuclear gamma ray, nuclear gamma ray plus one annihilation 
quantum, nuclear gamma ray plus two annihilation quanta. 











POSITRON 


Since electric clocks operating from the usual 60-cps 
power lines are frequently in error by about one percent 
when measuring short intervals, a 1000-cps driven 
tuning fork was used as the time standard in taking 
counts on the Cu®. The 1000-cps vacuum-tube tuning 
fork was calibrated against the Naval Research Labora- 
tory 100-kc standard. A scale-of-1000 was used to 
record precisely the end of each second. 


III. Cu(G+) Ni 
Gamma-Ray Spectrum 


Figures 3 and 4 show the gamma-ray spectrum ob- 
tained with the arrangement in Fig. 1. The 75-kev peak 
is due to the x-ray from the Pb shield. It is caused by 
nuclear gamma rays or annihilation quanta ejecting 
K electrons from the Pb shield, and therefore the 
resulting x-ray sometimes occurs in true coincidence 
with a positron “‘gate”’ pulse from the Pilot-B phosphor. 
When the Pb shield was covered inside and out with a 
layer of 0.004-in. Sn and 0.005-in. Cu, the 75-kev peak, 
was not observed. The measured energy of the peak is 
based on a value of 82 kev for the Ba’ gamma ray. 
From tables of x-ray values, the energy should be about 
73 kev. Note that the 463-kev nuclear gamma ray is not 
completely resolved from the 511-kev annihilation radi- 
ation. However, the resolution is good enough to reveal 
the presence of two peaks in this vicinity. Note also 
the width of the combined peak compared with that 
for the 343-kev gamma ray. In previous arrangements, 
the 511-kev radiation was so intense with respect to 
463-kev gamma ray that the presence of the latter was 
not observable. In Fig. 4, the 1.816-Mev peak is caused 
by the adding up of a 1.305-Mev gamma ray and an 
annihilation quantum. There is no indication for a 2.06- 
Mev gamma ray reported by Prosser ef al.” Perhaps our 
source was too weak for us to detect it. Neither is there 
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Fic. 3. Cu® decay spectrum from 40 to 600 kev. The peak at 
75 kev is due to the x-ray from the Pb cone. 


2 Prosser, Moore, and Schiffer, Bull. Am. Phys. Soc. Ser. II, 1, 
163 (1956). 


DECAY OF 'Cu*® 


AND’ Cu* 


20; 
t 0872 MEV 


ir) 
T 


fs} 
1 


COUNTS PER CHANNEL IN SCALES OF 16 





t 
A 
, ee > 
4 
a 
& 


m | 7 al 1 


0 20 





“9 30 40 
CHANNEL NUMBER 

Fic. 4. Cu® decay spectrum from 0.6 to 2.8 Mev. The 1.816- 
Mev peak represents the addition of an annihilation quantum to 
a 1.305-Mev quantum. 


a peak of weak intensity corresponding to 190 kev as 
reported by us in a preliminary account™ for which a 
different geometrical arrangement was used. It is 
believed that the previous weak indication for the 
190-kev gamma ray was due to a small amount of 
backscattered Compton photons from the annihilation 
radiation, although precautions had been taken to 
avoid this effect. 


Energy Measurements 


The energies of the gamma rays were determined 
precisely by comparing the position of the spectrum 
peaks with known gamma-ray sources. The current in 
the phototube was made the same during calibrations as 
it was during the runs on the unknown gamma rays to 
insure gain stability. Calibrations were made before 
and after a run on the unknown. There were at least two 
calibration points for each gamma ray: one above and 
one below the unknown. This method of calibration 
made it possible to correct for nonlinearity in the 
amplifier or elsewhere in the system. The position of a 
peak was determined by taking several midpoints in 
the region of steepest rise and drawing a straight line 
through these points to intersect the curve in the region 
of the top. This point of intersection was considered the 
peak. Skewed peaks were automatically corrected for 
in this manner. Peaks could be determined repeatedly 
to within 75 of a channel by this procedure. This 
procedure is illustrated in Fig. 5, for the Cu® decay, 
which is discussed in Sec. IV. For the combined 463- 
and 511-kev peak, the right and left sides were reflected 
about vertical lines whose positions were chosen to give 


23 Butler, Gossett, and Holmgren, Bull. Am. Phys. Soc. Ser. II, 
1, 163 (1956). 
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Fic. 5. A comparison of the energy levels of Ni® and Ni® as 
found by several different experiments. The columns from left to 
right present the data of references 13, 20, present, present, and 
10, respectively. The energy scale on the right is that for neutron- 
capture gamma rays. The letters to the right of each level do not 
label the levels themselves, but represent the high-energy neutron- 
capture gamma ray, and were assigned to each individual gamma 
ray by Kinsey and Bartholomew. The numbers above each 
gamma-ray line give the energy state in Ni®, assuming neutron 
capture by Ni®*. The numbers below each gamma-ray line give the 
energy state in Ni®™, assuming neutron capture by Ni®. 


the resulting component peaks the proper width. The 
area of overlap of the two peaks was then compared 
with the former area that was not included in either 
“constructed” peak. Ideally, these two areas should be 
equal, and they were equal within our limits of measure- 
ment. These vertical “reflection axes” were then con- 
sidered to represent the center of the individual gamma 
peaks, and the energy of the unknown gamma was 
determined with respect to the 511-kev peak and Ir! 
peak at 468 kev. A detailed examination of the com- 
bined peak with narrow channels (not illustrated) gave 
weak evidence of another gamma ray of about 420+ 20 
kev. Such a gamma ray could be either a ground-state 


TABLE I. Energies and relative intensities of gamma rays 
following the positron decay of Cu®. Weak evidence was found 
for a gamma-ray energy of about 0.42+0.02 Mev and a relative 
intensity of about 5%. 





Relative intensity 
(% 





Energy (Mev) Based on %) 

0.343+0.004 0.316 Ir! 16+3 
0.463+0.010 0.468 Ir!” 15+5 
0.872+0.005 0.662 Cs!87 29+4 
1.305+0.005 1.333 Co™ 3644 
1.70 +0.01 1.788 Na” 4+2 
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transition from the 0.439-Mev state (see Sec. V) or a 
cascade from the 0.872-Mev state to either the 0.439- 
Mev state or the 0.465-Mev state. Table I gives the 
gamma-ray energies with probable errors and the 
primary calibrating standard used for each. 

The 463-kev gamma ray has not previously been 
reported: The 343-kev gamma ray has been reported 
only in a preliminary account of the present experi- 
ment,” and the 1.70-Mev gamma ray has likewise been 
reported in abstract form.”:* 

Figure 6 shows the double-crystal coincidence spec- 
trum taken as described in Sec. II and illustrated by 
the dot-dash curve in Fig. 2 for the Na” case. The 
1.4-Mev peak corresponds to the addition of 1.022 Mev 
and the unresolved 0.34- and 0.46-Mev gamma rays, 
and the other peaks correspond to the addition of 
1.022 Mev to each of the other gamma rays of Fig. 4, 
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Fic. 6. Cu® double-crystal coincidence spectrum. The lowest 
energy peak represents two annihilation quanta. The other peaks 
represent (in order of increasing channel number) two annihila- 
tion quanta plus: (1) the unresolved 0.343- and 0.463-Mev 
gamma rays, (2) the 0.872-Mev gamma ray, (3) the 1.30-Mev 
gamma ray, and (4) the 1.70-Mev gamma ray. 


namely 0.87, 1.31, and 1.70 Mev. There is no peak 
corresponding to the addition of 1.022 Mev to the sum 
of any two nuclear gamma rays. Since the gammas are 
each independently in coincidence with the positrons 
but not with each other, it follows that they cannot be 
in cascade and cannot have lifetimes longer than our 
resolving time of 0.2 usec. Data taken without the 
coincidence requirement did not reveal any additional 
gamma rays. 


Relative Intensities 


The relative intensity measurements were made by 
displaying two of the peaks simultaneously on the 20- 
channel analyzers. For these runs (which are not 
illustrated) the amplifier gain was adjusted to cause the 
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peaks in question to occupy at least five channels each. 
The relative intensities of the gamma rays were then 
obtained by taking the area under each photopeak, 
dividing it by a correction factor, and normalizing the 
sum to 100%. The correction factor included the 
intrinsic efficiency of the crystal as a function of gamma- 
ray energy, the attenuation of the gamma rays by the 
source backing and crystal covering, and the relative 
efficiency for the positron corresponding to a particular 
gamma ray to trigger the coincidence gate. The last 
correction was somewhat uncertain, but fortunately 
was small, the largest correction (for the 1.70-Mev 
gamma ray) amounting to less than 3% of the relative 
intensity. It was made by assuming an isotropic angular 
correlation between positron and gamma ray (which is 
believed to be valid for allowed transitions) and 
assuming a minimum energy of 150 kev to trigger the 
gate circuit (which would appear reasonable for a 0.001- 
in. Al window and 0.012-in. thick plastic phosphor). The 
contribution of the direct positrons was weighted, 
according to effective solid angle, with the back- 
scattered positrons from the silver backing, Al crystal 
cover, MgO: reflector, Nal crystal, and the Pb colli- 
mator and shield. The decrease in energy of the back- 
scattered positrons was taken into account. The per- 
centage of the effective positron spectrum below 150 kev 
was then calculated for each group of positrons (one 
group for each gamma) using the usual theoretical beta- 
spectrum functions, and this was used as a correction 
factor to determine relative gamma-ray intensities. 


Half-Life 


The half-life determination was made six times in 
the manner described in Sec. II, yielding values of 81.5, 
81.4, 81.4, 81.4, 81.3, and 82.0 seconds. The average 
value is 81.5 seconds with an assigned uncertainty of 
+0.5 second. Each run covered at least nine half-lives. 

Previous measurements of the half-life are (in seconds) 
8142," 81,75 8241," and 8341.” 


IV. Cu®!($*)Ni® 


Before the work on this reaction was finished, Nuss- 
baum ef al.?® published a report on this same reaction. 
Since their work was in good agreement with our results 
to that point, our investigation of the Cu®™ decay was 
not so complete as that of the Cu® decay. We did not 
determine relative intensities or measure accurately the 
cascade energies or measure the half-life, since these are 
given by Nussbaum et al. We had already made careful 
energy measurements on the ground-state transitions, 
and present those in Table II. The measurement of the 
gamma-ray energies is illustrated in Fig. 7. 


4 Delsasso, Ridenour, Sherr, and White, Phys. Rev. 55, 113 
(1939). 

25 Leith, Bratenahl, and Moyer, Phys. Rev. 72, 732 (1949). 

26Nussbaum, Wapstra, Bruil, Sterk, Nijgh, and Grobben, 
Phys. Rev. 101, 905 (1956). 
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Fic. 7, Cu® gamma-ray energy measurements. (a) 70-kev 
gamma ray with Ba! calibration, (b) 282-kev gamma ray with 
calibration obtained by adjusting the gain of the pulse amplifier 
to be precisely half that used for (a), (c) 659-kev gamma ray 
with Cs'%? calibration, (d) 1192-kevy gamma ray with Co® 
calibration. 


V. DISCUSSION 


As was promised in.a previous communication,” an 
attempt will be made herein to accumulate the known 
evidence from this and other experiments and to assign 
a consistent set of energy levels to Ni® and Ni®. Kinsey 
end Bartholomew” measured rather precisely the high- 
energy gamma rays (5-9 Mev) resulting from thermal- 
neutron capture by natural nickel. Their isotopic assign- 
ments of the gamma rays were influenced by the mass- 
spectrometer determinations of the two mass doublets 
Cs-Ni® and C;H-Ni®™ by Collins, Nier, and Johnson,’ 
and by Hoesterey’s measurement? of the Ni®(d,p)Ni®™ 
Q value. Using the mass-spectrometer values,’ one cal- 
culates the Ni®(d,p)Ni™® and Ni™(n,y)Ni® reaction 
Q values to be 6.1+0.3 and 8.30.3 Mev, respectively. 
Hoestery’s (d,p) Q value® of 6.30+0.04 Mev is in good 
agreement with this particular set of mass-spectrom- 
eter data. On the basis of these data, Kinsey and 
Bartholomew assigned gamma-ray B (see Fig. 5) having 
an energy of 8.532+0.008 Mev as the ground-state 
transition for capture by Ni®. 


TABLE IT. Energies of ground-state gamma rays following 
the positron decay of Cu®. 











Energy (Mev) Based on 

0.070+0.002 0.082 Ba! 
0.282+0.003 0.316 Ir! 
0.659+0.003 0.662 Cs'87 
1.192+0.005 1.173 Co 
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If however, one uses the Cu®™ beta end point’ and 
our Ni®(p,y)Cu® Q value,'® the Ni®(n,y)Ni®™ Q value 
is calculated to be 7.83+0.03 Mev, which places the 
ground-state gamma transition within 3 kev of gamma 
ray D, which is well within the stated uncertainties of 
the experiments involved. Since the even-even nucleus 
Ni® has even parity and zero spin, and since compound 
states formed by the addition of thermal neutrons would 
be 3+, a transition to the $~ ground state of Ni® 
would be of the El type and therefore quite probable. 
Therefore, gamma ray D is assigned as the Ni®(n,y) Ni®™ 
ground-state transition. 

It is almost certain that the proton group which 
Hoesterey attributed to the ground-state transition 
from the Ni®(d,p)Ni®™ reaction was actually the group 
from the Ni®’(d,p)Ni® reaction leaving Ni®’, in the 875- 
kev state, even though he was using enriched isotopes. 
This argument is enhanced by the fact that Pratt,” 
using the same reaction, did not see the “ground- 
state” group of protons reported by Hoesterey, but 
did see the “first excited state” group which we believe 
was actually the ground-state transition. 

After the present experiment was finished, Quisen- 
berry ef al.?’ published a new table of mass-spectrometer 
mass values. Their data are in considerable disagree- 
ment with the older work, but are in good agreement 
with the present experiment. Using their new mass 
values, they calculated that the ground-state gamma 
ray for the Ni®(n,y)Ni®™ reaction should be 44+11 kev 
less than the energy of gamma ray D, and came to the 
tentative conclusion that gamma ray D did represent 
the Ni®(n,7)Ni®™ Q value. We concur in this conclusion 
and consider the 44-kev discrepancy to be not large 
enough to be concerned about. 

The Q value for the inverse reaction Ni®(y,n)Ni®, 
measured by means of threshold techniques by Sher 
et al.,> was previously discounted by Kinsey and 
Bartholomew because of uncertain isotopic assignment 
by Sher et al., and because of disagreement with the 
above data of Hoesterey and Collins et al. Sher’s result 
of —7.5+0.3 Mev for the (y,7) Q value is, however, in 
satisfactory agreement with our results. 

Figure 5 shows a collection of most of the relevant 
data concerning the energy levels of Ni®® and Ni®. The 
columns from left to right present the data of references 
13, 20, present, present, and 10, respectively. Where 
stated uncertainties are greater than +10 kev, they 
are shown by error bars on the energy level lines. The 
energy scale on the right is a measure of the high-energy 
gamma rays measured by Kinsey and Bartholomew for 
thermal-neutron capture by natural nickel. The letters 
were assigned by them to each gamma ray observed, 
and therefore do not necessarily represent energy levels 
in any particular nucleus. The numbers above each 
“gamma-ray line” represent the level energy assuming 
neutron capture by Ni®*, based on gamma ray A as the 


27 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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ground-state transition. The numbers below the lines 
represent the level energy assuming neutron capture by 
Ni®, based on gamma ray D as the ground-state 
transition. 

The correlation of data from the Co®(p,)Ni® and 
Ni®®(d,p)Ni® reactions with the data from the Ni(n,y)Ni 
reactions has been discussed in a previous communica- 
tion.” The energy level assignments resulting from the 
positron decay of Cu® and Cu® are shown in the two 
columns beside the neutron-capture gamma lines. These 
assignments are based on coincidence studies described 
in Sec. II. The ground state of Ni® has been drawn to 
match the position of gamma ray D, and that for Ni® 
drawn to match gamma ray A. 

A correspondence can be seen between the 0.463-Mev 
gamma ray, following the positron decay of Cu®, and 
gamma ray B, previously assigned as the ground-state 
transition for Ni®. The same statement holds for the 
0.872-Mev gamma ray and gamma ray C. The 0.282- 
Mev gamma ray, following the decay of Cu", likewise 
corresponds to gamma ray E. 

Since our assignments of the gamma rays following 
the positron decay of Cu® to levels in Ni® differ from 
the assignments of Owen, Cook, and Owen,! who 
assigned levels at 0.65, 0.93, and 1.00 Mev, it is worth- 
while to compare our assignments with some recent 
data of Fagg et al.,*> who studied the gamma rays 
following Coulomb excitation of Ni® by 4-Mev alpha 
particles. They found gamma rays of 70, 282, and 
657 kev. Their data indicate that these gamma rays 
correspond to states of the same values in agreement 
with our results and those of Nussbaum et al.”* 

We did not measure the positron end points directly, 
but using the Ni®*(m,y)Ni® Q value” and our Ni**- 
(p,vy)Cu® QO value” we calculated the end point for the 
Cu® decay to the Ni® ground state to be 3.76+0.03 
Mev. This is in good agreement with the expected end 
point predicted from beta-decay systematics by Nuss- 
baum et al.,4 and two direct measurements of 3.4+0.5 
Mev from a Feather analysis by Lindner et al.'® of the 
8 absorption in aluminum, and 3.74+0.1 Mev from a 
magnetic 6-spectrometer measurement by Prosser et al.” 

However, according to a direct measurement by 
Yuasa et al.'® (magnetic spectrometer), the end point 
is 1.85+0.05 Mev. Furthermore, their Kurie plot is 
straight, from the cutoff point to 0.5 Mev, indicating no 
transitions to excited states below 1.35 Mev. Since we 
observed gamma rays of 0.343, 0.463, 0.872, and 1.305 
Mev in coincidence with positrons, we can conclude 
only that Yuasa ef al. were not observing the decay 
of Cu®. 

It is of interest to attempt to correlate the results of 
two recent experiments concerning the low-energy 
gamma rays following thermal-neutron capture by 
natural nickel. These low-energy gamma rays have been 


28 Fagg, Geer, and Wolicki, Phys. Rev. 104, 1073 (1956). 
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examined by Braid® at Chalk River and by Adyasevich 
et al. of the U.S.S.R. Academy of Sciences. (The latter 
group also observed the high-energy gamma rays and 
were in good agreement with Kinsey and Bartholomew.) 
Both groups used the Compton recoil electrons, but 
Braid used a Nal crystal spectrometer, and Adyasevich 
et al. used a magnetic spectrometer. The results of the 
two essentially identical experiments are not in good 
agreement since the gamma rays which were observed 
by one group were not seen by the other and vice versa. 
However, with the energy level assignments discussed 
above, and by an examination of the published data 
curves of the two experiments, one can, by exercising 
a certain amount of judicious discrimination, give a 
reasonable explanation of both sets of data. Since the 
experiments were approximately concurrent, in neither 
of the published papers was the other reviewed or 
compared. 

Because of the previous confusion concerning the 
energy levels of Ni® and Ni®™, the above authors 
attempted to assign only a few of the low-energy 
gamma rays to isotopes, and some of these are given 
different assignments herein. The two sets of gamma 
rays are reproduced in Table III together with their 
respective relative intensities. The individual gamma 
rays will be discussed from the lowest energy up be- 
ginning with those of Adyasevich ef al. The 0.280 
+0.015 Mev gamma ray is assigned to Ni®™, a ground- 
state transition from the 0.282-Mev state. In Fig. 5, it 
is a transition from E to D. Kinsey and Bartholomew 
measured the intensity of E to be 4%, and Adyasevich 
et al. report the 0.280-Mev gamma ray to be >3.5%. 
Braid’s equipment has a low-energy cutoff in the 
neighborhood of 0.3 Mev, so it is not surprising that 
he did not observe the 0.280-Mev gamma ray. 

The 0.330+0.015 Mev gamma ray could be a ground- 
state transition from the 0.342-Mev state of Ni, but 
this state is not fed by primary gamma rays, and it is 
not clear which gamma rays could be feeding it in a 
cascade. The problem here is one of intensity. The 
0.330 Mev gamma ray was the most intense low-energy 
gamma ray (>7%) observed by Adyasevich et al. So 
one would expect to observe the gamma rays feeding it. 
But none of the listed gamma rays fits neatly into 
such a scheme. 

The 0.436+0.015 Mev gamma ray (> 3%) probably 
represents a transition from the 0.439-Mev state of Ni®, 
but again it is not clear how the state is fed. 

The 0.467+0.008 Mev gamma ray (> 6%) is a transi- 
tion (B-A in Fig. 5) from the 0.465-Mev state of Ni® 
and is fed by gamma ray B (14%). Our intensity 
problems would be solved if the 0.465-Mev state 
cascaded through the 0.439- and 0.342-Mev states 
about half the time. Such a possibility is extremely 


* T. H. Braid, Phys. Rev. 102, 1109 (1956). 

3 Adyasevich, Groshev, Demidov, and Lutsenko, Atomnaya 
Energiya 1, 28 (1956). An English translation by L. C. Ronson is 
available [J. Nuclear Energy II, 3, 325 (1956) ]. 
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TABLE III. The low-energy gamma rays following thermal- 
neutron capture by natural nickel, as reported by the following 
authors. 














Adyasevich e¢ al. Braid 
Intensity Intensity 
(photons (photons 
per 100 per 100 
Peak Energy neutron Energy neutron 
number (Mev) captures) (Mev) captures) 
28 0.280+0.015 >3.5 0.45+0.03 8 
27 0.330+0.015 >7 0.86+0.03 3 
26 0.436+0.015 >3 1.24+0.03 Zz 
25 0.467 +0.008 >6 2.06+0.03 3 
24 (1.10 +0.03) me 2.68+0.03 2 
23 (1.53 +0.03) >1 
22 (1.74 +0.03) >1 
21 (2.15 +0.03) >2 
20 (3.03 +0.04) Pa 
19 (3.17 +0.06) >1 
18 (3.67 +0.03) ane 


unlikely, however, because in the 8+ decay of Cu®’, the 
0.465-Mev level was excited, but no cascades from it 
were observed. 

Braid’s 0.45+0.03 Mev gamma ray (8%) is probably 
the unresolved combination of the above two gammas. 

The 1.10+0.03 Mev gamma ray (>2%) could be a 
cascade between the 1.964-Mev state and the 0.875- 
Mev state (G-C). However, that seems unlikely for 
intensity reasons. The 1.964-Mev state is fed by gamma 
ray G (0.5%), and by no other apparent means, and 
possibly exhibits a ground-state. transition accounting 
for ~1% of the gamma rays (discussed below). Another 
possibility is that gamma ray V comes from Ni® and 
represents a state at 1.14+0.02 Mev in Ni®. (For 
reasons discussed below, gamma ray H is assigned as 
the ground-state transition in Ni®.) The resulting 
ground-state transition (V-H) then could be the 1.10 
+0.03 Mev gamma ray. 

The 1.530.03 Mev gamma ray (>1%) could be a 
cascade between the 1.964- and 0.439-Mev states. But 
again intensity considerations make it unlikely. Another 
possibility is as follows. If Z comes from Ni®, a cascade 
from the 1.83-Mev state of Ni®™ thus formed, to the 
0.282-Mev state (L-E) would be 1.55+0.02 Mev. In 
Fig. 5, the number under the line for gamma ray L 
refers to gamma ray K. 

The 1.74+0.03 Mev gamma ray (>1%) could be a 
cascade from the 2.16-Mev state of Ni®® to the 0.439- 
Mev state. Two other possibilities are a transition from 
the 1.70-Mev state to the ground state (unlikely be- 
cause the 1.70-Mev state is apparently not excited 
here) or the 1.79-Mev state to the ground state. 

The 3.03+0.04 Mev gamma ray (>1%) could be a 
transition (Z-A) from the 3.01+0.02-Mev state of Ni, 
if gamma L (0.3%) comes from Ni®. 

The 3.17+0.06 Mev gamma ray (>1%) is probably 
a ground-state transition (M-A) from the 3.19+0.02 
Mev state of Ni® fed by gamma M (3%). 

Braid’s 0.86+0.03 Mev gamma ray (3%) has only a 
very weak, if any, counterpart in Adyasevich’s curve. 
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Fic. 8. A summary of the possible low-energy thermal-neutron- 
capture gamma rays of Adyasevich et al., and of Braid, with 
respect to energy levels of Ni®® known from other experiments. 
The letters and relative intensities on the high-energy gamma 
transitions are those of Kinsey and Bartholomew. 


This gamma ray corresponds to the 0.875-Mev state of 
Ni®, a transition from C (2.8%) to A in Fig. 5. 

The 1.24+0.03 Mev gamma ray (2%) of Braid is 
apparently evident in the published curve of Adyasevich 
et al. between their peaks 23 and 24. This gamma ray 
could be either a ground-state transition from the 
1.22-Mev state of Ni® (not fed by primary gammas) or 
the 1.24-Mev state of Ni®™ if gamma ray J (2%) feeds 
such a state. 

Braid’s 2.06+0.03 Mev gamma ray (3%) could be 
the same as the 2.06-Mev gamma ray of Prosser et al.,” 
following the positron decay of Cu. However, since 
their gamma ray was very weak and was not observed 
in the present experiment, and since Braid’s gamma ray 
could be a doublet, judging from his published curve, 
this assignment seems improbable. The spectrum of 
Adyasevich et al. also gives evidence for such a doublet, 
with one peak at 2.15+0.93 Mev (their peak 21) and 
another about 1.95 Mev. These could be the ground- 
state transitions from the states at 1.964 and 2.15 Mev 
in Ni®, fed by gamma rays G and H, respectively. 


GOSSETT 


The 2.68+0.03 Mev gamma ray (2%) of Braid 
corresponds to a peak in the spectrum of Adyasevich 
et al. between their numbers 20 and 21. Such a peak was 
drawn but not numbered. If the gamma ray is real, it 
probably corresponds to a transition from the 2.66-Mev 
state of Ni®, if gamma ray J (0.6%) feeds such a state. 

A summary of the possible assignments for Ni*® dis- 
cussed above is given in Fig. 8. The reasonably certain 
assignments are shown by solid arrows. The less certain 
assignments are indicated by broken arrows. The letters 
on the high-energy transitions are the same as Fig. 5. 

From intensity considerations, it appears very un- 
likely that gamma ray H comes entirely from Ni®. 
Gamma ray H corresponds in energy to the 2.15-Mev 
level from the Co*(p,2)Ni® reaction, and from refer- 
ence 30 there is some evidence of a low-energy transition 
from such a state. Thus, it is reasonable that gamma 
ray H is an unresolved combination of two gamma rays 
with practically the same energy. Of the 9% relative 
intensity of H, if only 3% or less can be attributed to 
Ni®, the other 6% must come from Ni®™ or Ni®, But 
there is no known state in Ni®™ corresponding to H. 
Furthermore, since the total contributions expected® 
from each product nuclide Ni*®, Ni®, and Ni® are 
71%, 15%, and 13%, respectively, and since D and E, 
with a combined intensity of 10.5%, are already 
attributed to Ni®, it appears quite likely that most, if 
not all, of H comes from Ni®, even though from mass- 
spectrometer measurements’ and the decay of Ni®, the 
Ni®(n,y)Ni® ground-state transition should be 6.0 
+0.1 Mev. Gamma ray H is 6.839+0.010 Mev. 


TABLE IV. Summary of energy levels in Ni® and Ni®.* 
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« Energies and references in parentheses refer to uncertain assignments. 
b Ni58(m,y)Ni® (thermal neutrons, reference 10). 

© Ni58(d,p)Ni® (3-Mev d, reference 13). 

4 Cu%(8*)Ni® (present work). 

© Co*(p,n)Ni® (neutron thresholds, reference 20). 

{ Ni®(n,y)Ni® (thermal neutrons, reference 10), 

« Ni®(d,p)Ni® (3-Mev d, reference 13). 

b Cul (8*)Ni® (present work). 

i Ni®(@,a’)Ni®! (Coulomb excitation, reference 28). 





31 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Com- 
mission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955). 





POSITRON: DECAY 
To test this hypothesis, the Ni®(n,y) Ni® Q value was 
determined from the Ni®(p,y)Cu® Q value (6.13+0.03 
Mev) measured in this laboratory together with the 
Ni®(8-)Cu® Q value® of 0.063+-0.002 Mev. The Ni®- 
(n,y)Ni® ground-state transition is thus calculated to 
be 6.85+0.03 Mev which may be compared with Kinsey 
and Bartholomew’s measurement of 6.839+0.010 Mev 
for gamma ray //, It is therefore reasonably certain that 
gamma ray H (at least in part) comes from neutron 
capture by Ni®. The latest mass-spectrometer measure- 
ments?’ are in agreement with this conclusion, since the 
Ni®(n,y)Ni® ground-state transition calculated from 
them is 6.825+0.010 Mev, and Quisenberry ef al. 
independently arrived at the same assignment of H. 

The combined intensities of gamma rays A, B, C, F, 
G, and M, assigned to the Ni® product nuclide, are 
56%. Gamma rays D and E, assigned to the Ni® 
product nuclide, have a combined intensity of 10.5%. 
Gamma ray H, assigned primarily to Ni®, has an 
intensity of 9%. These combined intensities may be 
compared with the expected relative intensities of 
these isotopes of 71%, 15%, and 13%, respectively. 

Table IV gives a compilation of the energy levels in 
both Ni® and Ni®, and the reaction in which each level 
is observed. Nussbaum et al.?* observed that the energy 
levels in Ni® are given within about 5% accuracy by 
the formula E=73n? (kev) where n is the number of 
the excited state. Similar formulas have been observed 
for neighboring nuclides. But it is not apparent that 
such a formula holds for Ni**, because no excited state 
has been observed below 343 kev. 

The similarity of level structure in Ni*®, Ni®, Cu, 
and Cu® is rather striking. (For information on levels 
in the two copper isotopes, see reference 19.) Table V 
gives the gamma rays from the Cu isotopes fcllowing 
proton capture by Ni®* and Ni®, and from the Ni 
isotopes following positron decay of the Cu isotopes. 

Ni® and Cu® are somewhat analogous to O and F¥ 
since Ni*® has three neutrons outside a doubly closed 
shell (Z= N= 28) and Cu® has 2 neutrons and 1 proton 
outside the same shell. On this analogy, one would not 


~ ®R. W. King, Revs. Modern Phys. 26, 327 (1954). 
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TABLE V. Gamma rays from four nuclides showing similarities 
in their spectra. The Cu® and Cu®™ gamma rays arise from proton 
capture by Ni** and Ni®. The Ni® and Ni® gamma rays follow the 
positron decay of the Cu isotopes. 


Ni®! 


0.070 
0.282 


Cufl 


(0.08) 


Ni*® Cu® 
0.343 
0.463 
0.872 
1.305 
1.70 
(2.06) 


0.468 
0.96 

1.30, 1.38 
1.63 

1.91 


0.659 
1.192 


expect the low levels to be similar because the 7, com- 
ponent of isotopic spin for Cu® is }, whereas it is } for 
Ni®*. Normally, nuclides with higher T, have consider- 
ably fewer levels and their analogs in the lower 7, 
nucleus are rather high in energy. 

Using the elementary concepts of isotopic spin 
multiplets, one can calculate where the first T=} state 
should lie in Cu®*. The Coulomb effect on the net binding 
energy can be determined from the beta-decay energies 
of mirror nuclei. If a plot is made of the decay energies 
of mirror nuclei as far as they have been observed 
(up to and including Z=21) and the curve is extrapo- 
lated to Z=29 (Cu), a value of about 6.5 Mev is 
obtained for the hypothetical decay of Cu®’ to Ni®’. 
Combining this with the positron decay Q value” of 
Cu, one concludes that the specifically nuclear forces 
require the binding energy of Cu® to be about 2.7 Mev 
greater than that of Ni®. Thus, one would expect on 
this basis a T= state at about 2.7 Mev in Cu® 
corresponding to the ground state of Ni®*. The region in 
Cu® between 2.4 and 4.3 Mev is completely un- 
explored." 

These simple concepts, therefore, do not explain the 
similarity of gamma-ray spectra obtained from the two 
nuclides. The information in Table V is more suggestive 
of mirror nuclei than of a 7.=}, T.= $ pair. This 
similarity can hardly be discounted as purely accidental. 
A theoretical investigation might yield some interesting 
results. 
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An attempt has been made to measure the internal conversion 
coefficients of the M1+£2 radiations of Au! and Au with 
sufficient accuracy to check the effect of the finite nuclear size 
on internal conversion in this region of Z. In the case of Au’ a 
direct comparison of the 158-kev pure E2 transition with the 
208-kev M1+£2 radiation was possible. Comparison of the 
gamma-ray intensities determined from scintillation spectrometry 
with conversion line intensities measured in a small shaped-field 
spectrometer yielded K, L, M, total shell coefficients. Comparison 
of these gamma-ray intensities with conversion line intensities 
photographically recorded in a higher resolution permanent-field 
spectrometer led to L-subshell coefficients. The results for the 208- 
kev transition are: ag =0.71+0.05, a, =0.144+0.01, az; =0.114 
+0.007, ar11=0.0227+0.0007, az111 = 0.0065+0.0005, ay =0.042 
+0.04, and ay4,o=0.0083+0.001. The empirical multiplicative 
factors f by which point-nucleus theoretical values are to be 
reduced, presumably due to the finite nuclear effect, and the 
E2 mixing ratio r have been determined: fx=0.762+0.08, 
fi1=0.7840.13, fr =1.00+0.06, frnm=1.0, and r=0.11+0.03. 


These results, insofar as they may be compared, are not incon- 
sistent with Sliv’s predictions (fx=0.8). An experimental] value 
of 0.60 was found for the screening correction to Rose’s M-shell 
coefficients for this Z and energy region. 

In the case of Au’ only permanent-field spectrograph measure- 
ments of the L- and M-subshell conversion of the 98-kev M1+£2 
transition were accurate enough for analysis. A comparison of the 
experimental ratios with the corresponding theoretical point- 
nucleus Z and M values, the latter being corrected empirically 
for screening, gives: fr1=0.82+0.10, fr11=0.7340.20, r=0.014 
+0.003. In this analysis it has been assumed that Ly11 shell correc 
tion is negligible. . 

More accurate energy values and branching ratios have been 
obtained. For the radiations of Au" we find energies of 49.7, 
158.3, and 208.0 kev with corresponding relative intensities 8%, 
76%, and 16%. The Au™® energies and relative transition rates 
are 30.8, 98.5, and 129.4 kev, 20%, 72%, and 8%, respectively. 


Energy values are internally consistent to 0.10 kev. 





I. INTRODUCTION 


ECENT developments in the theory of internal 

conversion indicate that certain of the theoretical 
values of Rose’s' well-known tables require some ad- 
justment. In particular, it has been pointed out by 
Sliv? that the point-nucleus assumption underlying 
Rose’s calculations leads to K- and L-shell magnetic 
dipole coefficients which are too large, especially for 
high Z elements. According to Sliv’s calculations based 
on a finite nuclear charge distribution and nuclear 
surface currents, K-shell deviations of the order of 
50% from point-nuclear values are to be expected for 
a 250-kev M1 transition at Z=98. Deviations for 
electric radiation are much smaller, of the order of 
only a few percent for electric quadrupole transitions. 
Church and Weneser® further suggest that the presence 
of new matrix elements arising from electron penetra- 
tion of the nucleus may account for sizable discrepancies 
between experiment and Sliv’s predictions. 

Although Sliv’s conclusions have received some ex- 
perimental support,** there is need for more data. 
With present techniques it is difficult to measure 
internal conversion coefficients to much better than 


¢ Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

1M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
Kai Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV, p. 905. 

2 L. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 21, 77 (1951); L. A. Sliv 
and M. A. Listengarten, Zhur. Eksptl. i Teort. Fiz. 22, 29 (1952). 

3 E. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

‘A. H. Wapstra and E. J. Nijgh, Nuclear Phys. 1, 245 (1956). 
( 5F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 

1956). 

6 Evan, Knowles, and Mackenzie, Bull. Am. Phys. Soc. Ser. 
IT, 1, 330 (1956). 


10%, and definitive comparison of measured values 
with theory is often further complicated in M1 cases 
of high Z elements by the presence of an £2 admixture. 
In certain simple well-established decay schemes, how- 
ever, the decay may involve mainly an M1 (or M1+ £2) 
and an £2 transition. Since the £2 conversion coefficient 
is not altered appreciably by ‘the finite nuclear size 
effect, this transition may be adopted as the standard 
with which the M1 radiation may be directly compared. 
Thus, in favorable cases, relative intensity measure- 
ments of the gamma rays and conversion lines with 
scintillation and magnetic spectrometers, together with 
the theoretical Z2 conversion coefficient may give a 
quite accurate determination of the M1 internal con- 
version coefficient. 

The present paper describes the results we have 
obtained for Au and Au’, The well-known decay 
schemes, shown in Figs. 1 and 2, each involves only a 
cascade pair and a crossover gamma ray. It has been 
well established’ that Hg™, which follows the complex 
beta decay of Au™, emits a 50-kev M1 and a 158-kev 
E2 cascade gamma-ray pair and a 208-kev M1+£2 
crossover. We have studied the total and subshell con- 
version electrons of the 158- and 208-kev transitions 
with a shaped-field 180° beta-ray spectrometer (1% 
transmission, 1% resolution) and a 180° permanent- 
magnet (125 gauss) photographic recording spectro- 
graph. From a comparison of the relative conversion line 
intensities thus obtained with the relative intensities 
of the gamma rays determined by scintillation spectrom- 
etry, the conversion coefficients and the £2 admixture 
have been assigned for the 208-kev transition. In the 


7P. Sherk and R. Hill, Phys. Rev. 83, 1097 (1951). 
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case of Au, which involves a cascade gamma-ray 
pair, 31-kev M1 and 98-kev M1+ £2, and a 129-kev 
crossover,* only permanent-field spectrograph data were 
reliable. However, from intensity ratios of the L- and M- 
subshell conversion of the 98-kev radiation and from 
the experimental M-shell screening correction which 
came out of the Au™ studies, it was possible to assign 
the mixing ratio and obtain some information concern- 
ing the finite nuclear size effect. As a by-product of 
these experiments we have obtained somewhat more 
accurate energy values and branching ratios of the 
gamma-transitions of Au and Au™ than are currently 
listed. 


II. GOLD-199 
Sources 


The sources used for these studies were obtained from 
Oak Ridge National Laboratory. Carrier-free samples 
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Fic. 1. Decay scheme of Au™, 
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were prepared by repeated extraction into ethyl acetate. 
Sources for the photographic recording spectrograph 
were electrodeposited onto a 10-mil Pt wire. In one, 
a ThB+C+C” deposit was superimposed on the 
Au™ source for direct energy calibration. For the 
shaped-field spectrometer experiments, very thin sources 
were laid down on Zapon backing, and in some cases, on 
0.002-mil Ni foil in order to minimize distortion caused 
by charging of the source. 


Scintillation Spectrometer Data 


The electromagnetic spectrum was analyzed with a 


CONVERSION 


scintillation spectrometer (1}-in. X 1-in. NaI (TI) crystal, _ 


RCA 6655 photomultiplier). A modified Gatti® single- 
channel analyzer was used to sort the pulses from a 
8 Nuclear Science Abstracts (USAEC) 8, 9, 10 (1954, 1955, 


1956). 
* E. Gatti, Nuovo cimiento 11, 153 (1954). 
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Fic. 2. Decay scheme of Au. 


nonoverloading linear amplifier. We have found this 
instrument to be stable and quite reliable for precision 
pulse-height spectrum analysis. A typical Au“ gamma- 
ray spectrum is shown in Fig. 3. Although the full- 
energy lines corresponding to the 158- and 208-kev 
gamma rays are not quite resolved, this difficulty is 
more than offset by the relatively small energy- 
dependent corrections. By fitting a Gaussian to the 
158-kev peak it was possible to subtract the high- 
energy tail from the experimental curve and obtain 
the 208-kev line with fair accuracy. The intensity ratio 
of the gamma rays, /,'*8/7,°°8, is the ratio of the 
measured photoline areas corrected for detection effi- 
ciency’ and multiple scattering. The latter correction 
was arrived at graphically from a plot of the “peak-to- 
total” ratios of the 166-kev and 279-kev gamma rays 
of Ce and Tl, The average value from a number of 





IS8KEV 


COUNTS. PER MIN, x1073 


208 KEV 











100 200 400 500 


300 
PULSE HEIGHT 
Fic. 3. Pulse-height spectrum of the gamma rays of Au’ 

measured with a scintillation spectrometer. 


P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
Kai Siegbahn (Interscience Publishers, Inc., New York, 1955), 
pp. 133-164. 
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TaBLeE I. Summary of relative intensities of total shell conversion 
in Au and internal conversion coefficients (I.C.C.). 





Lc. 
Gi or i 


10.940 
3.750 


Relative intensity* 

Shell Ni or i 
50 L 
50 M 





Rose’s M1 
values 


0.465+0.02 
0.080+ 0.02 


1.884+0.05 
3.177+0.05 
0.836+0.03 


Rose’s E2 
values 


0.310 
0.497 
0.133> 


158 K 
158 L 
158 M 


0.710+0.05 
0.144+0.01 
0.042+0.04 


1.000 
0.203+0.02 
0.059+0.01 


Experimental 
values 


208 K 
208 L 
208 





* Relative intensities are normalized to the 208-kev K-conversion line. 
> Corrected empirically for screening. 


runs taken, with several source-to-crystal distances 
(0.10—1.0 cm), is 7,'58/7,2°=4.52+0.23. 


Spectrometer Measurements 


Although the resolution of the shaped-field spectrom- 
eter does not permit subshell conversion analysis, the 
relative intensities of conversion lines differing widely 
in energy and intensity can be measured with greater 
accuracy than is possible with the photographic re- 
cording spectrometer. Accordingly, this instrument was 
used to determine the relative intensities of the K-, 
total Z-, and total M-shell conversion. The spectrum 
consists of eight lines superimposed on the beta-ray 
continuum: 50 kev Z and M, 158 kev K, L, M+N+0, 
and 208 kev K, L, M+N-+0. In general appearance 
the spectrum is very similar to several which have 
appeared in the literature and need not be illustrated 
here.” 

The relative intensity data, normalized to the 208- 
kev line, are summarized in Table I. These are the 
average of five runs in each of which 40 to 60 points 
were taken on the more prominent lines. Before 
measuring the areas under the lines, the beta-ray 
continuum was subtracted off by Fermi plot analysis. 
A counter window with a 5-kev cutoff was used in 
three runs to minimize distoriton of the low-energy 
lines. The M-shell data have been corrected for the 
contribution of N+O conversion by means of the 
M/(N+0) ratio determined from the higher resolution 
measurements in the photographic recording spectro- 
graph. 

From the intensity data of Table I, five independent 
ratios of i-shell conversion of the 208-kev radiation, 
to the j-shell conversion of the 158-kev radiation, 
N28/N 8, (1, 7=K,L,M), may be formed. These 
ratios, together with the theoretical E2 conversion 
coefficients a;'®§ listed in Table I and the measured 
relative gamma-ray intensities J,'°8/],?°, determine 
the experimental coefficients a,** according to the 
expression 


a 7%8= g ;158(N 708 N ™)(7*/1,™), ‘, j= K, E. M. (1) 


4 See, for example, reference 7, Fig. 1, 
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The values calculated from the experimental data are 
also given in Table I. It should be mentioned that the 
value ay'°8=0,133 in Table I is Rose’s value adjusted 
to take account of screening. This correction which is 
neglected in Rose’s M-shell calculations is expected to 
be appreciable in this case. We have made use of the 
158-kev L/M ratio from the permanent-field spectrom- 
eter experiments to correct Rose’s M-shell value for 
screening. It is to be noted that the 208-kev K con- 
version coefficient may be calculated from (1) by 
comparing Vx, with Vx«'8, N78, or N58. The 
spread of only 4% in the three values (ax?°*=0.74, 0.72, 
0.71) shows that the 158-kev theoretical ratios, K/L 
and L/M corrected for screening, are in good agreement 
with the experimental ratios. This substantiates the £2 
assignment of the 158-kev transition and the validity 
of the M-shell screening correction. 

For completeness, the data concerning the 50-kev 
transition are included in Table I. Because of the 
experimental uncertainties which prevail at these low 
energies, no attempt was made to estimate the 50-kev 
conversion coefficients. 


Spectrograph Measurements 


The higher resolution of the permanent-field spectro- 
graph made possible the measurement of the L-subshell 
intensity ratios of the 50-, 158-, and 208-kev transitions 
and provided an independent check on the total shell 
ratios. In addition, M-shell screening corrections and 
precise transition energies were determined. Four plates 
with exposure times ranging from 20 minutes to 24 
hours were used to obtain microphotometer traces of 
the sixteen lines. In scanning the plates, a number of 
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Fic. 4. Microphotometer trace of the photographically recorded 
conversion lines of Au; 3-hour exposure. Insert shows the trace 
of the 13-hour exposure in the region of the 208-key L-subshell 
lines. 
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measurements were made at different heights along 
the plate and the results averaged. A typical trace is 
shown in Fig. 4. Intensity measurements were carried 
out according to the method described in detail by 
Slatis.” A source of Sr”—Y* was used for the photo- 
graphic density calibration of the emulsion. 

The energies, assignments, and measured relative 
intensities are given in Table II. The mean gamma- 
ray energies, referred to the well-known lines of 
Th B+C+C” are 49.7, 158.3, and 208.0 kev. These 
values are internally consistent to 0.10 kev. An indica- 
tion of the reliability of the data may be obtained by 
calculating ax from Eq. (1) using the theoretical 
coefficients and the ratios of the 208-kev K line to the 
158-kev K, Ly, and Ly, formed from the data in 
Table II. The values 0.70, 0.67, 0.67, compare favorably 
with the results given in Table I. They are expected 
to be somewhat less accurate than the spectrometer 
total shell values because they involve comparison of 
lines which differ considerably in energy and intensity 
and because of the uncertain correction for the unre- 
solved very weak 158-kev L, line. 

As mentioned, the M-shell screening correction can 
be estimated from the L/M total or subshell ratios and 
the ratios of the corresponding theoretical coefficients. 
For the 158-kev £2 conversion we find that the theo- 
retical unscreened M-shell coefficients are to be multi- 
plied by the factor 


[ (M/L)(az/am) |155=0.60+0.04. 


The M-shell screening correction for the 208-kev transi- 
tion may be obtained by direct comparison of the 
measured ay;7°8 given in Table I with either the £2 or 
M1 theoretical value. Since these values are almost the 
same, no correction for #2 mixing enters. The value 
of 0.64 for this case agrees within the experimental 
error with the 158-kev screening correction. It would 
thus appear that in this range the dependence of the 


TABLE IT. Permanent-field spectrograph data for Au™. 


Relative 
intensity 
experimental 


Theoretical 
Energy LC. 
(kev) 


Assignment (Rose) 


9.90 
0.96 


50 Ly 

50 Liz 
50 My 
158 K 
208 K 
158 Lit 
158 Lin 
158 Mi, 
158 Min 
158 Nz) 
158 On 
208 Ly 
208 Lin 
208 Lint 
208 Misr 
208 Vi +0O 


34.81 

46.15 

75.19 
124.97 
144.09 
145.99 
155.00 
155.42 
157.63 
158.17 
193,29 
193.92 
195.68 
204.64 
207.43 


0.310 
0.262 
0.187 


0.114 
0.0834 


0.205 


0.156 
0.031 
0.0089 
0.0574 
0.0115 


2H, Slatis, Arkiv. Fysik 8, 441 (1955), 
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TABLE III. Theoretical and experimental internal conversion 
coefficients for the 208-kev gamma ray of Au™. 





K ps , Liu Lin 





1.045 0.180 0.165 0.0144 
0.152 0.148 0.0212 0.0791 
0.710 0.144 0.114 0.0227 


Rose: M1 
Rose: E2 
Experimental 








screening correction on energy or multipole order is 
small. These values are to be compared with Rose’s 
rough estimate of 0.5. 

The individual Z;, 2, and Ly internal conversion 
coefficients of the 208-kev transition are found by using 
the total L coefficient given in Table I and the ratios 
L/L, Ly/L, and Lyy1/L, formed from the data in 
Table II. The Z; coefficient is calculated from 


ar;=a,(L,/L). (2) 


The values which result are: a ,1=0.114+0.017, 
@111= 0.0227 +0.0034, azn1=0.0065+0.0010. In addi- 
tion we find ay;0=0.0083. 


Results and Discussion 


A summary of the experimental internal conversion 
coefficients of the 208-kev transition and the corre- 
sponding theoretical point-nucleus values for M1 and 
2 radiations are given in Table III. The four inde- 
pendent experimental quantities ax, @z1, @z11, and @z111 
can be used to estimate the fraction r of the transitions 
which are £2 (‘mixing ratio”), and the factors fx, 
fu, fun, and fini, by which point-nucleus M1 coeffi- 
cients for this energy and Z are to be multiplied to 
correct them for the finite nuclear size effect. Since 
this effect reduces Rose’s values, these multiplicative 
factors are expected to be less than one. Using the 
notation, a;, for the theoretical E2 point-nucleus con- 
version coefficient of the 7 shell or subshell, and 6, for the 
corresponding M1 coefficient the factors f; are related 
to the experimental coefficients a; of Table III by the 
four expressions 


a;=ra;+ (1—r) fiB;, 


Since there are five unknown quantities, r and f; addi- 
tional assumptions or information must be used to aid 
in the solution of these equations. It would seem 
reasonable to assume, for example, that the point- 
nucleus approximation is a good one for 1 conversion, 
in which case fr11=1 and the above expressions may 
then be solved for the unknown quantities. However, 
without making any assumptions it is possible to show 
that even fr1 in this case is close to unity. Upon using 
the data of Table III and eliminating r from (3), 
there results: 


fin = 0.097 fr111+0.944, fu =0.917—0. 143 fin, 
far==0.949 fr4-+0.0235. 


i=K, Ly, Lu, Lun. (3) 


From the first of these equations it is clear that fri 
cannot be much different from unity, irrespective of 
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TaBLe IV. Multiplicative correction factors for point nuclear 
internal conversion coefficients and E2 mixing ratio for the 208-kev 


radiation of Au, 





tu fim fii r 


0.762+0.08 0.782+0.13 1.00+0.36 1.00 0.115+0.03 
0.805 see cee see obs 





Experimental 
Sliv 








the choice of Fzz11 between 0 and 1. We therefore take 
firm and fri to be one and determine the remaining 
quantities from (3). The results are tabulated in 
Table IV. To verify these conclusions and to estimate 
the errors, we have carried out a graphical analysis 
similar to that used by Wapstra.* The values so obtained 
are essentially the same. 

For the purpose of comparison, the theoretical value, 
fx=4stiv/GRose, Computed from Sliv’s tables," is in- 
cluded in Table IV. Within the experimental errors, 
the results show that the M1 K-conversion coefficient 
for a 208-kev transition in the point-nucleus approxi- 
mation is high by about 20% in the region Z=80, as 
predicted by Sliv. Since the theoretical calculations 
for the Z subshells are not available to us at this time, 
no comparison with theory can be made. The con- 
clusions to be drawn from our subshell corrections, 
however, are in genera] agreement with the few meas- 
urements which have been reported by others.! The 
Ly-shell correction, for example, is not much different 
from the K-shell correction while the Ly correction, to 
present degree of accuracy, is essentially negligible. 

As a last remark concerning Au™, it should be 
mentioned that the total conversion coefficients (in- 
cluding V+0+---), a7?°8=0.90 and a7*8=0.97 which 
we find, when taken with the scintillation gamma-ray 
intensity ratio (J,'°8/J,?°°=4.52), determine the rela- 
tive total transition rate 


A'88/ 4208= (7 ,158/T 28) (1+ ar) 158/(1+ ar) 203= 4.70. 


Combining this with the beta-ray intensity measure- 
ments of Haynes and Achor,'* 0.243: 0.693: 0.064 for 
the 208 kev, 158 kev, and ground state levels, we find 
for the total relative intensities of the 50-, 158-, and 208- 
kev transitions, respectively : 8%, 76%, and 16%. This 
is to be compared with the results of Sherk and Hill’: 
4%, 77%, 197%. 


Ill. GOLD-195 
General Considerations 


At the outset, the aim in the case of Au was to 
compare the 98-kev M1+ £2 transition with the 129- 
kev pure £2 radiation (Fig. 2) as in the previous 
study. As it turned out, the very low intensity of the 
“standard” 129-kevy gamma ray relative to 98-kev 


®L. A. Sliv and I. M. Band, ‘Coefficients of Internal Con- 
version,” Dept. of Physics, University of Illinois, Report 57ICCK1 
(1956). [Translation of a pamphlet published by the National 
Academy of Sciences of the USSR.] 

4S. K. Haynes and W, T. Achor, J. phys. radium 16, 635 (1955). 
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gamma ray (about 3%) made it impossible to do 
more than estimate relative intensities by scintillation 
techniques, especially since the gamma-ray photopeaks 
are adjacent to the very strong K capture x-ray peak. 
The 129-kev peak occurs only 10 kev from the sum 
peak of comparable size produced by accidental x-ray 
coincidences. These difficulties, together with the very 
low activity of the source material, limited the signi- 
ficant experiments to the permanent-field spectrometer 
in which long exposures at high resolution gave fairly 
accurate 98-kev subshell data. The scintillation and 
shaped-field spectrometer measurements were used only 
for survey, auxiliary intensity estimates and half-life 
determination. 

The procedure for preparing the spectrograph source 
was the same as that used for the Au measurements. 
The radioactive samples were made by the Pt™(d,2n)- 
Aw reaction in the Indiana University cyclotron. 
Measurements were not undertaken until sufficient time 
had elapsed for the decay of the numerous short-lived 
components. The decay of the conversion lines of the 
31-, 98-, and 129-kev gamma rays was followed in the 
shaped-field spectrometer. It is worthy of mention 
that a half-life value of 9010 days was found, in 
contrast to the value of 185 days currently listed.® 


Spectrograph Measurements 


Four plates were exposed in the permanent-field 
spectrometer for periods ranging from 3 to 21 days. 
On one of these a Th B+C+C” spectrum was super- 
imposed for energy calibration. In Table V are listed 
the energies, assignments, and theoretical conversion 


TABLE V. Conversion line energies and gamma-ray 
assignments for Au™. 





Theoretical I.C.C. 
M1:8 E2:a 


33.10 
6.90 
11.76* 

1.25 


Line Energy Assignment 





31 Lr 

98 K 

31 My 

31 Muy 

31 Ni 

31 O; 
K L; Ly Auger 
K L; Lu Auger 
K Ly Lin Auger 
K Ly Lin Auger 
K Lin Lin Auger 
K Ly My Auger 
K LM Auger 
K Lu Min Auger 
KM N Auger 

98 Ly 

98 Li 

98 Li 

98 M, 

98 Ni 

98 O; 

129 Lit 

129 Lin 

129 Mi 

129 Nu 


0.925 


~— 
ee SAGA ete | 








* Rose's unscreened values. 
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Fic. 5. Microphotometer trace of the 8-day exposure of the Au’® conversion lines. 


coefficients. Several of the Auger lines were too weak 
and insufficiently resolved for accurate energy deter- 
mination. Auger energy analysis was further hampered 
by the presence in this energy region of the very weak 
129-kev K-conversion line. As a result some of the 
Auger energies listed may be in error by as much as 
0.3 kev. The experimental Auger intensity ratio, 
KLyLyn/KiLiply1= 2.25 agrees well with values 
quoted for other elements in this region of Z. The 
average gamma-ray energies, 30.8, 98.5, and 129.4 kev, 
are internally consistent to 0.10 kev. 


Results 


As mentioned, only the intensity data for the 98-kev 
L- and M-subshell conversion are considered accurate 
enough for comparison with theory. Table VI sum- 
marizes the intensity measurements. A typical micro- 
photometer trace from which these results were derived 
is shown in Fig. 5. It is possible by comparing the 
98-kev L-subshell intensities with the My intensity to 
obtain the £2 admixture r and the finite nuclear size 


TABLE VI. Summary of intensity measurements for Au’. 








Ratio Experimental Rose 


31 M1/Mu 9.4 9.42 
3.98 

0.415 

0.132 


98 L1/M, 
Ly /Mi 


1.33 
1.36 


129 Lin /M 
(Lit+Ln)/Lin 


98 M;/129 M 9.45 
98 K/30 Lr 3.5 





correction fz: and fz. If it is assumed that these 
corrections are negligible for the Ly, and My subshells, 
the mixing ratio may be estimated independently of 
this effect from 


Tiunt/My= [recut (1—n) 81m |/ 
X[ramit+(1—1r)8ur]. (4) 


The term ray1 is very small and is neglected. From 
the Ly11/M, ratio given in Table VI and the theoretical 
E2 and M1 conversion coefficients listed in Table V, 
r may be calculated from (4). For the results cited below 
the quantity 84; has been multiplied by the empirical 
screening factor, 0.60, which resulted from the Au 
analysis. Because of the small dependence of this correc- 
tion on energy and multipole order and the consistency 
of the data involving this correction which we found 
to be the case in the Au™ studies, this procedure seems 
justified. The remaining unknown quantities fz; and 
fio may be calculated from 


L,/My, = [rarit (1— r)Briftil/ (1—r)Ba1, «=I, IL. (5) 
The results are 
c= 0.0137-+0.0028, fu = 0.82+0.10, fin = 0.73+0.20. 


Since theoretical subshell coefficients corrected for 
finite nuclear extent are not available at this time, no 
direct comparison of these results with theory can be 
made. However, if the Z; correction is of the same order 
as the K correction, as the other experimental evidence 
indicates, our Z; value is reasonable, since deviation 
from Rose’s value of the K-conversion coefficient for 
the 98 kev transition is expected to be about 20%. 
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The correction fxr is not significantly different from 
unity, owing to the large errors involved. This value 
depends in a sensitive way on the mixing ratio. More- 
over, the Ly; conversion line is weak and poorly resolved. 

An estimate of the branching ratios of the transitions 
has also been made. The ratios we find are: A%*/A” 
=8.8 and A°%’/A*!= 3.6. It would therefore appear that 
the 31-kev gamma ray cannot follow the 98-kev radia- 
tion as suggested by Bernstein and Lewis.!® 


18 EF. Bernstein and H. Lewis, Phys. Rev. 100, 1345 (1955). 
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Radioactive Decay of Se**} 
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The Pennsylvania State University, University Park, Pennsylvania 


(Received August 9, 1957) 


An experimental investigation, using scintillation techniques, has been made of the gamma radiation 
emitted by the 69-second isomer of Se**. The Se® was produced by irradiating selenium, enriched in the iso 
tope Se®, in the reactor neutron flux. Gamma rays of energy 2.02+0.05 Mev, 1.01+0.02 Mev, 0.650+0.005 
Mev, and 0.350+0.006 Mev were found, each with a (70+1)-second half-life. Of these, only the 0.350-Mev 
gamma ray was found in the 25-minute isomer. From these measurements, together with beta-gamma and 
gamma-gamma coincidence measurements and a rough beta-ray end-point determination, a decay scheme 


is proposed for the 69-second isomer of Se**. 


INTRODUCTION 


HE radioactive decay of Se* has been investigated 

by several experimenters.’~* Two isomeric states 

have been found and the respective beta-ray end-point 

energies determined. Some gamma rays have been found 

in the 25-minute activity, but none have been reported 
previously for the 69-second activity. 

In 1947 Arnold and Sugarman! investigated Se* by 
means of chemical separation methods, and measured 
the half-life and beta-ray end-point energy by absorp- 
tion techniques. They found the half-life to be 67 
seconds and the beta-ray energy to be 3.4 Mev. In 
1950 Glendenin,’ using absorption techniques, found a 
second isomer with a half-life of 25 to 30 minutes. This 
isomeric state apparently decayed via a beta ray of 
1.5 Mev and gamma rays of 170, 370, and 1100 kev. 
In 1952 the isotope Se* was further investigated by 
Rutledge, Cork, and Burson’ using selenium enriched 
in the isotope Se*. They found a half-life of 2542.5 


t This research was supported in part through a grant from 
The National Science Foundation. 

1 J. R. Arnold and N. Sugarman, J. Chem. Phys. 15, 703 (1947). 

2L. Glendenin, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1950), Paper 
No. 61, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV. 

3 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

4 Nuclear Level Schemes, A=40 to A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955). 


minutes for the isomer previously investigated by 
Glendenin. Their scintillation spectrometer measure- 
ments confirmed the existence of a 170- and a 1100-kev 
gamma ray, but they did not find the 370-kev gamma 
ray. 
All information concerning this isotope prior to the 
present investigation is conveniently collected in a 
publication of the U. S. Atomic Energy Commission.‘ 


APPARATUS 


Samples of Se metal were exposed to the neutron 
flux in the Pennsylvania State University Research 
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Fic. 1. Exposure apparatus. 





RADIOACTIVE 


Reactor® by means of the exposure system shown in 
Fig. 1. A large-diameter pulley-wheel was mounted on 
a table positioned at the edge of the reactor pool. A 
string encircled the pulley-wheel and extended down 
to two aluminum eyelets attached to a lead brick placed 
on the reactor grid plate. This arrangement permitted 
the samples to be moved rapidly back and forth be- 
tween the reactor core and the detection equipment 
at the edge of the reactor pool. The pulley-wheel was 
rotated manually to expose a sample for a predeter- 
mined length of time, usually one minute, and was then 
rotated rapidly in the opposite direction to withdraw 
the sample to a position in front of the detection 
apparatus. Withdrawal times as short as five seconds 
were easily accomplished. For most of the measurements 
the reactor was operated at a power level of 100 kw. 
Samples used for measuring the Se gamma-ray 
spectrum were prepared by sealing Se metal pellets or 
powder in lengths of polyethylene tubing, } in. in 
diameter and 2 in. long. Many samples of normal Se 
of 99.99% purity were employed, a sample being 
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Fic. 2. Collimator tests. 
discarded after several exposures to avoid the accumu- 
lation of any long-lived activity. One sample® of Se 
enriched to 75.74% Se® was employed to verify the 
isotopic assignment of the radiation. Samples used for 
the detection of beta rays were prepared by sealing a 
thin layer of Se powder between two layers of Scotch 
cellophane tape, supported by a thin graphite ring. 
The gamma-ray spectrometer consisted of a 2-in. X 2- 
in. cylindrical NaI(Tl) crystal attached directly to the 
end of a DuMont type 6292 photomultiplier tube. 
Pulses from the photomultiplier tube were fed through 
a preamplifier and linear amplifier to a 20-channel 
pulse-height analyzer. Pulses from the preamplifier 
were simultaneously fed through a second linear 
amplifier and a single-channel pulse-height analyzer 
into a linear count-rate meter and strip-chart recorder. 
Arrangements were made at the input of the pre- 


5W. M. Breazeale et al. U. S. Atomic Energy Commission 
Report NYO-7895, 1956 (unpublished). 

6 Obtained on loan from the Oak Ridge National Laboratory, 
Oak Ridge, Tennessee. 
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Fic. 3. Gamma-ray spectrometer energy calibration. 


amplifier to feed in test pulses, at any time from a 
precision pulse generator, to test for stability and for 
gain of the entire system. 

It was found to be desirable to enclose the gamma-ray 
spectrometer in a lead housing, the dimensions of which 
were 8 in. X8 in. X 24 in., giving about three inches of 
shielding around the crystal. The collimator hole, 
through the lead shield to the crystal, was ? in. in 
diameter and 8 in. long. This housing not only reduced 
the gamma-ray background to a negligible point, but 
also enhanced the photopeak relative to the Compton 
distribution, as shown in Fig. 2. This latter effect is 
presumably the result of channeling the photons into 
the center of the crystal and thus reducing the proba- 
bility for the escape of Compton-scattered photons. 

Energy calibration of the gamma-ray spectrometer 
was achieved by the use of sources of Au’, Cs!*7, Co®, 
and Na™, all of which emit gamma rays of known 
energy. Typical calibration curves are shown in Fig. 3. 
An intensity calibration was obtained using sources of 
Co®, Au’, and Na*™. The disintegration rate of the 
Co® source had been obtained by the U. S. Bureau of 
Standards. That of the Au'* source was measured by 
coincidence counting.’ The disintegration rate of the 
Na*™ source was not known, but the relative intensities 
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7A. C. G. Mitchell, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 201 ff. 
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Fic. 5. 350-kev gamma ray from 70-second isomer of Se®. 


of the 1.37-Mev and 2.75-Mev gamma rays are known 
to be 1:1.8 Energy spectra were measured for these 
sources, and the area under each photopeak deter- 
mined after subtracting the extrapolated continuum 
under each peak. In this way the peak efficiencies of 
the detector for the Au’* and Co® gamma rays were 
determined. By normalizing the intensity of the 1.37- 
Mev gamma ray of Na*™ to that of the 1.33-Mev gamma 
ray of Co®, the peak efficiency for the 2.75-Mev gamma 
ray of Na™ was obtained. The resulting intensity cali- 
bration curve for the gamma-ray spectrometer is shown 
in Fig. 4. 

The beta-ray counter consisted of a plastic scintil- 
lator’ § in. thick and 2 in. in diameter, attached to a 
DuMont 6292 photomultiplier tube and protected from 
light by a 0.75-mil aluminum foil. The electronics 
system was identical with that of the gamma-ray 
spectrometer. 


EXPERIMENTAL RESULTS 
A. Gamma Rays from 69-Second Isomer 


Samples of normal Se were exposed to the reactor 
neutron flux for one minute, withdrawn to a position 
in front of the gamma-ray spectrometer; and after an 
appropriate delay time the spectrometer was turned 
on for a one-minute count. This procedure was repeated 
five times at five-minute intervals to obtain a satis- 
factory number of total counts on the 20-channel 

8 P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 


(1954). 
® Plastic Phosphor NE 102, obtained from Nuclear Enterprises 


Ltd., Winnipeg, Canada. 
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Fic. 6. 650-kev gamma ray from 70-second isomer of Se*, 


analyzer. For each portion of the spectrum a new sample 
was employed. The delay time was necessary in the 
case of the two lower energy gamma rays because of 
competing 10-second and 18-second activities from 
other isotopes. 

In this way gamma rays of 350+6 kev, 650-+5 kev, 
1.01+0.02 Mev, and 2.02+0.05 Mev were found. 
Gamma-gamma coincidence counting subsequently 
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Fic. 7. 1.01-Mev gamma ray from 70-second isomer of Se®. 
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Fic. 8. 2.02-Mev gamma ray from 70-second isomer of Se®. 


indicated that there are two unresolved 1-Mev gamma 
rays. To ascertain whether these gamma rays were in 
the short-lived isomer, the half-life of each was meas- 
ured. This was done by setting the single-channel 
analyzer to accept only the gamma ray of interest and 
recording the decay on the strip-chart recorder. The 
recorder chart data were then analyzed carefully by 
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Fic. 9. Beta-gamma coincidences with 350-kev and 650-kev 
gamma rays of Se*. 
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Fic. 14. Beta-gamma coincidences of 1.01-Mev 
gamma ray in Se®. 


the method of least squares. In each case the half-life 
was found to be 70+1 sec. 

To further justify the assignment of these gamma 
rays to an isomer of Se*, the enriched sample of Se® 
was exposed in a like manner. All of the above-men- 
tioned gamma rays were found, with their intensities 
increased in approximately the same ratio as the 
isotopic enrichment. The gamma-ray spectra are shown 
in Figs. 5-8. The relative intensities of the gamma 
rays are given in Table I. 


B. Beta-Gamma Coincidence Measurements 


In order to determine which of the observed gamma 
rays are in coincidence with beta rays, the beta-ray 
detector was placed near the gamma-ray spectrometer 
so that the sample could be positioned between them. 
The 20-channel analyzer was gated with the output 
pulses from the beta-ray counter so that only those 
gamma-ray pulses in coincidence with the beta rays 
would be observed. Figures 9-11 show the gamma-ray 
spectrum both with and without the use of the co- 
incidence circuit, as well as the calculated accidental 
coincidence spectrum. From these data it is concluded 


TABLE I. Relative gamma-ray intensities. 








Gamma-ray energy (Mev) Reletive intensity 





2.02 +0.05 
1.01 +0.02 
0.650+0.005 
0. an 006 
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Fic. 11. Beta-gamma coincidences of 2.02-Mev 
gamma ray in Se*. 


that all of the gamma rays are in coincidence with 
beta rays. 


C. Gamma-Gamma Coincidence Measurements 


To determine the coincidence relationship of the 
gamma rays, the beta-ray counter was replaced by a 
second gamma-ray spectrometer, which was connected 
through the single-channel analyzer to operate the gate 
in the 20-channel analyzer. Each spectrometer was 
housed in a collimator of 2? in. length for this measure- 
ment. Each pulse-height analyzer was adjusted to 
respond to only one gamma-ray photopeak, and the 
coincidence rate determined for several combinations 
of the four gamma rays. The results of these measure- 
ments, corrected for accidental coincidence counting 
rates, are shown in Table IT. 
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Fic. 12. Beta-ray spectra of Se* compared with known 
beta-ray spectra. 
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TABLE II. Gamma-gamma coincidences. 





y/y (Mev) Coincidence rate (counts/sec) 





1.0/2.0 0.018+0.018 
1.0/1.0 0.042+-0.014 
0.650/1.0 0.098 +-0.064 
0.350/1.0 0.129+0.031 
0.350/0.650 0.200+0.032 





From Table II at appears that the last four pairs of 
gamma rays are in coincidence with each other; there 
is no evidence for coincidences in the case of the first 
pair. 


D. Beta-Ray End-Point Measurements 


The end-point energy of the Se® beta rays was 
investigated by using the beta-ray detector, although 
the §-in. thick phosphor, equivalent to 1-Mev electron 
range, was not well suited to this purpose. The beta-ray 
detector was connected to the 20-channel analyzer, 
which was gated by the output from the single-channel 
analyzer. The single-channel analyzer was fed by the 
gamma-ray spectrometer, and was adjusted to accept 
only the 1-Mev photopeak. Thus only those beta rays 
which were in coincidence with 1-Mev gamma rays were 
detected. In Fig. 12 the pulse-height distribution of the 
beta rays from Se is compared with those from Au", 
Si, K®, and Al’. An attempt to determine the end 
point of the Se spectrum is made by drawing tangents 
through corresponding parts of each pulse-height 
distribution and determining the intersection of the 
tangent with the abcissa. These intersections are plotted 
vs end-point energy in Fig. 13. The results imply an 
end-point energy of about 1.5 Mev for the Se beta rays. 
The counting rate was too low for reliable half-life 
measurements, although a value of the order of one 
minute is indicated. Attempts to measure the Se™ 
beta rays without requiring gamma-ray coincidences 
were not successful, owing to competing activities in 
other isotopes and in the source mounting. The results 
of the beta-ray measurements, although suggestive, 
are not considered to be definitive. 
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Fic. 13. Beta-ray energy calibration curve. 
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Fic. 14. Proposed decay scheme of Se* (69-second isomer). 


E. Gamma Rays from 25 Minute Isomer 


An investigation, as yet incomplete, of the gamma- 
ray spectrum associated with the 25-minute isomer 
indicates a strong 0.350-Mev component, but gives no 
evidence of any of the other gamma rays found in the 
69-second isomer. 


CONCLUSIONS 


The above results indicate that the radioactive decay 
of Se* is accompanied by gamma rays of energy 
2.02+0.05 Mev, 1.01+0.02 Mev, 0.650+0.005 Mev, 
and 0.350+0.006 Mev. Half-life measurements and 
measurements with the isotopically enriched Se sample 
indicate that these gamma rays must be attributed to 
the 69-second isomer of Se. The beta-gamma coin- 
cidence measurements indicate that all of the gamma 
rays are in coincidence with beta rays, and consequently 
represent transitions in Br*¥, The gamma-gamma 
coincidence measurements, together with the relative 
intensity measurements, indicate that the 0.350-Mev 
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Fig. 15. Proposed decay scheme of Se®. 











and 0.650-Mev gamma rays follow one another in 
cascade, while the 1-Mev gamma rays are partly in 
cascade with these and partly represent a crossover 
transition. The absence of all but the 0.350-Mev 
gamma ray in the 25-minute isomer indicates that this 
gamma ray is not followed by any of the others. The 
decay scheme of Fig. 14 is consequently proposed. 

The nuclear shell model! implies a spin of 9/2+ for 
the ground state of Se*, }— for an excited state in 
Se* and 3— for the ground state of Br®.* The beta 
decay from the excited state of Se* to the ground state 
of Br® is therefore expected to be allowed. The maxi- 
mum beta-ray energy of the 69-second state is 3.4 Mev, 
and that of the 25-minute state is 1.5 Mev. This implies 
that the 69-second state is the excited state of Se®. 
This, together with the evidence for a beta ray of 1.5 
Mev from the excited state of Se*, suggests the tenta- 
tive decay scheme shown in Fig. 15. 


10 J. H. D. Jensen, in reference 7, p. 414 ff. 
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Differential Cross Sections for the C’’(He’*,p)N™“ Reaction 


R. L. Jounston,* H. D. Hotmcren, E. A. Wortck1, AND E. GEER ILLsLEyt 
Nucleonics Division, United States Naval Research Laboratory, Washington, D. C. 


(Received September 5, 1957) 


The differential cross sections of the three highest energy proton groups from the C!(He?,p)N™ reaction 
were measured at six angles as a function of incident He? energy from 2.0 to 5.0 Mev. Broad resonances were 
observed at 3.0, 3.6, 4.4, and 4.8 Mev in addition to those previously observed. The angular distributions 
are rather complex and not easily attributable to either a compound nucleus or a direct interaction. The 
differential cross sections have been measured at closely spaced angular intervals from 7 to 158 degrees in 
the center-of-mass system for bombarding energies of 2.0 and 4.5 Mev. 





INTRODUCTION 
HE C'*(He*,p)N™ reaction has been studied by 
Bromley ei al.’ in the energy region from 1.0 to 2.8 
Mev. We have studied the C(He’*,p)N™ reaction in 
the energy interval from 2.0 to 5.0 Mev using a 2-Mv 
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Fic. 1. The differential cross section as a function of angle in 
the center-of-mass system for the ground-state (fo), first-excited- 
state (p;), and second-excited-state (2) proton groups at 2.0-Mev 
incident He’ energy. 


* A portion of this research was the basis of a thesis submitted 
to the Graduate School of the University of Maryland in partial 
fulfillment of the requirements for the degree of Master of Science 
by R. L. Johnston. 

+ Present address: 
Guiana. 

1 Bromley, Almqvist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 


Queens College, Georgetown, British 
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Van de Graaff accelerator and the 6-Mv Van de Graaff 
accelerator of the U. S. Naval Research Laboratory. 
The differential cross sections of the three proton 
groups, leaving N“ in its lowest states, were studied as 
functions of the bombarding energy, and of the angle 
at 2.0 and 4.5 Mev. 


PROCEDURE 


The nuclear-emulsion reaction chamber used in de- 
termining the differential cross sections as functions of 
angle at 2.0 and 4.5 Mev has been previously described? 
The targets were prepared by heating a 5-yin. foil in the 
presence of methyl iodide (CH;I) vapor, depositing the 
carbon onto the foil. The target used at 2.0 Mev was 
about 180 kev thick for the incident He’* particles, 
and that used at 4.5 Mev was about 200 kev thick 
for the incident He’* particles. The reaction chamber 
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Fic. 2. The differential cross section as a function of angle in 
the center-of-mass system for the ground-state (po), the first- 
excited-state (p:), and the second-excited-state (p2) proton groups 


at 4.5-Mev incident He’ energy. 


2 Holmgren, Bullock, and Kunz, Phys. Rev. 104, 1446 (1956). 








DIFFERENTIAL. CROSS SECTIONS 


employed for measuring the cross sections as func- 
tions of bombarding energy had apertures at 7, 30, 
60, 90, 120, and 150 degrees in the laboratory system 
which subtended a solid angle of 0.013 steradian at the 
target. The protons were detected with thin CsI(TI) 
crystals mounted on multiplier phototubes. In this 
portion of the experiment, a thin (about 40 kev thick 
for 2-Mev He’ particles) evaporated target was used. 
This target was weighed in order to determine the 
absolute differential cross section. 


RESULTS 


The differential cross sections as functions of angle 
in the center-of-mass system at 2.0- and 4.5-Mev 
incident He*® energy are shown in Figs. 1 and 2, re- 
spectively. The uncertainties indicated include an 
uncertainty of 1% in the measurement of the solid 
angle, an estimated uncertainty in counting the tracks 
of 1%, and the standard statistical deviations. The 
curves are the least-squares fit to the data of Legendre 
polynomial expansions including the sixth degree. The 
coefficients of the Legendre polynomials in these ex- 
pansions and the total cross sections, are presented in 
Table I. 

The laboratory differential cross sections as functions 
of bombarding energy for the ground, first excited, and 
second excited states are shown in Figs. 3, 4, and 5, 
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Fic. 3. The differential cross section of the ground-state proton 
group in the laboratory system as a function of incident He? 
energy from 2.0 to 5.0 Mev. 
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Fic. 4. The’ differential cross section of the first-excited-state 
proton group in the laboratory system as a function of incident 
He’ energy from 2.0 to 5.0 Mev. 


respectively. The uncertainty in the determination of 
the absolute cross section arises largely from the un- 
certainty in the measurement of the thickness of the 
target and was estimated to be 20%. An independent 
check of the determination of the target thickness was 
made by measuring the differential cross section of the 
C!?(d,p)C® reaction leaving C® in the ground state and 
comparing this value with the published values. The 
differential cross sections determined for the (d,p) 
reaction, using the weighed target thickness, were 
about 20% lower than those obtained by Bonner ef al. 


TaBLE I. Coefficients of the Legendre polynomials from the 
least-squares fit to the data at 2.0 and 4.5 Mev. oois the integrated 
cross section in mb. do /dQ= (¢0/4r)[1+a:Pi1+---+anPn]. 














Group v0 a a: a3 a as a6 

2.0 Mev 

Po 3.1 0.30 —0.30 0.01 0.01 0.03 0.02 

P, 2.55 —0.24 —0.78 —0.02 0.11 0.09 —0.02 

P2 2.7 —0.52 0.26 0.30 —0.05 0.08 —0.03 
4.5 Mev 

Po 14.3 —0.15 0.25 0.34 —0.14 -0.02 —0.16 

P, 9.5 0.23 1.25 0.15 —90.10 0.08 0.12 

5.1 1.08 0.27 —0.14 0.27 0.04 


+} * Bonner, Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 
(1956). 
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Fic. 5. The differential cross section of the second-excited-state 
proton group in the laboratory system as a function of incident 
He’ energy from 2.0 to 5.0 Mev. 


and 5% lower than the results of Benenson e/ al. The 
present results for the C!*(He’*,p)N™ reaction, based on 
the weighed target thickness, are in good agreement 
with the measurements of Bromley e/ a/.,! in the region 
in which they can be compared. 

Angular distributions are given for selected energies 
in Figs. 6, 7, and 8 based on the observations at six 
angles. These illustrate the general trend in the neigh- 
borhood of observed resonances. 

The differential cross sections of protons to the 
various states in N" are an order-of-magnitude greater 
than those previously observed in other He’-induced 
reactions?:>—’, 

DISCUSSION 


The two detailed “off-resonance” angular distribu- 
tions (2.0 and 4.5 Mev) do not exhibit the characteristic 
features of either a simple compound-nucleus formation 
or a simple direct interaction. A study of the yield 
curves taken at six angles indicates in general that the 
off-resonance angular distributions vary slowly as 
functions of energy. They have approximately the 
same shape above and below a resonance and are not. 
symmetric about 90°. The trend of the angular distribu- 
tions is to become more strongly peaked at the forward 
and backward angles with increasing bombarding 
energy. This peaking is enhanced on the resonance. 
The first-excited-state group at 3.0 Mev, Fig. 7, may be 
symmetrical about 90° allowing it to be attributed to 
the excitation of a single level in the compound nucleus. 

Bromley ef al.! observed resonances in the 90° yield 


‘ Benenson, Jones, and McEllistrem, Phys. Rev. 101, 308 (1956). 

5H. D. Holmgren, Phys. Rev. 106, 100 (1957). 

6 Holmgren, Geer, Johnston, and Wolicki, Phys. Rev. 106, 102 
(1957). 

7Jilsley, Holmgren, Johnston, and Wolicki (to be published). 








WOLICKI, AND ILLSLEY 

curve at bombarding energies of 1.21, 1.3, 2.15, 2.5, 
and 2.7 Mev for one or more of the proton groups. In 
addition to these we have observed resonances at 3.0, 
3.6, 4.4, and 4.8 Mev corresponding to excited states 
in O of 14.5, 15.0, 15.6, and 15.9 Mev, respectively. 
At the two higher energies, the tendency is for only the 
forward and/or the backward angles to exhibit the 
effects of the resonance. 
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Fic. 6. The differential cross sections of the ground-state proton 
group in the center-of-mass system as a function of angle on and 
near the 2.1-, 3.0-, and 4.4-Mev resonances. 








DIFFERENTIAL CROSS SECTIONS 


The region of excitation of the compound nucleus 
O" investigated extends from 13.7 to 16.1 Mev. It is 
expected that in this region the energy levels of the 
compound nucleus are rather closely spaced* and over- 
lap to a large extent. This overlapping of energy levels 
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Fic. 7. The differential cross sections of the first-excited-state 
protons in the center-of-mass system as a function of angle on 
and near the 2.45-, 3.0-, and 4.75-Mev resonances. 

8 This statement is based upon the assumption of similarity 
between O! and its mirror nucleus N'*. F. Ajzenberg and T. 
Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
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Fic. 8. The differential cross section of the second-excited-state 
protons in the center-of-mass system as a function of angle at 
three selected energies. 


could account for the nonsymmetrical angular distribu- 
tions observed. The observed separation of the reso- 
nances, about 500 kev, appears to be much larger than 
the expected level spacing. This may not be unreason- 
able since the wave function describing the incident 
He’ particle and the target nucleus may have a strong 
overlap with only a select group of states in the com- 
pound nucleus. 

At first it appears that this reaction could be ac- 
counted for almost entirely by the compound-nucleus 
model. On the other hand, the persistence of the 
forward and backward peaking with increasing bom- 
barding energy and the enhancement of the peaks on 
the resonances (similar to deuteron-induced reactions**) 
strongly suggest that direct interactions do contribute 
to this reaction. This is particularly true when one 
considers the exchange type of direct interaction pro- 
posed by Owen and Madansky.’® The relative import- 
ance of heavy-particle stripping, leading to backward 
peaking, may be expected to be greater for He*-induced 
reactions than for deuteron-induced reactions due to 
the larger binding energy per nucleon in the He’ 
particle. 

The relatively large magnitude of the observed cross 
sections as compared to those for other He*-induced 
reactions may be due to the low Q value (4.771 Mev) 
which limits the availability of residual levels. The 
low Q value, together with the lower excitation in the 
compound nucleus, may account for the appearance of 
relatively larger resonance effects in this reaction. 


* G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957). 
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Radioactivity of In’ and Sb””° 


Cart L. McGrynis 
National Bureau of Standards, Washington, D. C., and Nuclear Data Group, National Research Council, Washington, D. C. 


(Received June 26, 1957) 


An investigation of the radiations from the mass-120 isobars has been made using magnetic lens, scin- 
tillation pulse-height, and coincidence counting techniques. Sb”™ decays with a 5.8-day half-life by electron 
capture, positron emission if any <0.03%, to an 11-ysec level of Sn which then decays by the emission of 
the following gamma rays (energies in Mev) : 0.089 (£1), 0.199 (£2), 1.04 (£2), and 1.18 (£2). The 1.18-Mev 
gamma ray also occurs in the decay of the 16-min Sb™, where the number of gamma rays per positron is 
0.03. An activity of ~55 sec is assigned to In”. A decay scheme is proposed. 





INTRODUCTION 


“THE radioactivity of the long-lived Sb!” has been 
investigated previously by Lindner and Perlman.! 
A 6-day half-life found in the Sb fraction from an 
18-Mev deuteron bombardment of enriched Sn was 
assigned to Sb”. By absorption methods the radiations 
were determined to be Sn K x-rays, 1-Mev gammas, and 
weak conversion electrons. No positrons were found. 


EXPERIMENTAL RESULTS 


All the experimental results of the present inves- 
tigation, a preliminary report of which has been 
published previously,’ are summarized in Tables I to V. 
Most of the data reported were obtained from the 
deuteron bombardment of Sn" (enriched to 80%). This 
material was supplied by the Stable Isotopes Division, 
Oak Ridge National Laboratory. The conversion elec- 
tron spectrum was measured with a thin-lens magnetic 
spectrometer. The photon spectrum was examined with 
a NalI(TI) scintillation pulse-height spectrometer with 
a single channel differential discriminator. All gamma- 


gamma coincidences were measured by using pulse- 
height analyzers in both channels. To measure the 
delay of the 0.089-Mev gamma ray with respect to the 
K x-rays an electronic time-delay generator was also 
used. Measurements were made for delay times from 
3 usec to 60 usec. With a delay of 3 usec, 90 coincidences 
per min were obtained. The random coincidence rate 
was 2.5 per minute. 


DECAY SCHEME 


The gamma-gamma coincidence data (Table IV) 
establish that all four gamma rays are in series. No 
crossover transitions were observed. The appearance of 
the 1.18-Mev gamma ray in the decay of the 16-min 
Sb fixes the first excited level of Sn’ at 1.18 Mev. The 
observation of a gamma ray of 1.155-Mev energy and 


half-life of 0.69 pusec by Coulomb excitation® confirms 


the location of this level. The second level is placed at 
2.22 Mev to agree with the systematics‘ of the second 


excited states of even-even medium-weight nuclei. The 
x-y and y-y delay experiments show that the 2.51-Mev 








TABLE I. Summary of all experimental] information on 5.8-day Sb™. The estimated errors are based on two or more measurements. 





T} =5.840.2 day 


Method of production: Sn(18-Mev d,n), Sn"9(18-Mev d,n) chem.* 
Sb(< 50-Mev y,”) no chem, 





Total conversion Transition 
electron intensity energy 
(relative) (Mev) K/(L+M) Method 

2740+340 0.089+-0.001 8+1 M2/E1=0.001 Scintillation and 

1370+100 0.199+0.001 4.6+0.2 E2=100% magnetic lens 
13.5+1.5 1.040+0.010 E2= 100% spectrometer 
10 1.180+0.010 E2=100% 

(0.089-Mev y)/(0.199-Mev y) =0.9+0.1 Scin. 

(1.040-Mev y)/(1.180-Mev y) =1.0+0.1 Scin. 

No 0.288-Mev y (<0.001 of 0.199-Mev y) Scin. 

No annihilation radiation; therefore 8+ <0.3% Scin. 


Coincidence measurements: 
Gamma rays in fourfold coincidence. 


Each gamma ray is delayed 11-1 ysec with respect to K x-rays. 


No other delays were found. 
(K x-ray) (0.089-Mev +) 


(K x-ray) (0.199-Mev 7) _ 0.85+0.10 





Coinc. ratio 








* Precipitate SbeSs in hot 3N HCl. See Radiochemical Procedures AECD-2738, W. W. Meinke, editor. 


1M. Lindner and I. Perlman, Phys. Rev. 73, 1124 (1948). 
2C. L. McGinnis, Phys. Rev. 98, 1172(A) (1955). 


3 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. Ser. II, 2, 69 (1957), and Nuclear Data Card 57-5-88 (National Research 


Council, Washington, D. C., 1957). 


4G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212( 1955). 
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‘TABLE II. Summary of experimental information 
on 16-min Sb™, 





Sb(<50-Mev y,n) no chem. 


scin. 
scin. 


Method of production: 


1.18-Mev y/total 8*=0.03 
1.04-Mev y/total 8+ <0.004 





level has the 11-usec half-life. From the coincidence 
ratio (K x-ray) (0.089y)/(K x-ray) (0.1997) =0.85 it is 
concluded that electron capture to a level at either 
2.42 or 2.31 Mev is less than 10% of that to the 
2.51-Mev level. Based on the agreement between the 
experimental and theoretical internal conversion coef- 
ficients (see Table VI) the 0.089- and 0.199-Mev 
gamma rays are given the assignments £1 and £2, 
respectively, but the order of emission has not been 
determined. 

However, from the following considerations the 
11-ysec half-life is associated with the 0.089-Mev E1 
gamma ray. With this assignment the half-life is 


TABLE III. Summary of experimental information on 55-sec 
In! This work was done in collaboration with D. N. Kundu. 





Method of production: Sn(20-Mev n,p) no chem. 


T,=55 sec from the decay of ~1-Mev y’s scin. 





4X 10’ times longer than the single proton estimate.® In 
the medium-weight nuclei the 1 transitions in Ag!” 
and Ag’ are the only others available for comparison. 
In these nuclei the 0.32-Mev cascade transition from 
the 0.41-Mev 5/2- level to the 40-sec 7/2* level has a 
half-life of 9X10-* sec based on 45 yusec® for the half- 
life of the 0.41-Mev level and a branching of 0.5%.’ 
These E1 transitions are 10° times slower than the 
single-proton estimate. If the 11-ysec half-life were 
assigned to the 0.199-Mev £2 gamma ray, the transition 
would be 300 times slower than the single-proton 
estimate. The only other slow £2 gamma rays occur in 
Ni®, Zn®’, Cd'", and Pr'!. These are about 4 times 


TABLE IV. Summary of coincidences found in the decay of 
5.8-day Sb™. Circuit resolving time: 27=1.2 usec. Nal scin- 
tillation counters were used. Y = coincidences observed; N =coin- 
cidences not observed. Gamma-ray energies in Mev. 








Coincident radiation 





Gating 
radiation K x-ray 0.089 0.1997 1.047 1.187 
K x-ray } Y z Y 4 
0.089 ¥ N Y oj x 
0.1997 Y N Y Y 
1.04, Y : Y 
1.187 ¥ Y Y N 








5 V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

6 Fagg, Wolicki, Bondelid, Dunning, and Snyder, Phys. Rev. 
100, 1299 (1955). 

7T. Huus and A. Lunden, Phil. Mag. 45, 966 (1954). 
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TABLE V. Summary of results on y-y angular correlations. 
Circuit resolving time: 27=1.2 usec. NaI scintillation counters 
were used. Gamma-ray energies in Mev. 


W (9) —W(x/2 ) 
( W (x/2) 








Interpretation 








(1.04) (1.18) (0) +0.1640.02 #J=4,2,0 
(0.20) (~1.17’s) (6) +0.16-40.02 AJ =2(0},2(Q) 
(0.09) (0.20) (@) —0.1240.02 


AJ=1(D), 2(Q) 





slower, whereas the other 90 £2 transitions in medium- 
nuclei are about 25 times faster* than the single-proton 
estimate. Hence, it seems reasonable to associate the 
11-usec half-life with the 0.089-Mev £1 gamma ray. 
The third level in Sn’? is placed at 2.42-Mev. 

From the internal conversion coefficient data E2/M1 
>3 for the 1.04-Mev gamma ray. Thus for the 1.04, 
1.18-Mev cascade the spin sequence could be 2*, 2*, OF. 
For three other even-even medium-weight nuclei the 
E2/M1 ratio for the first transition in this type of spin 
sequence has been determined*" by y-y angular cor- 
relation measurements, i.e., Se7® 5.5, Sn!4®9, and Te! 10 
(references 9, 10, and 11 respectively). However, the 
angular correlation data (see Table V) limit the £2/M1 
ratio for the 1.04-Mev gamma ray to less than 0.04. It 
turns out that a 2*, 2+, O* sequence with £2/M1 
= 0.0376 is indistinguishable from the 4*, 2+, 0* pure 
quadrupole-quadrupole sequence. As this limit is 
incompatible with the above measurement and the 
expected ratio of ~9 for a 2*, 2*, 0* cascade, the 1.04- 
Mev gamma ray is designated pure £2. For similar 
reasons the 0.199-Mev gamma ray is also pure £2. 
Hence the spin sequence for the first three Sn’ levels 
is 2+, 4+, and 6t. 


TABLE VI. Multipolarity assignments to 5.8-day Sb™ y’s. The 
experimental] internal conversion coefficients are derived from the 
relative intensities of the conversion electrons assuming a(E2) 
=0.000872 for the 1.18-Mev transition. The theoretical values 
are taken from the privately circulated tables of Rose et al. (1956). 
To take account of screening, only one-half of the value of the M 
conversion coefficients was used. 





Theoretical internal 

















Ey conversion coefficients Assign- 
(Mev) Expt. a El E2 M1 M2 ment 
0.089 0.29+0.05 0.24 2.30 080 89 X10% EI 
0.199 0.13+0.01 0.025 0.12 0.093 0.52 X10 £2 
1.040 1.2 +0.1 0.50 1.19 156 3.57 X10? E2 

Ey Expt. Theoretical K/(L+M) ratio Assign- 
(Mev) K/(L+M) El E2 M1 M2 ment 
0.089 8.0+1 6.5 2.4 68 4.2 Ei, M1 
0.199 4.6+0.2 68 46 66 5.4 E2 














8 Way, Kundu, McGinnis, and Van Lieshout, Annual Review 
of Nuclear Science (Annual Reviews, Inc., Stanford, 1956), Vol. 6, 
DR. Metzger and W. B. Todd, J. Franklin Inst. 256, 277 
_ Stewart, and Wiedenbeck, Phys. Rev. 101, 689 
Oe J. Glaubman, Phys. Rev. 98, 645 (1955). 
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Fic. 1. Proposed decay scheme for In™ and Sb™. The Sb™™ 
ground state half-life and positron energy are taken from reference 
14. The disintegration energy of In™® is taken from the beta-decay 
energy systematics of reference 13. The theoretical electron cap- 
ture to positron ratios have been used in calculating the 16-min 
Sb’ branching ratios. The remainder is the result of this work. 


For the 0.089-Mev gamma ray the internal conversion 
coefficient data show that M2/E1 is less than 0.01. The 
(0.089y)—(0.199y) angular correlation results may be 
fitted with the spin sequence 7-, 6+, 4+ with M2/E1 
=0.001 or 5-, 6+, 4+ with M2/E1=0.02. No mixture 
will fit the sequence 6-, 6*, 4+. Thus the only com- 
patible assignment for the 2.51-Mev 11-usec level is 7- 
with M2/E1=0.001 for the 0.089-Mev gamma ray. 
The partial M2 half-life is then 0.006 sec. This gives a 
comparative half-life, logyo[.7,A'!E,°]=—6.1. The ex- 
pected range for M2 transitions” is —4.5 to —6.5. 

The order of the 5.8-day and 16-min Sb™ levels is 
not known. The beta-decay energy systematics® predict 
2.7 Mev for the total decay energy of Sb”. 1.7-Mev 
positrons“ follow the decay of the 16-min Sb’ and 
hence this activity most likely belongs to the ground 

2M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Chap. 16, Sec. IT. 

13K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 

4P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1219 


(1953); Blaser, Boehm, and Marmier, Helv. Phys. Acta 23, 623 
(1950). 
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TABLE VII. Expected half-lives for In™* and In™. 








Nucleus 





Inus Int In!20 
8 decay energy (Mev) 4.28 5.4+0.4* 3.2+0.4* 
Final Sn level (Mev) ground state ground state 2.22 
Assumed log ft 4.60> .60 5.25¢ 
Calculated 7; (sec) 6 14_,,*6 70_30* 








* See reference 13. 
> Log ft for 3.3-Mev 86 of 13-sec In"*, 
¢ Log ft for 0.87- and 1.00-Mev 7's of 54-min In", 


state. The limit on positron emission of the 5.8-day 
Sb” ( <0.3%) implies that its decay energy to the 
2.51-Mev Sn™ level is less than 1.3 Mev. The log ft for 
this activity then lies between 5.0 and 6.3 which is com- 
patible with an allowed transition. A spin of 6~, 7-, or 
8~ is therefore assigned to this level. 

A 20-Mev neutron bombardment of natural tin is 
expected to produce short-lived ~1-Mev gamma rays 
which may originate only from the decay of In"’*, In"*, 
or In™. In"™* and In"*™ are known to have half-lives of 
13 sec and 4.5 min, respectively. The data of Table VII 
are the basis for assigning the ~55-sec activity to 
In", The metastable levels of both In’ and In"® 
are both known to have spin 5, and hence In™™ is 
assumed to have spin 5. A comparison between the 
measured and expected half-lives would allow branching 
to both the (4+) 2.22-Mev and (6+) 2.42-Mev levels 
in Sn™, 

The high spin assigned to the 5.8-day Sb’ would 
account for the fact that this activity was not observed 
in the following reactions: Sn(6.8-Mev ,m),!° and 
Sb( <18-Mev y,m).!® 

The proposed decay scheme is shown in Fig. 1. 
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High-resolution total cross-section measurements were made in the vicinity of the neutron scattering 
resonance occurring in C” at (2.076+0.008)-Mev bombarding energy with a total width of 7 kev. These 
data, coupled with differential cross-section measurements in the same energy range, lead to the assignment 
of Ds/2 to this state in C4. Angular distributions of neutrons scattered from C! measured between 1.45 
and 4.10 Mev were analyzed in terms of partial waves. The resulting phase shifts indicate that the D5/2 
state occurring at 2.95 Mev has a width of 90 kev, while the D;,z state at 3.67 Mev has a width of 1.69 Mev. 

Total cross-section measurements for fluorine, having resolutions of 20 and 70 kev, indicate the presence 
of resonances at 1.10 and 2.25 Mev, as well as some structure above 3 Mev not previously reported. Angular 
distributions were measured between 0.66 and 2.92 Mev. 


INTRODUCTION 


TUDIES of the C+ n system have revealed con- 
siderable information on states of the C® nucleus.' 
Elastic scattering is the dominant mode of interaction 
for neutron bombarding energies less than 4.8 Mev, the 
threshold for inelastic scattering. Furthermore, the 
ground state spin of C” is 0+, which makes the analysis 
of the results reasonably straightforward and unam- 
biguous. 

Total cross-section measurements have been made for 
carbon by several groups.?~? Bockelman e/ al.’ observed 
a narrow resonance occurring at a neutron energy of 
2.08 Mev. The resolution of their work indicated that 
this level has a width less than 11 kev and a spin of 
3/2, or greater. In addition, they? report another level 
at 2.95 Mev of width 120 kev and spin 3/2. A broad 
level at 3.6 Mev has been observed by the Minnesota 
group’ and Ricamo and Zunti.‘ The only other resonance 
reported below 4.8 Mev is that at 4.2 Mev measured by 
Hafner ef al.® Angular distribution data*~ have shown 
that the lower 3 resonances are due to d-waves. Other 
groups have also measured differential elastic scattering 


+A portion of a doctoral dissertation submitted by James E. 
Wills, Jr., to the University of Texas, Austin, Texas. 

* Oak Ridge Institute of Nuclear Studies Graduate Fellow from 
the University of Texas; now at Stetson University, De Land, 
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cross sections in the energy range below 4.8 Mev." 

A re-examination of the narrow level with better 
energy resolution, and additional data on the angular 
distributions was felt worthwhile in order to determine 
the detailed properties of these levels in C*. Recent 
work on the mirror reaction C’+ has been extended 
to higher energies'® making a direct comparison of the 
N¥—C® excited states possible. 

The interaction of fast neutrons with F'® has also 
been studied in the past.’?!®"'* This present work 
includes the total cross section from 0.4 to 5 Mev, as 
well as five elastic scattering angular distributions. 


EXPERIMENTAL METHODS 


The Li’(p,n)Be’ and T(p,2)He’ reactions served as 
neutron sources in these measurements. Thin metallic 
layers of normal lithium were evaporated, in place, 
onto a rotating backing plate of tantalum, 10 mils thick. 
A gas target for the tritium consisted of a 3-cm cell, 
lined with gold and sealed with 0.05- or 0.1-mil nickel 
foils from the accelarator vacuum system. Pressures up 
to one atmosphere could be held over an aperture of 
is-inch diameter. Suitable collimating slits were used 
to insure reliable measurement of the charge collected 
at the target. Analyzed protons for the reactions were 
obtained from the ORNL 5.5-Mev Van de Graaff 
accelerator.'® 

Neutrons were detected by propane recoil counters 
(1 in. diameter, 4 in. sensitive length, 1 atmosphere 
pressure) and a xylene-terpheny] liquid scintillator (1-in. 
diameter, 2 in. long). Since this scintillation counter was 
also sensitive to gamma radiation, it was useful only 
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Fic. 1. Total cross section of S*® measured before and after the 
total cross section of C!” as a check on the over-all resolution. 


for neutron energies greater than 2.5 Mev, where the 
discrimination became favorable. 

Total cross-section measurements employed saline 
techniques in which neutron intensities were obtained 
with and without the sample placed midway between 
the source and the detector. Samples were cylinders of 
1.125-in. diameter and the proper length to give ap- 
proximately 60% transmission. Pure samples of graphite 
and Teflon (CF.)” were used. The fluorine cross sections 
were obtained by experimentally subtracting the effects 
of the carbon. Good geometry limited the in-scattering 
corrections to less than 3% in all cases. These corrections 
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Fic. 2. Total cross section of C” in the vicinity of the 2076-kev 
resonance. The solid curve is calculated for a Ds;2 resonance and 
corrected for energy resolution and the low-energy group of 
neutrons from Li?(p,n)Be™. The natural width assumed was 7.0 
kev. 
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were made on the basis of measured angular distri- 
butions and also those calculated from final spin and 
parity assignments of the levels, when possible. Care 
was taken to assure that the counter and sample were 
properly aligned. The background of neutrons not 
originating directly at the target, as well as those scat- 
tered from equipment, walls, and floors, was subtracted 
from the observed intensities. Machine background, 
obtained with a clean piece of tantalum in place of the 
target, was quite small and considered only in the case 
of high-resolution work. In the study of the 2.08-Mev 
resonance of C” where a 2.3-kev lithium target was 
the source, this background was 2.4% of the direct 
beam. Scattered background was measured by placing 
a 12-in. long Lucite shadow cone between the target 
and the detector. This background was always less than 
2.2% of the direct beam. 

The experimental arrangement for the measurement 
of the differential cross sections has been previously 
described.” All distributions below neutron energies of 
2.5 Mev were obtained with the propane detector 
shielded by a paraffin wedge. Above 2.5 Mev both the 
propane and the scintillation counters were employed. 
A lead shield was used with the latter detector to 
reduce the gamma-ray background from hydrogenous 
materials. Scattering samples were cylinders of 3-in. 
heights and diameters such as to give a minimum trans- 
mission of 65%. The fluorine data were taken by inter- 
changing Teflon (CF.)" and carbon samples of proper 
thickness. 

Corrections were made for energy dependence of the 
counter sensitivity,” multiple scattering”! in the 
sample, and the finite angular resolution.” All differen- 
tial cross sections were then transformed to the center- 
of-mass system. The neutron energies quoted, however, 





o (cos! 0.58)/o-(cos~! —0,58) 
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Fic. 3. The ratio of differential cross sections of neutrons 
scattered elastically by C” for cos#=0.58 to cos#= —0.58 in the 
center-of-mass system. The solid curve was calculated for a Dye 
resonance, while the dotted curve represents the energy depend- 
ence of an F'5;2 resonance, both of 7.0-kev natural width. 
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remain in the laboratory system, unless otherwise 
stated. Errors shown are statistical only, the over-all 
error in the cross section is estimated to be about 1.5 
times this. 


RESULTS FOR C#+n 


Before the total cross section in the region of the 
2.08-Mev resonance can be analyzed, the following 
points must be considered. The high-resolution work 
requires the use of lithium as a source, but this (p,m) 
reaction is not monoenergetic for neutrons above 650- 
kev energy.’ At 3.75-Mev bombarding proton energy 
where this resonance occurs, the transition to the first 
excited state of Be’ is about 10% of the ground state.” 
This ‘‘second group” of neutrons has an energy of 1.61 
Mev where the total cross section of C” is smoothly 
varying and about 2 barns.” Thus, the experimentally 
observed cross section at this resonance will be reduced 
by 0.25 barn if the spin is 3/2, and 0.40 barn if it is 

=5/2. The nonresonant cross section will be raised by 
0.04 barn. These calculations assume the detector 
sensitivity is the same for both groups of neutrons, as 
was the case for the bias setting employed. 

If the energy resolution used is comparable to the 
observed width of a level, the total cross section at 


resonance will, of course, be reduced. The experimental 
resolution was taken to be the rms value of machine 
energy resolution, target thickness, and neutron energy 
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Fic. 4. Center-of-mass differential cross sections of neutrons 
scattered elastically by C" for bombarding energies of 1.45, 2.02, 
2.15, 2.28, 2.51, 2.76, and 2.95 Mev. Solid curves were calculated 
from the phase shifts of Table IT, correction being made for energy 
resolution. The experimental points were corrected for multiple 
scattering and angular resolution. Note the shifts of zero ordinates. 
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Fic. 5. Center-of-mass differential cross sections of neutrons 
scattered elastically by C” for bombarding energies of 3.05, 3.25, 
3.51, 3.76, and 4.10 Mev. Solid curves were calculated from the 
phase shifts of Table IT, correction being made for energy resolu- 
The experimental points were corrected for multiple scattering 
and angular resolution. Note the shifts of zero ordinates. 


variation with angle. Machine resolution was checked by 
observing the narrow (p,y) resonances in Al”? at 933.3 
kev™ and C™ at 1746.9 kev,”® giving a value of 0.06%, 
or 2.3 kev at 3.75 Mev. The target thickness was first 
obtained from the geometric peak at the threshold of 
the Li’(p,n)Be’ reaction. However, for thin targets 
(<5 kev) this method is not reliable and a check on the 
over-all resolution was obtained by measuring the 
narrow resonance in the total neutron cross section of 
S® of 585 kev.”*.*7 Figure 1 shows these data, before and 
after the run on C”, with the thinnest target used. The 
observed level width of 3.6 kev corresponded to a 
target thickness of 3.1 kev at this bombarding proton 
energy. Accordingly, the thickness at E,=3.75 Mev 
was about 2.3 kev, the neutron angular energy variation 
was ().2 kev, and hence the rms resolution was 3.3 kev. 

Figure 2 shows the total cross section of C” with only 
the in-scattering correction applied to the data points. 
The observed width is7.7 kev, hence the natural width is 
7.0 kev. Since the peak value is higher than the predicted 
value of 4.54 barns fora spin /=3/2 level, the corrections 
for J=5/2 were applied, giving a maximum cross section 
of 6.1+0.1 barns at resonance, 2.076+0.008 Mev. This 
is in excellent agreement with the expected value of 
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TABLE I. «(cos@) center-of-mass differential cross section (millibarns/steradian) for the C!(n,n)C® reaction. 
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En 
Incident neutron 
energy in Mev cos¢@ 0.78 


1.45 209+6 
2.02 155+6 
2.15 150+13 
2.28 159+6 
2.51 15546 
2.76 200+8 
2.95 370415 
3.05 118+6 
3.25 254+ 10 
3.51 346+11 
3.76 315+11 
4.10 201+6 


182+6 
166+6 
122+10 
155+6 
137+6 
164+9 
227+16 
103+6 
163410 
201+13 
161+11 
89+6 


172+6 
147+7 
118+11 
114+7 
116+6 
115+9 
139+16 
84+6 
77+11 
95+11 
63+11 
53+6 





—0.80 


137+13 
150+8 


—0.41 
145+8 
120+7 
147+11 
110+7 
125+7 
111+13 

91+26 
90+7 

97+14 
94+13 
91+14 

7848 


—0.60 


145+8 
138+8 
159+12 
121+8 
147+8 
189+ 14 
291+28 
124+8 
197+15 
245+18 
192+15 
158+9 


—0.20 


151+8 
131+7 
137+11 
1041+7 
89+6 
67+11 
36422 
80+6 
26413 
26413 
70413 
6147 





14748 
188+8 
263417 
438430 
16448 
285+18 
359+16 
339417 
195+9 











6.01 barns for a spin 5/2 level. This conclusion differs 
from a preliminary result published earlier,”* where all 
the above corrections were not properly considered. 

The parity of this level can be checked by differentia] 
measurements only. These were taken with 5-kev 
resolution at center-of-mass angles ¢=cos~!(+0.58), 
the zeros of the second Legendre polynomial. This ratio 
is shown in Fig. 3. The solid curve shows the predicted 
asymmetry for a Ds. resonance interfering with the 
s-, p-, and d-wave nonresonant phase shifts, while the 
dotted curve shows the energy dependence for an F352 
level. It is concluded from the accumulated evidence 
that this level is indeed Ds,2. 

Center-of-mass angular distributions between 1.45 
and 4.10 Mev for neutrons scattered elastically by C” 
are shown in Figs. 4 and 5. The data above 2.5 Mev 
are the averages of runs with both propane and scintil- 
lation detection (which agreed well with each other). 
The energy resolution was less than 50 kev for all 
measurements except those at 1.45 and 2.02 Mev where 
the resolution was about 100 kev. Table I summarizes 
these data. 

Solid curves shown in Figs. 4 and 5 were calculated 
from the phase shifts listed in Table II and plotted in 
Fig. 6. Corrections for energy resolution were made at 
2.95 and 3.05 Mev. These phase angles were fitted to 
the data by the usual phase-shift analysis. Explicit for- 


TABLE IT. Phase shifts for C(n,n)C®. 





En (Mev) 50} 613 513 52g 





—4° 
—6° 
—6° 
—6.5° 
—6.5° 


my hd 


—2° 3° 
— 3° 10° 
—3° 13° 
—3.5° 16° 
—3.5° 23° 
—3.5° 34° 
—3.5° 90° 
—4.0° 190° 
—4.0° 230° 
—5.0° AY di 
—8.0° 277° 
—12.0° 300° 


—80° 
—9g?° 
—94° 
—95° 
—99° 
— 103° 
— 105° 
— 106° 
— 108° 
—111° 
—114° 
~118° 


1.451 


—7.5° 
—8.0° 
—8.5° 
—9.0° 
—10.0° 
—12.0° 


28 J. E. Wills, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 175 (1956). 


mulas for spin-zero nuclei appear in the paper by Meier, 
Scherrer, and Trumpy,’ while the generalization can be 
found in Blatt and Biedenharn.” In the fitting of the 
data it was assumed that the phase shifts vary smoothly 
with energy, except in the region of resonances where 
the dependence is predicted by a Breit-Wigner type 
two-level expression, allowing in the usual manner for 
barrier penetration and level shift.” It was not necessary 
to include f waves to obtain reasonable fits. Changes in 
the phase angles by more than 3° gave significantly 
poorer agreement with the data. The center-of-mass 
cross sections are obtained from the expansion o(cos@) 
=)", ~0' BiP1(cosd). The By, coefficients calculated® 
from the phase shifts appear in Table III. 

The 5/2 phase shift is everywhere negative and varies 
smoothly with energy. It is larger than expected from 
hard-sphere potential scattering, but the known! bound 
51/2 level certainly adds its contribution. A static poten- 
tial well with a diffuse boundary used by Fowler and 
Cohn,*'” not only gives good agreement with the 
experimental data, but correctly predicts the location 


TABLE IIT. Legendre coefficients for C®(n,n)C™. 
o(cosd) = LD B,P1(cosd). (By, in millibarns/steradian.) 
L=0 


B; Bs 


—2.3 0.0 
—14.9 16.5 
—2.3 — 16.0 
—4.8 — 13.8 
109.9 —11.9 —12.3 
193.8 —14.1 —14.1 
473.9 53 1.3 
26.2 —1.9 —6.7 
284.3 —10.6 — 23.3 
366.8 —1.1 —12.0 
331.2 28.2 17.3 
196.6 67.7 41.1 


—1.1 
37.9 
43.3 
56.3 


164.7 7.8 
131.9 — 10.3 
127.8 —7.7 
124.7 —10.9 
126.6 —18.6 
141.4 
244.8 

81.5 

159.2 

190.4 

188.2 

145.8 
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Compound nucleus 


Bombarding energy (Mev) 
Excitation energy (Mev) 

J* (spin and parity) 
Reduced width +? (Mev-cm) 
y?/ (3h? /2uR)* 
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TABLE IV. Properties of excited states in C¥ and N®. 


2.076 

6.86 

§/2* 
0.088 XK 107% 
0.006 


OF FAST NEUTRONS 








cu 
2.95 
7.67 
3/2* 


0.548 X 1078 


0.038 


3.67 
8.33 
3/2+ 
7.27X 10% 
0.51 


3/2* 
0.17 10-8 
0.012 


5/2+ 
0.044 10-18 
0.003 





*y is the reduced mass of the system. 


of the bound 2s state about —2 Mev. Using their con- 
stants for the well, 


— 48.8 Mev for r<2.67X10-" cm, 
—48.8 exp[ — (r—2.67)/0.75] Mev for r> 2.67 
<10-" cm, 


V 
V 


the solid curve in Fig. 6 for the s,,. phase shift was 
obtained. 

The 1/2 and 3/2 phase shifts are negative, small, and 
vary smoothly with energy. No p-wave resonances are 
observed up to 4 Mev, and the effect of the 1,2 reso- 
nance at 4.2 Mev is not large. 

The d3,2 phase shift shows a resonance behavior which 
can be fitted quite well assuming that the levels at 
2.95 and 3.67 Mev have widths of 90 kev and 1.69 Mev, 
respectively. A nuclear interaction distance R of 4.61 
<10- cm [1.40(A!*+1) ] was used in the calculation 
of the barrier penetration and level shift factors, and 
the tangents of the phase shifts of the two individual 
resonances were added to give the tangent of the 
resultant d3/2 phase shift, which appears as a solid curve 
in Fig. 6. 
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Fic. 6. Phase shifts for neutrons scattered elastically by C®. 
For a detailed explanation see text. 


The ds;2 phase shift is due almost entirely to the 
2.076-Mev level, although the deviation from resonance 
behavior, shown as a dotted curve in Fig. 6, is probably 
due to potential d-wave scattering. 

Agreement of the experimental data with that of 
Meier, Scherrer, and Trumpy at common energies is 
quite good. However, their phase-shift analysis decreases 
the s;/2 contribution and increases the d3,2, relative to 
the present results. Neither set is unique, but it is felt 
that the smaller d-wave contribution is necessary to fit 
the measured angular distributions below 2 Mev, where 
the interaction is dominantly s wave. 

Pertinent properties of these observed D states in C¥* 
are summarized in Table IV together with those of the 
mirror levels in N'. Reasonable correspondence exists. 
It should be pointed out that levels in C® at 5.51- and 
6.10-Mev excitation have been observed* in the 
B"(He’,p)C® reaction. These states should appear at 
0.61- and 1.25-Mev bombarding neutron energy. 
Similarly the C"(d,p) reaction has revealed* levels at 
7.47- and 7.53-Mev excitation in C’, corresponding to 
2.73- and 2.80-Mev bombarding neutron energy. The 
nonobservance of resonances at these energies in the 
total cross section of C” indicates the states must be 
formed by high angular momentum with very narrow 
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Fic. 7. Calculated values of the polarization of neutrons scat- 
tered elastically by C™ for center-of-mass angles ¢=45° and 
135°. The phase shifts of Table II were used. 

33 C. D. Moak et al. (to be published). 

“ McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
(1955). 
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Fic. 8. Total cross section of F” from 0.5 to 5 Mev. 












































o@ (>) (barns/steradian) 





























widths. High-resolution work in this region may reveal 
such states. 

This reaction has been used frequently as a neutron 
polarization analyzer.*.**5.%6 Utilizing the phase shifts 
listed in Table II, the predicted polarization for neutrons 
scattered through 45° and 135° in the center-of-mass 
system was calculated as a function of neutron energy. 
Explicit formulas appear in Meier, Scherrer, and 
Trumpy® while the general polarization calculation is 
given by Simon and Welton.*’ Our results are shown in 
Fig. 7. It should be pointed out to those wishing to 
make further use of this as an analyzer, that the results 
are extremely sensitive to the phase shifts. There are 
large differences at some energies between the results 
of Meier ef al. and the present work, due mainly to the 
larger 51/2 phase shift found here. Conversely, accurate 
measurements with known sources of polarized neutrons 
would resolve these differences. 





TABLE V. Phase shifts for F¥9(n,n) F. 





E, (Mev) 


.66 


0 

1.0 
1.4 
2.1 
2.9 


5 
5 
5 
5 
2 








10 : . r . .¢) “0.2 -04 -06 -O8 -10 
cos ¢ (CENTER OF MASS) 


Fic. 9. Center-of-mass of neutrons scattered elastically by F™ 
at 0.66-, 1.05-, 1.45-, 2.15-, and 2.92-Mev bombarding energy. 
The solid curves were calculated from the phase shifts of Table V. 
Note the shifts of zero ordinates. 





35 McCormac, Steuer, Bond, and Hereford, Phys. Rev. 104, 718 
(1956). 

36 W. Haeberli and W. W. Rolland, Bull. Am. Phys. Soc. Ser. II, 
2, 234 (1957). 

37 A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953). 





SCATTERING OF 


RESULTS FOR F"+n 


Measured values of the total cross section of fluorine 
are shown in Fig. 8. The discrepancy between the high- 
and low-resolution measurements above 4 Mev was 
attributed to the presence of lower energy neutrons in 
the beam arising from improper beam collimation in 
the high-resolution measurements. 

The rise in cross section at 800 kev appears to be due 
to a group of unresolved levels. Those at 1.1 and 2.25 
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Mev, as well as the structure above 3 Mev, have not 
been previously reported.!** 

Angular distributions of the scattered neutrons were 
measured at energies between the resonances in an 
attempt to obtain information concerning the magnitude 
of the potential-scattering phase shifts. Those results 
are shown in Fig. 9. Interference between neighboring 
levels was undoubtedly present, but the phase shifts 
extracted from the data should be more suitable for 
describing the scattering than those calculated from 
nuclear models. These phase shifts are listed in Table V. 
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Fierz Interference of the Fermi Interactions in Beta Decay* 


J. B. Geruart 
Department of Physics, University of Washington, Seattle, Washington 


(Received September 30, 1957) 


The coupling constant combinations (|Cs|?+|Cs’|?+|Cy|?+|Cy’|?) and Re(CsCy*+Cs’Cy'*) are 
evaluated for the beta-decay interaction by an analysis of data for 0-0 (no) transitions. 


I. INTRODUCTION 


HE theoretical expression for the electron energy 
spectrum for allowed beta transitions is 


N(W)dW 
= (20°) pW (Wo—W)?F (Z,W)E(1+b/W)dW, (1) 
where, in the case of pure Fermi transitions (0-0, no), 


| 2 


e=| fl [k*(|Cs|2+|Cs’|)+(|Cv]?+|Cv’|)], (2) 
| 


9 
| 


f 1) Re[e-(CaCv*+CsCv"9)] 


b-fi/ fo 


The notation is that of Rose! with the modifications 
introduced by Lee and Yang? which allow for non- 
invariance under the parity transformation, charge 
conjugation, and time reversal. The parameter k, which 
does not appear in references 1 and 2, is introduced 
here because the scalar matrix element / and the 
vector matrix element “1 are equal only in the approxi- 
mation of nonrelativistic nucleon motion.’ In Eq. (3) 
the upper sign applies for electron emission, the lower 


th=+2y (3) 


(4) 


* Supported in part by the U. S. Atomic Energy Commission. 

1M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
pp. 273-291. 

2T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

3S. R. DeGroot and H. A. Tolhoek, Physica 16, 456 (1950). 
The notation introduced here is the same as that of Porter et al. 
(reference 5) except for a change of sign. 


for positron emission. The term containing 0 is the 
Fierz interference term. 
Upon integrating Eq. (1) over the range of electron 
energies, the ft value is obtained: 
2n*( ft)! In2=§+ EW), (5) 
where 


Wo 
j= f F(Z,W)pW(W.—W)*dW, (6) 


1 


Wo 
(W-!)= fo f F(Z,W)p(Wo—-Wy'dW. (7) 
1 
(W-") is the average of W— over the allowed spectrum. 

If the Fierz constant 6 is not zero, the electron 
spectrum will deviate from the allowed shape; also, the 
ft values for allowed transitions will depend on end- 
point energy. A similar Fierz interference effect occurs 
for the K capture to positron ratio.‘ The general 
linearity of Kurie plots has long been known and 
indicates that <«<é. Accurate determinations of the 
coupling constant combinations contained in 6 from 
spectral shape studies, however, have been restricted 
by the stringent instrumental requirements necessary 
if the weak W dependence of the Kurie plot is to be 
detected unambiguously. Such determinations have 
been made recently for the interference of Gamow- 
Teller interactions by several groups,’ but no similar 

4 This effect is discussed by R. Sherr and R. H. Miller, Phys. 
Rev. 93, 1076 (1954). These authors find bgr= —0.01+0.02. 

5 Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 (1956); 
Schwarzchild, Rustad, and Wu, Bull. Am. Phys. Soc. Ser. II, 1, 
336 (1956); Porter, Wagner, and Freedman, Phys. Rev. 107, 135 
(1957). These authors place somewhat different limits on the 


magnitude of bar. Their various results fall in the range —0.15 
£ bar £< 0.093. 
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TABLE I. Data for 0-0 (no) transitions. 








End-point 


Half-life 
Decay sec 


kinetic energy 
Mev 


tt 


sec (W-) 





Clo, B* 


1160+ 150 


72.5290.5 


6.60 +0.06 
1.53 +0.02 
0.935+0.025 


Ou NM* 


Al6*Mgt* 
Chis 
K385A38 


4.50 
5.06 


0.62 +0.05 
0.44 +0.01 
0.28 
0.18 
3.30 +0.10 
3.40 X10! 


Sc®—Ca® 
Ve Ti** 
Mn®—Cr 
Co*—Fe™ 
Cu8§ Ni58 
Ga**—Zn* 


6.1 


8.2 
4.1 


1.08 +0.10 


0.827 +0.050 
1.8097 +0.0078 


3.202 +0.010 


+0 
+0 


+0 
>7 
>7 
+0 


44 +0.041 


0.573+0.025 


0.640+0.013 
0.441+0.001 


0.306+0.001 
0.236+0.002 
0.215+0.006 


5900+ 2700 


2020+570 
3103462 


3092452 
3110+ 103 
3140+400 


.03 
11 


0.183+0.010 
<0.162 
<0.154 
0.142+0.006 
0.251+0.002 


2800+ 600 
> 2400 
>3100 

8X 10* 
6.3X 107 


3 


4 
3 








® Sherr, Muether, and White, Phys. Rev. 75, 282 (1949). 4 =19.1+0.8 sec. 

> R. Sherr and J. B. Gerhart, Phys. Rev. 91, 909 (1953). Branching 1.65 
+0.20%. 

¢ J. B. Gerhart, Phys. Rev. 95, 288 (1954). ¢=72.1+0.4 sec. 

4 R, Sherr et al., Phys. Rev. 100, 945 (1955). Branching =99.40+0.10%. 

e J. B. Gerhart (unpublished). Scintillation spectrometer measurements. 

{R. M. Kline and P. J. Zaffarano, Phys. Rev. 96, 1620 (1954). 

« H. Morinaga, Phys. Rev. 106, 431 (1955). 

b W. M. Martin and S. W. Breckon, Can. J. Phys. 30, 643 (1952). 


determination has been possible for the Fermi inter- 
actions.* The most accurate determination for Gamow- 
Teller interactions is that of Sherr and Miller‘ from 
K/g* for Na®’, but, again, this approach has not been 
applicable for the Fermi interactions. 

The remaining methods for determining Fierz inter- 
ference are based on analyzing selected ft values. The 
approach of this paper is that suggested by Gerhart 
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Fic. 1. Plot of (ft)“! vs (W~) for 0-0 (no) transitions. The solid 
line is drawn through the points for O"*, Al?®*, and Cl*. 
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*A number of early attempts to determine the Fierz inter- 
ference of Fermi interactions from shape studies were made using 
allowed transitions involving mixtures of Fermi and Gamow- 
Teller interactions. These analyses were hampered by the necessity 
of evaluating accurately the Gamow-Teller matrix elements, and 
by instrumental uncertainties in the older data. A discussion of 
these attempts is found in C. S. Wu’s article in Beta- and Gamma- 
Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), pp. 314-356, 


iL. M. Langer and R. D. Moffat, Phys. Rev. 80, 651 (1950). 

iF, Ajzenberg and T. Lauritsen, Revs. Modern Phys.'27, 77 (1955) 
k Cook, Marion, and Bonner (unpublished, see reference j). 

'D. A. Bromley et al. (to be published). C!2(He?,7)O" threshold. 

m J. D. Kington ef al., Phys. Rev. 99, 1393 (1955). 

» D. Green and J. R. Richardson, Phys. Rev. 101, 776 (1956). 

° Hunt, Kline, and Zaffarano (unpublished, see reference p). 

PR. W. King, Revs. Modern Phys. 26, 327 (1954). 


and Sherr’ in which Eq. (5) is applied to data for 
0-0 (no) transitions. Recently Kofoed-Hansen and 
Winther® have analyzed the ft values for superallowed 
transitions using semiempirical nuclear matrix elements 
and including an allowance for Fierz interference of 
Fermi interactions. 

Until recently? it was customary to take Cs’=Cy’=0 
and Cs and Cy real in Eq. (3), thus making 6 propor- 
tional to CsCy. It was then deduced from the smallness 
of b that one of the two interactions, S or V, was either 
absent or very weak. The experiment of Wu, Ambler, 
et al.® has shown this interpretation to be unwarranted. 
As a consequence, it is no longer possible to conclude 
from data on Fierz interference that either interaction 
is small. (For example, Cs=Cs’=Cy=—Cy’ would 
make 6=0.'°) Though the conclusions to be drawn 
from evaluations of 6 are less sweeping than formerly 
thought possible, the evaluations retain their impor- 
tance as a necessary step in the full determination of 
the beta-decay interaction. With the data now avail- 


7J. B. Gerhart and R. Sherr, Bull. Am. Phys. Soc. Ser. II, 1, 
195 (1956). 

80. Kofoed-Hansen and A. Winther, Kg]. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 20 (1956). This analysis places 
heavy weight on the O™ ft value which subsequently has been 
corrected. This change may modify their results somewhat. 

®Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957). 

10 The assumption that S or V and that A or T are absent or 
weak in the beta decay interaction, based on the smallness of the 
Fierz interference, has been used in all analyses of the interaction 
up to the present; e.g., see L. Michel, Revs. Modern Phys. 29, 
223 (1957). With the introduction of parity-nonconserving 
interactions these analyses require modification. Of the older 
experiments, the only ones which throw light on the question of 
which of the five interaction types are important contributors 
to the over-all interaction are the beta-neutrino angular correla- 
tions. The results of these experiments would allow significant 
amounts of all five interaction types, 
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able, the coupling constant combinations so determined 
are among those most precisely known." 


II. EXPERIMENTAL DATA 


Table I gives the half-lives, end-point kinetic energies, 
ft values, and (W-') for the 11 positron transitions 
believed to be of the type 0-0 (no). The identification 
of the first five rests on secure evidence detailed in the 
references given with the table. The others, excepting 
Ga®, were first identified by Moszkowski and Peaslee" 
on the basis of an analysis of odd-odd, N=Z nuclei. 
Aside from Cu®$, the available data on these transitions 
are in good agreement with both the decay energies 
predicted from the Coulomb energy differences of 
mirror nuclei and isotopic spin triplets, and the half- 
lives predicted from the O" ft value. The observed 
decay energy of Cu®* is also in agreement, but the 
observed half-life is longer than expected by a factor 
of about 30. This could be the result either of an 
anomolously small nuclear matrix element for the 
transition, or undetected isomerism in the decay 
scheme. Ga" is identified as a 0-0 decay on the basis 
of the recent spin determination of Hubbs ef al." 
Their spin zero assignment is not completely certain 
since the experimental result might alternatively be 
interpreted as indicating an anomalously small magnetic 
dipole moment for Ga®. 

The values of (W~') in Table I are approximate 
values calculated by omitting the Fermi function 
F(Z,W) in Eq. (7). The resulting expression is 


5 
w-y=x(—) 
2Wo 


2W i po+13W opo—3(4Wo?+1) In( Wot po) 
2W ®po—9W opo— 8( po/ Wo) +15 In(Wo+ po) 


Figure 1 is a plot of the data in Table I indicating 
the agreement of the data. The plotted points are 
expected to fall on a straight line provided k=1 and 
the various transitions have the same nuclear matrix 
element. This is seen to be the case, within experimental 
uncertainty, except for Cu®* and Ga® which were 
discussed above, and C'° where the experimental values 
for the decay energy are very uncertain. However, 
because of the more certain identification and more 


The combinations (|Cs|2+ {Cs’|?+]|Cy!?+]Cv’|?), (|Cr|? 
+!Cr’|?+|Cal?+ |Ca’|?), Re(CsCv*+Cs’Cy’*), and Re(CrCa* 
+Cr’Ca’*) are determined with good accuracy from the ft values 
of O" and the neutron, and determinations of 6 for the Gamow- 
Teller and Fermi interactions. From the beta-neutrino angular 
correlations the combinations (|Cs{?+|Cs’|?)—(|Cv|?+]Cy’|?) 
and (|Cr|/?+!Cr’|?)—({Ca!?+/Ca’!*) are determined, though 
with considerably less precision. Various other combinations can 
be determined from experiments involving polarized sources or 
electrons. See Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 
(1957). 

12S, A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
(1954). 

13 J. C. Hubbs ef al., Phys. Rev. 105, 1928 (1957). 
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INTERACTIONS 


TABLE IT. Calcualted quantities. 





Ccl# 
0.9932 
2033462 
0.2254 
6.91+0.23 


Alze* 


0.9961 
468.5+6.6 
0.3010 
6.95+0.12 


Parent nucleus ou 


y= (1—oZ")) 0.9987 








f 42.80-+0.80 

(Ww 

23 ft! f'1|?) In2x 108 
(sec!) 

2y| S1\*w 


0.4382 
6.92+0.14 


1.750 


0.8954 


accurate data, all further analysis will be limited to 
the data for O"", Al?®*, and Cl*. 


Ill. ANALYSIS AND DISCUSSION 


Given in Table II are those quantities appearing in 
Eq. (5) which are computed from the experimental data. 
The f values are from the tables of Moszkowski and 
Jantzen.4 The values of (W~') were calculated by 
numerical integration using the tables of Fano.® A 
comparison of these values with the corresponding 
approximate values in Table I indicates the accuracy 
of Eq. (8). Figure 2 is a plot similar to Fig. 1 except 
that only the data used in the analysis are shown. For 
this plot the data should lie on a straight line whose 
intercept at 2y| f-1|™%W-!)=0is (|Cs|?+/Cs’|?+|Cy|? 
+/Cy’|*), and whose slope is Re(CsCy*+Cs’Cy"*). 
The solid line is a least-squares fit to the data. The 
dashed lines were used to set limits of uncertainty on 
the evaluations of the two-coupling constant combi- 
nations. 

This interpretation rests on two assumptions: (a) 
k=1; and (b) | f-1|?=2. The first is equivalent to the 
nonrelativistic approximation for calculating the nu- 
clear matrix elements. This assumption has been made 
almost uniformly in discussions of beta decay and only 
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Fic. 2. Plot of data used in evaluating the coupling 
constant combinations. 


44S. A. Moszkowski and K. M. Jantzen, University of California 
at Los Angeles Technical Report No. 10-26-55, 1956 (unpub- 
lished). 

18U. Fano, Tables for the Analysis of Beta Spectra, National 
Bureau of Standards Applied Mathematics Series No. 13 (U. S. 
Government Printing Office, Washington, D. C., 1952). 
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recently has there been any investigation of its validity. 
Stech’® has made an unpublished calculation for O™ 
which indicates that the exact value of “8 may differ 
from {1 by as much as 4%. Further investigation of 
this problem is needed. 

The value 2 for the Fermi matrix element | /1|? is 
calculated solely on the assumption of charge inde- 
pendence of nuclear forces and is independent of nuclear 
models. MacDonald!’ has estimated the effect of iso- 
topic spin impurity on | f1|? and concluded that it 
differs from 2 by less than a few percent for any of the 
nuclei considered here, and by much less for those of 
lowest A. The empirically fitted wave functions of 
Sherr e¢ al.!* and of Visscher and Ferrell'® for the A=14 
triplet give | f-1|? differing from 2 by less than 0.01%. 
Thus it appears that assumption (b) is reasonably well 
founded, and that assumption (a) is the chief source of 
uncertainty in the theoretical analysis. 

The analysis of the data for O"“, Al*®*, and Cl* leads 
to the results 


(|Cs|?+|Cs’|?+|Cv|?+|Cv’|*) 
= (6.9340.58)10~ sec", 
Re(CsCy*+Cs'Cy"*) = (0.00+0.83)10 sec", 
Re(CsCy*+Cs'Cy”) 











= ——=0.00+0.12. 
ICs|?+|Cs' 2+ [Cv |2+!Cr’ |? 

16 B. Stech (unpublished) ; see Michel, reference 10. 

17 W. M. MacDonald, thesis, Princeton, 1954 (unpublished). 

18 Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
(1955). 

19 W. M. Visscher and R. A. Ferrell, University of Maryland, 
Physics Department Technical Report No. 19 (1955) (unpub- 
lished). 
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These results permit a re-evaluation of the beta decay 
constants” A and R. 
From the above, 


A=29(|Cs|?+|Cs’|?+|Cy|?+|Cv’|?) In2 
= 6200+ 120 sec. 
Combining this with ft=1220+90 sec for the neutron 
decay”! 
\Cr|?+|Cr’ |?+|Ca|?+|Ca’|? 


|Cs|?+|Cs’|?+|Cv|?+|Cr’ |? 














=1.36+0.14. 


In evaluating R it was assumed that 
Re(CrC4*+Cr’'C4'*)=0. 


Note added in proof.—W. M. MacDonald has re- 
evaluated the O and Cl* matrix elements taking into 
account both relativistic and Coulomb effects (reported 
at the New York meeting of the American Physical 
Society, January, 1958). He finds that Coulomb effects 
decrease | f'1|* for O% by about 0.1% and increase 
| f'1|? for Cl* by 1% or less. Relativistic effects result 
in decreases of | /°8|* of 4.1% for O% and 4.2% for Cl* 
while the corresponding vector matrix elements are 
unaffected. 
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Yields, Angular Distributions, and Polarization of Gamma Rays 
from Coulomb Excitation 


F. K. McGowan Anp P. H. STELSoN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received October 7, 1957) 


The yields of gamma rays resulting from Coulomb excitation have been measured for T)?%, T], Au’, 
Ir!, Tri, Rel87, Rel85, W183, Tals, C3, Cd, Agi Agi? Rh", Mo%, Os, Os, Os'88, W188, Wi, and 
W'*., Angular distributions of the gamma radiation from the nuclei Tl, Tl?, Au’, Ir, Ir!!, Re!87, Re'85, 
Ta!*!, Cd¥3, Cd!!!, Ag, Ag!7, Rh! and Mo” have been measured with respect to the incident proton beam 
on thick targets. The linear polarization of gamma rays following Coulomb excitation has been studied. A 
polarimeter based on the Compton scattering mechanism has been constructed and its effectiveness deter- 
mined by measurements of the known polarization of gamma rays from excitation of 2+ levels in even-even 
nuclei. Polarization-direction measurements of several transitions in odd-mass nuclei have resolved the 
ambiguity either in the value of (£2/M1)! or in the spin of the excited state deduced from the angular 
distributions. Reduced transition probabilities for Z2 and M1 transitions are obtained. In some instances 
these quantities are compared to the predictions of the collective model of the nucleus. 





I. INTRODUCTION where 6 is (£2/M1)!. W;, Wu, and Win are the 
polarization-direction correlation functions for pure 
2 pole-pure 2“? pole, pure 2”! pole-pure 2/*' pole, 
and the interference term, respectively. ¢ is the angle 
between the direction of polarization and the normal 
to the plane defined by the directions of propagation 
of the two gamma rays in cascade. Calculations of the 
polarization-direction correlation with polarization of 
the mixed radiation being measured showed that this 
correlation was quite different for the two values of 
(£2/M1)!. These results are also shown in Fig. 1 for 
the spin sequence 3(()$(£2+M1)3. The ratio P of the 
polarization intensities is W (90°, ¢= 90°) W (90°, o=0) 
in the notation of Biedenharn and Rose. For gamma 
rays following Coulomb excitation, oue replaces A, 
appearing in the correlation functions above by 4A,a,, 
where a, is the particle parameter that enters in the 
Coulomb excitation process, and one takes Li=2 
(electric quadrupole excitation). 

A polarimeter based on the Compton scattering 
mechanism has been constructed and its effectiveness 


REVIOUSLY we have reported experiments! 

undertaken to test the calculations? of the particle 
parameters a, which enter into the expression for the 
angular distribution of gamma rays following Coulomb 
excitation. Within the accuracy of the experiments 
(+2 to 5% for the particle parameter a2) there is 
agreement with the numerical results obtained from 
the quantum mechanical treatment of the process. 

For odd-mass nuclei an angular distribution measure- 
ment gives information on the spins of the excited states 
produced by Coulomb excitation. That is, one measures 
A,a, and uses the known particle parameters to deter- 
mine the A, which depend on the spins of the levels 
and the multipole order of the radiation. For mixed 
M1-E2 transitions, such as are generally observed in 
odd-mass nuclei, a measurement of the directional 
angular correlation affords a sensitive means of de- 
termining the ratio (£2/M1)! in addition to inferring 
the spins of the excited states. This information com- 
bined with the cross section for excitation yields the 
reduced transition probability for the magnetic dipole i pend pip cipal adic Recah atlas 
transition. However, several cases have been en- F ott seen 









countered in which the angular distribution was at WG i 

equally well fitted by two rather different values for as rite. tit 20 
(£2/M1)!. Such an example is shown in Fig. 1 where 

A; is plotted as a function of 6= (E2/M1)! for the spin 0.4} 

sequence 3(()3(0+D)3. hs “ 

Biedenharn and Rose*® have expressed in a con- ss 
venient form the polarization-direction correlation with -0.3 | 
polarization of the mixed radiation being measured. 

The correlation function has for a y-y cascade the form ce a 
‘i i otiae ‘f -0.7 Lot tiiil ae See) ee Siti i 9 
W (0,6) =W 1+ 82Wy1+ 26W in, 0.01 002 00501 02 05 1 2 5 1 20 50 100 
- il = | Var 

1F, K. McGowan and P. H. Stelson, Phys. Rev. 106, 522 (1957). 

2 Biedenharn, Goldstein, McHale, and Thaler, Phys. Rev. 101, Fic. 1. The ordinate on the left is the angular distribution 
662 (1956); K. Alder and A. Winther, Kgl. Danske Videnskab. coefficient A» as a function of 5= (£2/M1)} for the decay sequence 
Selskab, Mat.-fys. Medd. 29, No. 19 (1955). 4(Q0)3(Q+D)4. The ordinate on the right is the ratio P of the 

§L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, _ linear polarization intensities as a function of 6 for the decay 
729 (1953). sequence }(()3(£2+4-M1)#. 
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TABLE I. Targets and method of preparation. 
Isotopic 

Target abundance* Method of preparation Remarks 

TT 95.2% electrodeposition Thallium perchlorate bath 

Tr 61.0 electrodeposition Thallium perchlorate bath 

Au’? 100 electrodeposition Gold cyanide bath 

— 89.14 sintered 

Re!*? 62.93 sintered Metallic powder obtained from 
a deposit of Re electrodeposited 
from a rhenium sulfate bath. 

Re!85 85.38 sintered 

wis 82.0 sintered Metallic powder obtained from 
the reduction of the oxide in 
H, at an elevated temperature. 

Ta!#! 100 commercial foil 0.003 inch thick 

Cds 54.1 electrodeposition Cadmium cyanide bath 

Cd 64.5 electrodeposition Cadmium cyanide bath 

Agi® 98.4 electrodeposition Silver cyanide bath 

Agi? 95.7 electrodeposition Silver cyanide bath 

Rh! 100 commercial foil 0.002 inch thick 

Mo* 91.27 sintered Metallic powder obtained from 





the reduction of the oxide in 
H, at an elevated temperature. 


® The enriched isotopes and the isotopic analysis were supplied by the Stable Isotopes Research and Production Division at ORNL. 


has been determined by measurements of the known 
polarization of gamma rays from Coulomb-excitation 
of 2+ levels in even-even nuclei. 

We wish to report measurements of the yields, 
angular distributions, and polarization of gamma rays 
following Coulomb excitation. Polarization-direction 
measurements* of several transitions have resolved the 
ambiguity either in the value of (E2/M1)! or for the 
spin of the excited state. Reduced transition proba- 
bilities are obtained and in some instances these 
quantities are compared to the predictions of the 
collective model.§ 


II. APPARATUS 


Protons and singly and doubly ionized He ions of vari- 
able energy were obtained from the 5.5-million volt 
ORNL Van de Graaff accelerator. Metallic targets were 
prepared either by electrodeposition onto 0.005-inch Ni 
or by sintering metallic powders into thin foils 0.5 inch 
in diameter by 75 to 150 mg/cm? thick. In Table I we 


PROTON BEAM 7 TARGET 











a nine. 
Wasy 1% Pb 7/7] 3in. 
h= 15cm Nol(T!) 
—_—— —— —-+| PHOSPHOR 
3in. x Zin. 
ANTHRACENE 











PHOSPHOR 
1Y>in. x Yin, 


Fic. 2. Cross section through the gamma-ray polarimeter in 
the plane defined by the proton beam and the direction of propa- 
gation of the gamma ray. 


‘A brief account of some of these measurements was presented 
at the 1956 Washington Meeting of the American Physical 
Society, P. H. Stelson and F. K. McGowan, Bull. Am. Phys. 
Soc. Ser. IT, 1, 164 (1956). 

5 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 


have listed the targets and the method of preparation. 
For the electrodeposition of thallium, peptone and 
cresylic acid were used as additives® to prevent for- 
mation of T],O; at the platinum anode and to reduce 
crystalline thallium at the cathode. In general we find 
that targets prepared by electrodeposition are relatively 
free of light-element impurities which are very trouble- 
some in Coulomb-excitation experiments. The target 
support arrangement and methods of measuring yields 
and angular distributions have already been de- 
scribed.” 

A cross section through the y-ray polarimeter in the 
plane defined by the ion beam and the direction of 
propagation of the gamma ray is shown in Fig. 2. The 
anthracene scatterer and the 3X3-in. NaI crystal 
which are connected to photomultiplier tubes con- 
stitute the polarization-sensitive device. The Nal 
scintillation spectrometer detects the radiation scat- 
tered through a mean angle of 90° and the anthracene 
scintillation spectrometer detects the Compton recoil 
electron. The detector of the scattered radiation rotates 
about an axis passing through the scatterer and the 
target. One measures V,,/,, the ratio of the coin- 
cidence rate for the detector of the Compton-scattered 
photon in the plane of the proton beam and the gamma 
ray to the coincidence rate for the perpendicular 
position. This ratio is connected to the ratio of linear 
polarization intensities of the incident gamma ray 
through the relation 


Nu/N, = (P+R)/(PR+ 1 , 


where R is the sensitivity of the polarimeter. For ideal 
geometry, R is simply the ratio of the differential 


. 


60. W. Brown and A. McGlynn, Trans. Am. Electrochem. Soc. 
53, 351 (1928) 
7P. H. Stelson and F. K. McGowan (to be published). 
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TABLE II. Summary of transitions used to calibrate polarimeter. 





Ep (Mev) 


Nucleus Ey (kev Transition 
Os!, 192 186 3.0 2-0 
206 
Pes 330 4.0 20 
Rhi® 360 2.7 i} 
Pave 374 2.7 20 
Agi? 109 420 2.7 i} 
Pd 433 3.0 20 


Compton cross section averaged over the polarizations 
of the scattered photon, ie., R= (do/d2)g.4/2/ 
(do/dQ)g.o and 8 is the angle between direction of 
polarization of the incident photon and the plane of 
scattering. The finite extent of the detectors reduces the 
value of the asymmetry ratio R. 

The resolving time 27 of the fast-slow coincidence 
system was 0.25 usec. A single-channel analyzer with 
a window width of approximately 30 kev selected the 
Compton recoil electrons. The coincidence rate was 
displayed as a pulse-height spectrum of the Compton- 
scattered gamma rays in 20 channels of a 20- by 120- 
channel analyzer* which was gated by the output of 
the fast-slow coincidence system. To assure that the 
axis of rotation of the detector passed through the 
target, the following alignment procedure was used. 
First, the location of the proton beam on the target 
was determined. Then a source of either Cr®!(320 kev) 
or Hg**(279 kev) of the same area as the beam was 
placed on the target at this position. The axis of ro- 
tation was adjusted until the coincidence counting 
rates showed that .V,,/.V, did not differ from unity by 
more than 0.5%. A typical spectrum of the scattered 
radiation in coincidence with the Compton recoil 
electron is shown in Fig. 3 for 279-kevy gamma rays 
from a Hg” source incident on the scatterer. A sum 
of the counts in an appropriate number of channels 
was taken as a measure of .V,, and .\,.’° 

The asymmetry ratio R for our polarimeter was 
determined by measurement of the known polarization 
of gamma rays having pure multipole character for 
which the spins of the levels were known. In Table II 
we tabulate transitions following Coulomb excitation 
that were used to calibrate the polarimeter. The values 
for P are those for a thick target. A pulse-height 
spectrum of the scattered radiation for the 330-kev 
gamma radiation following Coulomb excitation in Pt™ 
incident on the polarimeter is also shown in Fig. 3. 
In all cases the intensities V;, and N, have been 
corrected for the bremsstrahlung continuum which is 
weak compared to the nuclear gamma intensity. For 
polarization-direction measurements with Z>76 a Bi 
target was used, and for measurements with Z of 42 to 
48 a Sn target was used. The asymmetry in the polari- 


§ Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Physics Division Quarterly Progress Report ORNL-1278, 1951 
(unpublished), 
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(Nyt/N Lexp R 


Character P(6=}4n 
E2 2.030 0.578+0.008 8.4+1.0 
E2 2.173 0.566+0.008 7.0+1.0 
E2 2.071 0.607 +0.012 5.7+0.6 
E2 2.605 0.524+0.008 5.7+0.4 
E2 2.230 0.607 +0.013 4.6+0.5 
E2 2.607 0.550+0.016 4.7+0.5 


zation-direction correlation of the bremsstrahlung was 
large, ie, (P—1)>0. The values obtained for the 
asymmetry ratio R of the polarimeter are also shown 
in Fig. 4 as a function of the gamma-ray energy and 
may be compared with those for ideal geometry. The 
calibration could have been extended to larger gamma- 
ray energies by using the radiation from Coulomb 
excitation of 2+ states in other suitable even-even 
nuclei of medium weight. This extension of the cali- 
bration was not needed for the experiments to be 
discussed in this paper. In any case Coulomb excitation 
affords an easy and rapid means of calibrating a 
polarimeter. 


Ill. MEASUREMENTS 
A. Gamma-Ray Yields 


Figures 5 to 12 show pulse-height spectra of gamma 
radiation observed when thick targets of TP, TI, 
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Fic. 3. Differential pulse-height spectrum of the radiation 


scattered through mean angle of 90° in coincidence with the 
Compton recoil electron. On the right is the spectrum when 
279-kev gamma rays from a source of Hg®* are incident on the 
scatterer. On the left is the spectrum when 330-kev gamma rays 
following Coulomb excitation in Pt! are incident on the scatterer. 





K. McGOWAN AND P. H. 





ed 
oO 


IDEAL GEOMETRY 


6 


+ 65190, 192 
~~. 
re 
py!94 Dy pgit0 
| dies,” : 

rn’? ma che 

~ 

107,109 | = 
Ag | 


ASYMMETRY RATIO A# FOR 90 deg 
a 











300 350 400 


E (kev) 
Y 


Fic. 4. Asymmetry ratio R as a function of E, for both ideal 
and finite geometry at a mean scattering angle of 90 degrees. 


Ir’, Re!85, W183, Cd"3, Cd! and Mo® were bombarded 
by protons. The spectrum of the accompanying proton 
bremsstrahlung continuum and local background is also 
shown. The shape of the pulse-height spectrum for each 
gamma ray of discrete energy is indicated in each figure. 
Pulse heights were converted to gamma-ray energies 
by measuring the spectra from radioactive sources 
which emit gamma rays of well-established energies. It 
was found that the DuMont photomultiplier tubes 
exhibit small shifts in pulse height for sources of 
different strength and for this reason we measured the 
spectrum of the gamma rays from Coulomb excitation 
and from radioactive sources simultaneously. 

The gamma rays we have observed when the indi- 
cated nuclei were bombarded by protons and a particles 
are listed in Table III. The thick-target yield of gamma 
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Fic. 5. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of TI. 
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rays for an incident energy £; is given in column 6 and 
the last column gives the numerical evaluation of the 
integral 


‘é g2(é,ni) E'dE 

0 dE ‘dpx 

in units of kevXmg/cm’. E’=#LE—AE/k], where k 
is M./M,+M, and M, and M; are the masses of the 
projectile and target nuclei, respectively, E is the excit- 
ing particle energy in the laboratory system, AE is the 
energy of the excited state above the ground state, and 
dE/dpx is the rate of energy loss of the projectile in the 
target. The excitation function g2(é,n;) for electric 
quadrupole excitation has been accurately evaluated.? 
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Fic. 6. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of TI. 


The variables ~ and 7; are defined as 


ZZ¢€f1 1 
f= ~(—--) and 


h Ve 0; 


ZL2€* 
— Ss 


ho; 
where Z,e and Zye are the charges of the impinging 


projectile and the nucleus, respectively, and 2; and vy 
are the initial and final relative velocities. 


B. Angular Distribution 


Angular distributions have been measured for the 
gamma rays following Coulomb excitation in TI, 
*}203 197 193 191 187 185 Toll ‘ qll3 *qill 
TE™, Au™, Ir, Ir, Re’, Re’, Ta’, Ca, Ca™, 


® See, for instance, the review paper by Alder, Bohr, Huus, and 
Winther, Revs. Modern Phys. 28, 432 (1956). 
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Fic. 7. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Ir™. 


Ag', Ag!®?, Rh’, and Mo”. In Table IV we list the 
observed angular distribution coefficients (a,G,A,)exp 
which have been corrected for finite angular resolution. 
The errors quoted for these coefficients in Table IV 
include the standard deviation to be expected from the 
finite number of counts collected in the experiment and 
a decentering error. 


C. Polarization-Direction Correlations 


A number of the angular distribution measurements 
in Table IV could be fitted equally well either by two 
rather different values of (£2/M1)! or by two different 
spins for the excited state. Polarization-direction cor- 
relation measurements of transitions in TI, T]?°, 
Au®?, Cd™3, Cd!) Ag! Ag!7, Rh! and Mo® have 
removed the ambiguity. The results of these measure- 
ments are summarized in Table V. 
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Fic, 8. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Re'*, 
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Fic. 9. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of W®. 


IV. INTERPRETATION AND DISCUSSION 


In order to deduce the A, from the measured angular 
distribution coefficients, we must evaluate the expected 
thick-target particle parameters. These particle parame- 
ters for a thick target have been evaluated for a number 
of specific cases.! The attenuation coefficients G,, re- 
sulting from the slight attenuation of the angular 
distribution of the gamma rays by the multiple scat- 
tering of the protons by Rutherford scattering as they 
traverse a thick target, have been discussed in a previous 
paper.! In that paper the effective attenuation coeffi- 
cient [G,], was defined as 


[G,].= [aGy ]r, ‘Lay |e. 
We have found it useful to plot [a,]:X(G,]; as a func- 
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Fic. 10. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Cd", 








906 F. K. McGOWAN 
3 — ——y 
ws = 3 t 7 
o > ~ ca 64.5% 
$i On > z 
leg? ie ts Ep= 3.0 Mev 
46 e813 h= 5.0 cm 
| %S ‘|. 6=235° 
2 . 4 ae 
%\ ee" | Ca 
36 6 t t t 610 kev 
§ © = 
8 
a 8 
= 
° 
= 
3 
= 
w 2 
x 
w 
= “2 
410 ‘ : 
74 t t 
5 it | 
2 way) I ] ] 
"> 
6 
40 J 











400 500 600 700 800 900 
PULSE HEIGHT 


Fic. 11. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Cd!™. 





tion of ~, where the variable ~ is evaluated for a pro- 
jectile energy E;, corresponding to the incident proton 
energy on the thick target. 

Curves for a number of specific cases are given in Figs. 
13 and 14. Instead of computing the thick-target 
parameters for all the individual cases, it was found 
that interpolation of these curves resulted in sufh- 
ciently accurate values for [@, |.X[G,],. These values 
are listed in Table IV under the column headed (aG2),. 
In general the coefficient of P4(cos@) is small and is not 
used in deducing the spins or (Z2/M1)'. The transition 
assignment and {£2/M1): are obtained from (A2)exp. 
For those cases, where A, is large in magnitude, the 
sign of (asG4A4)exp iS consistent with the assignment 
given in Table IV. 

The reduced transition probabilities are obtained 
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Fic. 12. Differential pulse-height spectrum of the gamma 
radiation for proton bombardment of Mo*. 
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from the gamma-ray yields and the semiclassical ex- 
pression of Alder and Winther'® for the cross section 
for electric quadrupole excitation. The thick-target 
yield is related to B(E2).x_ by the expression 


B(E2)exe 
—=7,0110-* 


AL? I 








my f go(t&n)EdE 
0 dE/dpx 








where Ag is the atomic weight of the normal element, 
m, is the mass of the incident bombarding particle in 
units of the nucleon mass, and J is the number of 
excitations per microcoulomb of singly ionized particles. 
The B(E2) for decay is obtained from the B(E2) for 
excitation by multiplication by the factor (2/o+1)/ 
(27+1) where J» and J are spins of the ground state 
and the excited state, respectively. 
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Fic. 13. Thick-target particle parameter [a2 }¢X [Ge]: for 
protons as a function of £ for a few representative cases. 


The total internal conversion coefficient a7 must be 
known in order to relate the cross sections to the ob- 
served gamma-ray yields. For this purpose the calcu- 
lations of K-shell conversion coefficients by Rose et al." 
have been used. Where the effect of the finite size of 
the nucleus is important, we have used the calculations 
by Sliv.” For the ZL and M shells, the K/L and L/M 
ratios by Rose!® have been used. In the case of mixed 
M1-E2 transitions, it was necessary to use the E2/M1 
ratio to obtain az. 

To avoid confusion the reduced transition proba- 
bilities for excitation and decay will be written as 
B(E2)exe and B(E2)¢. In those cases, where the ratio 


10K. Alder and A. Winther, Phys. Rev. 96, 237 (1954). 

1 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 

2 L. A. Sliv and I. M. Band, “Coefficients.of internal conversion 
of gamma radiation, Part I: K-Shell,’’ Acad. Sci. U.S.S.R. (1956) 
(Translation: University of Illinois Report 57ICCK1). 

13“Tables of Internal Conversion Coefficients” (privately 
circulated by M. E. Rose). 
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Taste III. Gamma rays observed when the listed nucleus was bombarded by protons and/or a particles. The column headed E gives 
the incident particle energy in Mev. The thick-target yield of gamma rays for an incident particle energy E; is given in column 6. The 


last column gives the evaluation of the integral /o”ig2(t,»:)E’dE/dE/dpx in units of keyX mg/cm?. 





Bombarding 


Nucleus particle E (Mev) 


3.0 to 4.5 
3.0 to 4.5 
3.0 to 4.5 
3.0 to 4.5 
3.0 to 4.5 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 
3.0 to 4.0 





Te 


TP 


vv vd Dd 


Au! 
Ir! 


R 


Re!8? 


Re!85 


Wiss 


Ta!®! 
Cans 


Cd! 


NWHNKNN Ww 


Agio 
Agi 


Rh! 


3.0 


Mo* 1.8 to 3.0 


VW VV VP VP VP PVP VP PH VSP sy Vo PG LC BWV VR BV VR BV VR vv ds 


Ey, (kev) 


205+2 
410+4 
615+5 
279+2 
403+5 
77 
140+2 
21742 
357+4 
140+2 
13442 
167+2 
30144 
13442 
128+2 
159+2 
28744 
128+2 
99+2 
16242 
292+3 
136+2 
300+3 
582+6 
675+7 
250+3 
34243 
610+6 
107+2 
309+2 
416+3 
99+2 
324+2 
423+3 
62+2 
298+ 2 
360+3 
20342 





E2/M1 is known, the reduced magnetic dipole transi- 
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Yield of y rays 








[% g2(E.mi)EGE 
0  4aE/dpx 


Ei (Mev) per ucoulomb 

3.0 (2.52+0.20)X 10 3.85 X 104 
4.5 (3.21+0.26) X 108 

4.5 (4.1 +1.2) 10° 3.52 104 
3.0 (2.34+0.23) x 104 2.30 104 
4.5 (4.00+0.50) X 10* 

4.044 (1.56+0.40) X 104 1.17 104 
4.0 (5.68+0.40) x 105 1.57 10° 
4.0 (1.51+0.11) x 105 

4.0 (2.63+0.18) x 105 6.68 X 104 
4.044 (5.05+0.25) x 10 4.21X 10° 
4.0 (1.13+0.10) x 10° 1.59X 105 
4.0 (3.00+0.30) X 105 

4.0 (5.2 +1.3) 104 8.72X 104 
4.044 (1.29+0.07) x 105 4.88 X 10° 
4.0 (1.26+0.10) X 10° 1.61 105 
4.0 (2.95+0.27) xX 105 

4.0 (6.6 +1.7)X10# 9.21X 104 
4.044 (1.40+0.07) x 10° 5.36X 10° 
4.0 (6.04+0.48) x 105 1.78X 105 
4.0 (3.8 40.4) 104 

4.0 (6.40+0.45) Xx 104 8.96X 104 
4.044 (2.11+0.11)x 105 4.84 10° 
3.0 (1.79+0.12)X 105 2.88 X 10 
3.0 (1.07+0.11) x 105 6.36X 108 
3.0 (1.50+0.22)x 10* 3.49X 10° 
3.0 (1.46+0.15)x 10* 

3.0 (1.40+0.09) x 105 2.37 X 104 
3.0 (3.81+0.57) x 10* 5.37 X 108 
3.0 (1.88+0.19) Xx 104 

3.0 (4.38+0.24) x 10 2.81X 104 
3.0 (3.50+0.19) x 105 1.67 X 104 
3.0 (2.00+0.20) X 10* 

3.0 (3.81+0.21)X 10° 2.62 X 104 
3.0 (3.05+0.17)X 10° 1.62X 104 
3.0 (4.58+0.46) X 104 

3.0 (5.20+0.29) xX 105 3.02 X 104 
3.0 (5.08+0.28) x 105 2.29X 104 
pa | (8.54+.0.60) X 104 2.92 10* 


cluding the error from the gamma-ray yields and 


tion probability for decay is obtained. These quantities 
are summarized in Table VI. The values given for 
B(E2) and B(M1) are actually those for the quantities 
B(E2)/e and B(M1)/(eh/2mc)*. The error quoted for 
the B(E2).x. in Table VI is a standard deviation in- 
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Fic. 14. Thick-target particle parameter [as ]¢X [Gs]. for 
protons as a function of £ for a few representative cases. 


errors of +4% for dE/dpx and +3% in the numerical 
evaluation of the integral in Eq. (1). We have omitted 
any possible uncertainty in ar because such an error 
is difficult to assign. For instance, it is not clear whether 
internal conversion coefficients are independent of 
nuclear properties as was previously believed.“ If the 
ar should need to be changed, the reduced transition 
probabilities could be corrected accordingly from the 
information given in the tables. 

It is of interest to compare the observed values of 
B(E2) and B(M1) to those expected for transitions 
between single-particle states of the independent- 
particle model. Using the estimate given by Blatt and 
Weisskopf,!® one has that B(M1),, is approximately 
unity and that B(£2),, is given approximately by 
(1/49) |2Ro?|2. We have taken Rp equal to 1.2X10-"A! 
cm. 


44 E, L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 
18]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. XII. 
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TaBLe V. Summary of transitions for which a polarization measurement has resolved the ambiguity 


either in the value of (Z2/M1)# or for the spin of the excited state. 























Nucleus Ep (Mev) Ey (kev) Transition (E2 M1)hang dist. P(@=x/2) P (6 =x/2)exp (E2/M1)*poiae. 
g1 11% 3.0 205 j— 4 1.7 +0.3 0.91+0.06 1,46+0.16 
a1 11% 3.0 279 j—4 1.0 to 3.9 0.91+0.04 1.50+0.08 
mAul9? 3.0 277 3} — (0.41+0.04) 1.00+.0.02 — (0.53+0.08) 
wCd!3 2.7 300 i 0.29 0.54 0.61+-0.03 

—4.0 1.86 
«Cd 2.7 342 j—4 0.385 0.51 0.56+0.04 

—6.6 1.97 
aAg® 2.7 309 34 ~0.19 0.72 0.7340.03 

—1.15 1.39 
wAgi” 2.7 324 334 —-0.21 0.72 0.78+0.03 

—1.10 1.37 
iRh! 2.7 298 ij 4 —0.17 0.72 0.79+0.03 

—1.2 1.40 
«2Mo% 2.7 203 i 4 —0.5 to —0.13 1.17+0.04 — (0.58+0.20) 

A. Thallium Lindqvist and Marklund* have concluded from a 


The angular distribution measurements of the 205- 
kev and 279-kev transitions in TP? and T?® did not 
provide a very precise measure of 6=(E2/M1)'. The 
large uncertainty results from the fact that A» has a 
broad maximum near 6= 1.7 (see Fig. 1). However, the 
ratio P of the linear polarization intensities is quite 
sensitive to small changes in 6 for 6 near to 1.7. As a 
result the values for 6 in Table VI were obtained from 
the polarization-direction correlation measurements. 

Extensive measurements of the internal conversion 
coefficients of the 279-kev transition in T?® have been 
made by several groups of workers.'® From consistency 
arguments based on a comparison of the experimental 
values for a®, a1, a1, and a”! and the calculated 
coefficients" they obtained a value of F£2/M1 
=1.38+0.25 which is smaller than our value of 
2.25+0.25. However, a more recent analysis!” of their 
data using the calculated coefficients by Sliv” gives 
better agreement but their value is still somewhat 
smaller than the result from Coulomb excitation. 

In the interpretation of our original measurements on 
normal thallium the B(£2)4 for 403-kev transition in 
TP appeared to be unexpectedly large.'* We had 
taken the £2 intensity comparable to the M1 intensity 
as indicated by the measured values of a* and K/L." 
However, when the effect of the finite size of the 
nucleus on the internal conversion coefficients is taken 
in account, the measured values indicate that the 
403-kev transition is predominantly M1 radiation. This 
agrees with the results of our angular distribution 
measurements. The B(£2)4 for the 410-kev and 403-kev 
transitions in Tl? and Tl** are now comparable to 
B(£2),, and are in agreement with the observed trend 
of the B(£2) with the approach to closed shells. 

16 A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956); 
Nordling, Siegbahn, Sokolowski, and Wapstra, Nuclear Phys. 1, 
326 (1956). 

17 A. H. Wapstra (private communication). 

18 P, H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

19 Wapstra, Maeder, Nijgh, and Ornstein, Physica 20, 169 


(1954). 
20 J. Varma, Phys. Rev. 94, 1688 (1954). 


measurement of the gamma-gamma angular corre- 
lation of the 403-279-kev cascade following electron 
capture of Pb that the 403-kev transition is pre- 
dominantly M1 radiation. Unfortunately, their cor- 
relation measurement is very insensitive to the value 
of E2/M1 for the 279-kev transition. 

The M1 transition probabilities in Tl? and TP can 
probably be understood qualitatively in terms of the 
nuclear shell-model. If one labels the 3 } transitions 
as d;— 5s; transitions, the M1 radiation is forbidden 
according to the simple single-particle shell model by 
the /-selection rule, namely, transitions for which Al40 
are forbidden. Indeed, the B(M1)q for the 205- and 
279-kev transitions are observed to be quite small 
compared to B(M1),». In addition, decay by E2 radi- 
ation should compete favorably and the experimental 
results indicate this to be the case. The cascade tran- 
sitions of 410- and 403-kev transitions in Tl? and TI? 
would be labeled d5;2—> d; and M1 radiation would be 
allowed. The transitions are observed to decay pre- 
dominantly by M1 radiation and the B(M1)q are 
comparable to B(M1).sp. 

For the 205- and 279-kev excitations Barloutaud 
et al. give €B(E2)ex.= (0.072 and 0.086) X10~* cm‘. 
Our values are (0.062 and 0.10) K 10~* cm‘. 


B. Au!’ 


In agreement with the work of others,”:* we find 
direct excitation of the 77-kev state in Au by a- 
particle bombardment. Since the gamma radiation of 
this energy is obscured by the K x-rays of gold when 
observed with a scintillation spectrometer, we made a 
study of the yield of K x-rays resulting from stopping 
the a particles in the target.?® From the composite peak 

*T, Lindqvist and I. Marklund, Nuclear Phys. 3, 367 (1957). 

2 Barloutaud, Grjebine, and Riou, Physica 22, 1129 (1956). 

%N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 351 
(1954). 

( *E. M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1345 
1955). 

2 F,. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 

(1956). 
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GAMMA RAYS FROM 
in the pulse-height spectrum, we have been able to 
obtain the yield of 77-kev gamma rays. We previously 
reported that we were unable to detect direct excitation 
of the 77-kev state.!* The previously determined upper 
limit for the B(£2),x. is consistent with the new positive 
result. 

Other information is available on the 77-kev tran- 
sition. (a) Mihelich and de-Shalit?® have measured the 
relative values of a”, a“1!, and a”1!1, From a comparison 
of these values with calculated values for £2 and M1 
transitions one can deduce a value for E2/M1. (b) 
Sunyar*’ has measured the half-life of the state by the 
delayed coincidence method. (c) Bernstein and Lewis 
have measured the Coulomb excitation cross section 
by the detection of internal conversion electrons. From 
the comparison of the Coulomb excitation cross section 
and the half-life, Bernstein and Lewis concluded that 
the spin of the 77-kev state is }. However, this con- 
clusion depends rather sensitively on the values for 
E2/M1 and ar. They used the values E2/M1=1/7 
and a7=3.5. With these values one deduces from the 
half-life that B(E2),x. is either 0.15 or 0.30 10~* cm‘ 
depending on whether the spin is } or 3. From Coulomb 
excitation Bernstein and Lewis obtained a B(E2).x. of 
0.18 which indicated a spin of 3. However, if one uses 
the recently available calculated values of L-shell 
internal conversion coefficients by Rose with the 
assumption that the Z-shell conversion coefficients are 
reduced by a factor equal to that for the K shell for 
M1 transitions to account for the finite nuclear-size 
effect to deduce E2/M1 and ar from the experimental 
results of Mihelich and de-Shalit, one finds the values 
E2/M1=1/9 and ar=4.26. Taking these values, our 
gamma-ray yield measurements indicate B(E2)exe 
= (0.14_0.o4+?) K 10-8 cm‘. The results of the life- 
time measurement are altered to give 3B(E2)ex. of either 
0.105 or 0.21 10~** cm‘ for spin } or 3, respectively. 
Our result favors the spin 3 but the uncertainties in the 
quantities needed to draw this conclusion do not com- 
pletely exclude the spin 3. For the spin assignment of 
1 the B(E2)2/B(E2)., and the B(M1)qa are 41 and 10° 
for the 77-kev state. 

The value of 6 for the 277-kev transition found in 
our original measurement of the angular distribution 
was —(0.75+0.20).28 This value was based on our 
empirical determination of the particle parameter a». 
When reinterpreted by the use of the quantum 
calculations of the particle parameter a», the result is 

= —(0.55+0.08). The polarization-direction corre- 
lation and the more recent angular distribution meas- 
urement give the result 6= — (0.41+0.04) and we con- 
sider this to be our best value. Kane and Frankel” have 
deduced an £2/M1 value of 0.12+0.03 for the 277- 


26 J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 78 (1953). 

27 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 

28 F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 

2 J. V. Kane and S. Frankel, Bull. Am. Phys. Soc. Ser. IT, 1, 
171 (1956). 
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kev transition from a gamma-gamma directional 
angular correlation measurement. Our value of E2/M1 
=0.17+0.03, although still somewhat higher, is in 
better agreement with their value than our previous 
result. The B(M1)qa for the 277-kev transition is in- 
creased from 2.1 to 7.210 using the more recent 
results for £2/M1. 


C. Iridium 


Composite gamma rays of 133, 219, and 360-kev 
have been observed by Coulomb excitation on normal 
iridium.” Davis et al.** observed gamma rays of 143, 
230, and 368 kev following:Coulomb excitation in Ir™. 
We observed direct excitation of levels at 140 and 357 
kev in Ir’ and this is consistent with the results of 
Davis et al. However, our results for B(E2).x< of 7.4 
and 6.1X10-* cm‘ are considerably larger than their 
values of 5.3 and 3.2X10~- cm‘. From the angular 
distribution of the 217-kev gamma rays we obtained 
E2/M1=0.048. In Table VI we have taken the smaller 
value of (£2/M1)! for the 217-Mev transition from 
Table IV. Although this choice is somewhat arbitrary, 
it is in accord with observations for the analogous 
transitions in Re'*’, Re!*, and Ta!*. Using the observed 
intensity ratio of cascade to crossover for gamma rays 
and assuming that the collective model gives the ratio 
of the cascade to crossover for £2 transition proba- 
bilities correctly, Davis ef al. obtained E2/M1=0.3. 
We do agree with regard to the ratio of cascade to 
crossover for gamma rays. The discrepancy for E2/M1 
is probably caused by the fact that the excitation 
spectrum is not a pure rotational spectrum. 

Except for the angular distribution measurements 
for the 348-kev gamma ray from Ir™!, we have withheld 
our other measurements on Ir", The excitation spec- 
trum with protons and a particles appears to be more 
complicated than was observed in Ir’. As a result we 
are making more measurements on this nucleus. 


D. Rhenium 


In agreement with others,’:*!:* we observe gamma rays 
with energies of 134, 167, and 301 kev in Re'*’ and of 
128, 159, and 287 kev in Re'**. These are interpreted 
to be the result of direct excitation of levels at 134 and 
301 kev in Re'*’ and at 128 and 287 kev in Re'®. 

The determination of the 6 value from the angular 
distribution of the 134- and 128-kev gamma rays is 
unfavorable because the transition of the type 
§(£2)3(E2+M1)§ is nearly isotropic for small ad- 
mixtures of £2 radiation ({A2|<0.02). The angular 
distributions have been measured and they are found 
to be isotropic to within 2%. We have taken the 
transitions to be predominantly M1 radiation, in 


3°G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 906 
(1954). 

31 Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 1801 
(1956). 

82 Wolicki, Fagg, and Ceer, Phys. Rev. 100, 1265(A) (1955). 
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agreement with a K/Z measurement®-* of the 134-kev 
transition in Re'*’, for purposes of obtaining a7 and 
the B(E2)exe. From the theory of nuclear rotational 
states, as developed by Bohr and Mottelson,° it follows 
that 6;/62;=1.02 for J>=%, where the subscript 21 
denotes the cascade transition from the second to the 
first rotational state and the subscript 1 denotes the 
transition from the first to the ground state. Using the 
5, as given by the angular distribution measurements, 
we would have 6,;=0.16 which is in agreement with the 
observed isotropic distribution because for 6,;=0.16 
the coefficient Az is equal to —0.002. The B(M1) 
given in Table VI for the 134- and 128-kev transitions 
in Re!®? and Re!* are based on this indirect deter- 
mination of 6;. The determination of the angular 
distribution of the 301-kev y rays in Re!*®’ was difficult 
because this crossover transition is relatively weak. 
Although the results are not very precise, the observed 
angular distribution is consistent with a transition 
assignment of 9/2(E2)3. 


E. Tungsten 


Other workers’ have found, by the use of enriched 
isotopes, gamma rays of 100-, 112-, and 124-kev energy 
resulting from Coulomb excitation of 2+ states in 
W'®, W!*, and W'**, In addition gamma rays of 46 
and 99 kev are known* to follow Coulomb excitation 
in W', The energy levels in W'* have been very 
accurately determined up to an energy of 450 kev from 
a study of the gamma transitions following the 8~ decay 
of Ta! by Murray ef al.** A y ray of 295-kev energy 
was observed in our earlier measurements on normal 
tungsten and this was attributed to the Coulomb 
excitation of a state of this energy in W'®™. 

We have made additional studies of Coulomb ex- 
citation in tungsten using enriched isotopes W'*, W!*, 
and W'% and normal tungsten. The B(E2).x. and 
B(E2)¢ for the even-even isotopes are given in Table 
VI. The half-life of the 100-kev transition in W'® 
deduced from Coulomb excitation measurements is in 
good agreement with the direct measurement 
(1.27 10~ sec) by Sunyar.** 

For the enriched W'* target and incident proton 
energy of 4.0 Mev we observed the pulse-height spec- 
trum shown in Fig. 9. In addition to the 99- and 292-kev 
gamma rays a gamma ray of 162 kev is also observed. 
We also observed three y rays when W!* was bom- 
barded with 10-Mev a particles. These gamma rays of 
99-, 162-, and 292-kev energy are attributed to direct 
excitation of levels in W'* at 99, 209, and 292-kev. An 
energy level diagram of the low-lying levels in W'* as 
suggested by Murray ef al.** and modified slightly by 

38 Cork, Brice, Nester, LeBlanc, and Martin, Phys. Rev. 89, 
1291 (1953). 

at M. Bernstein and H. W. Lewis, Phys. Rev. 105, 1524 
36 Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 


1007 (1955). 
36 A. W. Sunyar, Phys. Rev. 95, 626 (1954). 
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Kerman*’ is shown in Fig. 15. The deviation of the 
level pattern from that for a pure rotational band 
cannot be accounted for in terms of a rotation-vibration 
interaction. Kerman has been able to account for the 
deviations by the inclusion of a rotation-particle 
coupling acting between the ground-state band with 
K=4- and the first excited band with K=%$-. The 
transition probabilities for transitions between the two 
bands are predicted to be influenced in an important 
way by the inclusion of the rotation-particle coupling. 
The reduced transition probabilities calculated by 
Kerman using an intrinsic quadrupole moment 
Qo=6.5X10-* cm?, which is consistent with values 
in neighboring nuclei, are also given in Fig. 15. For 
comparison the observed values are given in Fig. 15. 
The agreement between theory and experiment is good 
in view of the uncertainty in the total internal con- 
version coefficients and the branching ratios from the 
decay scheme of Murray et al. According to Kerman 
the B(E2).x. for excitation in the K= $- band would 
be reduced by more than a factor of ten without the 
rotational admixture. Using the decay scheme and 
branching ratios by Murray et al. we have obtained 
the B(M1)4q for several transitions given in Fig. 15. 


FP. Ta™ 


No additional measurements on Ta'* have been 
made except for the angular distribution measurement 
of the 166-Mev gamma rays. The value of (E2/M1)! 
agrees well with our previous measurements.”* We have 
reinterpreted the original yield measurements" using 
the revised values for ay which take into account the 
effect of the finite size of the nucleus. A comparison 
of the reduced transition probabilities for low-lying 
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Fic. 15. Energy level diagram of low-lying levels in W!®* and 
reduced transition probabilities for several of the transitions. 


37 A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
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transitions in Ta!*! with the predictions of the collective 
model has already been presented. 


G. Cadmium 


Other workers®“° have found, by the use of targets 
enriched in isotopes Cd" and Cd™, gamma rays of 290 
and 340 kev. In addition to these gamma rays we have 
observed gamma rays of 582 and 675 kev in Cd" and 
of 250 and 610 kev in Cd with E,=2.1 to 3.3 Mev. 
These gamma rays are attributed to direct excitation 
of levels at 300, 582, and 675 kev in Cd" and at 342 
and 610 kev in Cd". Furthermore, in addition to those 
y rays shown in Figs. 10 and 11, coincidence spectrum 
measurements have revealed a number of other y rays 
resulting from the decay of these levels. For Cd, 
gamma rays of 282 and 375 kev are observed in co- 
incidence with the 300-kev gamma ray. For Cd", 
gamma rays of 95, 172, 191, and 363 kev are observed 
in delayed coincidence with the 250-kev gamma ray 
and a gamma ray of 268 kev is observed in coincidence 
with the 342-kev gamma ray. The intensities of these 
weak decay branches obtained from the coincidence 
spectra have been included in the analysis of our yield 
measurements to deduce the B(£2),x- given in Table VI. 

The isotopic enrichments of the cadmium targets 
were not very large. As a result, the elimination of the 
contribution of the other isotopes in the targets to the 
angular distribution reduced the accuracy of the 
measurements. The angular distribution measurements 
of the 582- and 610-kev gamma rays in Cd" and Cd" 
are consistent with a transition assignment of $(£2)3. 
In the case of the 300- and 342-kev transitions the 

tel H. Stelson and F. K. McGowan, Phys. Rev. 105, 1346 
ng. M Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 


Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 
(1955). 
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angular distributions were equally well fitted by two 
rather different values for (£2/M1)!. A polarization 
direction correlation measurement clearly removed the 
ambiguity in the value of 6. 

Energy level diagrams of low-lying levels in Cd" 
and Cd"* are shown in Fig. 16. Only the low-lying 
states and transitions observed in Coulomb excitation 
are shown. The indicated intensities of the various 
decay branches from a given state are for transitions 
(gamma-ray transitions plus transitions by internal 
conversion). 


H. Silver 


Several groups of workers? have observed direct 
excitation of two levels in Ag’ and Ag’ by the use of 
enriched isotopes. There is reasonable agreement 
among the various groups on the position of these levels 
but there is a considerable spread (~50%) in the values 
of the B(E2)exce. We were able to assign a spin of $ to 
the second excited state in Ag’ and Ag’ from our 
angular measurements” using targets of normal silver. 
The angular distribution of the gamma radiation from 
the first excited state in Ag! and Ag’ could be fitted 
equally well by two rather different values for 6.” 

We have made additional studies of Coulomb ex- 
citation in silver using enriched targets of Ag!” and 
Ag’. In addition, measurements have been made with 
thick and thin targets of normal silver in order to reduce 
the uncertainty that existed in the rate of energy loss 
of protons in the target materials.’ This source of error 
is reflected directly in the determination of B(E2)exe 
from thick-target yields. The angular distributions of 
the 309-kev gamma ray in Ag’ and of the 324-kev 
gamma ray in Ag’ are quite similar. A polarization- 
direction correlation measurement has removed the 
ambiguity in the value of 6. Our new results for B(E2)exe 
in Ag'® and Ag’, which agree quite well with our 
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TaBLe VII. A comparison of some of the quantities measured by experiment and predicted by the theory of 
nuclear rotational transitions, as developed by Bohr and Mottelson. 

















E:2/E1 B(E2):/B(E2)2 B(E2)ax/B(E2)d, B(M1 )an/B(M1)a 
Isotope I Theory Experiment Theory Experiment Theory Experiment Theory Experiment 
73 1a} 3 2.22 2.2340.04 3.89 3.74+0.42 4.71 6.6 +1.2 1.53 2.2+0.8 
7sRe}85 5 2.29 2.24+0.05 2.86 2.80+0.40 3.03 2.4 +0.5 1.45 oe 
75Re!8? § 2.29 2.25+0.05 2.86 2.29+0.33 3.03 2.6 +0.5 1.45 ie 
mir 3 2.40 2.59+0.05 1.80 ee 1.50 ‘si 1.34 ee 
mir ; 2.40 2.55+0.05 1.80 1.22+0.18 1.50 0.3340.08 1.34 5.743.4 





earlier results obtained from targets of normal silver, 
are about 25 to 50% larger than those obtained by 
other groups.’ Most of the discrepancy must be in the 
gamma-ray yield measurements and cannot be traced 
to the choice of ar because the total internal conversion 
coefficients are small. 


1. Rh! 


The Coulomb excitation spectrum in Rh’ is quite 
similar to Ag’ and Ag’, i.e., levels with J= 3 and 3 
are directly excited.* The angular distribution of the 
298-kev gamma radiation from the state with /=3 
could be fitted equally well by two rather different 
values for 6.° A_ polarization-direction correlation 


measurement has removed the ambiguity. 


J. Mo* and Mo*’ 


Several groups of workers’ have observed Coulomb 
excitation of a state at 203 kev in Mo”. Of the possible 
spins 3, $, 3, 3, 9/2 for the excited state only the spins 
3, 3, and 9/2 were excluded by our angular distribution 
measurements. The distribution could be fitted by 
6=0.2 to 1.1 for J=} and by 6=—0.5 to —1.3 for 
J =%. A polarization-direction correlation measurement 
clearly excluded J=} because P(@=2/2)<1.06 for all 
6 and the experimental value for P(@=2/2) was 
1.17+0.04. Our result for B(E2) x. of the 203-kev state 
in Mo* is smaller by a factor of two than that given 
by Temmer and Heydenburg.” 

We observe no gamma radiation with energy less 
than 1.2 Mev, which can be attributed to Coulomb 
excitation in Mo*’, when targets containing 89.6% 
Mo” are bombarded with 1.8- to 3.0-Mev protons or 
9-Mev a particles. 


K. Nb” 


We have observed gamma rays of 710- and 874-kev 
energy when Nb* is bombarded with 2.4- to 3.0-Mev 
protons. The variation in gamma-ray yields appeared 
to follow Coulomb excitation. However, coincidence 
spectrum measurements indicated that both gamma 
rays were in coincidence with harder radiation and also 
in coincidence with each other. We believe this gamma 
radiation results from the de-excitation of Mo™ fol- 
41 G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 





























lowing proton capture in Nb". The 874-kev gamma ray 
is probably from the 2 — 0 transition in Mo™ which is 
observed from Coulomb excitation studies of Mo™. 


L. Osmium 


Since the gamma radiation from the 2— 0 transitions 
in Os! and Os was used to calibrate our polarimeter, 
we have also made yield measurements of the gamma 
rays following Coulomb excitation with protons and 
a particles. The target was prepared by sintering the 
metallic powder of the normal element into a foil 150 
mg/cm? thick. The B(£2),x¢ deduced from the measure- 
ments are given in Table VI. The half-life of the 155-kev 
state in Os!'®* is in good agreement with the direct 
measurement of 6.5X10~' sec by Sunyar.” Angular 
distribution measurements of the 186- and 206-kev 
gamma rays have been reported elsewhere.! 


V. REDUCED TRANSITION PROBABILITIES 


The ratio of the excitation energies in Ta'*, Re!®, 
Re'*’, and possibly Ir™ and Ir" tends to identify these 
states as rotational excited states of the ground state 
configuration. It is therefore of interest to see how well 
the observed reduced transition probabilities agree with 
the theory of nuclear rotational transitions, as de- 
veloped by Bohr and Mottelson.® Since the absolute 
transition probabilities contain an unknown intrinsic 
nuclear moment, only the ratio of transition proba- 
bilities predicted by the theory can be compared with 
experiment. A summary of the available data which 
provides a direct test of these intensity rules is given in 
Table VII. The ratio B(E2),/B(E2). denotes the ratio 
of reduced transition probabilities for excitation to the 
first and second excited states and the other subscripts 
were defined under the section on rhenium. The agree- 
ment between theory and experiment is reasonably 
good for Ta'*!, Re!®, and Re!®’. The deviations in Ir 
and Ir are probably an indication that the excitation 
spectrum is not a pure rotational spectrum. 

From the measured B(M1)qa and the ground state 
magnetic moment one can calculate go, the gyromag- 
netic ratio of the particle configuration, and gr, the 
gyromagnetic ratio of the collective motion. This 
information alone leads to two sets of values for go and 
£r because only the absolute value of go—ge is given 


42 A, W. Sunyar, Phys. Rev. 98, 653 (1955). 
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TABLE VIII. Values of &9 and &z obtained from the ground-state magnetic moment, the B(M1)q, and the sign of Qo and (£2/M1)}. 





The quantity (80)niisson Was calculated using the single-particle eigenfunctions for deformed nuclei as given by Nilsson. 











Transition 
Nucleus “ (kev) £0—8R £0 £r n (8Q) Nilsson 
Tal 2.1 136 0.407 0.69 0.29 4.3 0.41 
166 0.492 0.71 0.22 
Re!85 ce | 159 1.201 1.61 0.41 3.7 1.88 
Re!®? 3.20 167 1.279 1.65 0.37 a5 1.88 
Ir! 0.17 140 —0.291 —0.003 0.288 2.3 —0.28 
217 —0.597 —0.126 0.471 
Au! —0.707 —0.190 0.517 13 —0.20 


0.14 277 
by B(M1). However, the relative sign of the M1 
and £2 transition amplitudes is determined from the 
angular distribution measurements. This phase is 
related to the sign of Qo, the intrinsic quadrupole 
moment, and of go— gr and is given by® 


Vo 
signd=sign( ). 
£a—-8R 


For the nuclei listed in Table VIII the spectroscopic 
quadrupole moment is known to be positive. Thus, the 
sign of go—gr is the sign of 6 given in Table VI. The 
values for go and gr deduced from the experimental 
data are given in Table VIII. For comparison the values 
ge, which were calculated using the single-particle 
eigenfunctions for deformed nuclei as given by Nilsson,* 
are also listed. The value of the deformation parameter 
n was chosen to fit the observed B( 2) for each of these 
nuclei. However, the calculated value of go is insensi- 
tive to the exact value of 7 for these nuclei. 

For even-even nuclei of the medium-weight elements, 
the low-lying excited states are found to exhibit a 
pattern which resembles that of quadrupole vibrations 
about a spherical equilibrium shape.“ An alternative 
description in terms of the ‘“‘shape unstable” model 
has been given by Wilets and Jean.” It is not clear 
which model describes the regularities in these even- 
even nuclei in a more consistent fashion. The reduced 
transition probabilities for excitation of the first 2+ 
state from Coulomb excitation experiments clearly 
display the collective character of these transitions. 

From the B(£2) and £2, one can obtain the parame- 
ters B, and C2 which are appropriate to a description 
of quadrupole vibrations about a spherical equilibrium 
shape for the nucleus.‘* By is associated with the mass 
transported by the collective vibration and C, repre- 
sents an effective surface tension. Alternatively one 
can obtain from the observed B(/2) the deformation 
parameter 8 which is appropriate to a description in 
terms of the “shape unstable” model. A summary of 


“S$. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

4G, Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

45. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 

46 See, for instance, reference 9 where a summary of these 
vibrational parameters is given. 





the 8 determined empirically from the B(£2) for even- 
even nuclei of medium weight has already been given.’ »# 
For the heavier isotopes of Ru and Pd the values of 8 
are comparable to those deduced from the even-even 
isotopes of Hf and W which do exhibit a rotational 
excitation spectrum. Nevertheless the excitation spec- 
trum in the even-even isotopes of Ru and Pd is clearly 
not a rotational spectrum. If the ‘“‘shape unstable” 
model is a better description for the excitation spectrum 
in these even-even nuclei, then one might expect that 
an odd nucleon coupled to a y-unstable core would 
tend to stabilize the core about axial symmetry.*® This 
can be tested by examining the information obtained 
from Coulomb excitation of odd-A nuclei. 

A vibrational interpretation of the excitation spec- 
trum of odd-A nuclei of medium weight is less well 
understood. One must consider, in addition to the 
collective motion, the coupling of the intrinsic nucleonic 
motion of the odd particle to the collective oscillation 
since the latter involves variations in the nuclear field. 
The effect of the coupling to the quadrupole vibration 
depends essentially on the parameter® 


$y? 68 
(Sats 
l6r/ (hw)! 


where & is of the order of magnitude of the average 
potential energy of a nucleon. For g~1 (intermediate 
coupling) the treatment cannot be handled in a straight- 
forward manner. However, for g somewhat larger than 
one, the last odd nucleon may appreciably polarize the 
nuclear core to a nonspherical equilibrium shape. In 
addition Alder et a/.° have given an approximate sum 
rule for the case of intermediate coupling which states 
hat the >> B(£2).x. for an odd-A nucleus should be 
approximately equal to the B(/2, 0 — 2) for a neigh- 
boring even-even nucleus. A sum greatly exceeding this 
value implies an appreciable polarization produced by 
the last nucleon and may indicate that the coupling 
scheme is approaching that of a deformed nucleus. 
Taking k=40 Mev, we find ¢ to be between 4 and 6 
from the neighboring even-even nuclei about Ag!™, 
Ag’, and Rh™. The sum of the B(E2)ex- is (5 to 6) 
X<10~* cm‘ while the B(E2, 0 — 2) for the neighboring 
even-even nuclei are (5 to 9)X10~ cm‘. The results 
would imply that the coupling scheme is not approach- 
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ing that of a deformed nucleus. In addition, if these 
nuclei are y unstable, the odd nucleon is not tending 
to stabilize the core about axial symmetry. 

Nilsson has also given a relation,* 


3u= (gi—gr)a—3getgitsgr, 


between the magnetic moment and the decoupling 
factor a, which appears in the expression for rotational 
energy for odd-A nuclei with Q=}. This relation is 
applicable for J>=Q=K=3 and odd parity. Using free 
nucleon values for g; and g, and taking a~%, which is 
deduced from the observed levels in Ag, Ag’’, and 
Rh'™, we find ge~2. This result would imply that the 
excitation spectrum in Ag™, Ag'®’, and Rh! is not 
rotational. 

From the even-even nuclei of cadmium g is 2.5 and 
the sum of the B(E2).x.. in Cd" and Cd™ is 5.0 and 
2.5X10-* cm‘, respectively, while the B(E2, 0 — 2) 
for Cd", Cd!, and Cd" are between 5.0 and 5.8 10-” 
cm‘. In the region of Mo” and Mo” q is 1.8 and the 
sum of the B(E2).x- is 0.35X10-" cm‘ for Mo® while 
the B(E2, 0—2) for Mo“ and Mo* are 2.7 and 
3.0X10-" cm‘. Alder et al.® have pointed out that, 
when the >> B(E2).x- in odd-A nuclei is appreciably 
smaller than the B(E2, 0— 2), one may conclude that 
there exist strong quadrupole transitions as yet unde- 
tected. In the case of Mo*, Mo*’, or Nb”, it seems 
rather unlikely that we may have missed detecting any 
strong quadrupole transitions with an excitation energy 
less than 1 Mev. 


VI. CONCLUSIONS 


From the angular distribution measurements, the 
spins of twenty excited states in odd-mass nuclei have 
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been assigned. The gamma radiation from the de- 
excitation of fifteen of these states was mixed M1-E2 
radiation and the ratio (E2/M1)! was determined from 
the angular distributions. Measurements of the polari- 
zation-direction of the radiation from 9 transitions have 
resolved the ambiguity either in the value of (E2/M1)! 
or in the spin of the excited state. In the case of tran- 
sitions in TP, Tl}, and Mo®, a polarization-direction 
measurement provided a more accurate measurement 
of (£2/M1)!.-This information combined with the 
cross section for excitation has yielded the B(M1)aq for 
16 transitions. 

In the past, polarization-direction correlation meas- 
urements of successive nuclear transitions were per- 
formed primarily to determine the relative parities of 
excited states involving the emission of pure multipole 
radiation. In this case, if the angular distribution were 
isotropic, the polarization-direction correlation was also 
isotropic, i.e., P(6)=1. For mixed transitions, if the 
angular distribution is isotropic, the polarization- 
direction correlation is not necessarily isotropic, i.e., 
P(@)¥1. As an example, the directional correlation for 
the sequence }(Q)3(£2+-M1)} is isotropic for (E2/M1)! 
=—3.65 but P(@=7/2) is 2.52 if the polarization- 
direction of the mixed radiation is measured. Such a 
case has already been encountered in our measurements. 
The angular distribution of the 300-kev gamma ray 
following Coulomb excitation in Cd"* was nearly 
isotropic but the polarization-direction correlation was 
quite large. 

Information obtained from Coulomb excitation of 
odd-mass nuclei does not appear to enable one to decide 
whether the “free vibration” or the “shape unstable” 
model gives a better description of the regularities 
observed in the neighboring even-even nuclei. 
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Gamma Radiation from N“*+d and C"+d7 
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A magnetic-lens pair spectrometer with 2.5% resolution has been used to study radiations produced by the 
bombardment of N“ and C® by deuterons from a Van de Graaff accelerator. Gamma rays from the bombard- 
ment of N™ with 4.5-Mev deuterons were observed wtih quantum energies of 8.321+0.020, 9.07+0.04, 
10.03+0.04, and 10.81++0.04 Mev. The detection of radiation from the 10.81-Mev level of N™, in competi- 
tion with proton emission, indicates a small proton width for this level and an argument is advanced for the 
assignment of spin and parity values of }* to this state. Gamma rays from the bombardment of C¥ with 
4.5-Mev deuterons were observed with energies of 4.897+0.025, 5.102+0.025, 5.669+0.025, 5.83340.030 
(not Doppler-corrected), 6.090+0.020, 6.419+0.030, 6.700+0.025, 7.012+0.025,“and 7.323+0.025 Mev. 
Experiments were performed which indicate conclusively that the 4.46-Mev y ray from the bombardment 
of C™ by deuterons is from B™. All y-ray energies listed have been corrected for Doppler shift except where 


indicated. 


INTRODUCTION 


URVEYS of y radiation from the deuteron bombard- 

ment of C and N™ have been made previously 
with the magnetic-lens pair spectrometer used in the 
experiments reported in this paper.!~* The present work 
has been done with a modified version of the spec- 
trometer which is capable of detecting y radiation in 
the energy range of 2.7 to 13.8 Mev with 2.5% resolu- 
tion so that radiation from the N+d reaction with 
energies higher than 9.2 Mev could be studied with 
better resolution than was available earlier. In addition 
improvements have been made in the target mounting 
and coincidence-count recording methods with the 
result that the y energies and yields have been obtained 
with greater accuracy. 


APPARATUS 


The modified version of the spectrometer is shown 
in Fig. 1. The small center coil previously used to 
reduce the magnetic field intensity at the midpoint of 
the spectrometer has been replaced by two coils of 
approximately trapezoidal cross section designed to 
increase the field at the ends of the spectrometer. Thus, 
the magnetic field gradient on which the intermediate 
image focusing effect depends was obtained with a 
more efficient use of power. 

The minimum energy y ray which the spectrometer 
can detect is determined as much by the amplitude of 
the pulses available at the input of the coincidence 
circuit as by the falloff of pair conversion coefficients 
with decreasing y-ray energy. A change in the type 
of plastic scintillating material used to detect the elec- 
trons together with slight modifications of the light 
piping arrangement gave an increase in pulse amplitude 
of about 50% for a given energy y ray. In addition a 


t Supported in part by the U. S. Atomic Energy Commission. 

1 Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955). 

2 Bent, Bonner, McCrary, Ranken, and Sippel, Phys. Rev. 99, 
710 (1955). 

3 Bent, Bonner, McCrary, and Ranken, Phys. Rev. 100, 771 
(1955). 


20-channel pulse-height analyzer is now used to record 
the coincidence pulses so that true coincidence pulses 
can be more reliably distinguished from chance coin- 
cidence and zero-field background. As a result of these 
changes, y radiation with energy as low as 2.7 Mev can 
now be detected with reasonable efficiency. 


N“+d 


Previous observations of high-energy (greater than 
9.2 Mev) y rays from N“+d reaction were made with 
a ring-focus spectrometer having 3.6% resolution. 
These observations have been repeated in the y-ray 
energy range of from 8 to 11 Mev with the intermediate- 
image spectrometer with a resolution of 2.4%. The 
spectrum obtained when ZrN targets pressed onto 
silver foils were bombarded with 4.5-Mev deuterons 
is shown in Fig. 2. For the spectrum between 8.2 and 
10.1 Mev the ZrN thickness was 29.4 mg/cm? and the 
Ag thickness 12.8 mg/cm?. For the region from 9.9 to 
11.1 Mev a target with 17.2 mg/cm? of ZrN and 25.3 
mg/cm? of Ag was used. 

The yield of 10.03-Mev y radiation was essentially 
the same for the two targets since the latter target 
was sufficiently thick to utilize most of the deuteron 
energy above the 1.7-Mev threshold for forming the 
10.07-Mev level in N®. 
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Fic. 1. Diagram of modified intermediate-image 
magnetic-lens pair spectrometer. 
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Fic. 2. The internal pair spectrum from"the bombardment 
of thick ZrN targets with 4.5-Mev deuterons. 


The energies and relative yields of the y rays observed 
are listed in Table I. Four y rays with Doppler-corrected 
energies of 8.321, 9.07, 10.03, and 10.81 Mev were 
observed. The three reactions which might be expected 
to give high-energy 7 radiation are: 


N"(d,p)N",O= 8.609 Mev; (1) 
N(d,n)O%,0= 5.122 Mev; (2) 
N*(d,a)C?,0= 13.570 Mev. (3) 


Reaction (2) can be eliminated as a possible source 
of the y radiation observed since levels in O' above 
8 Mev are more likely to decay by proton emission 
(the Q value of N“+ is 7.35 Mev). States in O¥ 
above 9.02 Mev cannot be formed with 4.5-Mev 
deuterons. 

The possibility that the 10.81-Mev y ray is from the 
10.8-Mev state’ in C!* needs to be considered. However, 
no y radiation from this state has been observed in 
other nuclear reactions. Gove et al.> have observed y 
radiation in coincidence with protons from the B!- 
(He’,p)C” reaction. Their measurements show the 
existence of a relatively intense 15.10-Mev y ray and 
a much weaker 12.76-Mev y ray, but no y ray of 10.8 
Mey, indicating that the 10.8-Mev state in C decays 
primarily by a emission forming Be’ either in the ground 
state or the first excited state. 

Levels in N with energies of 10.458, 10.544, 10.705, 
and 10.811 Mev have been observed by magnetic 
analysis of proton groups from the N'(d,p) reaction.® 
For a deuteron bombarding energy of 7.0 Mev the 
proton groups associated with these levels have about 
the same intensity. These levels lie above the separation 
energy of 10.207 Mev for C%+~ . All but the lowest 
of these levels have been observed as resonances in 


*V. R. Johnson, Phys. Rev. 86, 302 (1952). 

5 Gove, Litherland, Almqvist, Bromley, and Ferguson, Bull. 
Am. Phys. Soc. Ser. II, 2, 51 (1957). 

6 Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 


96, 1316 (1954). 
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C(p,yo) reaction; from this experiment the radiation 
widths of the 10.71 and 10.81 Mev levels have been 
found to be 0.12 and 0.01 ev, respectively, but the total 
widths of these resonances have not been measured.’ 
The Doppler-corrected energy of the y radiation 
observed in this energy region in the present experi- 
ment is 10.81 Mev, but it is possible, in view of the low 
intensity of this y radiation, that the observed peak 
represents almost equal contributions of 10.71- and 
10.81-Mev radiation. The intensity of this radiation 
relative to that of the radiation from the bound energy 
state of 10.07 Mev requires that the proton widths of 
the contributing level be very small. Furthermore, if 
the 10.71- and 10.81-Mev levels are assumed to be 
equally populated by the N'(d,p) reaction, then the 
fact that the intensity of the 10.81-Mev radiation is 
greater than or equal to the intensity of the 10.71-Mev 
radiation indicates that the proton width of the 10.81- 
Mev level must be at least a factor of twelve (the 
ratio of the gamma widths) less than the width of the 
10.71-Mev level. These two levels have each been 
assigned spin and parity values of $~ from angular 
distributions of the ground state y rays from the 
C(p,yo) reaction as measured by Bartholomew et al.’ 
However, these authors point out that the distribution 
expected if the 10.81-Mev state were $+ is just outside 
the error limit of the observed distribution. If these 
states are both 3~, then the factor of twelve difference 
in the proton widths indicates that the reduced widths 
differ by a factor of twenty-three. However, if the 
10.81-Mev state is $+, then it requires protons of /=2 
to be formed by the C+ reaction and, assuming the 


TABLE I. Gamma-ray energies and yields from 
N"(d,p)N!® and N*(n,y)N®. 





Energy* 

Relative of levels 
gamma in N16 
intensity (Mev) 


(5.276 

\5.305 
6.330 
7.165 
7.314 
7.575 
8.316 
8.571 
9.062 
9.165 
9.834 
10.069 
10.458 
10.544 
(10.705 
\10.811 


N'4(n,7)N184 
y's per 100 
captures 


Ey Mev 
I Seppler- 


Ey Mev 
corrected 


Observed* 


5.26 47° 
6.33 


E 
(Mev) 
5.263 
5.293 
6.323 


5.29 
6.36 


7.305 
7.57 
8.313 
8.54 
9.03 


7.34 7.31 


8.356 8.321+0.020 


9.11 9.07 +0.04 


10.08 10.03 +0.04 


10.81 +0.04 


* Data for y's of energy less than 8 Mev are taken from Bent, et al. 
> The cross section for the 8.356-Mev y ray averaged over the energy 
interval of Ea =1.6 to 4.5 Mev is 7.7 mb. 


¢Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 96, 1316 
(1954). 

4G, A. Bartholomew and P, J. Campion, Can. J. Phys. (to be published). 
© Includes some contribution from 015(5.29 Mev). 


7 Bartholomew, Browne, Gove, Litherland, and Paul, Can. J. 


Phys. 33, 441 (1955). 
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reduced widths of the two levels to the same, the 
proton width of the 10.71-Mev level would be seventeen 
times the width of the 10.81-Mev level. Thus, the 
present data tend to support a $+ assignment for the 
state at 10.81 Mev. 

Bartholomew ef al. have conjectured that either the 
10.46 or 10.07 Mev is responsible for the magnitude of 
the (m,y) and scattering cross sections for thermal 
neutrons reacting with N™. A state with large y and 
neutron width and small proton width, and with spin 
and parity values of $+ or 3+ is required to explain 
these cross sections. The fact that, in the present 
experiment, the intensity of y radiation from the 
10.46-Mev level, which is populated as strongly as the 
10.81-Mev level, is less than half the intensity of the 
10.71- and 10.81-Mev radiation, excludes the assign- 
ment of a large y width to the 10.46-Mev level. (Al- 
though the 10.46-Mev state may decay by y cascade, 
a 3* or $+ assignment would mean the y-ray transition 
had an £, multipolarity and hence this level should 
not show any greater tendency to cascade than the 
two higher energy levels for which $— assignments 
mean M, ground state transitions.) Although the in- 
tensity of the ground state y radiation from the 10.07 
Mev is relatively high, this level seems too remote in 
energy from the neutron excitation energy of 10.833 
Mev to be responsible for the (m,y) and thermal- 
neutron scattering cross sections of N'. The 10.811- 
Mev level is only 22 kilovolts below the thermal- 
neutron capture excitation energy of 10.833 Mev. In 
addition, the proton width of this state is apparently 
quite small and the ratio of y to proton width relatively 
large. These considerations, taken in conjunction with 
a $+ spin and parity assignment, indicate that this 
level may be responsible for the (”,y) and (n,m) cross 
sections of N™. 

The other y rays listed in Table I agree quite well 
with known energy levels in N'° and so there is little 
doubt concerning their assignment. The level scheme 
for N’® is shown in Fig. 3. It appears that the peak at 
9.11 (Doppler-corrected to 9.07 Mev) should be assigned 
to the 9.06-Mev level of N'® rather than to the 9.16- 
Mev level.? The shape of the peak at 9.11-Mev suggests 
the presence of radiation from the 9.16-Mev state to 
ground with an intensity of about 50% or less of the 
9.11-Mev y ray. Similarly, the shape of the peak at 
10.08 Mev suggests some contribution from ground 
state radiation from the 9.83-Mev level with an in- 
tensity of 30% or less of the 10.09-Mev radiation. The 
region around 8.57 Mev was carefully searched in an 
attempt to detect ground state radiation from a N!® 
level of this energy. The intensity of this radiation was 
found to be less than 7% of the 8.32-Mev intensity. 
This limit to the intensity agrees with the ratio found 
by Bartholomew and Campion® from the N'(m,7)N™® 


8G. A. Bartholomew and P. J. Campion, Can. J. Phys. (to be 
published). 


N'4+d AND C!8+4¢ 


N!5 


Fic. 3. Energy levels of N'® and y rays from N'“(d,p)N® 
observed in this experiment. 


reaction (O= 10.833 Mev). However, these authors 
find the intensity ratio of the 9.16- to 9.06-Mev y rays 
to be 5 rather than the value of <0.5 suggested by the 
present results. Such a difference in intensities is not 
too surprising for levels in N' close to the thermal- 
neutron excitation energy of 10.833 Mev since in the 
neutron capture reaction these levels must be populated 
by low-energy cascades whereas for the (d,p) reaction 
they may be populated directly. As an illustration of 
this point, the N™(m,7)N!®* reaction yields no detec- 
table radiation of energies 9.83 and 10.07 Mev. 


C"+d 


The y-ray spectrum obtained by Bent ef al.’ from 
C® bombarded by 2.0-Mev deuterons revealed the 
presence of a weak 4.46-Mev y ray. The origin of this 
y ray was uncertain. The three reactions which might 
yield radiation of this energy are: 


C8 (d,n)N“,0=5.317 Mev; 
C8 (d,p)C4,O= 5.944 Mev; 
C¥(d,a)B",O= 5.163 Mev. 


The level schemes for N', C, and B" are given in 
Fig. 4. The known states in N™ below 5 Mev have all 
been observed by at least three different reactions so 
that it is very unlikely that a state at 4.46 Mev would 
not have been detected. The possibility exists, however, 
that the 4.46-Mev y ray might arise from a cascade 
transition from an unreported level at 6.77 Mev to the 
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B"' 


2.31-Mev first excited state of N'*. A second possibility 
is that the 4.46-Mev radiation is from an unobserved 
level of this energy in C'. The assumption that such 
a level could be detected by the pair spectrometer and 
missed by magnetic analysis of the proton groups 
from the C¥(d,p) reaction requires that level be a 
very weak 0* state, decaying to the 0* ground state 
by the emission of a nuclear pair. (The spectrometer 
is roughly 1000 times more sensitive to nuclear pair 
emission than to y-ray emission.) The third possibility 
is that the y ray is from the 4.46-Mev second excited 
state of B“. Some objection to this assignment results 
from the failure of Thomas and Lauritsen® to observe 
a 2.14-Mev vy ray from this reaction corresponding to 
the decay to ground of the first excited state of B". 
It is known that the radiation does not result from C”” 
+d reactions since it was not observed when a natural 
carbon target was bombarded by 4.0-Mev deuterons.! 
A series of experiments has been undertaken in an 
attempt to determine the source of the 4.46-Mev 
radiation. The target used in the first of these experi- 
ments was a 2.28 mg/cm? thick foil of carbon, enriched 


TABLE IT. Relative intensities of 4.46- and 5.10-Mev 
y rays from C¥+d. 





Relative intensities 











Ea (Mev) Ey =4.46 Mev Ey =5.10 Mev 
1.5 (internal pairs) 0.7 §2 
2.0 (internal pairs) 2.5 10 
2.0 (external and internal pairs) 6 25 


®R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 


Cc 


N'4 


Fic. 4. Energy levels of N“, C, and B", and y rays observed from C+d in this experiment. 


to 68% C. Since good resolution was not required, 
the width of the annular slit located at the midpoint of 
the spectrometer axis was increased so that the trans- 
mission for pairs was augmented by a factor of about 
ten while the resolution changed from 2.4% to 3.6%. 

The height of the 4.46-Mev peak was compared to 
the peak height of the 5.10-Mev y ray from N" for 
deuteron bombarding energies of 1.5 and 2.0 Mev. 
The 4.46-Mev y ray was detected for the 1.5-Mev 
bombarding energy although it was considerably 
weaker, relative to the 5.10-Mev y ray, than when 
observed with the deuteron energy equal to 2.0 Mev. 
The relative intensities are given in Table IT. Since the 
threshold for production of a state at 6.77 Mev in N™ 
via the C¥+d reaction is 1.67 Mev, the fact that it 
was detected at all for the 1.5-Mev deuteron energy 
eliminates the N" nucleus as a possible source of the 
7 ray. 

To test the conjecture that this radiation might be 
from a weak 0* first excited state of C4, a 0.41 mg/cm? 
68% C* foil was mounted onto an 89-mg/cm? thick 
thorium foil and bombarded by 2.0-Mev deuterons. 
For the 4.46-Mev peak the ratio of the yields of 
external and internal pairs vs internal pairs alone was 
2.4, in close agreement with the ratio given by theoreti- 
cal expressions for the internal pair conversion co- 
efficients and the cross section for the pair production 
in thorium. In addition, as is shown in Table II, the 
ratio of the intensities of the 4.46- to the 5.10-Mev 
y ray is the same within experimental error, as the 
ratio when internal pairs were observed. Furthermore, 
the energy shift caused by the thorium radiator was 
the same for the 4.46-Mev peak as for the 6.09-Mev 











GAMMA RADIATION FROM N?#4+d AND C?!3+d 


TABLE III. Energies, assignments, and yields of 
y rays from C%+d. 





Ey Ey Cross 
Observed Doppler-corrected Assignment section 
(Mev) (Mev) (energies in Mev) (mb)* 
4.923 4.897+0.025 N*(4.910 — 0) 27 
5.128 5.102+0.025 N*(5.104 — 0) 48 
5.699 5.669+0.025 N"*(5.686 — 0) 19 
5.833 one N4(5.829 — 0) 13 
6.123 6.090+0.020 C#(6,091 — 0) 131 
6.457 6.419+0.030 N"(6.44 — 0) 18 
6.738 6.700+0.025 C#(6.723 — 0) 68 
7.053 7.012+0.025 N*(7.02  — 0) 28 
7.365 7.323+0.025 C4(7.35 — 0) 12 


*® Target thickness =290 kev; bombarding energy 4.5 Mev. 


C* peak, which was also observed in these experiments. 
If the line were due to nuclear pairs the 4.46-Mev peak 
should be weaker, relative to the 5.10-Mev y ray, by a 
factor of 2.4 and the energy loss for the electron- 
positron pair in the thorium radiator should be twice 
the average energy loss for externally produced pairs. 
Thus, it is apparent that the 4.46-Mev peak is not a 
nuclear pair line and hence it is very unlikely that it is 
from C, With both C™ and N* eliminated as sources 
of the radiation it is clear that the 4.46-Mev peak is 
the ground state y-ray transition from the second 
excited state of B™. 

The y-ray energies obtained by Bent e¢ al.’ for the 
C%+d reaction did not show very good agreement with 
level energies measured by other authors.’ Possible 
sources of error include low counting rates and un- 
certainties in Doppler-shift corrections. In addition, 
uncertainties in correcting for the loss of energy by 
positrons and electrons in the moderately thick targets 
and target backings which have been used in the past 
constitute a third source of error. The latter source can 
be eliminated, in some cases, by eliminating the target 
backing material and reducing the target thickness to 
a minimum consistent with the requirement of high 
y-ray yields. This procedure has been followed in the 
experiment reported below. 

The C® target described above was mounted without 
any backing material and bombarded with 4.5-Mev 
deuterons. The y-ray spectrum was observed in the 
energy range of 4.7 to 7.7 Mev with 2.4% resolution 
and is shown in Fig. 5. The energies of y rays observed 
are 4.897, 5.102, 5.669, 5.833, 6.090, 6.419, 6.700, 7.012, 
and 7.323 Mev. These energies are listed in Table III 


~ 0 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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Fic. 5. The internal pair spectrum from the bombardment of a 
2.28 mg/cm? carbon target (68% C™) with 4.5-Mev deuterons. 


along with the assignments and yields of the y rays. 
For these measurements the spectrometer was cali- 
brated on the basis of the energy of the nuclear pair 
lines from O'* being 6.053 Mev. In making the calibra- 


. tion run, a 0.84-mg/cm?* CaF, target was evaporated 


onto a 0.2-mg/cm? Al electroscope foil and bombarded 
with 4.4-Mev protons. The cross sections for y produc- 
tion are based on the known cross section of the F- 
(p,am)O'* reaction," corrected for the efficiency of the 
spectrometer for the different y-ray energies and multi- 
polarities. Where the multipolarity is not known, M1 
radiation has been assumed. 

The weak 5.83-Mev y ray, a ground state transition 
from the 5.83-Mev level in N“, has not been observed 
previously from the C¥(d,n)N* reaction. This energy 
has not been Doppler-corrected since this level is 
known’ to decay by low-energy cascade to the 5.10-Mev 
state in N“ and hence is presumably much longer lived 
than the other levels in N. The 7.32-Mev y ray was 
assigned to a level in N“ at about 7.4 Mev by Bent 
et al.,! but it is now apparent that it is from a level in 
C™ at 7.35 Mev, since such a level has been observed 
in the C¥(d,p)C* reaction.!? In addition, a new accurate 
value of the energy of the level in N“ near 7.4 Mev 
has been determined by the neutron threshold method 
as 7.469 Mev, which makes it certain that the y ray 
at 7.32 Mev comes from C and not N™. The other 
assignments listed in Table III are the same as those 
made previously. 

1! Ranken, Bonner, and McCrary (to be published). 

—- Warburton, and Bender, Phys. Rev. 100, 735 
' 18 F Gabbard and T. W. Bonner (to be published). 
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Directional Correlation of the Gamma Rays of Se’*t 
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Directional correlation measurements have been made on the 0.65 Mev-0.55 Mev, 2.05 Mev-0.55 Mev, 
and 1.40 Mev-1.20 Mev gamma-ray cascades in Se”® following the beta decay of 26.8-hr As’*. The energy 
levels of Se7® were found to have spins 0+, 2+, 2+, and 3+ in order of increasing energy. The 0.55- and 
1.20-Mev gamma rays are pure electric quadrupole; the 0.65-Mev gamma ray almost pure electric quad 
rupole (<1% dipole); the 1.40-Mev gamma ray pure magnetic dipole; and the 2.65-Mev gamma ray a 
mixture of 95% electric quadrupole and 5% magnetic dipole. A possible explanation of the decay scheme 


in terms of vibrational] levels is presented. 





I. INTRODUCTION 


HE decay of 26.8-hr As’® has been investigated 
by many authors.'-* The presently accepted 
scheme which was proposed by Kraushaar and Gold- 
haber‘ and confirmed by Kurbatov, Murray and Sakai 
is shown in Fig. 1. Directional correlation measurements 
have been made previously on the 0.65 Mev—0.55 Mev 
cascade. On the basis of results which were obtained 
without energy selection, Kraushaar and Goldhaber* 
assigned spin 2+ to both the 0.55-Mev and 1.20-Mev 
levels with the 0.65-Mev gamma ray consisting of 
20-66% dipole and 80-34% quadrupole radiation. 
Metzger and Todd® repeated this correlation using 
pulse-height selection and confirmed the 2-2-0 assign- 
ment. Their results indicated that the 0.65-Mev gamma 
ray is almost pure quadrupole (Q>85%). 

Assuming the ground state of As’® to be 2— on the 
basis of Nordheim’s rules’ and considering beta-decay 
data and relative intensities, Kurbatov ef al.’ made a 
probable assignment of 3+ to the 2.60-Mev level. (The 
ground-state spin of As’® has since been measured to 
be 2 by an atomic-beam method.**) It was decided to 
investigate the 2.05—-0.55 and 1.40-1.20 correlations to 
make a definite spin assignment to the 2.60-Mev level 
and to reinvestigate the 0.65-0.55 correlation. 

The observed gamma-ray spectrum (Fig. 2) and 
summing spectrum are in agreement with the decay 
scheme reported by Kurbatov et al. 


II. EXPERIMENTAL PROCEDURE 


A conventional fast-slow coincidence circuit was used 
for the measurements. It has an effective resolving time 


t Supported in part by the Michigan Memorial Phoenix Project 
and in part by the Office of Naval Research. 
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of 1X10-* second. The instrument has been described 
in a previous paper.!® The scintillation counters con- 
sisted of 2-in.X2-in. NaI(T]} crystals mounted on 
RCA type 6342 photomultipliers. The counters were 
shielded frontally by 3% in. of aluminum. Although 
differential discrimination was used to provide energy 
selection, lateral lead shielding was also employed in 
some measurements to eliminate coincidences due to 
scattering. 

The source material was obtained from Oak Ridge. 
It was in the form of As dissolved in dilute HCI. Small 
amounts of Sb'*? and Sb™ were present in the source 
material. The decay was carefully studied, and it was 
found that the effect of the contamination on the cor- 
relations was negligible. The liquid source was contained 
in a cylindrically shaped Lucite holder § inch in di- 
ameter and ? inch in length. All correlations were done 
with the source centrally mounted, a distance of 10 
cm from the front face of each crystal. 

The half-life of the 0.550-Mev excited state has been 
measured to be (2.3+1.5)X10-" sec," and the half-life 
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Fic. 1. Decay scheme of As’* proposed by Kurbatov et al.* 
The numbers in parentheses are the relative intensities. 
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DIRECTIONAL 


of the 1.20-Mev state is expected to be short. Because 
of this and the fact that the source was in a dilute 
solution, the measured correlation functions should 
not be attenuated due to extranuclear fields. 

The data were taken in the sequence 90°—(90°+@)— 
(270°—@)—270°, running 5 min at each angle. Measure- 
ments of the accidental coincidence rate were taken 
periodically. The real-to-accidental ratio was greater 
than 5 to 1 for all the correlations. The real coincidence 
rate was normalized by dividing by the two single 
counting rates N, and N» and multiplying by 
N,(180°)N2(180°). This method provided sufficient 
correction for source lifetime effects, source alignment, 
and any slight drift in the singles rates. A least- 
squares fit of the data was made to the function 
W (0)=1+ Ae’ P2(cos@)+A,4'P4(cos@), where P, is the 
Legendre polynomial of order &. Annihilation radiation 
was used to correct for the effect of finite angular 
resolution.’ This correction was applied to the nor- 
malized expansion coefficients As’ and A,’ giving the 
corrected coefficients Az and A. 


III. RESULTS 
0.65-Mev—0.55-Mev Correlation 


Both differential discriminators were set at position 
A as shown in Fig. 2 so as to include both the 550-kev 
and 650-kev photopeaks. Lateral lead shielding was 
used for this correlation. The data are shown in Fig. 3. 
The solid curve is the least-squares curve corrected for 
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the decay of As’”®, 
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Fic. 3. Directional correlation of 0.65-0.55 Mev cascade. The 
solid curve 1s the least-squares curve corrected for finite geometry 
and the broken curve the theoretical correlation function for a 
2(Q)2(Q)0 sequence. 


finite geometry and the error flags indicate the root- 
mean-square statistical errors of the experimental 
points. The broken curve is a plot of the theoretical 
correlation function for a 2(Q)2(Q)0 cascade. The 
experimental values of the expansion coefficients cor- 
rected for finite geometry are A2= —0.042+0.015 and 
A,4=0.319+0.023. The errors quoted are those defined 
by Rose in Eq. (30).!* If one assumes a spin of 0+ for 
the ground state of Se’® (even-even nucleus), the 
experimental coefficients are not compatible with any 
combination of spins considering pure dipole or quad- 
rupole radiation. If a mixture in the 650-kev transition 
is considered, only the 2(D,Q)2(Q)0 sequence will fit 
the data. 

The mixing parameter 6 is defined as the ratio of the 
reduced matrix elements 8 and a for quadrupole and 
dipole radiation, respectively. If 5=8/a, then 6? is 
equal to the ratio of the intensities of quadrupole and 
dipole radiation. Q, the quadrupole content, will be 
equal to 6°/(1+?), and the dipole content will be 1—Q. 
In Fig. 4 the values of A» and A, are plotted vs Q for a 
2(D,Q)2(Q)0 sequence. The error flags represent the 
experimental values of A» and A,. From Fig. 4 it is seen 
that the data are consistent with a value of Q equal to 





13M. E. Rose, Phys. Rev. 91, 610 (1953). 
4L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 











RE. GrthUeky FR, 


1) 0.2 0.4 0.6 0.8 1.0 


Fic. 4. Az and A, versus Q, the quadrupole intensity, for a 
2(D,Q)2(Q)0 sequence. The shaded regions show the values of Q 
corresponding to the experimental values of A» and A,. 


0.997+0.002. This is in agreement with the value of 
Q>0.85 found by Metzger and Todd.® 

It can thus be concluded that the first and second 
excited states have spins of 2+ and that the 0.650- 
Mev gamma ray is a mixture of 99.7+0.2% electric 
quadrupole and 0.3-F0.2% magnetic dipole radiation. 


2.05 Mev—0.55 Mev Correlation 


For the 2.05 Mev-0.55 Mev correlation, one dis- 
criminator was set integrally at C and the other 
differentially at D as shown in Fig. 2. Lateral lead 
shielding was used for this correlation. Because of the 
low coincidence rate, data were taken at only four 
angles. The experimental data and least-squares curve 
corrected for finite geometry are shown in Fig. 5. The 
corrected coefficients are A2,=—0.027+0.022 and 
A,=—0.075+0.033. The negative value for A, rules 
out the combinations 4(Q)2(Q)0 and 2(D,Q)2(Q)0 
since both require a positive Ay. The data can best be 
explained by the sequence 3(D,Q)2(Q)0. In Fig. 6 the 
theoretical values of A» and A, are plotted vs Q, the 
quadrupole content of the 3-2 transition. It is seen 
that the experimental values of Az and A, are com- 
patible with a value of Q=0.948+0.014. Since an 
E1-M2 mixture of this magnitude is very unlikely, 
it is reasonable to conclude that the 2.05-Mev gamma 


AND M. L. 


WIEDENBECK 





ray consists of 94.8+1.4% E2 and 5.214% M1 
radiation. On the basis of this and the selection rules 
for gamma transitions, a value of 3+ can be assigned 
to the 2.60-Mev level. This assignment agrees with that 
of Kurbatov ef al.,5 which was made on the basis of 
log ft values and relative intensities. 

The data can almost be explained by a 1(D,Q)2(Q)0 
sequence. However, a spin of 1 for the upper level is 
very unlikely because of the absence of the 2.60-Mev 
crossover transition. 


1.40 Mev—1.20 Mev Correlation 


For this correlation the discriminators were both set 
integrally at position B (Fig. 2) so as to include every- 
thing above the 1.20-Mev photopeak. No lateral lead 
shielding was needed. The data are shown in Fig. 7, 
the solid curve being the least-squares curve corrected 
for finite geometry and the dotted curve the theoretical 
curve for a 3(D)2(Q)0 combination. The corrected 
experimental coefficients are A2= —0.076+0.022 and 
A4= —0.003+0.032. It is seen that the error in A, is 
ten times larger than the coefficient itself. Thus the 
existence of any A, is questionable. When only A: is 
considered, a value of A2= —0.077+0.019 is obtained. 
This is in good agreement with the theoretical value of 
A,=—0.0714 for a 3(D)2(Q)0 cascade. Considering 
this sequence, the maximum amount of quadrupole 
admixture in the 3-2 transition consistent with the data 
is 0.05%. The data can also be explained by the se- 
quence 1(D,Q)2(Q)0. However, the possibility of spin 
1 for the 2.60 level has already been ruled out. 

Thus a spin of 3+ can be assigned to the 2.60-Mev 
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Fic. 5. Directional correlation of 2.05-Mev—0.55-Mev cascade. 
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level with the 1.40-Mev gamma ray being almost pure 
M1. 


IV. SUMMARY AND DISCUSSION 


The results of the correlations confirm the assign- 
ment of 0+, 2+, 2+, 3+ to the energy levels of Se”® 
in order of increasing energy. The 0.55-Mev and 1.20- 
Mev gamma rays are found to be pure £2 radiation, 
the 0.65-Mev gamma ray 99.7+0.2% E2 and 0.30.2% 
M1, the 2.05-Mev gamma ray 94.8+1.4% E2 and 
5.214% M1, and the 1.40-Mev gamma ray almost 
pure M1. 

In the intermediate regions between closed-shell 
nuclei and those nuclei with many particles in unfilled 
shells, excited states corresponding to quadrupole 
vibrations about a spherical equilibrium shape are 
expected. An enhancement of £2 transition proba- 
bilities is usually associated with these vibrational 
states. A review of the theory of vibrational excitations 
and a summary of experimental data on nuclei in these 
regions has been presented in the review article on 
Coulomb excitation by Alder et al.’ 

Se”® is one of the nuclei which exhibits vibrational 
states. The first excited state in Se’® has been reached 
by Coulomb excitation, and the cross section for this 
process was found to be much larger than the cross 
section expected for a single-particle excitation.'® This 
is strong evidence that the excitation is due mainly to 
a cooperative vibrational motion involving many 
nucleons. Thus the first excited state is mainly the 
result of a one-phonon vibrational excitation. 
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Fic. 6. Az and A, versus Q for a 3(D,Q)2(Q)0 sequence. The 
shaded areas indicate the values of Q corresponding to the experi- 
mental values of As and A,. 


16 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 
(1986) M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
6). 


CORRELATION 


OF THE GAMMA RAYS 





w (0) 
L02F 











T I 
90° 120 e 150 


180° 


Fic. 7. Directional correlation of 1.40 Mev—1.20 Mev cascade. 
The solid curve is the least-squares curve corrected for finite 
geometry and the broken curve the theoretical correlation func- 
tion for a 3(D)2(Q)0 combination. 


The ratio of the energies of the second and first 
excited states and the fact that the 0.65-Mev gamma 
ray is almost pure £2 indicate that the second excited 
state is also mainly vibrational in character, probably 
a two-phonon vibrational excitation. [f there were no 
coupling between the vibrational motion and the indi- 
vidual particle motion of the outer nucleons, the two- 
phonon vibrational state would be threefold degenerate 
with spins 0, 2, 4 and even parity. However, this 
coupling, which can be very complex, usually splits 
the three levels. The very different nature of the two 
transitions originating from the third excited state is 
difficult to understand. One possibility is that the third 
excited state is due to a two-phonon vibrational ex- 
citation coupled with a single-particle excitation of the 
ground-state configuration. If this is true, then the 1.40- 
Mev gamma ray occurs between two states with the 
same number of phonons and is primarily a single- 
particle transition. This could account for the fact 
that the 1.40-Mev gamma ray is almost pure dipole 
radiation. However, the 2.05-Mev transition would 
require both a change in phonon number and particle 
excitation. This could give an enhanced £2 transition 
probability and might account for the large E2 com- 
ponent in the 2.05-Mev transition. 
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A new method employing millimicrosecond time measurement has been used to study neutron total cross 
sections in the 2- to 30-kev energy range. The method has been applied to the nuclides Na®, Al??, P3!, K3, 
K*, Rb®, Rb§7, Sr8®, Sr88, Y®, Bi®*, and to natural Ti, Se, and Pb. A general result is that with the improved 
resolution of the new instrument, some new levels have appeared and a few previously reported were not 
observed. Of some special interest is the 2.8-kev resonance in Na® which was definitely shown to have J =1, 
oo9=380+10 barns. It was observed that the strength function drops about a factor of ten when two protons 


are added to Rb*? to make Y®. 


INTRODUCTION 


OR studying the interaction of neutrons with 

nuclei, neutrons of well-defined energies are re- 
quired. There are two general methods for obtaining 
such neutrons. The Van de Graaff electrostatic genera- 
tor can be used with suitable choice of target and ac- 
celerated positive ion to produce,neutrons from approxi- 
mately 1 kev to above 20 Mev in energy. It is not 
practical to produce specifically monoenergetic neutrons 
of less than 1-kev energy, so instead it has been the 
practice to choose such energies from a continuous dis- 
tribution of energies by means of the time-of-flight 
technique. When this method is employed, the continu- 
ous spectrum of neutrons from which selection is made 
may either originate in a reactor and be mechanically 
chopped, or may be generated by moderation of bursts 
of high-energy neutrons produced by a cyclotron, 
betatron or linear accelerator. These two methods have 
had their greatest success, respectively, in the region 
above about 20 kev and below about 2 kev. This leaves 
a restricted but important energy range of from about 


2 kev to about 20 kev into which the already mentioned. 


techniques can penetrate only with some difficulty. 
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Fic. 1. Block diagram of experimental apparatus. Protons are 
pulsed in the accelerator terminal by means of an rf sweep across a 
slit. Neutron bursts are produced at the target by means of the 
Li7(p,n)Be’ reaction. Time zero is established by the current 
pulse on the target. Neutron detection is accomplished by capture 
in B®. A NaI(T]1) crystal views the 478-kev gamma ray from the 
B(n,a)Li™* — Li’+-¥ reaction. 
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This paper describes results obtained with a tech- 
nique specifically designed to cover the energy range 2 
to 20 kev. The method employs a pre-acceleration 
pulsed 3-Mv Van de Graaff to produce 5 to 10 10~ sec 
bursts of neutrons from the Li’(p,7)Be’ reaction.’ By 
suitable choice of target thickness and proton bombard- 
ing energy, a spectrum of neutrons is produced at 0° to 
the proton beam for covering part or all of the kilovolt 
region to be studied. These unmoderated neutrons con- 
stitute the source from which energies are chosen by 
time-of-flight measurements. The technique is therefore 
a combination of the Van de Graaff and time-of-flight 
techniques in which the Van de Graaff supplies only the 
required spectrum of neutrons and the time-of-flight 
measurement establishes the precise energy. 


EXPERIMENTAL TECHNIQUE 
A. Instrumentation 


The system for production of fast, high-intensity 
proton pulses, fast detection of the resultant neutrons 
and multichannel presentation of the time-of-flight 
data will be described in detail elsewhere.’ A simplified 
block diagram is given in Fig. 1. 

A proton beam of about 400 ya is deflected past an 
aperture in the electrostatic generator terminal to 
produce triangular pulses of about 10 mysec (width at 
half maximum) at about 1.3-usec intervals. The neutron 
detector is a slab of compacted B",’ closely backed 
by a NalI(TI) scintillation counter. A single channel 
window is set over the full energy peak of the 480-kev 
gamma ray from B(n,evy)Li’. This signal gates into a 
multichannel pulse-height analyzer the output of a 
time to pulse-height converter which operates on the 
time interval between fast signals obtained from the 
detector and time markers obtained by amplification 
of the beam pulses on the target. 





1 Neiler, Kelley, and Bell, Bull. Am. Phys. Soc. Ser. II, 1, 70 
(1956); V. E. Parker and R. F. King, Bull. Am. Phys. Soc. Ser. 
IT, 1, 70 (1956); Banta, King, and Judish, Bull. Am. Phys. Soc. 
Ser. II, 1, 70 (1956); Smith, Gibbons, Good, Neiler, and Banta, 
Bull. Am. Phys. Soc. Ser. II, 1, 71 (1956). 

2 J. H. Neiler et al. (to be published). 

3 Prepared by Norton Company, Worcester, Massachusetts. 
The B" density in this material is 85% theoretical crystal density. 
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When a 3X3 NalI(TI) crystal, mounted on a DuMont 
6393 photomultiplier is used with a 5-in.X}4-in. B® 
slab the efficiency for detection of the Li™* gamma ray is 
about 10%. With this detector the over-all time resolu- 
tion of detector plus time to pulse-height converter is 
about 6-8 musec full width at half maximum. 


B. Li’(p,n)Be’ Reaction as a Source of 
Unmoderated Neutrons 


The important features of the Li(p,m) reaction, so far 
as the present application is concerned, are (i) the yield 
with proton energy above neutron threshold, (ii) the 
dependence of the neutron energy on proton energy, 
and (iii) the energy dependence of the laboratory angu- 
lar distribution. The neutron yield has been shown to 
rise very rapidly at threshold because of a resonance.‘ 
In the neighborhood of threshold, the neutron energy 
and angular distribution vary rapidly with proton 
bombarding energy in a manner derivable from the 
mechanics of the center-of-mass motion. The equations 
are: 
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X(M.M,M1i?Mpe'E,(Ep—Em) } 3, (4) 


M,M, E, 1 
a= a: ——~, Lim (—- sin) ; 
Mpe'M)' (Ep— En) a? 


The first equation shows the two-valued character of 
the neutron energy at each proton energy.® At an angle 
of 0° to the beam the lower branch of neutron energies 
ranges from 30 kev downwards, and is the group em- 
ployed for the kilovolt range of neutron energies. 
Equation (4) shows that near threshold the number of 
neutrons per energy interval increases as the bombard- 
ing energy approaches threshold from above. Equations 
(2) and (3) show that this increase is the result of a 
forward concentration of the emitted neutrons as a 
consequence of center-of-mass motion. This concentra- 
tion of neutrons into smaller angles as 30 kev is ap- 


M,M, 
p—— ————[cos+ ZF, 
PA (M,+M1i')!? 


where 





4R. L. Macklin and J. H. Gibbons, Phys. Rev. 109, 105 (1958). 
5 Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 
(1949). 
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proached is partially compensated by the drop in yield 
as the bombarding proton energy is lowered toward 
threshold. It is an observed fact that with targets a 
few kev thick and a detector subtending about 2° 
half-angle the number of neutrons per energy interval 
actually increases approaching 30 kev. Thus, with the 
accompanying forward “focusing” it is possible to 
increase the flight path as the energy is increased at no 
loss of counts per energy interval, and hence to cover 
the energy range 2 kev to 30 kev with constant frac- 
tional energy resolution. Because of the short flight 
paths employed, it is very easy to keep the flight times 
of all neutrons approximately constant by varying the 
distance from target to detector. Figure 2 shows the 
primary neutron spectrum from targets of two different 
thicknesses. In this figure the high- and low-energy 
groups of neutrons are evident. Note that the number 
of neutrons per unit energy interval for the slowest 
and fastest neutrons were the same for the two targets. 
This is predicted by Eq. (4). A smooth, slowly varying 
neutron spectrum is highly desirable for cross-section 
studies in order to minimize errors arising from slight 
spectrum shifts. Thus an ideal spectrum would be one 
that rises as rapidly as possible at the low-energy end to 
a plateau, before rising on to the higher energy peak. 
Curve (b) of Fig. 2 is a good approximation to this type 
of spectrum. 
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Primary Neutron Spectrum 


Fic. 2. Neutron yields from two thin lithium targets. The 
abscissa in pulse-height units (phu) is proportional to neutron 
momentum. The two 0° neutron energy groups near threshold 
are evident in the curve (a). Note that the overlap of curves (a) 
and (b) at the upper and lower energies shows that neutrons per 
unit energy interval is not increased with target thickness. The 
only effect of thickening a target is to increase the energy range 
of neutron production. 
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It seems clear that it is desirable to reduce to a mini- 
mum the number of neutrons outside the energy region 
of interest. Hence, it is the practice to employ targets 
whose thickness just about corresponds to the maximum 
energy range desired. 


C. Flight Path and Resolution 


In order to maintain best resolution as a function of 
neutron energy, the proton bombarding energy is ad- 
justed to produce a neutron spectrum with a low- 
energy cutoff immediately below the region of interest. 
Thus, the flight path can be kept at a maximum and 
the fractional energy resolution constant. The energy 
range from 2 to 30 kev has usually been covered with 
about five flight path positions, ranging from 0.55 to 
2.0 meters. A burst repetition rate of about 800 kc/sec 
has been used. This, of course, is somewhat arbitrary, 
but has been chosen to permit 1200-musec flight times 
without burst overlap and out of such other considera- 
tions as background, counting rate, and sample and 
detector size. The resolution time itself consists of ion 
burst duration and filter and electronics time resolution. 
The over-all time resolution is presently maintained at 
12 musec. 
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Fic. 3. Sensitivity of neutron spectrum to incident proton en- 
ergy. The symbol A represents the number of kev the proton 
energy is above the reaction threshold. This fast variation de- 
mands unusual requirements upon accelerator energy stability. 
Transmission samples are rotated from “in” to “out” every few 
minutes to minimize effects due to primary spectrum changes. 
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D. Samples 


The transmission samples that were used in the 
results to be presented were }-inch diameter cylinders, 
canned in thin-walled silver cups for protection. For 
average sample thicknesses, about 0.05 mole of material 
were needed. The use of somewhat smaller samples 
should be quite feasible but would require a more 
careful alignment method than so far used. Samples 
were used either in elemental form or as oxides or 
fluorides. The enriched isotopes used were obtained on 
loan from the Oak Ridge National Laboratory Isotopes 
Division. 

E. Targets 


Both Li’ metal and Li’F vacuum evaporated targets 
have been used. Li’F targets can be stored with ease 
since they are chemically inactive. Li’ metal targets 
are stored and transferred in inert gas. Although the 
Li’ metal targets initially produced more neutrons per 
unit energy interval than those of LiF, a slow deteriora- 
tion of the Li’ metal targets has been observed resulting 
in noticeable shifts in the neutron spectrum over a 
period of a day. This has been attributed to the building 
up of surface layer contaminants, principally due to the 
high reactivity of the lithium metal. An analysis of 
neutron groups emerging from bombardment of “‘lith- 
ium metal” targets with deuterons indicated the pres- 
ence of appreciable quantities ef both carbon and 
oxygen. 

Since target stability is essential we decided to use 
Li’F targets. No appreciable deterioration has been 
noted under the same conditions as described for the 
metal targets. 

The spectrum change for slight changes of target 
condition (or incident proton energy) is demonstrated 
in Fig. 3. A change in bombarding energy of only one 
kev caused a significant change in the neutron spectrum. 
For this reason transmission samples were rotated from 
“in” to “out” every few minutes in order to cancel any 
slow changes in the spectrum. The counts were stored 
in two separate 20-channel analyzers and read out only 
after sufficient counting statistics had been obtained. 

Standardization of counts was accomplished both by 
proton current integration and neutron flux monitoring. 


F. Background 


(1) The principal source of background in the de- 
tector so far has been “room” radiation, principally 
from natural sources, other accelerators and reactors. 
Unfortunately, most attempts at reducing this back- 
ground by local shielding have resulted in sufficient 
neutron in-scattering to cause a distortion of observed 
spectrum shape. The reason is fast singly scattered 
neutrons that arrive at the detector simultaneously 
with slower, direct neutrons will be assigned the wrong 
energy. Many of the data presented in this paper were 
taken using a completely unshielded detector. During 
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TaBLE I. Comparison of time-of-flight and back-angle Van de Graaff techniques for measuring kev neutron cross sections. 





4 


beam 
on Av Neutrons 
target beam AE 


i0kv at10kv 


Neutrons/ 
AE, at background 


6 7 10 11 
Minimum 
moles 
Target needed for 
thick- 1 X10” 
ness atoms/cm? 


No. 
of Principal 
chan- source of 
nels background 


Half- 
angle at 


Time 
1000 counts X100 ev detector 





200 ev ~10/1 


Time-of-flight 400 ya 
300 ev ~10/1 


Van de Graaff 40 ya 


1.25 “ma 
40 ya 


Comparable 
Comparable 


4000 ev 0.05 
300 ev >0.05 


18 min 20 
2.5 1 


Room y’s_ 4° to 2° 
Scattered #° 
neutrons 











more recent runs, a specially designed 5-in. o.d. lead 
shield was used over a 3 in.X3 in. Nal crystal. The 
5-in. diameter B" slab was mounted on this system to 
complete the detector. The B" slab shielded both lead 
and Nal from the lower energy neutron group. Fast 
neutrons in-scattered by the lead had only slightly 
longer flight times than did the direct fast neutron 
beam. In this manner the “room” background can be 
reduced by about 30% without noticeable spectrum 
distortions. 

(2) No increase in background is noted with beam on 
target when proton energy is less than threshold. Pulse 
leakage current has been found to be less than 10°% 
of the pulse peak current. 

(3) The increase (other than detector activation) in 
background for E,>, was found to be only several 
percent of the “room” background. This component is 
due to air and floor scattered neutrons. 

(4) Some neutrons penetrate the B' slab and are 
captured by iodine in the NaI detector. These induce a 
background due to that portion of the ['** beta spec- 
trum that falls in the “window” set to view B!°(n,ay) 
captures. The variation of this 25-min activity in prac- 
tice has been reduced by running the equipment for 
about an hour before taking data. 


Average relative contributions from the effects men- 
tioned above are, respectively, 12:0:2:4. The approxi- 
mate total background for maximum flight paths 
varies from 30% at 2 kev to 10% at 10 kev. The average 
data taking time required to obtain a transmission with 
2.5% counting statistics over the energy range from 3 
to 30 kev is about 20 hours. 


G. Evaluation 


The approach that has just been described to measure 
neutron total cross sections in the kilovolt region 
differs in so many respects from the standard chopper 
and back angle Van de Graaff techniques that it was 
initially uncertain whether the advantages the new 
technique appeared to possess might in fact be more 
than compensated by the attendant difficulties. Table I 
gives a comparison between the back-angle Van de 
Graaff method and the present method. 

Although the average pulsed beam in the time- 
of-flight method is considerably smaller than the average 
steady beam of the back-angle method, the times for 


covering a given energy range are comparable. The 
fact that the two methods are so different may make 
this conclusion somewhat surprising, but the reasons 
are as follows: precise energy control of the unpulsed 
Van de Graaff together with target limitations makes 
40 wa of average steady beam a very generous figure 
for the average current that might be used in the stand- 
ard back angle technique. At the same time this stand- 
ard technique takes data, energy interval by energy 
interval. In these two respects the time-of-flight tech- 
nique is entirely different from the standard back-angle 
technique. 

By using the time-of-flight method, a peak current on 
the target of about 400 ya is achieved, the average cur- 
rent being reduced to less than 2 wa by the 0.5% duty 
as a result of the pulsing. Thus, the pulsed peak current 
that can be used is at least ten times the steady current 
that can be used. Finally, the time-of-flight method 
simultaneously measures a range of energies and this 
range covers about ten settings of the Van de Graaff 
in the standard method. 

The resolution figures in Table I require some com- 
ment. First, generous allowances have been made in 
estimating the best the standard Van de Graaff tech- 
nique can do. On the other hand, the resolution figure 
quoted for the time-of-flight method is what the present 
instrument has been designed to achieve, and further 
improvement seems possible. Second, the resolution 
figures of Table I have to be weighed by the relative 
ease with which the electronics of the time-of-flight 
method can be maintained as compared with the ease 
with which targets of 300 ev equivalent thickness can 
be maintained clean and uniform, and the electrostatic 
generator voltage held steady within 200 volts. Only 
experience can decide. 


RESULTS AND ANALYSIS 


The data presented in this section were obtained at 
various stages during the development of the technique. 
Hence, some elements were examined with better 
resolution than others. Figures 4-9 are representative 
of the results obtained. A summary of all results so far 
obtained is given in Table II. Samples were used in 
elemental form in some cases (Na, Al, P, Ti, Y, Pb, 
and Bi) and as oxides or fluorides in the remaining cases. 
Correction for the fluorine or oxygen cross section was 
made assuming o(F)=3.7 barns and o(O)=3.8 barns, 
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Fic. 4. Total cross section of K“ as a function of energy. 


With few exceptions natural widths of resonances 
studied were less than the experimental resolution. 
Under these conditions the most convenient technique 
for determining true resonance widths from experi- 
mental transmissions is that of area analysis,~* in 
which the true width can be extracted from the area of 
the transmission dip due to the resonance. 

If a resonance is isolated so that the full area of the 
transmission dip can be measured, the area has a 
simple relationship to the width for extremes of sample 
thickness.’ However, in practice the total area is often 
difficult to obtain, usually because of closely neighbor- 
ing resonances. In this case it is convenient to limit the 
area integration to an energy interval, 2«, located sym- 
metrically about the resonance peak at Eo, where one 
chooses 2e->I’. Then the area above the transmission 
dip between energy limits (Eo— ¢) and (Eo+€) is related 
to a calculable function Z(2¢€/I'jnoo).6 The width is 
then extracted from this relation. 
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Fic. 5. Total cross section of natural titanium as a function of 
energy. The peak at 17.5 kev, due to Ti‘, is about 7 kev wide but 
may be complex. These results clearly indicate the need for in- 
vestigation with separated isotopes. 


°F. Merzbacher, “Analysis of neutron transmission experi- 
ments” (unpublished). 

7 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 

§ Seidl, Hughes, Palevsky, Levin, Kato, and Sjostrand, Phys. 
Rev. 95, 476 (1954). 
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Note that a knowledge of a is presumed if a unique 
value of I is to be determined from a measurement on a 
single sample thickness. Since (in the kev range) nuclei 
with level spacings of the order of 100 ev or more have 
T'n~Ttotai, one can calculate oo/g from a knowledge of 
Eo. This is sufficient to determine oo for nuclei of spin 
I=0 or J>1, but not for J~1. With the exception of 
sodium, yttrium, and titanium the results (Table II) 
were obtained for single sample thicknesses only. We 
have made the approximation in calculating these 
widths that for 40, g=}. 


DISCUSSION 
Na” 


The low-energy resonance in sodium has received a 
great amount of attention in the past decade* be- 
cause of its unusual width and shape as well as its 
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Fic. 6. Total cross section of natural selenium as a function 
of energy. Previous data had indicated only a single, broad maxi- 
mum in this region. 


importance in the field of reactor technology. Selove® 
interpreted the results of Hibdon ef al.!° with an assig- 
ment of J/=2,/=0. He assumed a spin-dependent po- 
tential scattering to account for the absence of an inter- 
ference dip in the total cross section. An alternative 
suggestion by Stelson and Preston" and also Toller and 
Newson! was that the resonance might be due to p- 
wave neutrons. Later chopper work” again reported 
J=2. However, in a recent report from Harwell by 


® W. Selove, Phys. Rev. 80, 290 (1950). 

© Hibdon, Muehlhause, Selove, and Woolf, Phys. Rev. 77, 730 
(1950). 

1 P. H. Stelson and W. M. Preston, Phys. Rev. 88, 1354 (1952). 

2A. L. Toller and H. W. Newson, Phys. Rev. 99, 1625 (1955). 

8 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955) (unpublished data of Brook- 
haven Fast Chopper Group). 

4 Lynn, Firk, and Moxon, Harwell Report TNCC(UK) 18, 
May 20, 1957 (unpublished). 








KEV 


Lynn, Firk, and Moxon," a new measurement was 
reported which was made on the linear accelerator 
time-of-flight spectrometer. The results were interpreted 
as showing J=1, /=0. 

In view of the conflicting results, the cross sections 
near 3 kev were measured with the present instrument 
by employing very thin metallic samples ranging from 
0.11 10"? to 6.410” atoms/cm*. The results gave 
values for the cross sections that were in good agree- 
ment with the Harwell results in the entire energy range 
common to both sets of measurements. 

With the peak cross section fixed at 380+10 barns, 
it is certain that J/=1. On the other hand, an assump- 
tion of either /=0 or /=1 gives a respectable fit to the 
cross section as a whole. There are two reasons at 
present for preferring /=0. In the first place, a better 
fit to all the data can be obtained assuming /=0 to- 
gether with a contribution from a J= 2 level at negative 
neutron energy than can be obtained assuming /=1. In 
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Fic. 7. Total cross section of Ri§’ as a function of energy. 


the second place, a large value for the reduced width 
accompanies the assumption of /=1, for any reasonable 
value of the nuclear radius, so it would seem that 
J=1,1=0. However, it should be added that in spite 
of the arguments in favor of /=0, the cloudy crystal- 
ball model does predict a 2/ giant resonance near A = 25. 
Hence, somewhat stronger proof seems desirable to 
eliminate completely the possibility /= 1. 


Al 


Rohrer ef al.° reported a resonance near 6 kev in a 
study of the activation Al*’(n,y)Al**. This resonance is 
principally responsible for the activation cross section 
below 10 kev. Its radiation width was estimated to be 
1.5 ev. The result of the total cross-section measure- 
ment, I'= 20 ev, indicates a ratio l',/T',~0.1. 


18 Rohrer, Newson, Gibbons, and Cap, Phys. Rev. 95, 302(A) 
(1954). 
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Fic. 8. Total cross section of Y® as a function of energy. In 
contrast to the results for Rb** and Rb*’, this nuclide exhibits 
rather narrow resonance widths. 


K??, K* 


An earlier study’® of potassium indicated several 
peaks below 30 kev, including resonances in both iso- 
topes near 10 kev. We were unable to observe any peak 
in K* between 5.4 and 16.2 kev but did observe a 
resonance at 9.2 kev in K*. The cross-section behavior 
of these two isotopes appears to be quite similar both 
in level density and strength function. The values listed 
in Table II for the strength function were derived both 
from our measurements and the results of Toller et al.'* 
at higher energies. 
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Fic. 9. A resonance in the total cross section of bismuth. This 
relatively well-known level has been studied with several tech- 
niques. Because of its small natural width (about 20 ev), it pro- 
vides a convenient test for instrumental resolution. 


16 Toller, Patterson, and Newson, Phys. Rev. 99, 620(A) (1955). 
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AND GIBBONS 


TABLE IT. Summary of kev neutron cross-section measurements. 





Atoms 


10-2 XNo. 
atoms/cm? 


Isotopic Energy interval 


Nuclide purity studied (kev) 


Eo (kev)(T (ev)) 


Dos ~ (P'n°/Do) 


(kev) — X104 Remarks 





Na*® 6.41, 0.265, 0.11 
AP? = 7.65 
6.10 


(100) 2.4- 8 
(100) § - 6.2 5.6(20) 
(100) 6 -20 

99.7 
98.3 
Natural 


-10 
~20 
~20 


K*» 2.27 
K4 1.75 
Ti 3.65, 0.767 
17.5(7000) 
Se 1.19 Natural 3.8- 9 
5.85, 6.8, 8.6 
3-9 


2.04 99.1 


2.80(420, /=0, 370, /=1) 


3.4(12), 9.2(60) 

5.4(35), 16.2(60) 
3.0(50), 3.7, --- 
4.25(35), 4.95(35), 


3.3, 4.1(18), 4.9(34), 


J =1, o9=380+10 b 

| probably >0 

o decreases smoothly from 5.0 b at 8 
kev to 4.0 b at 20 kev 


Resonance at 17.5 kev and probably 
the one at 3.0 kev are due to Ti* 
Width assignments assumed s-wave 
neutrons on Se*® 


N=48 


’ 


5.8(33), 6.9(17), 9? 


94.9 4.5-15 


5.0(46), 6.6(17), 


N=50 


7.35 (54), 8.55(170) 


88.6 3 -15 
99.6 7 -20 
(100) 2.2-18 


3.0, 4.3, 11.3 
13.6(400) 


Natural 20 
(100) 2.2- 2.6 


~34 


2.5(6), 7.35(55), 
11.25(60), 14, 17 


2.3(24), 12.5, 15.5, 33 


N=4 
N=5 
N=5 


No fluctuations > 10% of 
7 pot( = 10.2 b) were observed 
Dos includes resonance at 0.8 kev 








Ti 


Previous studies of the total cross section of natural 
titanium have been made with both chopper!’ and 
Van de Graaff'* techniques. These studies indicated 
small resonance effects near 3 kev as well as an unusually 
large peak near 18 kev. Our results show that the cross 
section is complex, presumably due to resonance con- 
tributions from several isotopes. The peak at 17.5 kev 
is principally due to Ti** and appears to be about 7 kev 
wide. Assuming the peak is due to a single s-wave 
resonance the reduced width is about 1% of the Wigner 
single particle limit. The maximum reported near 3 
kev is clearly due to at least two resonances. The peak 
at 3.0 kev is probably due to Ti** and, if so, has a width 
of 50 ev. This element will be re-examined by using 
enriched isotopes. 


Se 


To indicate the improvement experienced in resolu- 
tion, the five peaks found in this energy interval were 
only recently reported as a single broad maximum.!.”° 
Bollinger” has also observed that several peaks exist in 
this region. Similarly to the case of Ti, any further 


17 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955) (unpublished data from Argonne 
Fast Chopper Group). 

18 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955) (unpublished data from Argonne 
Electrostatic Accelerator Group). 

1? Bollinger, Dahlberg, Palmer, and Thomas, Phys. Rev. 100, 
126 (1955). 

*® Newson, Gibbons, Marshak, Williamson, Mobley, Toller, 
and Block, Phys. Rev. 102, 1580 (1956). 

211, W. Bollinger (private communication), 


work on this element will have to be done with enriched 
isotopes. 


Rb®.87, Sr86.88, and ys 


The region A = 80-100 is of considerable interest for 
several reasons. First, the magic neutron number V = 50 
occurs in this region. Secondly, in this region a strangely 
deep minimum in the s-wave strength function, [°,°/D, 
has been reported.?? Also one expects around A = 100 
the 3p giant resonance. We have chosen, wherever 
possible, isotopic pairs (differing by 2 identical nu- 
cleons) such as the isotopes Rb and Sr so that one may 
study the spacing and other parameters as a shell is 
filled with as few extraneous circumstances as possible. 
The data collected thus far are admittedly far from a 
good statistical average, but certain effects are already 
quite evident. First, especially for the case of Sr**%* 
one sees a marked increase in level spacing as the shell 
is closed. However, the change in spacing from Rb® to 
Rb*’ is surprisingly small. Secondly, the strength func- 
tions for Rb** and Rb*’ are equal, within statistics. 
Finally, one sees a rather dramatic effect when two 
protons are added to Rb*’, forming Y® in that the 
strength function is dramatically decreased. The effect 
appears to be roughly an order of magnitude. The 
possibility that some of the levels observed are due to 
p-wave neutrons certainly exists and could conceivably 
complicate any interpretation. However, for energies as 
low as 10 kev the high p-wave centrifugal barrier is 
certainly a strong inhibitor of such an effect. 


ACKNOWLEDGMENTS 


The authors wish to make special acknowledgment 
of the contribution of E. C. Smith to whom credit is 


~ ®V, F, Weisskopf, Revs. Modern Phys. 29, 174 (1957), 








KEV NEUTRON TOTAL CROSS SECTIONS 


due for many original ideas and as a partner in some of 
the first measurements. It is also a pleasure to recognize 
valuable contributions to the instrumental develop- 
ment from C. D. Moak, R. F. King, V. E. Parker, 
H. E. Banta, and C. H. Johnson: Helpful discussions 
with H. W. Newson and J. A. Harvey are gratefully 


933 


acknowledged. R. C. Block and R. L. Macklin were 
active collaborators in the sodium measurement. The 
measurements on separated isotopes were made possible 
by the cooperation of P. S. Baker and his collaborators 
of the Oak Ridge National Laboratories Stable Isotopes 
Division. 





PHYSICAL REVIEW VOLUME 


109, 


NUMBER 3 FEBRUARY 1, 1958 


Velocity-Dependent Forces and Nuclear Structure. II. Spin-Dependent Forces 


Marcos MOsHINSKY 
Instituto de Fisica, Universidad de México e Instituto Nacional de la Investigacién Cientifica, Mexico, D.F., Mexico 
(Received May 6, 1957; revised manuscript received August 5, 1957) 


Recent investigations have shown the presence of velocity- 
dependent forces in the two-nucleon interaction, increasing the 
number of parameters in the two-nucleon potential, and making 
more difficult the determination of these parameters in a unique 
way. In view of the successes of the shell model and of the assump- 
tions that the same interactions hold between nucleons inside 
nuclear matter as between free nucleons, it is of interest to 
explore the possible restrictions on the two-nucleon potential that 
follow from level arrangements and separations in nuclear shell 
theory. In the present paper we carry out this exploration for 
velocity-dependent forces, starting with the two-body spin-orbit 
force, two forms of which have recently been proposed, and 
considering also the simplest velocity-dependent forces that 
depend on the second power of the momentum, which include 
the velocity-dependent tensor force recently introduced by Breit. 
The two-body spin-orbit force of Gammel and Thaler has a very 
short range, and, taking advantage of this fact, we show in Sec. 2 
that the interaction energy for two nucleons in the same shell is 
proportional to the interaction energy for the zero-range velocity- 


1. INTRODUCTION 


N recent publications it has become clear that 
velocity-dependent forces play an important role in 
the interactions between nucleons. In particular, the 
work of Signell and Marshak! and of Gammel and 
Thaler? has shown that the experimental data on the 
two-nucleon interaction require for its explanation 
potentials that contain, besides ordinary forces (both 
central and tensor), a strong spin-orbit coupling force. 
The work of Brueckner,’ Bethe,‘ and their collabo- 
rators has shown that it is possible to assume for the 
interaction between nucleons inside nuclear matter the 
same potentials as between free nucleons. It is therefore 
of interest to see the effect of velocity-dependent forces 
between nucleons on nuclear structure, and particularly 
on nuclear shell theory. For the two-particle spin-orbit 
coupling force a general discussion has been given by 
Hope and Longdon® and by Hope.* The results of Hope 





1P, S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957). 
2 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
3K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

4H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

5 J. Hope and L. W. Longdon, Phys. Rev. 102, 1124 (1956). 

6 J. Hope, Phys. Rev. 106, 771 (1957). 


dependent central force discussed previously by the author. The 
simple expression for the interaction energy allows us to compare 
in Sec. 3 the level separation due to the spin-orbit force of Gammel 
and Thaler and that due to the spin-orbit force of Signell and 
Marshak. We also compare the effects of both types of spin-orbit 
forces with the interaction energy due to the central even singlet 
force of Gammel, Christian, and Thaler. In Sec. 4 we analyze a 
velocity-dependent central force that acts only in the triplet 
state. In Sec. 5 we discuss the velocity-dependent tensor potential 
in the long-range approximation, and show the restrictions that 
follow on the strength of this potential from the assumption that 
the separation between levels should be smali compared with the 
separation between shells. In Sec. 6 we discuss the velocity- 
dependent tensor potential in the short-range approximation, and 
obtain restrictions on the product of strength and range of this 
potential. The interaction energies for all short-range velocity- 
dependent potentials show similarities, suggesting the possibility 
of finding simple closed expressions for the interaction energies 
for all short-range forces. 


and Longdon are rather complex, as they wanted them 
to apply to a spin-orbit force whose range was arbitrary. 
The analysis of Gammel and Thaler? shows, however, 
that the spin-orbit force has a very short range. This 
property permits a considerable simplification in the 
analysis, and we shall show that the effects of a short- 
range spin-orbit force in nuclear shell theory, are 
similar to those of the short-range velocity-dependent 
central force discussed by the author in a previous 
paper’ (to be referred to as I). The explicit expressions 
for the interaction energy could be useful to discriminate 
between the different forms!:? of the spin-orbit coupling 
forces being proposed, particularly as it is possible to 
take now into account the repulsive hard core present 
in the force introduced by Gammel and Thaler.’ 

It is well known that the only interaction between 
like nucleons that satisfies the invariance requirements? 
and depends on the first power of the momentum, is 
the spin-orbit coupling force. If a further dependence 
on the velocity is found for the interactions between 

Y 9 Moshinsky, Phys. Rev. 106, 117 (1957), to be referred to 
a M. Bauer and M. Moshinsky, Nuclear Phys. 4, 615 (1957). 


§L. Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948), p. 313. 
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like nucleons, it is expected to be a force depending on 
the second or higher power of the momentum. The 
simplest of these forces have been discussed by the 
author” and they have the forms 


(1.1) 
(1.2) 
(1.3) 


§(01+02)*[p’- V(r’) p’], 
[1—$(o:+02)*][p’ V(r')p'], 
% 2 Vr(r')[3 (1 ‘ p’) (o2° p’) a (o; -o2) p’*], 


where @, 2 are the spin matrices of particles 1 and 2, 
and 
P’=3(pi—P2), *=|r|=|m—r|. (1.4) 

An interaction of the form (1.1) will act only on the 
triplet state where it reduces to p’-V(r’)p’, which is 
the central velocity-dependent force discussed in I. 
An interaction of the form (1.2) will act only on the 
singlet state where it again reduces to p’-V(r’)p’. 
Finally, an interaction of the form (1.3), when properly 
made Hermitian, represents a velocity-dependent tensor 
force of a form similar to the one recently derived 
(together with the spin-orbit coupling force) by Breit," 
from a natural modification of the pseudoscalar theory 
of nuclear forces. 

Besides the spin-orbit coupling force, we shall discuss 
in this paper the effect on the level arrangement in 
nuclear shell theory of velocity-dependent forces of the 
above form. Since perturbation methods are used in the 
determination of these level arrangements, the effects 
of the different types of forces are additive, and, 
comparing with the experimental level arrangement, 
one could obtain restrictions on the strength and range 
of the velocity-dependent forces. 

As the addition of (1.1) and (1.2) gives the interaction 
potential discussed in I, we can restrict ourselves to the 
potentials (1.1) and (1.3). As in I, we shall discuss the 
interaction in the limits of very long and very short 
ranges, compared with the radius Ro of the nucleus. 
We shall see that in the short-range approximation, the 
spin-orbit coupling force, and the central and tensor 
velocity-dependent forces, give rise to very similar 
expressions for the interaction energy. 


2. SPIN-ORBIT COUPLING FORCE IN THE 
SHORT-RANGE APPROXIMATION 


In this section we shall discuss the effect in nuclear 
shell theory of a two-particle spin-orbit force of the form 


hé(r’)V-S, (2.1) 
where 
Vor’Xp’, S=4(0,+0.), (2.2) 
and r’, p’ are defined in (1.4). The radial part é(r’) of 
the force will be assumed of short range, and we shall 
give below a specific definition of what we mean by 
1M. Moshinsky, J. phys. radium 15, 264 (1954). 
4G. Breit (private communication). 
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short range. We do not intend é(r’) to be a 6 function, 
as in this case I’ would give zero. 

We shall take for the common potential of the 
nucleons in the nucleus a harmonic oscillator potential 
of frequency w. It is well known!-® that this potential 
has definite advantages from the standpoint of calcu- 
lation, while it does not represent a too strong idealiza- 
tion of the physical situation. 

The wave function associated with a given nucleon, 
will be designated by the bracket notation of Dirac as 


| nlm) =Rri(v,r) Vim (8,¢), (2.3) 


where the Yj» are the spherical harmonics, and Rnr(»,r) 
are the radial functions!?" of the harmonic oscillator 


Rarely) = Nar exp(—rr’)r'dn1(vr?). (2.4) 
In (2.4), Nar is a normalization constant, v= (mw/h) 
where m is the mass of the nucleon, and v,:(vr?) is a 
polynomial of order m in yr that starts with 1, ie., 
Vn1(0) =1. 

For nucleons 1 and 2, the corresponding wave 
functions will be designated by .|m/ym) and | molome). 
Introducing the total orbital angular momentum L 
=],+h, we can construct an eigenfunction of L?, L, in 
the form 


| n411,Nl2,LM ) 
= > { | tylymy) | noleme){Llomym2|LM)}, 


mim2 


(2.5) 


where (/;/smim2|LM) is a Clebsch-Gordan coefficient. 
Combining these wave functions with those of the total 
spin S, we see that the general matrix element for the 
spin-orbit force, in the two particle configuration with 
LS coupling, is 


(nyl,,Nele,L,S,J | h£(r')V ‘$ | ny'ly’ no’ le’, L’,S’,J) 
= hh (—1)"-4 ny], mele, L|| E(r’)V'|| ny'ly’ ne'le’,L’) 


X(1)/S||1)8s:i6saW(LL/11;1J), (2.6) 


where W indicates a Racah coefficient, and the 6’s show 
that the interaction takes place only in the triplet state. 

The matrix element of é(r’)I’ that appears in (2.6), 
could also be considered in terms of the wave functions 
for the relative coordinate r’=r,— fe, and the center-of- 
mass coordinate r’’=4}(r,+1r2). We shall designate these 
wave functions by the ket |7’l’m’), which has the form 
(2.3) when r is replaced by r’ and » by »’=(v/2), and 
by the ket |’l’/"m’’), which also has the form (2.3) 
with r replaced by r” and » by v’’=2». As the corre- 
sponding angular momenta I’, I’ add up to the total 
angular momentum L given before, i.e., 


V+1’=L=h+h, 


27T. Talmi, Helv. Phys. Acta 25, 185 (1952). 
13R. Thieberger, Nuclear Phys. 2, 533 (1956). 


(2.7) 
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we can construct the wave function 
\n'l’ n!'l’’,LM) 
= = {|n'l'm’) \n0!U'm" UU m'm!" | LM)}. (2.8) 


m’m'’ 


Because of (2.7), the transformation bracket taking 
us from (2.5) to (2.8) would contain the same L, and 
we could write 


|nyl1,Nl2,LM)= > 


n’U nl 


{ |n’l' nl", LM) 


K (nl nl" “| nylinele,L)}, (2.9) 
where the fact that the wave functions must correspond 
to the same energy eigenvalues restricts 7'l’, n’’l’’ to 
non-negative integers that satisfy 


hs (2n’ +1'+ 2n" +1''+3) 
= hw (2myt+h4+2netlh,+3). (2.10) 
With the help of (2.9) we could express the matrix 
element for £(r’)I’ in (2.6) in terms of matrix elements 
involving the wave functions of the coordinates r’ and 
r’. We shall restrict ourselves to the case of identical 
nucleons in the same shell. We have then 2=n2=ny' 
=n'=n, l=l=),'=]'=1, and J takes only even 
values as the wave function is antisymmetric. As 1+, 
L'+5S’ are also even,'* and S=.S’=1, we see that L, L’ 
are odd. Furthermore, from the Racah coefficient in 
(2.6) we see that L’=1+1, L, which together with the 
previous remark, implies that L’=Z. Under these 
restrictions, the general matrix element for £(r’)I’ takes 
the form!®§ 


((nl)*L)|E(r’)V"| (nl)?L) 
= DL [n'l’ nl’ ",L\nlnl,L)P 


at’ ar 


x (—1)UH-l- LAT (4-1) (24-1) }3 


K(2LAIWUVLE; A) Tye, (2.11) 
where J,,;, stands for the integral 
po YER ar(o'y)PE(r)dr’. (2.12) 


vo 


So far we have made no use of the fact that &(r’) is 
of short range. From (2.12) and (2.4) we see that if the 
range of (r’) tends to zero, J, diminishes rapidly as 
l’ increases. If, for example, we take for &(r’) the 
Gaussian form 


&(r’) = Vo exp[— (r’/b)"), 


‘4G. Racah, Phys. Rev. 63, 367 (1943). 
15 G. Racah, Phys. Rev. 62, 438 (1942). 


(2.13) 
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then, as shown by Talmi,!* Joy becomes 


by’ 


U+h 
Tors lv= Vol ) ° 
1+0°’ 


If we understand now by a short-range potential, a 
potential for which 


b(v’)4=b(mw/2h)*K1, 


(2.14) 





(2.15) 


then from (2.14) we see that the predominating terms 
in (2.11) are those for which /’ is as small as possible. 
We cannot take /’=0, because from (2.8) /’=L and 
W (OOLL; 1L)=0. If we take /’=1, then /’’ =1+1, L, 
but because of parity’? considerations (—1)"*"’ 
= (—1)?!, so that l” is odd, and as L is odd, l’’= L. As'* 


W (11LL; 1L)=[6L(L+1)(2L+1)}-?#0, (2.16) 


we could restrict the summation in (2.11) to /’=1, 
l”=L, if &(r’) is of short range according to the defi- 
nition (2.15). Furthermore, we can see from (2.12) 
and the form (2.4) of the radial function, that J,,-7 can 
be expressed as a linear combination of Jy, Jy41, 
-++Ty4on. Again we should only keep J, if the potential 
is of short range, and taking into account that v,/) (0) 


=1, the coefficient of 7), becomes 
(Lnev/Tv)os0= (Nearv?/Nov?). (2.17) 


Substituting (2.16) and (2.17) in (2.11), we obtain 
for a short-range potential the matrix element 


((nl)?L)\ €(r’)1'|| (nl)2L) 
=h{(2L+1) L(L+1) }'(11/No1) 
xX} (Lkn'1,n"L,L\nl,nl,L) PN ww}, 


n'n'! 


(2.18) 


where /; is given by (2.12) with n’=0, /’=1, and from 
(2.10), n’ and m” are restricted to non-negative integers 
that satisfy the relation 


n'+n"”=2n+1—43(L+1). (2.19) 


It would seem at first sight that we need to determine 
the transformation brackets involved in (2.18). Fortu- 
nately, we shall be able to show that the velocity 
dependent central force discussed in I, gives in the short 
range approximation just the summation that appears 
in (2.18). We have seen in I that the interaction 
p’-6(r’)p’ gives rise to the matrix element 


((nl)2L)\ p’-5(r’) p’|| (nl)2L)= (h?/4er) AnH (LL), (2.20) 
where A, is the radial integral 
Aum f C[Rrr(v,r) dr, (2.21) 
0 


16 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952). 
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and’ 
H(1,L)=1(1+1)(2/+1)? 
 E[((U00| L'0) PEW ULL’; 11) 
L’ 


= (I4+1)(2/+-3)(2/+-1)*[(1+ 1100 | LO) P 


XW (WALL; 1) P. (2.22) 


The last form for H(/,L) could be obtained from the 
first, with the help of the explicit expression'® for the 
Clebsch-Gordan and Racah coefficients. 

We now express the matrix element (2.20) in a 
representation employing the wave functions of the 
relative and center-of-mass coordinates r’ and r’. From 
(2.9) we see immediately that 


((nl)?L)\ p’-8(r’)p’ | (nl) 
= PY [nl nl" "L\nl,nl,L) P 
ar ae 
X(n'l'\| p’-5(r’)p’!\n’l’), (2.23) 
where because of the 6 function we have 


(n'l’'| p’-6(r’) p’|/n'l’) 


= {(p’ Ree Vem Cp Ree Vem dj} r’=0- (2.24) 
Writing p’ as 
p’=(r')*[r'(r'-p’) J—(r') (XV), — (2.25) 


we obtain by an analysis similar to the one given in 
the appendix of I, that 
n'l'|\p’-6(r’) p’|n’l’) = (8? (OR wr / Or’)? | Vem |? 
+ hl’ (UAW (Rav, 7’)? 
XQ mal U1gm |l'm') }?| Vig|*} =o. 
Using the explicit form of the radial wave function 
given in (2.4), we have 


(2.26) 


(Marv 7’) » m= (ORnv Or’) --m0= N n'1001. 


(2.27) 


Furthermore, | ¥;,(0,0) |? vanishes unless g=0, in which 
case it becomes (3/42). We see then that the matrix 
element (2.26) is independent of m’ [as it should be, 
p’-6(r’)p’ being a scalar ], and substituting it in (2.23) 
we obtain 


((nl)?L! p’-6(r’)p’ (nl)PL 


= (3h? /4r) YS {((n'1 nL, L\ nl nl,L) PN}, 


n'n’’ 


(2.28) 


where again because of parity, /” is restricted to odd 
values so that 1’’= L. 
Comparing (2.28) and (2.18), we obtain finally 


((nl) PL) E(r 0! (nl)?L) = AL (2L4+-1)/L(L+1) }} 


X(O(9/2)'e Aw A(1,L), (2.29) 


where we already introduced the explicit expression!” 


» 


for Nov’, 1.e., No?= 1(2 ‘r) ivi, 
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For identical nucleons in a given shell, the matrix 
element for a short-range spin-orbit force takes a very 
simple form. In the next section we shall discuss the 
effects of the different types of spin-orbit forces that 
have been proposed. 


3. TWO-PARTICLE SPIN-ORBIT COUPLING 
AND NUCLEAR SHELL THEORY 


From (2.6) and (2.29), the interaction energy due 
to a short-range spin-orbit force, for two identical 
nucleons in the same shell and in LS coupling, becomes 


((nl)PL AJ |AtE(r VS | (nl)P LAS) 
= 1 (w/2)¥(meo/h)-4A ar] 
(L+1)H(LL) if 
—L“H(1,L) if 


J=L+1 
J=L-1. 


(3.1) 


In (3.1), Anz stands for the radial integral (2.21) and 
H(1,L) is given by (2.22). From the explicit expressions'® 
for the Clebsch-Gordan and Racah coefficients appear- 
ing in (2.22), it can be easily seen that H(/,L) satisfies 
the recurrence relation 


H(1,L+2) 


H(1,L) 
L(L+2)  4(+1)—(L+1)(L+3) 
= — - (3.2) 
(L+1)(Z+3) 41(1+1)—L(L+2) 
where L is restricted to odd values, and that for /=1, 
we have 


H (1,1) =31(1+1) (2/+1). (3.3) 


The values of H(/,L) for the first shells are given in 
Table I of reference 7. 

The J; appearing in (3.1), stands for the radial 
integral (2.12) where n’=0, /’=1. Introducing the 
explicit form (2.4) of the wave function, and the 
change of variable «= (v/2)'r’, we obtain 


zx 


I,=(8 tf x* exp(—2°)&L(v/2)-'x |dx. (3.4) 


0 


In both!’ of the proposed forms for the spin-orbit 
force the &(r’) is negative, and therefore J; is also 
negative. From (3.1) and (3.2) we see then that the 
level ordering induced by the spin-orbit force, would 
go in order of increasing L when J= +1 and in order 
of decreasing L when J/=L—1. For two-particle con- 
figurations in 77 coupling, and also for configurations 
involving more than two particles, the level ordering 
due to the spin-orbit force could be obtained from (3.1), 
with the help’ of the 97 coefficients,"’ or of the fractional 
parentage coefficients." 


17H. Matsunobu and H. Takebe, Progr. Theoret. Phys. (Japan) 
14, 589 (1955). 
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Let us discuss first the effect in nuclear shell theory 
of the spin-orbit force introduced by Gammel and 
Thaler.’ To explain the polarization data in proton- 
proton scattering, they make use of a spin-orbit force 
whose radial part is a Yukawa potential with a repulsive 
core. The parameters of this potential are 


Vo=7112 Mev, a=0.4125X10-* cm, 
b=0.27XK10-" cm, 


(3.5) 


where — V» is the depth and 6 the range of the Yukawa 
potential, and a is the range of the repulsive core. It 
has been shown by Bauer and Moshinsky,* that the 
effect in nuclear shell theory of a repulsive core in the 
interaction potential, can be taken into account by 
simply translating the potential by the range of the 
core. This implies that ¢ for the potential of Gammel 
and Thaler? should have the form 


= — VoL B/(«+a)]exp[—(x+a)/B], (3.6) 
where 
x= (v/2)'9’, a=(v/2)'a, B= (v/2)%0, (3.7) 


and r’ extends to the interval 0<1r’/< @, 

As in (2.15), we define a short-range potential by 
the condition 6&1. When we substitute (3.6) in (3.4), 
we notice that the integrand contributes mainly for 
values x of the order of 8, and if 6&1 the exp(—<?) in 
(3.4) could be approximated by 1. In the short-range 
approximation, /; can then be written as 


I\~— (8/3) of x4[B/(x+a) | expl— (x+a)/B8 ]dx 


0 


{ 
= —(8/3)r err —c)] 


+exp(—c) © ((—1)"*"n!e*"J}, (3.8) 


where 


x 


-Ki(-o= f x exp(—x)dx; c=(a/b). (3.9) 


To obtain the value of 8 for the potential of Gammel 
and Thaler,’ we need to give the separation between 
the levels of the harmonic oscillator. Taking hw~10 
Mev as suggested in reference 8, we obtain 


B=0.0938. (3.10) 


The condition of short range is reasonably satisfied in 
this case, and as from (3.5), c= 1.53 we obtain for (3.8) 
the value'® 


T,c~—0.068 Mev. (3.11) 


'6 The value (3.11) of 7; was calculated on the assumption that 
exp(—a*) in (3.4) could be approximated by 1. A more correct 
calculation could be made if we expand exp(—a2*) in a power 
series, in which case we would have a series of integrals of the 
type (3.8) containing higher powers of x. Keeping the first four 
terms in the expansion of exp(—a*), the integral (3.4) takes the 
value |/:|=0.058 Mev with an error of less than 0.001 Mev. 
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TABLE I. Interaction energy for the short-range spin-orbit 
force (3.1) in units of J:, when n=0, J=L+1. The interaction 
energy for J=L—1 is obtained multiplying each column by 


(—(L+1)/L]. 


1/2 
7/8 1/8 
99/80 33/160 


The radial integral A,,; that appears in (3.1) is 
easily evaluated. In particular for n=0, we see from 
(2.4) and (2.21) that!” 


(x /2)§v-4A or = {[(20-+1) 1192222} 9[ (41-1) 11, (3.12) 


where (2/+1) !!=13X5---X(2/+1). From (3.12) and 
Table I of reference 7, we can give in Table I of the 
present work the interaction energy (3.1), in units of J; 
for a short-range spin-orbit force, where /=1, 2, 3 and 
n=0. 

To compare the interaction energy due to the spin- 
orbit force, with the interaction energy due to the 
singlet even potential of Gammel, Christian, and 
Thaler,’ we have to pass to the 77 coupling scheme. 
This is accomplished with the help of the 97 coefficients 
as shown in I. We shall only indicate here that for the 
two neutrons outside the closed shell in Ca*, the 
interaction energy due to the spin-orbit force of Gammel 
and Thaler,’ gives a separation between the levels J =0 
and J=2 of only 0.1 Mev, for Aw~10 Mev, i.e., for J; 
having the value (3.11). For the same fw, the even 
singlet potential of Gammel, Christian, and Thaler,’® 
would give® the experimentally observed separation of 
1.5 Mev. It is clear therefore, that if the form of the 
spin orbit force of Gammel and Thaler is accepted, its 
effect would be small in nuclear shell theory as com- 
pared with the effect of the central force. 

Let us discuss now the effect of the spin-orbit force 
introduced by Signell and Marshak. The radial part 
of their force is given by the derivative of a Yukawa 
potential with a straight cutoff, so that &(r) takes the 
form 


§(r) = — Vo(b/a)*[1+ (2/6) | exp(—a/d) 
if 0<r<a, 
&(r) = — Vo(b/r)°[1+ (r/b) ] exp(—r/d) 
) if a<r<a, 
where 
Vo=30 Mev, a=0.21XK10-* cm, 


b= 1.07X10-* cm. 


(3.14) 


If we take as before #w~10 Mev, we have for a, 8 
defined in (3.7), and for c= (a/b), the values 


a=0.073, 8=0.3715, 


Taking into account though the approximations involved in 
Sec. 2, it is sufficient for the following analysis to consider |/; 
given by the upper bound (3.11). 

19 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 


c= 0.196. (3.15) 
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Comparing the 8 in (3.15) with the value (3.10), we 
see that the short-range approximation would not be 
as good for the potential of Signell and Marshak’ as it 
is for the potential of Gammel and Thaler.? Neverthe- 
less, it is interesting to consider the order of magnitude 
of its effect in nuclear shell theory in the short-range 
approximation. We need then to calculate J; of (3.4) 
with the & of (3.13). We divide the integral into two 
parts, one for x between 0 and a, and the other from 
a to ©. In view of the small value of a in (3.15), we 
can replace exp(—2*) in the first integral by 1, and 
with this assumption we obtain straightforwardly 
I,=— (8/3)4*Vo{c*(1+¢) exp(—c) (5/5) 

+6? exp(1/46*)[ (48?) (w!/2) erfc(y) 

+3(6—6 +7) exp(—7’) ]}, (3.16) 

where 


erfe(a) =20-4 f exp(—2*)dx, y=a+(28)". (3.17) 


y 


For the values of a, 8, c given in (3.15) we obtain 
for I; 


I,;=—0.48 Mev. (3.18) 


Comparing this value with (3.11), we see that the effect 
of the potential of Signell and Marshak in nuclear shell 
theory is considerably larger than the effect of the 
potential of Gammel and Thaler. In fact, assuming the 
validity of the short-range approximation, the sepa- 
ration between the levels J=0 and J=2 in Ca* due 
to the force of Signell and Marshak would be 0.7 Mev, 
which is an appreciable fraction of the experimental 
value of 1.5 Mev. 


4. VELOCITY-DEPENDENT TRIPLET POTENTIAL 


We now turn to the potentials that depend on the 
second power of momentum, the simplest of which 
were given in the introduction. As the potential (1.1) 
acts only in the triplet state, we shall designate it as 
the velocity-dependent triplet potential. Introducing 
the total spin S of (2.2), the triplet potential becomes 


§ (1+o2)*p’-V(r')p’ 
=p’-V(r')p’+ (GS*—1)p’-V(r')p’. 
The interaction energy for a two-particle configur- 
ation in jj coupling can again be written in terms of 
the interaction energy in LS coupling with the help of 
the transformation bracket” (3.2 I). As 3S*—1 is 0 in 
the triplet state, and —1 in the singlet state, we obtain 
from the form (3.8 I) of the transformation bracket 
for S=0, that the interaction energy becomes 


((nlj)?JM |3S2p’- V(r’) p’ | (nlj)?JM) 
=((nbj)°JM |p’: V(r')p’| (nlj)*JM) 
—4 (2141) (2/+1) (2741) —J J+1)] 
X((nl)2JM | p'-V(r")p'| (nl)°JM). (4.2) 


*” Equations of reference 7 will be indicated by I following the 
number of the equation. 


(4.1) 
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From (4.2) we see that the interaction energy 
associated with the potential (4.1), can be expressed as 
a linear combination of the matrix element in jj 
coupling and in the singlet state of LS coupling of the 
velocity-dependent central potential discussed in I. 

As in I, we express the V(r’) in (4.1) in terms of 
the Gaussian potential, 


V(r!) =Mo exp[—b-?(11— 12)? J. (4.3) 


For the long-range approximation we have, from the 
last term in (4.2), that the interaction energy will 
depend on the total angular momentum J, even in the 
limit b>. Taking into account that the matrix 
element of p1- pz is zero because of parity, and extending 
the analysis to \ identical particles in the shell by a 
procedure similar to that outlined in I, we obtain in 
the long-range approximation: 


((nlj)\JM |4S2p'- V(r’) p’| (nl j)\JM) 
= (2M 0)“ p*){24(A— 1) 
—4)\(A—1) (21+1)°L (2/4+-1) (27 +1) —2j(j+1)] 
+3(2+1)"LJ J+I)—dAZG+)]}, (4.4) 


where as in (2.21 I), (p*) stands for the single-particle 
expectation value of the square of the momentum. 

From (4.4) we see that the velocity-dependent triplet 
potential will give, in the long-range approximation, a 
level arrangement that goes in the order of increasing 
(decreasing) values of the total angular momentum J 
if Mo is positive (negative). 

In the short-range approximation we must distinguish 
in the interaction energy (4.2) between states of isotopic 
spin 1 and 0. In the first case, J is restricted to even 
values as the wave function is antisymmetric, and as 
shown in the appendix of I, the last matrix element in 
(4.2) is zero. For isotopic spin T=1, the interaction 
energy in the short-range approximation for a velocity 
dependent triplet potential is then identical to the one 
given by (3.5 I) and Table II of I. For isotopic spin 
T=0, J is restricted to odd values as the wave function 
is symmetric, and the first matrix element in (4.2) is 
given by (3.7 I), so from (4.2) we see that the inter- 
action energy is zero. 

For the case of identical particles in a given shell in 
the short-range approximation, the same restrictions on 
strength and range that were obtained for the velocity- 
dependent central potential, hold for the velocity- 
dependent triplet potential (4.1). 


5. VELOCITY-DEPENDENT TENSOR POTENTIAL 
IN THE LONG-RANGE APPROXIMATION 


The Vr(r’) in (1.3) will also be taken in the form 
(4.3), replacing only My by Mr. In the long-range limit 
b>, Vr(r’) reduces to Mr™ and replacing p’ by its 
value (1.4), we see that because of parity considerations, 
the terms containing double products piipo; give no 
contribution to the interaction energy. Because of the 
symmetry of the matrix element under the interchange 
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of the two particles, we obtain for the interaction energy 
in the long-range approximation : 


E(2,nlj,J) 
=((nlj)?JM | —3Vr(r')[3(o1- p’) or: P’) 
— (01-02) p”" }| (mlj)?JM) 
=((nlj)?JM | — (4M 7r)[3 (or: ps) Pr 
—oipr" }-o2| (nlj)?JM) 
= — (4M 7) (—1)?-4 (nl j||3 (on: ps) pi— op || nl 7) 
X (nlj\\o2)\nlj)W (7777; 51). (5.1) 


The interaction energy £ is given as a function of 
the number of particles (2 in this case), the shell 
quantum numbers, and the quantum numbers necessary 
to specify the state, in this case only the total angular 
momentum J. The matrix element of a2 can be evalu- 
ated by the standard methods of Racah.!* For the first 
matrix element in (5.1), we express the spherical 
components of the vector in the form: 


[3(o1- pi) pi—oipr |m= do (21um'|1m)Q,2o1m, (5.2) 


p,m!’ 


where the 4=0 component of the second-order Racah 
tensor!® (,? is given by 
Qo? = — (5/2)'[3p1.?— pi’). 


Using the methods of Jahn and Hope* for the evalu- 
ation of tensor products of Racah tensors, we obtain: 


(5.3) 


(nl3 j\\3(o1- pi) pi—oipr’| nl} j) : 
‘ct + 2 
= (2j+1)(v3)(nll|\\nly(4\\o\|4)U | GZ 18, 
(24 2 1) 


2 - 


(5.4) 


where U is the 97 symbol of Wigner in the notation of 
Matsunobu and Takebe.”” 

For the: matrix element of 0? we have: 
(nl —(5 2)'[3p1.2— pr? ||| nl) 


5.5) 


L(1+1) (21+1)7} 
=(p(10| | 
(21—1)(21-+3) 


9 


where (p”) is the single-particle expectation value of p’ 
as in (2.21 I). This result can be obtained straight- 
forwardly if we consider the expectation value of (5.3) 
in momentum space. 

From (5.4), (5.5), and the well-known relation 


(5.6) 


(3|lo||2)= V6, 
we can obtain the energy / for the two-particle con- 
figuration. As the dependence of this energy on J takes 
place only through the Racah coefficient in (5.1) given 
by’® 
W (99993 AJ) = (— 1)? 927) G+D 27+) PF 

es <(27(j+1)-—J(J+1)], 
21H, A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). 


(5.7) 
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we can immediately generalize (5.1) to the \ particle 
configuration as done in Sec. 2 of I, and in the long- 
range approximation we obtain, after some simplifi- 
cation, a 


E(A,nlj,J)= (4M 7) py) (27) (G+1) POF (2/4+-1)7] 
X[JJ+I)—Aj(G+1)], for 1=j+}. (5.8) 


As in the previous sections, we take for the common 
potential of the nucleons in the nucleus a harmonic 
oscillator of frequency w. In this case, the first term in 
(5.8) becomes 


(4M 7) p?)=3(m/M 7) hw(2n+/+3), (5.9) 
where m is the mass of the nucleon. 

From (5.8) and (5.9) we see that the ordering of the 
levels due to a long-range velocity-dependent tensor 
potential, goes with increasing (decreasing) J if Mr is 
positive (negative), and that the separation between 
successive levels is of the order of (m/Mr)hw. As the 
energy differences between levels in a given shell should 
be smaller than the separation fw between shells, we 
obtain for a long-range velocity-dependent tensor 
potential the restriction (m/M7)<1. 

The long-range approximation for velocity-dependent 
tensor forces, will be valid if the range b of the potential 
(4.3) is small compared with the radius of the nucleus. 
Therefore, the long-range approximation will hold at 
most for light nuclei. For the medium and heavy nuclei 
we shall use rather the short-range approximation 
developed in the following section. 


6. VELOCITY-DEPENDENT TENSOR POTENTIAL 
IN THE SHORT-RANGE APPROXIMATION 


We first rewrite the tenscr potential (1.3) by a 
procedure similar to the one discussed in Sec. 2 of I, 
so as to obtain 


—Vr(r')[3(S-p’)— Sp ]=—Vr(r')T?-X?, (6.1) 


where the «4=0 component of the Racah tensors T?, X? 
is given by 


T0?= (1/V2)(3p."— p”), Xo?=(1/v2)(3S2—S2). (6.2) 


In the short-range approximation, V(r’) could be 
represented by the 6-function potential 


Vr(r’)=Mrwid*5(r,— 12), (6.3) 


so that —Vr(r’)To?, when properly made Hermitian,!° 
becomes 


- Vr (r’) T= rat (V2M 1) ''b*[3p.'6 (m— To) p.’ 


—p’-d(ti—12)p’]. (6.4) 


Because of the 6 function appearing in (6.4), it is 
convenient to write the two-particle interaction energy 
in jj coupling in terms of the matrix elements in LS 
coupling, and from (6.1) and the discussion in Sec. 3 of 
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TABLE II. The two-particle interaction energy (6.8) for the 
short-range ee tensor potential. The unit is 
[ —(m/M 7) hwB*) and the radial quantum number n=0. 


0 2 


5/3 
5/6 1/6 
21/8 21/40 
7/4 1/4 1/4 
99/28 2871/3920 297/784 


297/112 297/784 255/784 27/112 


I, we obtain 


E(2,nlj,J)=3(2j+1)? LCAL+1) )(2L'+1)]} 


1 1” 
j i (—1)#+! J 
hse 


(nd LI—Ve(eyT*h (nl)2L’11| X2\\1) 


XW(LIL'1; J2). (6.5) 


For the matrix element of Vr(r’)T¢", the analysis is 
carried out in the Appendix, where it is shown that the 
matrix is diagonal in LZ and different from zero only for 
odd L, becoming 


((nb)2L|| — V(r’) T2|| (nl)2L) 
= — (V2M 7) (2/4) tL (2L— 1) (2L+1) (2L+3) }! 
X[L(L+1)} 4 wH(,L); Lodd, (6.6) 


where A,, is the radial integral (2.21), and H(/,L) is 
given either by (2.22) or by the recurrence relations 
(3.2) and (3.3). 
Using the methods of Racah,!* we have from (6.2) 
that 
(1 || X?||1)= (15). 
Substituting (6.6) and (6.7) into (6.5), and making use 


of the explicit expressions for the Racah'® and U 
coefficients,!” we obtain, after simple reductions 


E(2,nlj,J) = —(m/Mr) (hw) BL (e/2)'v4A ni J 
X ([(2I+5)/(2I+2) JH (1,5,J)— LI +)) (+1? 
X[(2j+1 FJ) (+1 FJ) JA (I, J—-1)}. (6.8) 
In (6.8) the minus sign is used if /= 7+} and the plus 
sign, if = 7—}, and J is restricted to even values. The 


coefficient H(/,j,J) is defined by (3.6 I), and, as in 
Sec. 3, B is 


(6.7) 


B= (v/2)4b= (mw/2h)'d. 


The coefficients H(/, J/—1) and H(/,j,/J) are given in 
Tables I and II, respectively, of reference 7. For n=0 
the first square bracket in (6.8) has the explicit form 
(3.12). We can then give in Table II the values of the 
interaction energy for the two particle configuration in 
units of [— (m/M7r) (hw) 6*}. 


(6.9) 
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TABLE III. The three-particle interaction energy (6.10) for 
the short-range velocity-dependent tensor potential. The unit is 
[—(m/M7)hw8*) and the radial quantum number n=0. 


3/2 5/2 9/2 


3/4 7/4 
1485/784 99/28 


3/4 
2673/1960 


For the three-particle configurations, the interaction 
energy /(3,nlj,J) could be obtained from (6.8) with 
the help of the fractional parentage coefficients, in the 
form’ 


E(3,nlj,J)=> 3((j)°I',j,J WG) PE(2,nlj,J’). (6.10) 
7 


From Table IV of reference 7, we obtain in Table III 
of this paper the interaction energy for a three-particle 
configuration in the j= shells, in the same units as 
in Table IT. 

Looking at the interaction energies for short-range 
velocity-dependent tensor forces given in Table II, 
we notice that for Mr positive (negative) the level 
ordering for a two-particle configuration goes with 
increasing (decreasing) J, just as in the case of the 
long-range approximation discussed in the previous 
section. For the three-particle configuration in the 
j= shells, we see from Table III that, for Mr>0 the 
lowest state in the short-range approximation is J =, 
while for the long-range approximation, it would be 
J=}. 

From Tables II and III, we also see that the inter- 
action energy due to a short-range velocity-dependent 
force increases with /. This is also observed for the 
interaction energy of the short-range spin-orbit force 
given in Table I. This characteristic is reasonable for 
velocity-dependent forces, as we expect a stronger 
interaction for states of higher angular momentum and 
kinetic energy. In contrast, for ordinary short-range 
forces, the interaction energy decreases”* with increasing 
l. 

From Tables II and III we obtain restrictions on the 
magnitude of the product (m/Mr)8*, as the velocity- 
dependent tensor force should not be strong enough to 
give by itself the observed separation between levels, 
in case Mr>0, or to invert the normal level ordering, 
in case Mr <0. For example, for two identical nucleons 
in the n=O, fz/2 shell, we see from Table II that the 
separation between levels J/=0 and J=2 due to the 
velocity-dependent tensor force is 


2.27 (m/M 1) 8° (hw). (6.11) 


Considering the case of Ca**, where the separation 
between the levels” is 1.51 Mev, and taking as before 


2N. Zeldes, Nuclear Phys. 2, 1 (1956). 
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htw™10 Mev, we obtain the restriction 


(m/M 7)6* <0.066. (6.12) 


Any values for Mr and 6 in (6.3) that would be con- 
sistent with the two-body data, would also have to be 
tested in connection with inequalities like the above. 
It is of interest to notice from (3.1), (6.6), as well as 
from (3.3 I), that in the short-range approximation the 
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spin-orbit, velocity-dependent tensor, and velocity- 
dependent central forces contain the same factor 
H(1,L), which is given by the recurrence relation (3.2) 
and (3.3). For ordinary short-range forces, we have a 
similar factor’ H’(j,J) given by the recurrence relation 
(5.4 I). This suggests the possibility that for all types 
of short-range forces, we could express the interaction 
energy in terms of simple closed expressions. 


APPENDIX 


The matrix element (6.6) could be obtained from the expectation value of the operator (6.4) since 


((nl)2LM | —Vp(r) Te | (nl)2L'M) = ((nl)?2L\| — Vir’) T2|\ (nl)2L’)(2L+1)-L'2M0| LM) 


= 2M nf (3( pad) -2( PY) 2 ( py)*:- 2° (pW’)1-2}dr, (A.1) 


where (py)1~2 is given, as in the Appendix of I, by 


( py) 1-2 = pal (Imm, | LM){ pRri(r) Vii (8,0) |[Rar(r) Vime(8,¢) J, 


mim2 


and L is restricted to odd values. 
The z component of p has the form 


p.= (h/i)[cos6(d/dr) —r~ sind (0/08) |, 


and because L is odd, only the second term in (A.3) contributes to (A.2), so that we can write 


(pw)ia2= thr LR alr) Pf SS Umyme| LM)[sinO (0 V tmy/ 08) | ¥ img}. 


mime 


(A.4) 


The expression inside the curly brackets can be developed in spherical harmonics by the standard methods of 


Racah,!* and we obtain 


(pa) mo= thr [MR ar(r) ]? (4a) (20+ 1) (1+ 1) (224-3) J! Y vf (2L +1)! (2L"+ 1) 1+ 1100 | £0) 


XW (U+ALL"; 11)(1L0M | L"M)Y 1 (8,¢)}.  (A.5) 


In the sum appearing in (A.5), L”’ is restricted to odd values because the first Clebsch-Gordan coefficient 
requires 2/+1+L” to be even. Furthermore, from the Racah coefficient L”’ is restricted to L’’=L, L+1. As L 
is odd, we can have only L’’"=L and the summation reduces to one term. Clearly then, the matrix element in 


(A.1) will be zero if L’¥L. 


Taking (A.5), and the results in the Appendix of I, we obtain from (A.1) that 


((nb)?L\| — Vr(x’) || (nl)2L) = — (V2M 7) (2/4) PA gil (2L—1) (2L+1) (2L+3) PLL(L4+-) 


 (1+-1) (274-3) (21+ 1)*[(/+ 1100! L0) PCW (U+-1LL; 12) }?, 


where 4,, is the radial integral given in (2.21). 


(A.6) 
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The fission of Ra”** by 11-Mev protons has been studied by using radiochemical techniques. The mass- 
yield curve of fission products shows three humps: a narrow hump centered about mass 112, corresponding 
to a symmetric fission mode, with two humps on either side, corresponding to an asymmetric fission mode. 
The measured fission yields of fission fragments at the peaks of all three humps are about the same. The 
heavy-fragment ‘‘wing” of the asymmetric portion of the mass-yield curve is very similar in position and 
shape to the corresponding member of other asymmetric mass-yield curves. The light-fragment ‘‘wing”’ has 
accordingly shifted to lower mass numbers, continuing the trend observed in the asymmetric fission-yield 
curves of elements heavier than radium. The central, symmetric-fission hump is of the same width as the 
narrow, symmetric-fission curve observed for fission of bismuth by: 20-Mev deuterons. The cross section for 
fission of Ra®* by 11-Mev protons is measured to be 2+1X10~*? cm?, and drops by a factor of about 60 


when the proton energy is degraded to 9 Mev. 


I. INTRODUCTION 


WO distinctly different types of mass division 
have been observed to occur in nuclear fission: 
asymmetric fission, where the fragments have a mass 
ratio of roughly two to three; and symmetric fission 
where the fragments have nearly the same mass. 
Asymmetric fission is characteristic of spontaneous and 
very low-energy fission of the heaviest elements 
(thorium and above),!~* while symmetric fission is 
observed to occur in bismuth” and lead" when these 
elements are bombarded with moderate energy par- 
ticles (15 to 40 Mev). 
When the heaviest elements are bombarded with 
moderate energy particles or photons the mass division 
becomes more complicated.’ Up to about 40 Mev, 
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asymmetric fission is the most probable fission mode. 
However, the probability of symmetric fission increases 
strongly with energy until it becomes the most probable 
fission mode at energies above 40 Mev. Hence at 
moderate energies both types of mass division are 
observed to occur in the heaviest elements, whereas in 
the lighter elements of bismuth and lead only sym- 
metric fission is observed. 

In view of the distinctly different mass distributions 
observed for thorium at moderate energies on the one 
hand and for bismuth and lead at moderate energies 
on the other, it was thought to be of interest to examine 
the mass distributions of elements having atomic 
numbers between bismuth and thorium. Unfortunately, 
because these elements are all radioactive with short 
half-lives for the most part, the only element in this 
region which could be obtained in sufficient quantity 
for such studies is radium. The isotope Ra”’® is the only 
one commerically available in macroquantities. But 
having an atomic number of 2 units less and mass 
number of 6 units less than thorium it lies rather closer 
to the heaviest elements than to elements in the region 
of bismuth, and it would therefore be expected to have 
a fission-fragment mass distribution similar to thorium. 
Nevertheless it was decided to study its fission behavior 
on bombardment with 11-Mev protons. 

Among the projectiles available from a cyclotron, 
11-Mev protons make the best choice for several 
reasons. The proton flux available from the University 
of Washington 60-inch cyclotron is high (10'* protons/ 
cm? sec), making it possible to use rather small amounts 
of somewhat hazardous and expensive material. Except 
for neutrons, which are unobtainable in high flux and 
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of homogeneous energy from a cyclotron, protons have 
the lowest Z, thus keeping the atomic number of the 
compound nucleus as small as possible. Unlike deuterons 
which are likely to be stripped, giving rise to a large 
number of different compound-nuclear states, protons 
have the advantage that one may more safely infer the 
formation of a single compound nucleus. Furthermore, 
at the relatively low bombarding energy of 11 Mev 
only two fissioning species would be expected: Ac”? 
excited to 16 Mev from the capture of an 11-Mev 
proton in Ra*”®, and Ac”® excited to less than 9 Mev 
from the Ra”*®(p,n) reaction. Finally, unlike deuterons, 
11-Mev protons give rise to relatively few secondary 
neutrons. Hence neutron-induced reactions will con- 
tribute negligibly to the observed fission fragments. 

The fission of radium by helium ions of 20 and 42 
Mev and by 9- to 22-Mev deuterons is also being 
investigated. The results of these experiments will be 
published at a later date. 


II. EXPERIMENTAL PROCEDURE 


Radium was obtained commercially in ampoules 
containing approximately 1 mg of radium as the 
bromide salt. Because of the extensive physical and 
chemical processing used in its recovery, the radium 
was assumed to be free of thorium and uranium. No 
attempt was made to purify it further. 

This assumption was checked experimentally by 
spiking 20 g of barium bromide with 3 g each of thorium 
nitrate and uranium nitrate. After only 12 fractional 
crystallizations of barium bromide an aliquot of the 
purified material was bombarded with 11-Mev protons 
and a search was made for silver, molybdenum, and 
strontium fission products. No fission-product activity 
was found in the sample, indicating that thorium or 
uranium impurity in the radium target would be very 
unlikely. 

To lessen the hazard of using radium, and to con- 
siderably lessen the cost of extensive experimentation, 
the radium, prepared in the form of radium carbonate, 
was sandwiched between two thin gold foils. This 
radium sandwich was bombarded between thin alumi- 
num foils which served to catch fission fragments 
recoiling out of the gold-radium targets. By processing 
only the catcher foils, chemical separation could be 
performed that was relatively free from complications 
that would arise if radium were present. Furthermore, 
the radium sandwich could be used over again. 

The radium sandwich was prepared by precipitating 
about 1 mg of radium as the carbonate, and washing 
the precipitate with water to remove unwanted salts. 
A slurry of the precipitate in alcohol was then allowed 
to settle uniformly by sedimentation, onto a thin gold 
foil of thickness 2.7 mg/cm*. The precipitate was con- 
fined to a definite area by means of a rectangular hole 
in an aluminum block which was clamped tightly 
against the gold foil. After the alcohol had evaporated 
the block was removed and another sheet of cohesive 
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gold foil was laid over the radium. The foils were then 
placed between two smooth blocks of aluminum and 
the whole assembly compressed in a hydraulic press to 
a pressure of 1000 psi. In this way the two gold foils, 
with the radium carbonate between, were compacted 
into a single foil. 

Because of the thickness of the radium deposit 
(about 0.5 mg/cm?) and the overlapping gold, the 
fission fragments emitted at oblique angles to the foil 
normal could not escape from the target. Since they 
have shorter ranges, fewer heavy fragments would be 
able to escape compared with complementary light 
fragments. Assuming the fission fragments are emitted 
isotropically, and using the measured values for the 
ranges in gold” and aluminum” of fission fragments 
from thermal-neutron-induced fission of uranium, it 
was computed that for the most extreme asymmetric 
pair of fragments about 20% fewer heavy fragments 
would be collected than complementary light fragments. 
Correction factors to compensate for the effect of source 
thickness were computed and applied to the measured 
yields. Perturbations in these correction factors due to 
nonisotropic fission are expected to be completely 
negligible in view of the very small angular anisotropies 
observed for fission products in 11-Mev proton-induced 
fission of thorium and uranium.” 

For bombardment the radium sandwich was placed 
between two hyperpure aluminum catcher foils*® and 
fastened tightly to a water-cooled pure aluminum 
target plate. The target was then bombarded for either 
one or two hours with a proton flux of 10" particles/cm* 
sec. 

After bombardment the catcher foil was dissolved in 
an acid or basic solution containing carrier amounts, 
usually 10 mg, of the fission product elements to be 
separated. The type of solvent used depended on the 
elements to be separated. The strong reducing proper- 
ties of the aluminum catcher foil made carrier exchange 
difficult and extreme oxidizing conditions were required. 
When solutions of sodium hydroxide or sulfuric acid 
were used to dissolve the catcher foils the results were 
not reproducible, presumably owing to difficulties of 
carrier-tracer exchange of the silver monitoring species. 
The observation that the ratio of the yields of Ag to 
Ag!’ was not reproducible in those cases is evidence 
that this explanation is the correct one. A strong 
oxidizing solution, such as HCl and HNO;, NaOH and 
NaClO, or H2SO, and HC1QO,, and a half-hour reflux 
period was found to give reproducible results. 

Ag", which was separated in every experiment, 

FE. Segre and C. Wiegand, Phys. Rev. 70, 808 (1946). 

% Finkle, Hoagland, Katcoff, and Sugarman, Radiochemical 
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served as an internal standard to which the fission 
yields of the other species were normalized. The 
separation and purification of each element followed 
well known chemical procedures,?** modified slightly 
to allow for the presence of aluminum, which was 
sometimes annoying and generally lowered the chemical 
yields. 

Each purified element was precipitated in some 
suitable form, filtered onto a small filter paper, dried, 
and weighed to determine chemical yield. The sample 
was mounted on Scotch tape covering a one-inch hole 
in a sample mounting card, and covered with thin 
(2 mg/cm?) polystyrene foil. Each sample was counted 
in one of a set of four end-window G-M counters with 
nearly identical shelf assemblies. The detection effi- 
ciencies between counters were cross-calibrated with a 
Pb” standard. The decay curves were plotted and 
analyzed in the usual way, and saturation counting 
rates were determined for each radioactive species. 
The half-lives of the various components of the decay 
curves always agreed closely with the values for known 
fission product species of the elements being counted.” 
Corrections for absorption of the radiations by air, 
polystyrene, and counter window; and for scattering by 
Scotch tape, filter paper, polystyrene, air, and counter 
housing were made from data of Pappas.*! Sample 
absorption and scattering corrections were made ac- 
cording to the curves of Nervik and Stevenson.” Since 
no absorption curves were measured, tabulated energy 
values for the radioactive species” were used in making 
counting corrections. 

For the purpose of computing a cross section for 
fission, the geometry factors of the several shelves were 
determined using a sample of known disintegration rate. 
This standard was obtained by chemically separating 
in a quantitative manner the Th‘ daughter of an aged 
uranium solution of known concentration. 


III. EXPERIMENTAL RESULTS 


The fission yields measured for the 20 nuclides which 
have been studied so far are given in Table I. The 
number of measurements of each yield is given in 
column 1. Most of the measurements have been made 
on those elements which represent symmetric fission. 
The tabulated errors are the standard deviations of 
separate measurements. The values for Y* and Ba", 
which have been measured only once, are probably 
reliable within 20%. Pd" was determined both by 


26 See reference 1, part VI. 

*7 Jacob Kleinberg, Los Alamos Scientific Laboratory of the 
University of California Report LA-1566, 1953 (unpublished). 

28W. Wayne Meinke, Atomic Energy Commission Report 
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314, C. Pappas, Massachusetts Institute of Technology 
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milking the Ag™ daughter and by analyzing the total 
decay curve for Pd! and Pd". Because of the uncertain 
correction factors for the low-energy Pd", the milking 
procedure is probably the more accurate. 

All yields are relative to Ag™, which was measured 
in each experiment. As is customary with fission yield 
measurements, the yields have been normalized to give 
a total mass yield of 200%. The tabulated values 
represent cumulative yields of each mass chain up to 
the species listed. Species independently formed closer 
to stability are not included. Calculations of inde- 
pendent fission yields on the basis of the equal-chain- 
length hypothesis,* the unchanged charge distribution 
hypothesis, and the hypothesis of maximum energy 
release™ indicate that the yields of the more asymmetric 
fission products which were measured might be some- 
what low. However, none of these postulated charge 
distributions indicate significant changes in the meas- 
ured yields for fragments having mass ratios up to a 
value of about 1.3. 

Any fission of the gold foil or activation of impurities 
in the aluminum catcher foil and gold sandwich might 
affect the results. Of the species tabulated in Table I, 
only Br® could be expected to be formed by proton- 
activation of an impurity (selenium). The aluminum 
foil used as the fission fragment catcher had previously 
been shown” to be of extremely high purity, so that 
only the gold could be expected to be the source of 


TABLE I. Relative yields of fission fragments of radium 
irradiated with 11-Mev protons. 











Number of Fission 
determinations Nuclide yield (%) 

2 Br® 3.1+0.2 
2 Br® 2.9+0.2 
6 Sr*! 3.5+0.4 
6 Sr® 3.0+0.4 
1 ys 3.4 
4 Zr? 1.9+0.3 

15 Mo* 1.9+0.2 
2 Ru 2.9+0.4 
4 Pd” 3.6+0.4 

25 Agitt 4.08 
4 Pd? 3.340.4 
4 Pdi? 3.8+0.3¢ 

25 Ags 3.10.1 
3 Cd's 3.9+0.6 
3 Sn”! 2.0+0.2 
3 Sn 0.9+0.1 
4 Tel# 2.8+0.54 
2 rp 4.7+0.4 
1 Ba! 4.0 
2 Bal® 2.8+0.2° 
2 Celt 1.9+0.2 








® The fission yields of the other fission products are measured relative to 
this nuclide. The fission yields of all mass numbers integrate to 200%. 

b By analysis of the total palladium decay curve for Pd! and Pb"?, 

¢ By milking Ag"? daughter from Pd"2, 

4 By milking I daughter from Te’, 

¢ By milking La daughter from Ba", 


% Glendenin, Coryell, and Edwards, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), Paper No. 52, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9, Div. IV. 
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contamination of the fission product species. The most 
likely impurities in the gold would be copper and zinc, 
with silver and the platinum metals being possible 
impurities. In an exploratory run to test for impurities 
a stack of gold and aluminum foils was bombarded with 
11-Mev protons, and silver, zinc, gallium, and pal- 
ladium were separated radiochemically. No silver or 
palladium activities were found, but appreciable zinc 
and gallium activities were observed that would mask 
the presence of any fission activities of these two 
elements. These activities are probably due to (p,m) 
reactions on copper and zinc impurities in the gold foil. 

The data of Table I are plotted in Fig. 1. In Fig. 2 
they are plotted along with complementary fragments, 
assuming a total mass of 227 and the loss of either 3 or 
5 neutrons during the course of the reaction. With the 
exception of 3 points the data show a smooth pattern, 
and a value of between 3 and 5 would seem to fit the 
data fairly well. 

The low yield of Sn’ relative to neighboring mass 
numbers is attributed to the independent formation 
of the 9.5-minute isomer, which is not measured. The 
yield of Br™ appears to be too low by a factor of about 
20%. This may be due to the short half-life of Br®, 
which results in rather poor resolution of this species 
from the decay curve. The yield of Ag" was consistently 
lower than the yields of neighboring species. It is 
doubtful that experimental error could account for 
this low yield. A short-lived isomer of this nuclide is 
known to appear in thermal-neutron fission of 
uranium.** This species would not have been detected 
in these experiments and presumably accounts for the 
difference. 

Radium was observed to contaminate the barium 
fraction, and the measured value of Ba" is therefore 
somewhat uncertain. Iodine was separated before com- 
plete decay of the 44-minute Te precursor. Correc- 
tions were made for this assuming that all the I’ came 
from Te. This may not be the case, so that the tabu- 
lated yield may be high. 
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Fic. 1. Fission yields of 20 radionuclides in the fission of 
Ra*® induced by 11-Mev protons. 


35 U. Schindewolf and C. D. Coryell, Massachusetts Institute 
of Technology Laboratory of Nuclear Science Annual Progress 
Report, June, 1955 to May, 1956 (unpublished) p. 35. 
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Fic. 2. Fission yield curves for 11-Mev proton-induced fission 
of Ra™*, Data of Table I plotted with reflected points on the basis 
of v=3 and v=5. 


IV. CROSS SECTION FOR FISSION 


The cross section for fission with 11-Mev protons is 
calculated from the data to be 2+1 millibarns. When 
the protons were degraded to 9 Mev it was found that 
the cross section dropped by a factor of 60. This shows, 
among other things, that contamination of the proton 
beam by 22-Mev deuterons or 44-Mev helium ions is 
less than 1%. It also shows that the fission product 
species reported here cannot arise from fission of 
thorium or uranium impurities present in the radium 
target. The cross section for the fission of thorium by 
11-Mev protons is 50 millibarns, and drops by a factor 
of about 2 for fission by 9-Mev protons. The cross 
section for proton fission of uranium would be expected 
to change with energy in a similar manner. The rapid 
decrease in the cross section observed for radium indi- 
cates that less than a few percent of the asymmetric 
fission products observed for radium with 11-Mev 
protons could be due to thorium or uranium impurities. 


V. DISCUSSION 


The most striking feature of the results displayed in 
Figs. 1 and 2 is the triple-humped nature of the mass- 
yield curve. The fission of radium with 11-Mev protons 
exhibits two distinctly different fission modes: typically 
asymmetric fission, and symmetric fission with a 
narrow range of mass values. It was suggested* some 
years ago that it was meaningful to discuss the mass 
distribution in terms of two modes, “symmetric” and 
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“asymmetric.” This division was based largely on the 
observation that symmetric fission becomes increasingly 
probable in the heavy elements as the energy of the 
fission-inducing particle is raised. The present results 
exhibit the two modes separately for the first time. 

The present results differ from the earlier ones in at 
least two respects. First of all, the symmetric fission 
mode of radium stands out clearly by itself, whereas 
for the heavier elements asymmetric fission is still the 
predominant fission mode. Only recently has evidence 
been obtained that a small peak occurs at the symmetric 
point in the fission of U** by 31-Mev bremsstrahlung.*® 

Secondly, there is considerably less asymmetric 
fission relative to symmetric fission in radium than 
would be expected by extrapolation of the systematic 
behavior observed for elements heavier than radium. 
On the basis of the correlations pointed out by Fowler, 
Jones, and Paehler,*’ the fission yield of Ba'° would be 
expected to be at least five times as large as Ag™', 
whereas they have nearly the same fission yield. 

It is of interest to compare the two fission modes 
observed for radium with the symmetric mode observed 
for bismuth at moderate bombarding energies, and the 
asymmetric mode observed for low-energy fission of 
heavier elements. The central peak of the radium mass 
yield curve is quantitatively similar to the narrow peak 
observed for bismuth, up to the point of its merger with 
the asymmetric part of the curve. The width of the 
symmetric fission curve at half the maximum yield is 
only 17 mass units for both radium and bismuth. 

The heavy “wing” of the asymmetric fission mode 
observed for radium fission is very similar to those 
observed in the asymmetric fission-yield curves of other 
elements. Within experimental error it is of the same 
width at half the maximum yield as the curve for 
thermal-neutron-induced fission of uranium; and it is 
of interest that the position of the peak occurs in the 
same mass region as it is observed to occur for the other 
elements which undergo asymmetric fission. Thus, the 
observation that the location of the heavy-fragment 
“wing” stays fixed and the light-fragment ‘‘wing” 
shifts compensatingly as one goes to lighter fissioning 
elements also applies to the asymmetric fission of 
radium. It is probably this fact that has permitted the 
observation of the central hump: the “wings” have 
moved sufficiently far apart to allow dips to appear 
between the central hump and the insides of the 
asymmetric “wings.” The correlation of the degree of 
separation of the asymmetric peaks with Z?/A of the 
compound nucleus is in agreement with the empirical 
equation of Swiatecki.** 

The picture presented by the fission product mass 


36 A. C. Pappas (private communication). 
37 Fowler, Jones, and Paehler, Phys. Rev. 88, 71 (1952). 
38 W. J. Swiatecki, Phys. Rev. 100, 936 (1955). 
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distribution of all of the elements heavier than lead is 
as follows: symmetric fission is common to all of them 
when excitation energies are moderate. So far only the 
heaviest elements, radium and above, are observed to 
exhibit asymmetric fission at moderate energies; and 
for these elements the ease with which they undergo 
fission at low energy decreases as one goes to species of 
lower atomic number. 

The probability of fission taking place at low ex- 
citation energies is presumably related in some way to 
the fissionability parameter Z?/A, to nuclear excitation 
energy, and to neutron binding energies. Where Z?/A 
is unfavorably small and neutron binding energy low, 
low-energy fission would not be expected to compete 
favorably with neutron emission. The rapid increase in 
fissionability with the energy deposited in the com- 
pound nucleus which was observed for bismuth, along 
with its symmetric mass distribution suggests as one 
possibility that this mode of fission may be associated 
with prompt fission at higher excitation energy before 
the loss of many neutrons cools off the nucleus. The 
central peak in the radium mass-yield curve could on 
this basis be ascribed to the fission of Ac**? excited to 
16 Mev formed by capture of an 11-Mev proton in 
Ra”, The asymmetric fission of radium would be 
ascribed to fission taking place in Ac’ excited to 16 
Mev in competition with symmetric fission, and in 
addition, to the fission of Ac?** excited to 7 or 8 Mev 
following the evaporation of a neutron from Ac”, 
This latter species would be expected to show only the 
asymmetric fission behavior common to the heaviest 
elements at comparable excitation energies. 


VI. SUMMARY 


Moderate-energy fission of radium exhibits two 
distinctly different mass divisions corresponding to 
separate asymmetric and symmetric fission modes. 
The occurrence together of two such different fission 
modes has been inferred to be the case; the present 
results confirm this hypothesis. The symmetric-fission 
mode shows the same type of mass distribution as is 
observed for bismuth at comparable excitation energies. 
The asymmetric-fission mode continues a trend already 
observed for elements heavier than radium: the mass 
distribution of the heavy fragments is more or less the 
same as is observed for all the heavy elements, and the 
complementary light-fragment distribution has shifts 
to smaller mass numbers. 
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The total cross section of U, Al, Mg, Cu, and C has been measured for neutron energies near 14 Mev by 
transmission experiments. The agreement with previous measurements is satisfactory; results are compared 


with theoretical predictions. 





HE total cross section for 14.12-Mev neutrons 
has been measured by Coon ef al.' for many 
elements; above 14 Mev, some measurements have 
been performed by Cook ef al.* Other results, near 14 
Mev, have been published recently**; they do not 
agree with the “continuum theory’® which predicts 
that the total neutron cross section, averaged over 
resonances, decreases monotonically with increasing 
energies. We have measured the total neutron cross 
sections of some elements, from 13.6 to 14.75 Mev, by 
transmission experiments with good geometry; the 
resonances are indistinguishable in that energy region, 
and the energy resolution of our measurements is 
relatively poor, so that our results give directly the 
total neutron cross section averaged over resonances. 
The neutron source is the T(d,n)He* reaction: the 
deuterons are accelerated at 400-kev by the Van de 
Graaff machine of the laboratory, and strike a thick 
T-Ti target, furnished by the Atomic Energy Research 
Establishment, Harwell; the beam is not analyzed. 
Various neutron energies E, are obtained by changing 
the angle @ between the deuteron beam and the ac- 
cepted neutron direction; the values of E, have been 
tabulated recently.” With plausible assumptions about 
the energy distribution of the deuterons reacting in 





the target, one can calculate the neutron energy 
T v T T : T ™ 
O,AN: Nereson and Darden (ref.q ) U 
@ : Coon ef al (ref.1) 
6 © : Present measurements “7 
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Fic. 1. Total neutron cross sections of natural uranium near 
14 Mev. Dashed curve is the theoretical one, according to Fesh- 
bach and Weisskopf (reference 6). 


1 Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 

2C. F. Cook and T. W. Bonner, Phys. Rev. 94, 651 (1954). 

3’ Bonner, Alba, Fernandez, and Mazari, Phys. Rev. 97, 985 
(1955). 

4 Mazari, Alba, and Serment, Phys. Rev. 100, 972 (1955). 

® J. P. Conner, Bull. Am. Phys. Soc. Ser. II, 2, 267 (1957). 

6 H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

7J. L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
(1956). 


resolution as a function of the angle; the results are 
given in Table I. The neutron detector is a liquid 
scintillation counter (solution of xylene, with p- 
terphenyl, 5 g/l, and diphenylhexatriene, 3mg/1); its 
distance from the neutron source is 60 cm, and the 
samples, of 2.5-cm diameter and ~50% transmission, 
are placed midway between the source and detector. 
The neutron source, the sample and the detector are 
aligned optically. As a neutron monitor, we use a long- 
counter,® placed at 90° from the deuteron beam. The 
threshold of the discriminator following the linear 
amplifier of the liquid scintillation counter, has been 
chosen in order to eliminate gamma rays and back- 
ground neutrons. This threshold value has been deter- 
mined by measuring the total cross section of Al for 
14.12-Mev neutrons as a function of the discriminator 
threshold : the result increases with increasing threshold, 
and approaches the value measured by Coon ef al. 
This value is reached for a discriminator threshold 
which is adopted for the other measurements. The 
background, measured with a copper bar, of 2.5-cm 
diameter and 40-cm length, is less than 2% of the 
intensity without sample. In-scattering corrections are 
within statistical errors and have not been applied. 
Results with U, Al, Mg, Cu, and C have already been 
obtained, and are presented in Figs. 1 to 5, where the 
errors shown are only those due to counting statistics; 
measurements with Pb, Fe, Mo, and H are now being 
done. As shown in Figs. 1 to 5, the agreement with 
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Fic. 2. Total neutron cross sections of Al near 14 Mev. 
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Fic. 3. Total neutron cross sections of Mg near 14 Mev. 


8 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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TABLE I. Neutron energy (E,) and resolution (AE,) of the T-D neutrons as a function of the angle 6 
between deuteron beam and neutron direction. 














@ (in degrees) 25 30 35 40 45 50 ' 35 60 65 70 75 
E,+AE, 14.76 14.73 14.70 14.65 14.61 14.56 14.50 14.45 14.39 14.33 14.27 
(Mev) +0.23 +0.23 +0.21 +0.20 +0.19 +0.17 +0.16 +0.14 +0.13 +0.11 +0.09 

@ (in degrees) 80 85 90 95 100 105 110 115 120 125 130 
E,+AE,, 14.20 14.14 14.08 14.01 13.95 13.89 13.82 13.77 13.70 13.66 13.60 
(Mev) +0.07 +0.05 +0.04 +0.02 +0.005 +0.02 +0.05 +0.06 +0.08 +0.09 +0.10 
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Fic. 4. Total neutron cross sections of Cu near 14 Mev. 
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Fic. 5. Total neutron cross sections of C near 14 Mev. 


previous measurements':** is satisfactory; in the case 
of C, our measurements give a fairly good confirmation 
of Conner’s results,> which indicates that the total 
cross section decreases from 13.1 to 14.1 Mev and 
increases from 14.1 to 15.6 Mev. The similarity of the 
curves for U, Al, and Mg is patent; the same remark 
holds for the general form of the total cross-section 
curves in other energy regions, for these three elements. 

®N. Nereson and S. E. Darden, Phys. Rev. 89, 775 (1953) and 
94, 1678 (1954). 





According to the complex-potential model,! this 
similarity is to be expected for Al and Mg because their 
mass numbers A are very close together. The curves 
for Cu and C are different from the three others; the 
same is true in other energy regions. The dashed curve 
in Figs. 1 to 5 is the total cross section according to the 
continuum theory®; as the nuclear radius R, used in 
this theory, is not exactly known, only the general form 
of the calculated curve has a meaning, not the absolute 
values. One can see that the theoretical curves do not 
fit the experimental results, except, perhaps, for Cu; 
in the case of U, Al, and Mg, the experimental curves 
seem to approach asymptotically the theoretical one, 
for increasing energies. For C, our measurements, 
together with Conner’s results,’ indicate the probable 
existence of giant resonances near 14 Mev, although 
less marked than in other energy regions.’ 

More details about the experimental method and 
new results will be published shortly. 
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An alternative description is given for Nilsson’s analysis of 
nucleonic motion in a strongly deformed nuclear field. The aim 
is to obtain the single-particle states for the region of strong 
deformation in terms of a representation which is especially suited 
for that region in contrast to the spherical representation used by 
Nilsson. 

The eigenvectors of a 3-dimensional anisotropic harmonic 
oscillator (H.O.) are used as a basic set to calculate the single- 
particle wave functions and energy eigenvalues. Two immediate 
advantages of choosing this basic set are: first, the matrix elements 
between single-particle states are expressible in terms of the rather 
simple analytic expressions obtained for these matrix elements in 
the H.O. representation and second, the expansion of the particle 
wave functions generally is rather pure, so that in many instances 
the leading term in the expansion is sufficient for calculations. 
Thus, good approximate calculations are easily obtainable. The 


high degree of purity of state has been taken advantage of 
previously by several authors to classify states in the strong- 
deformation region using the “almost good” quantum numbers 
of the basic set (asymptotic quantum numbers). 

Separate level spectra are given for protons and neutrons 
similar to the Mottleson and Nilsson scheme but more extensive 
(including some N=7 shell neutron levels). A large gap at 
neutron number 152 offers a partial explanation of the closing of 
a subshell there previously interpreted by Ghiorso e¢ al. from 
a-decay curves. 

New approximate transition selection rules are given for 
allowed and first-forbidden 8 decay. For allowed transitions the 
relative speed varies approximately as 10~!4%«!. For first forbidden 
transitions, relative speeds are tabulated as functions of AN,. 
The latter transitions are generally cut down by a factor 
(10-'—10-*) for | AN,| >2. 





I. INTRODUCTION 


ECENT advancements have been made in ac- 

counting for nuclear properties in the region 
between closed shells. In this region it is found that the 
isotropic-field description afforded by the shell model 
is inadequate by itself to account for many of the 
observed nuclear properties. In particular, nuclei in 
the region far from closed shells have been found to 
possess large quadrupole moments which imply proton 
charge distributions which are very different from 
spherical symmetry. That is to say, the nuclear field is 
anisotropic. 

As a result of nucleonic motion in this deformed field, 
the angular momentum of the nucleons is no longer 
constant and, thus, the nucleus must possess some other 
angular momentum such that a conserved total angular 
momentum is insured. This additional angular mo- 
mentum is attributed to the rotation of the nucleons as 
an aggregate (collective rotation). In addition, a new 
variable must also be introduced to account for the 
nuclear shape, i.e., oscillations of the nuclear shape 
about some equilibrium position (collective oscilla- 
tions). In general, then, account should be taken of the 
collective modes of motion, the intrinsic motion of the 
individual nucleons, and any interplay between the 
collective types and intrinsic motions.' 

However, if we restrict ourselves to the region far 
from closed shells, it is possible to make an approximate 
separation between the collective modes of motion and 
the intrinsic nucleonic motion relative to the deformed 
but fixed nuclear field. The nuclear wave function can 
then be written as a product of functions each of which 
represents one mode of the motion, i.e., rotational, 


1A, Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 


vibrational, and intrinsic.’~* It is this region that is of 
interest here. In particular, we shall be interested in 
obtaining a description of the intrinsic motion of indi- 
vidual nucleons in the deformed nuclear potential. 

Recently such a description has been given by 
Nilsson,*:® who has calculated the level spectrum of the 
intrinsic motion of individual nucleons assuming single- 
particle motion in a spheroidal harmonic oscillator 
(H.O.) potential well with strong spin-orbit andjP 
coupling. The spheroidal H.O. potential is split into a 
spherically symmetric term and a term giving the 
coupling of the particle to the nuclear symmetry axis 
as a function of the deformation. Retaming all but the 
spherically symmetric term of the H.O. as perturba- 
tions, Nilsson uses the eigenvectors of the 3-dimensional 
isotropic H.O. as a basic set. Basically then, Nilsson 
begins with a spherical nucleus and proceeds via the 
coupling energies to generate a deformed field. 

As a consequence of Nilsson’s model, with sufficiently 
large deformation there is an approximate separation 
of the nucleonic motion into oscillations along the 
nuclear symmetry axis and oscillations in a plane normal 
to this axis. In this limit an alternative representation 
for obtaining the single-particle wave functions imme- 
diately suggests itself, namely, to expand the nucleon 
wave function in terms of the eigenvectors of an 
anisotropic H.O. potential. By doing this, one obtains a 


* This limiting case is called the strong-coupling scheme after 
Bohr. 

3 For the appropriately symmetrized nuclear wave function 
see A. Bohr and B. R. Mottelson, [Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953) ]. 

4S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

5 For a list of other authors who have considered the motion 
of nucleons in a deformed potential, see Nilsson, (reference 4, p. 
8); also, more recently, K. Gottfried, [Phys. Rev. 103, 1017 
(1956) ]. 

6 Suggested by Nilsson, reference 4, Appendix B. 
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description of the motion which conforms more closely 
to the motion assumed by the particle in the strongly 
deformed field. Formally, we may say that in the region 
of very strong deformations the nucleonic wave func- 
tions are more nearly pure states when expanded in 
terms of the eigenvectors which we propose. In this 
paper we shall obtain the solutions of this alternative 
approach and examine some of the resulting implica- 
tions. 

We restrict ourselves to dealing with the intrinsic 
motion of the nucleons in a deformed static nuclear 
field neglecting, as mentioned above, the collective 
modes of motion and any interplay between the col- 
lective and intrinsic motion. In fact, we shall consider 
independent-particle motion under the influence of the 
collective distorted field only. For more of the physical 
content underlying the proposed interaction, we refer 
the reader to Nilsson’s paper and references contained 
therein. 

The particle motion in the deformed nuclear field will 
be governed by a single-particle Hamiltonian consisting 
of a cylindrically symmetric H.O. potential with appro- 
priate spin-orbit and F coupling. With a Hamiltonian 
of this type, the only constants of the motion are the 
component of the total angular momentum along the 
symmetry axis with quantum number 0 and the parity. 

In Sec. II we obtain the single-particle eigenvalues 
and eigenvectors by using an electronic digital com- 
puter. The results are arranged in convenient tabular 
form (Table I). 

In Sec. IIT a few limited applications of these results 
are given. In particular, some new transition selection 
rules are found and separate level spectra for protons 
and neutrons are presented. 


II. CALCULATION OF LEVEL SPECTRUM 
A. Method of Solution 


In this section we present an outline of the calcula- 
tions performed and discuss some of the results 
obtained. The first calculation consists of finding the 
eigenvectors of a cylindrically symmetric H.O. These 
eigenvectors are then used as a basic set for the expan- 
sion of the nucleon wave functions of the total Hamil- 
tonian. Next we impose the condition of volume preser- 
vation and pass to the limit required for very strong 
deformation. The coupling energies are then found 
between states of the basic set and are grouped along 
with the diagonal energy terms of the H.O. to form 
submatrices of the total energy. These submatrices are 
labeled by the quantum number © and, further, are 
diagonalized exactly, yielding the eigenvalues and 
eigenvectors of the substates corresponding to a given Q. 

Let us now consider the calculation in more detail. 
The approximate separation of the nucleon motion in 
the manner described above can be accounted for by a 
single-particle Hamiltonian of the following type [see 
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Nilsson discussion of Eq. (2) ]: 


H=H,)+Cl-s+DP, (1a) 
where 


Ho=- (h?/2m)V"?+3m(wPr?+w,22"), (ib) 


r’ and 2’ being the coordinates of the particle in a coor- 
dinate system fixed in the nucleus. Ho and the spin-orbit 
term follow from the usual formulation of the shell- 
model Hamiltonian. To complete the interaction 
Nilsson has added an F coupling term. The level 
sequence generated by deforming the oscillator potential 
in this fashion lies somewhere in between that obtained 
from the H.O. and that obtained from the square well 
potential. The choice of I-s, and F coupling strengths 
has been considered previously by Nilsson, who has 
selected them to reproduce the single-particle level 
scheme of the shell mode! for the spherical case of (1a) 
and (1b). For simplicity, we denote Cl-s+DP by H’ 
which will be regarded as a perturbative term. 

As seen from (ib), in the energy representation, the 
operators commuting with Harel, and s, with quantum 
numbers A and 2, respectively. The remaining quantum 
numbers NV, and N, together with A and = define the 
following aspects of the particle motion: NV, and N, 
give the number of oscillator quanta along the sym- 
metry axis and in a plane perpendicular to the sym- 
metry axis respectively, while A and = are the com- 
ponents of the particle orbital and spin angular 
momentum along the symmetry axis, respectively. It 
is also convenient to define the total number of oscillator 
quanta N given by N=N,+N,. It should be pointed 
out that these quantum numbers have been used 
extensively already by other authors to characterize 
the strong-deformation states. They have previously 
been called the asymptotic quantum numbers. 

As seen from (la), none of the above operators 
commute with the total Hamiltonian. Instead, the only 
constants of the motion are given by j,=I,+s, (the 
projection of the total angular momentum on the sym- 
metry axis) with quantum number , and the parity. 
The states characterized by a given © will be given as 
linear combinations of the base vectors ¥y(NN,AZ), 
where 2=A+2, while the parity of each state is even 
or odd according to even or odd N. These states are 
doubly degenerate corresponding to +2. 

To put the results in dimensionless form we introduce 
the following independent variables p= (mw,/h)'7’, 
etc. Expressing V’ in cylindrical coordinates, (1b) is 
separable in p, @, and z, where ¢ as usual, is the angle 
of rotation in the p plane. The solution of 


Hw (NN,AZ) = Enns (NN,AZ) (2) 

are obtained as 
Enn,= hw,(N—N,+1)+hw,(N,+4), (3) 
with ¥y(NN,AZ) given as a product of RZ, the three 
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factors being specified as follows: 
Ry,a~exp(— 3p*)p!*!Rw,a(p), 
where 
(|A| —,)p? 
2(1+|A]) 
(|A| —,)(|A| —-+2)08 
2X4(1+]A|)(2+|A]) 


Pyweis?, 


®w,a(p) =1+ 





where, as usual, A only takes on integral values; finally, 
Zy,~exp(—}2)hy,(2), 


where /w,(z) are the well-known Hermite polynomials.” 

We now wish to have the solutions appropriate to 
very strongly deformed nuclei. To determine these 
solutions, we begin by imposing the condition of 
volume preservation which yields 


ww, = wo = constant. (4) 


Next to introduce the deformation parameter e defined 
in the following manner: 


2e/3 (5) 


It is readily seen that these expressions satisfy Eq. (4). 
To second order in ¢, Eqs. (5) expand to 


we=wo(1+4e+ se), (5’) 


The slight difference between ¢ and Nilsson’s deforma- 
tion parameter 6 occurs because of the slightly different 
manner in which the volume preservation condition 
is imposed. In Nilsson’s paper, constant volume is 
assured only to first order distortions; here the volume 
is preserved to all orders [see Nilsson (3a) and (3b) ]. 
Hence, to first order, ¢ and 6 are equal. 

In the limit of small ¢, then, the energy is given by 


Enn,= hoof (1+}e)(N+3)—4(3N.—N)e], (6) 


wr=woet®?, w,=woe 


w,=wo(1—2e+ 26). 


where we have neglected a term (3N,—V)é/18 which 
is of the order of 145 to Mo of the 4€ term when e takes 
on the values 0.2 and 0.3, respectively. It should be 
pointed out, however, that Eq. (6) as written is rigor- 
ously true to order e when summing the energy Ewn, 
over closed shells since >> (3V,—N) vanishes identically. 
In any event, in most cases the energy levels will be 
changed only slightly, while the wave functions not at 
all if the term were included (small perturbation effect). 
We prefer not to include these second order effects at 
this time in order to duplicate Nilsson’s results. 

In this representation it turns out that such quan- 
tities as at=ax+tiy, [+=/],+il,, z,1,, FP, and 1-s can be 


7 Solutions of Eq. (1b) are worked out in detail in L. Pauling 
and E. B. Wilson, /ntroduction to Quanium Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1935), p. 105. 
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TABLE I. Selection rules for a cylindrically symmetric 
harmonic oscillator. 








Operator Selection rule 


1 AN =0, AN,=0, AA=0, AQ=0 
* AN=+1, AN,=0, AA=+1, AQ=+1 
AN=+1, AN,=+1, AA=0, AQ=0 
{AN =0, AN,=+1, AA=+1, AQ=+1 
\AN=+2, AN,=+1, AA=+1, AQ=+1 
AN=0, AN,=0, AA=0, AQ=0 
AN=0, AN,=0, AA=0, AQ=0, +1 No 
AN =0, AN,=0, +1; AA=0, +1; AQ=0, No 
AN =0, AN,=0, +2; AA=0, AQ=0 No 











written in rather simple analytic form. These are 
(N,—1 A+1|2*|N,A)=*[3(N-FA) }}, 
(N,+1 A+1|x+|N,A)=—+[3(N,+A+2)}, 


, 1 r\_/f1 nr 
(N a* z|N ae (5A z woul": 


(7a) 


(7b) 
where NV, upper denotes the larger of the two N, values; 
(N,+1 A+1|l+|N.A)=[(N,FA)(N,+1) }}, (7c) 
(N,—1 A+1]/*|N.A)=[(N,4A4+2)N,]}}, (7d) 

(NN,A|I,| NN.A)=A, (7e) 


(N,+2 A|P|N.A)=[(N,—A)(N,+4) 
x (V.+1)(N.+2) ]}, 


(N,—2 A|P|N.A)=[(N,+A+4+2) 
X (N,—A+2)N.(N.—1) }}, 


Paiagonal aes A?+ 2N; V+ 2N.+ N;, 
1. Sdiagonal = AZ, 


(7f) 


(7g) 
(7h) 
(7i) 
(7}) 
(7k) 


(V.+1 A+1 >’ | |. S| N,A2) = a] “off diagonal, 
(N,- 1 A+ 1 = | |. Ss N,AZ p= 4] ~off diagonal. 


It should be mentioned that to first order in e, matrix 
elements of FP vanish except those in the same major 
shell. 

The appropriate selection rules are tabulated for 
convenience (Table [). 

Additional selection rules have been tabulated by 
Alaga,® in particular those for allowed and _first-for- 
bidden 6 transitions. 

Turning now to the solutions of (la), the energy 
eigenvalues of the total H are given by 


Ewy,0= hoo (N+3)(1+32)+r(N,N.,9)]. (8) 


As written, the equation indicates that a state is 
characterized by N, N,, and Q. Rigorously this cannot 
be so, since N, is no longer a good quantum number 
when considering the total H. However, upon obtaining 
the eigenvectors, Xg%, corresponding to each eigen- 
value r, it is immediately apparent that in the expansion 
of Xo¥=>-Ann(NNQ) one coefficient Any, is 


8 G: Alaga, Phys. Rev. 100, 432 (1955). 
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TABLE II. Eigenfunctions for the deformed field : asymptotic representation. y indicates the base vector |NN,AZ). Where the 
dominant y in a set is not clearly indicated as given in Sec. II, Part B, they have been labelled with an asterisk. The numbers adjacent 


to the | NN ,AZ) are the orbit numbers prescribed by Nilsson.* 

















N Q v «=0.2 «=0.3 N 2 v «=0.2 €=0.3 
4 9% 4044 18 1.000 1.000 14g 505¢ 28 1.000 1.000 
4 i 404) 25 0.972 0.979 5 % 505) 40 0.975 0.980 
—0.235 —0.204 —0.242 —0.200 
0.235 0.204 0.242 0.200 
4134 21 0.977 0.979 5144 32 0.975 0.980 
4 5 4024 31 0.973 0.983 5 } 5034 48 0.975 0.984 
—0.201 —0.155 —0.192 —0.147 
—0.111 —0.096 —0.115 —0.102 
0.146 0.117 0.140 0.110 
413) 27 0.915 0.941 514) 41 0.924 0.945 
—0.376 —0.317 —0.355 —0.302 
0.177 0.140 0.175 0.142 
0.349 0.301 0.330 0.291 
4224 22 0.920 0.944 5234 35 0.928 0.946 
4 3 402) 42 0.960 0.973 5 § 503) 61 0.961 0.972 
—0.234 —0.199 —0.225 —0.196 
—0.140 —0.110 —0.148 —0.118 
0.062 0.041 0.066 0.044 
0.179 0.166 0.172 0.165 
411f 33 0.902 0.936 5124 50 0.908 0.938 
—0.359 —0.274 —0.342 —0.260 
—0.160 —0.146 —0.173 —0.161 
0.199 0.150 0.204 0.156 
0.189 0.162 0.181 0.146 
422) 29 0.806 0.874 523) 44 0.829 0.885 
—0.525 —0.433 —0.488 —0.414 
0.084 0.055 0.077 0.054 
0.311 0.241 0.305 0.246 
0.449 0.386 J 0.416 0.369 
431 23 0.834 0.889 5324 36 0.853 0.895 
4 } 4004 51 0.960 0.974 5 } 501t 70 0.960 0.974 
—0.227 —0.186 —0.216 —0.177 
—0.150 —0.121 —0.163 —0.135 
0.063 0.038 0.063 0.040 
0.016 0.010 0.021 0.014 
0.160 0.143 0.150 0.131 
4ily 43 0.878 0.922 512) 62 0.878 0.919 
—0.374 —0.309 —0.357 —0.306 
—0.211 —0.166 —0.240 —0.191 
0.138 0.078 0.148 0.093 
0.205 0.163 0.213 0.175 
0.192 0.201 0.180 0.200 
4204 34 0.783 0.860 521} 52 0.795 0.862 
—0.535 —0.412 —0.505 —0.388 
—0.149 —0.153 —0.184 —0.192 
0.075 0.047 0.078 0.047 
0.319 0.243 0.347 0.265 
0.180 0.195 0.177 0.163 
431) 30 0.603 0.757 532) 46 0.666 0.785 
—0.704 —0.572 —0.632 —0.534 
0.069 0.038 0.063 0.039 
0.199 0.125 0.172 0.118 
0.438 0.335 0.426 0.345 
0.549 0.477 0.490 0.443 
4404 24 0.680 0.802 5414 37 0.738 0.818 








® See reference 4. 
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e€=0.3 


N 





1.000 


0.978 
—0.217 


0.217 
0.978 


0.976 
—0.186 
—0.116 


0.138 
0.931 
—0.337 


0.171 
0.313 
0.934 


0.962 
—0.216 
—0.152 

0.064 


0.165 
0.912 
—0.330 
—0.178 


0.204 
0.179 
0.846 
—0.459 


0.970 
—0.190 
—0.142 

0.050 

0.017 
—0.008 


0.146 
0.916 
—0.295 
—0.207 
0.089 
0.023 


0.181 
0.166 
0.834 
—0.409 
—0.234 
0.147 


0.051 
0.279 
0.185 
0.756 
—0.533 
—0.171 


0.045 
0.096 
0.341 
0.156 
0.615 
—0.685 


0.024 
0.095 
0.215 
0.437 
0.524 
0.692 


1.000 


0.983 
—0.192 


0.192 
0.983 


0.984 
—0.142 
—0.105 


0.105 
0.949 
—0.296 


0.142 
0.281 
0.949 


0.973 
—0.192 
—0.124 

0.045 


0.162 
0.940 
—0.248 
—0.170 


0.159 
0.137 
0.894 
—0.397 











0.298 
0.391 
0.868 


0.961 
—0.209 
—0.169 

0.062 

0.023 


0.145 
0.883 
—0.341 
—0.251 
0.144 


0.215 
0.170 
0.806 
—0.485 
—0.200 


0.078 
0.353 
0.182 
0.702 
—0.586 


0.059 
0.154 
0.415 
0.453 
0.771 


0.953 
—0.217 
—0.192 

0.082 

0.034 
—0.021 


0.149 
0.876 
—0.343 
—0.266 
0.145 
0.043 


0.240 
0.155 
0.741 
—0.446 
—0.323 
0.258 


0.057 
0.341 
0.090 
0.666 
—0.636 
—0.158 


0.088 
0.164 
0.468 
0.129 
0.473 
—0.711 


0.037 
0.140 
0.264 
0.513 
0.496 
0.633 
































954 A. J. RASSEY 
TABLE I].—Continued. 
N Q v e=0.2 «=0.3 N Q v «=0.2 e€=0.3 
: 7 j 7034 0.054 0.038 
6 2 600f 0.952 0.968 714) 0.140 0.106 
—0.215 —0.183 7234 0.405 0.345 
—0.195 —0.160 734) 0.426 0.396 
en oats 7434* 0.795 0.844 
A / ie 
—0.004 —0.002 ‘ 
7 5 703) 0.031 0.020 
—0.021 —0.010 7124 0.128 0.090 
0.144 0.134 7234 0.234 0.178 
732% 0.501 0.435 
61ly 0.860 0.906 ~ 
905 743) 0.463 0.444 
—0.341 —0.295 a50te 0680 0.787 
—0.295 —0.243 152t ; 494 
0.173 0.113 s : : X 
—0.051 —0.023 7 } 0.070 0.053 
0.063 0.039 0.064 0.087 
0.414 0.392 
0.240 0.197 0.084 0.099 
0.144 0.162 7414" 0.717 0.643 
6204 0.734 0.821 0.074 —0,608 
—0.454 —0,391 —0.542 —0.206 
—0.324 —0.283 7014 —0.055 —0.025 
0.051 0.040 7124 —0,202 0.121 
0.263 0.163 7214 —0.263 0.155 
. . 7324 —0.522 0.464 
aaa eo 7414 —0.228 0.075 
0 4 141 752)* 0.748 0.509 
100 ).141 7614 —0.047 —0.693 
631) B 0.538 0.706 
—0.520 —0.488 0.028 0.016 
0.418 0.246 0.088 0.055 
—0.340 —0.293 0.229 0.163 
0.345 0.272 
0.070 0.050 0.473 0.509 
0.070 0.089 0.528 0.481 
0.408 0.375 7614" 0.563 0.637 
—0,082 0.109 
6404 74 0.523 0.633 7 } —0.010 —0.018 
—0.013 —0,156 —0.126 —0,109 
—0.737 —0.642 0.011 —0,099 
—0.421 —0.437 
—0.056 —0,023 0.317 0.035 
—0.205 —O.111 | 750¢* 0.694 0.717 
—0.253 —0.151 | —0.118 0.093 
—0.491 —0.423 —0.459 —0.512 
: , ed “aa 7014 —0.057 —0.018 
651) 69 0.797 0.765 : : . 
0118 0.440 7104 —0.153 —0.067 
721) —0.341 —0.209 
0.033 0.018 7304 — 0.336 —0.209 
0.109 0.065 74) —0.415 —0.468 
0.257 0.174 750% 0.175 —0,.226 
0.404 0.310 761)* 0.723 0.798 
0.565 0.512 770F 0.136 0.031 
0.429 0.572 0.023 0.012 
606t 60 0.504 0.530 0.089 0.049 
0.189 0.124 
0.352 0.262 
7 9% 705) 0.065 0.050 0.466 0.392 
7144 0.291 0.246 0.440 0.499 
7254 0.370 0.339 0.328 0.456 
7344* 0.880 0.907 7704* 0.561 0.550 











almost always much larger than any of the rest, 
indicating an almost pure state. The eigenvector with 
this coefficient can appropriately be termed the domi- 
nant eigenvector of the set, and, since the role of Xo% 
is governed mainly by this dominant eigenvector, it 
is not unreasonable to allow it to characterize the state 
Xo’. Thus we obtain Xo%*, Comparison of the coef- 
ficients Awn, can readily be made from Table IT. 


The eigenvalues r are obtained from an exact diag- 
onalization of the dimensionless matrices containing 
elements of (H’/hwo)—3(3N.—N)e for given N and Q. 
The term in ¢ is diagonal in NV and N,. As mentioned 
previously, the choice of C and D is the same as in 
Nilsson’s paper. 

The level spectrum from N=4 through N=7 was 
obtained, with diagonalization of matrices larger than 
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3X3 being done on the digital computing SWAC at 
the University of California at Los Angeles. The largest 
matrix was 8X8. The region of deformation was re- 
stricted to positive values of ¢, specifically 0.2 and 0.3. 
The results are placed in Table IL which will be 
explained shortly. 


B. Arrangement of Tables and Diagrams 


In Table II we present the coefficients Aww, of the 
normalized wave functions Xg%%* for the neutron 
spectrum from V=4 through N=6 and those few for 
N=7 which lie low enough to be included in the 
spectrum. The Awwy, values are given for the cases 
e=0.2 and 0.3. Because of limitations of space, the 
coefficients A wy, of the proton spectrum have not been 
given here except for the case V=5, 2=34,° which has 
been given for both proton and neutron spectra in 
Table III to illustrate the quantitative similarity 
between neutron and proton wave functions of the 
same set of quantum numbers and deformation value. 
In most instances the neutron wave functions are 
adequate for computational purposes involving either 
protons or neutrons. 

A particular set of coefficients can be identified 
through the eigenvector in the extreme left-hand 
column, once a particular NV, ©, and ¢ have been selected. 
These eigenvectors are the dominant eigenvectors 
previously mentioned. The vertical order in which 
these dominant eigenvectors appear is the order of the 
base vectors for the expansion of Xo'**. Immediately 
adjacent to the dominant eigenvector we have included 
the orbit numbers prescribed by Nilsson. In some 
instances these numbers are missing. This occurs 
whenever the level in question lies outside the range 
of Nilsson’s‘ energy level diagram (his Fig. 5). To 
obtain a X9%*, let us consider, as an example, the case 
of N=6, 29=$, and e=0.2. Keeping the base vectors 
for the éxpansion coefficients in the vertical sequence, 
we can obtain the corresponding expansion coefficient 
by reading them off in a similar order. To illustrate 
further, let us choose orbit number 72. The resulting 
total wave function is 


X= 0,215(6024)+0.170(613)+-0.806(6224) 
—0.485(6334) —0.200(6424). (9) 


The dominance of (622) is immediately apparent. 


III. APPLICATION OF RESULTS 
A. Presentation of Energy Levels 


Following the scheme of classifying nucleonic states 
used by Mottelson and Nilsson,” we present separate 


® Tables of the Ann, for protons are available upon request 
from the Physics Department, University of California at Los 
Angeles, Los Angeles, California. 

1B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). It should be noted that several states with large negative 
slopes are missing from the neutron spectrum of this reference. 
Some of these come from the V =7 shell. 
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TABLE III. Comparison of the neutron and proton-eigen- 
functions for N=5, @=}4. (See caption of Table II.) 





Protons 
«=0.2 ,e€=0.3 


Neutrons 
€=0.2 €=0.3 





0.952 
—0.203 
—0.208 

0.082 

0.040 
—0.022 


0.142 
0.872 
—0.306 
—0.317 
0.148 
0.067 


0.238 
0.097 
0.723 
—0.431 
—0.363 
0.307 


0.086 
0.394 
0.189 
0.614 
—0.522 
—0.390 


0.080 
0.043 
0.435 
—0.165 
0.532 
—0.701 


0.055 
0.181 
0.341 
0.551 
0.537 
0.507 


0.968 
—0.175 
—0.169 

0.054 

0.025 
—0.010 


0.132 
0.914 
—0.263 
—0.259 
0.095 
0.041 


0.197 
0.122 
0.823 
—0.384 
— 0.298 
0.180 


9.057 
0.318 
0.183 
0.742 
—0.468 
—0.304 


0.050 
0.061 
0.358 
0.002 
0.633 
—0.682 


0.032 
0.120 
0.251 
0.481 
0.531 
0.639 


0.970 
—0.190 
—0.142 

0.050 

0.017 
— 0.008 


0.146 
0.916 
—0.295 
—0.207 
0.089 
0.023 


0.181 
0.166 
0.834 
—0.409 
—0).234 
0.147 


0.051 
0.279 
0.185 
0.756 
—0.533 
—0.171 


0.045 
0.096 
0.341 
0.156 
0.615 
—0.685 


0.024 
0.095 
0.215 
0.437 
0.524 
0.692 


0.955 
—0.224 
—0.177 

0.078 

0.027 
—0.017 


0.155 
0.874 
—0.357 
—0.250 
0.147 
0.033 


0.227 
0.163 
0.738 
—0.476 
—0.288 
0.260 


0.062 
0.333 
0.105 
0.647 
—0.665 
—0.116 


0.084 
0.156 
0.435 
0.102 
0.391 
—0.785 


0.045 
0.156 
0.311 
0.526 
0.547 
0.549 


5O1y 


5504 








level spectra for neutrons and protons. This separation 
results from a different choice of D values such that 
higher angular momentum states are pulled down for 
the proton to get better agreement with experimental 
results (see reference 10). In Fig. 1(a) we give neutron 
levels corresponding to a D value of —0.0225hwo and 
C=—O0.1hw. The levels correspond to the eigenvalues 
Ewn, given by Eq. (8) as functions of the deformation 
parameter «. Each level is given by a straight line 
through two values of Ewy, calculated for e=0.2 and 
0.3. The line is then extrapolated to e=0.15 on the 
smaller-deformation side and to e=0.35 in the strong- 
deformation region. The extension of these lines was 
made to clarify the presentation of the level spectra. A 
comparison with the more exact curves can be made 
via Nilsson’s Fig. 5. From this comparison it will be 
observed that in the region of interest, e=0.2 to 0.3, 
one does not commit too serious an error in approxi- 
mating these curves by straight lines, especially since 
the level ordering is not to be taken too literally when 
they are several close-lying states (e.g., pairing energy 
corrections need to be taken into account when con- 
sidering actual level ordering). In the main, the level 
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Fic. 1. (a) Level spectrum for neutrons 70<N <160 in a deformed field given by Eqs. (1a) and (1b) with strong positive 
deformation and values of C= —0.1fmy and D=—0.0225hw9. Since the energy in the strong-deformation region (e€>0.2) is 
generally a monotonic function with not too great a curvature. the true curves have been approximated by straight lines through 
two values of the energy for e=0.2 and 0.3, respectively. The levels are marked off in groups of five on either side of the figure 
to facilitate locating them. Each level is labeled by spin, parity, and asymptotic quantum numbers N and N, in that order. 
(b) Level spectrum for protons 50<Z<100 similar to Fig. 1(a), except for D. Here D= —0.0275hw». 


ordering in the above-stated region follows the exact 
(Nilsson) ordering sufficiently well to allow a classi- 
fication of nucleonic states, which is all it has been 
intended to do. 

A convenient system for locating the levels by 
particle number has been given to facilitate the some- 
times frustrating job of locating levels. The levels are 
separated off in groups of five (recall that each line is 
two-fold degenerate corresponding to + values) by 
extended lines on either side of the level scheme. Each 
level is identified through values of Q, parity, and the 
asymptotic quantum numbers N and JN, in that order. 
The entire level scheme is placed on a grid pattern 
where the vertical lines mark off the regions of defor- 
mation in steps of e=0.05, while the horizontal lines 
give the energy. As in Nilsson’s Fig. 5, the energy scale 
is to (E/hwo)(1+eé/9). Also, the true energy scale 
varies with A, since as Nilsson points out, hwo may be 
assumed to depend on A as A~* (Nilsson, p. 18). The 


range of the neutron spectrum is for neutron numbers 
70 to 160. 

The proton level scheme, Fig. 1(b) is similar in con- 
struction to the neutron scheme, there being two differ- 
ences. First a D value of —0.0275hw» is chosen, thereby 
favoring the states of higher /-values, and secondly the 
plot is for protons numbers 50 to 100. 

An interesting feature of the neutron spectra is the 
large gap at N=152 in the range of ¢ near 0.2, which 
seems to indicate shell structure at that region. Evi- 
dence for a subshell at N=152 has been previously 
reported by Ghiorso ef al.,"" in connection with discon- 
tinuities in alpha-decay energies near 152 neutrons. 
It has been pointed out by them that this subshell may 
be of a fundamentally different nature than the major 
closed shells since, on the basis of the strong-coupling 
model, the first-excited-state energies should approach 


11 Ghiorso, Thompson, Higgins, Harvey, and Seaborg, Phys. 
Rev. 95, 293 (1954). 
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a maximum for configurations involving only completely 
filled levels; a trend which so far has not been sub- 
stantially supported by experimental evidence. For 
example, in a plot of energies of first excited states of 
heavy even-even nuclei by Hollander,” the rate at 
which the energies of the first excited states in curium 
rise as N=152 is approached turns out to be less than 
that of nearby neighbors, uranium and plutonium, of 
lesser neutron number. It should be pointed out in 
connection with this, however, that it is generally 
characteristic of strongly deformed nuclei to possess 
rather low-lying rotational states as first excited states. 
These low-lying rotational states are generated from 
the ground state configuration and, therefore, there 
need not be any low-lying particle transition levels for 
nuclei for N=152. In fact this is just what is implied 
by the spectrum gap at N=152. Hence, except for 
low-lying rotational levels, the subshell should be of 
the same nature as the major closed shells. An indication 
in this direction is given by the sequence of levels, where 
it is seen that the last of the V=5 shell levels is filled 
at the gap. 


B. Selection Rules 


As suggested by Nilsson (reference 4, Appendix B), 
the introduction of the new quantum numbers NV, and 
> should have associated with them new selection rules 
for particle transitions. In Alaga’s paper,* a general 
classification of allowed and first-forbidden 8 transition 
selection rules has been given for transitions between 
the unperturbed states of the asymptotic representation 
within a given rotational group; i.e., he excludes rota- 
tional branching and K*® forbidden transitions. We 
shall here give approximate selection rules for particle 
transitions between the states X"* of the total single- 
particle Hamiltonian. 

Following Alaga, we call those transitions which are 
permitted by all the selection rules unhindered; those 
transitions which are allowed by AQ and J but forbidden 
by any of the remaining selection rules we call hindered. 
We shall give special attention to the hindered transi- 
tions to further classify them according to speeds 
allowed by selection rules for particle transitions 
between the X9¥*’s. 

2 J. M. Hollander, Phys. Rev. 103, 1591 (1956). 


8 K is defined as the projection of the nuclear spin 7 on the 
nuclear symmetry axis. 
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TABLE IV. Approximate selection rules for first forbidden transi- 
tions: Asymptotic representation.* 





Very slow 


Fast Slow 
10-'—107% 


107*—10~— 





<0 or >2 
<-1 or >3 
<-2 or >2 


1 ioc 
0 1 or 2 
—1 1 —1 or 0 








* For AN = —1, the signs are everywhere reversed. 


An examination of the Xg%%’s in expanded form 
reveals that although they are almost pure in many 
cases, the admixture of the unperturbed ywv,0’s is suf- 
ficient to significantly alter the transition matrix 
element values. In fact, in some transitions these 
impurities at times are capable of giving rise to matrix 
elements which are of the order of one tenth of the 
unhindered elements. 

To illustrate let us consider allowed 6 transitions. For 
each selection rule AQ=+1 or 0, a semiquantitative 
measure of the relative speeds of the transitions can be 
obtained from the following relation: For a given AQ, 

| So |2ane/ | fro | Zang’ 10-1AN eI t14 Ne" (10) 
for all AN, except zero. When AN, does equal zero, two 
cases arise, namely, (1) if AD=AQ or zero we get the 
fast or unhindered transitions, and (2) for A>=—AQ 
except zero, we get a relative speed of 107. 

Similarly, for first-forbidden 8 transitions we have the 
classification for AN = 1 given in Table IV. The selection 
rules of Table IV apply also to El transitions, where 
generally the low-energy E1 speeds are in the “very 
slow” class. These selection rules are based on exact 
calculations of a representative number of transition 
matrices. The elements were compared and classified 
as explained above. 
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The momentum spectrum of positrons from u* decay has been examined. The detecting instrument was a 
20-atmos hydrogen-filled diffusion cloud chamber, operated in a magnetic field of 7000 gauss. The data have 
been compared with the spin-} u-meson theory of Michel, as modified by Behrends, Finkelstein, and Sirlin, 
to include first radiative corrections, and with the spin } theory of Behrends and Fronsdal. Statistical analysis 
of the 1300 acceptable events yields the shape parameters pp =0.65+0.05 (standard deviation) and py=0.26 
0.04 (standard deviation). The theoretical spectra described by shape parameters in the vicinity of the 
best fits are very similar and this experiment cannot discriminate between the two spin assignments for the 
u meson. The value of pz can be related to the Michel parameter pas, and gives py =0.67+0.05 (standard 
deviation). The result for pm iche: was related to published 8-decay data, and restrictions on a common inter- 


action for 8 and uw decay were deduced. 


I. INTRODUCTION 


| erate the early discovery of the » meson,! and 
the relatively large quantities of » mesons 
available from both cosmic-ray and accelerator sources, 
the detailed properties of this particle are still uncertain. 
This uncertainty is largely due to the very weak inter- 
action of the ~ meson with other matter; aside from 
electromagnetic interactions, the only known reactions 
in which it participates are its decay and absorption in 
nuclei {u~). The mass? and lifetime*® are reasonably well 
known. The spin and statistics, on the other hand, have 
not yet been directly determined. There is indirect 
evidence for spin } from cosmic-ray data due to Lapp.‘ 
Recently, Mathews’ has calculated the bremsstrahlung 
for spin $ particles using the Fierz-Pauli theory of 
higher spin particles in interaction with the electro- 
magnetic field. He finds that the known cosmic-ray 
u-meson component would produce more than three 
times as many bursts of ionization composed of knock- 
on electrons and showers induced by bremsstrahlung 
as are observed. So few calculations have been made 
with the Fierz-Pauli theory, with which comparisons 
with experiment can be made, that it still seems wise 
to consider the possibility of spin $ for the » meson.® 
The decay scheme is generally thought to be 


pt — e+ 1+, (1) 


where e* is an electron (positron), v; and v2 are two 
neutral particles. No other decay mode is observed to 
occur, though a small branching into a two-body mode 


* Research was supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

Tt Based on a thesis submitted to the Faculty of the Department 
of Physics, University of Chicago, in partial fulfilment of the 
requirements for the Ph.D. degree. 

1C. D. Anderson and S. Neddermeyer, Phys. Rev. 51, 884 
(1937). 

? Barkas, Birnbaum, and Smith, Phys. Rev. 101, 778 (1956). 

3 W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243 (1951). 

‘R. E. Lapp, Phys. Rev. 69, 321 (1946). 

5 J. Mathews, Phys. Rev. 102, 270 (1956). 

® R. E. Behrends and C. Fronsdal, Phys. Rev. 106, 345 (1957). 
The author is indebted to Dr. Behrends and Dr. Fronsdal for a 
copy of their paper prior to its publication. 


is not excluded by the data. All that is observed with 
present techniques, of course, is the spontaneous decay 
of the u meson into a positron (the words positron and 
electron will frequently be used interchangeably to 
describe the charged decay product). The many-body 
nature of the decay is required by the existence of a 
spectrum of electron energies, and was first indicated 
by Anderson ef al.? The presence of three particles, 
rather than four or more, in the final state is supported, 
a posteriori, by the fact that the average electron energy 
is approximately one-third the u-meson rest mass (mass 
and momentum are given in energy units throughout 
this paper). This would be the case if three weakly 
interacting particles of low mass were emitted, and the 
matrix element responsible for the decay were not 
strongly dependent upon the electron momentum.’ In 
addition, the observed location of the high-energy 
cutoff in the spectrum of the decay electrons, at one- 
half the u-meson rest mass, requires a small or zero rest 
mass for the neutral particles. The assumption is then 
attractive that »; and v2 are either photons or neutrinos. 
The radiative mode was excluded, at least as a major 
channel, by the experiments of Hincks and Pontecorvo,® 
and Sard and Althaus.’ Hincks and Pontecorvo” also 
obtained evidence that the charged secondary was 
indeed an electron by investigating the bremsstrahlung 
from cosmic-ray mu secondaries. Also, in this connection, 
the annihilation of several charged secondaries was 
observed by Bramson ef al." The frequency of these 
events was found to be consistent with the positron 
annihilation cross section. 

Many workers have made experimental deter- 
minations of the shape of the decay electron spectrum 
(see Sec. VI, D). Until quite recently, there was con- 


7 Anderson, Adams, Lloyd, and Rau, Phys. Rev. 72, 724 (1947) ; 
Anderson, Adams, Lloyd, Rau, and Saxena, Revs. Modern Phys. 
20, 344 (1948); Leighton, Anderson, and Seriff, Phys. Rev. 72, 
724 (1947). 

8 E. P. Hincks and B. Pontecorvo, Phys. Rev. 73, 257 (1948). 

*R. D. Sard and E. J. Althaus, Phys. Rev. 74, 1364 (1948). 

10 E. P. Hincks and B. Pontecorvo, Phys. Rev. 77, 102 (1950). 

11H. J. Bramson and W. W. Havens, Phys. Rev. 83, 862 (1951); 
Bramson, Havens, and Seifert, ibid. 88, 304 (1952). 
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siderable disparity between the results. The important 
point at issue was whether the high-energy end of the 
spectrum had a small or large population. The earlier 
results (up to 1952) indicated a small value for the 
cutoff. Most of the early determinations from emulsions 
and cloud chamber work suffered from poor statistics, 
poor resolution, and the serious systematic error in the 
momentum scale induced by the lack of knowledge of 
the u meson mass. Later determinations show an upward 
trend for the high-energy cutoff and considerably 
better agreement with each other. 

The theory of reaction (1) has been developed along 
the general lines of the $-decay theory. Tiomno, 
Wheeler, and Rau” calculated the electron spectra for 
a spin-} » meson for individual interactions of the 
8-decay type. These authors considered in some detail 
the case of m»;+0. Michel!* calculated the general case 
of a linear combination of all five wave-function inter- 
actions for the spin 3 case, with »; and v2 neutrinos. 
Michel’s analysis takes into account the possible permu- 
tations of the wave functions in the invariants com- 
posing the interaction Hamiltonian. He shows that the 
Hamiltonian is invariant under such reordering, and 
therefore the only result of a permutation is a renaming 
of the coupling constants. Recently, Behrends, Finkel- 
stein, and Sirlin“ included the first-order radiative 
corrections in the general case. The case of a spin-3 
m meson was treated by Caianiello!® for individual 
reactions. The general linear combination of all three 
interactions for the spin 3 case was calculated by 
Behrends and Fronsdal.* At present, the main ambi- 
guity in the spin assignment seems to be between spin 
3 and spin 3 (indeed, if a contact interaction is assumed, 
and the neutral particles have spin 3, there are no other 
possibilities). 


The remainder of this paper consists of the description 


of an experimental determination of the momentum 
spectrum of positrons from the decay of u*+ mesons. The 
purpose of this experiment was the examination of the 
entire spectrum with improved statistics and mo- 
mentum resolution over that which has been previously 
obtained in “picture’’ type experiments on this problem. 
The wt mesons were obtained from the decay of at 
mesons produced in the 170-in. synchrocyclotron of the 
Enrico Fermi Institute for Nuclear Studies. The de- 
tecting instrument employed was a 20-atmos hydrogen- 
filled diffusion cloud chamber operated in a magnetic 
field of 7000 gauss.!¢ 


2 Tiomno, Wheeler, and Rau, Revs. Modern Phys. 21, 1944 
(1949). 

13. Michel, Proc. Phys. Soc. (London) A63, 514 (1950). 

4 Behrends, Finkelstein, and Sirlin, Phys. Rev. 101, 866 (1956). 

15 EF. R. Caianiello, Phys. Rev. 83, 735 (1951). 

16 R. A. Schluter and S. C. Wright, Rev. Sci. Instr. 26, 1053 
(1955); R. A. Schluter, thesis, University of Chicago, 1954 
(unpublished). 
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Fic. 1. Experimental arrangement. 


Il. EXPERIMENTAL ARRANGEMENT AND 
TECHNIQUE 


The general procedure followed during this experi- 
ment was-the following: 

A positive pion beam of as low energy as was con- 
sistent with the requirements of monochromaticity 
(+1 Mev) and sufficient intensity to permit a cloud- 
chamber run (25-50 incident beam particles per 
cyclotron pulse) was extracted from the synchro- 
cyclotron (see Fig. 1). The beam passed through one 
of the holes in the rotary radiation shield!’ into the 
experimental area where it was analyzed by a wedge 
magnet to select a beam of 6541 Mev. The wedge 
magnet also focused the beam horizontally, and to a 
lesser extent vertically, upon a moderator composed 
of 2 in. of Be and 13 in. of paraffin plus a paraffin wedge. 
The moderator was located between the magnet coils 
of the cloud chamber and directly before the 35-in. 
stainless steel entrance window. The purpose of the 
paraffin wedge was to compensate for the momentum 
dispersion of the focused beam. The final setup was 
achieved by positioning the wedge so as to maximize 
the number of stopping * in the chamber. In this 
manner it was possible to obtain an average of about 
two pion stops per incident pulse of 10-20 mesons. 

The required stopped u* mesons came from several 
sources. Every x+ which came to rest in the chamber 
gave rise to a u* by its decay. These ut, which had a 
residual range of 37 cm in the 20 atmos hydrogen filling 


17S. C. Wright and S. D. Warshaw (to be published). 
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of the chamber, were arrested in the gas rather inefhi- 
ciently because of the finite depth (~8 cm) and finite 
horizontal extension of the track-sensitive region. The 
largest fractions of the stopped u* mesons came from 
a mesons in the incident beam and from decays of 
pions in flight in the chamber itself. This rather hetero- 
geneous source of mesons provided an average of 1 
measurable yu decay every 13 photographs. Out of 25 000 
stereoscopic pictures obtained in three cyclotron runs, 
a total of 1900 decay electrons were found and meas- 
ured. 1300 of these were used for analysis. The data 
acceptance and analysis criteria are discussed in the 
section below. 


Ill. SCANNING AND MOMENTUM MEASUREMENT 


A unit-magnification stereoscopic projector was used 
to scan the film for w+ meson decays at rest.!® 

Discrimination between stopping ++ and w* mesons 
was made by comparing the shape of the trajectory at 
the end of the range with “stopping curves” constructed 
with the aid of range energy data. The spiral traced by 
a particle that is arrested in the gas while subject to a 
magnetic field is characteristic of the mass of the 
particle. In the case under consideration here, the 
spiral made by a stopping u* is considerably tighter 
wound that that due to a z*, so that, for track lengths 
>5 cm, the identification is virtually certain with this 
technique. Positron tracks are identifiable at inspection 
as relatively thin and faint tracks compared to those 
of slow mesons. Each positron was traced back to its 
point of entry into the sensitive region. If the positron 
originated at a stopping u* meson and satisfied the 
acceptance criteria, the measurements needed for 
momentum determination were made and recorded. In 
addition, all tracks having sudden deflections were 
examined, and if the secondary branch was a positron 
the required data was obtained after determining 
whether the primary y* stopped. 

Occasionally there was some ambiguity in discrimi- 
nation between an example of ++—y* decay and the 
desired u+—e* decay because of the occurrence of the 
event in a poorly sensitive region in the chamber. In 
such a case the necessary discrimination was usually 
provided by the kinematics of the event. 

The identification process and subsequent analysis 
of the data are greatly simplified by the small proba- 
bility for the decay of u mesons in flight. The rarity of 
such decays arises from the long lifetime of the » meson 
(r=2.22X10-* sec*), and the rapidity of the slowing 
down process. By integrating the range-energy relation, 
R,=2.78E,'-*, (R, is the residual range of the «1 meson 
of energy E, Mev) we find for R, less than several 
hundred cm, P(R,)=2X10*R,°-; where P(R,) is the 
probability that a u meson having residual range R, 
will decay before reaching the end of its range. Thus, 
for Ry~10 cm (a representative value for R, corre- 
sponding to K.E.~2 Mev) the probability of a decay 
in flight is 10~*, so about two such decays would be 


LAWRENCE ROSENSON 


expected out of 1900 measured events. Actually, four 
were found. These were corrected to the barycentric 
system by a Lorentz transformation and included in 
the final data. The expression for P(R,) shows that, if 
an event can be identified at all as a positron decay of 
a wt meson, it is almost certain to be a decay at rest. 
This eliminates concern about decays in flight for R, <1 
cm (K.E. <3 Mev) where the multiple and single 
Coulomb scattering in individual cases is sometimes too 
great to permit the confident use of stopping curves to 
determine whether the meson came to rest before 
decaying. 

It is required for this experiment to obtain an 
unbiased sample of the spectrum of positrons from the 
decay of the u meson. To this end, the following set of 
acceptance criteria were adopted: (1) All positrons 
were required to have a track length greater than 5 cm 
in order to be included in the analysis. (2) All positrons 
occurring within 5 cm of the wall and directed into the 
wallward hemisphere were rejected. (3) All positrons 
were required to have a pitch angle, a, of less than 45°. 

The length criteria (1) is equivalent to a restriction 
on acceptable solid angle at each point of the cham- 
ber,!*® since the length of a helical track depends only 
upon the vertical position of the track origin and the 
pitch angle, except in the case of those tracks which 
leave through a wall. Restriction (2) was introduced to 
account for the wall effects. The over-all restriction on 
pitch angle (3) is again a restriction on solid angle and 
serves to improve momentum resolution by eliminating 
the steep tracks, which are liable to serious error in 
pitch angle due to slight misalignment of the film in 
the projector. Elimination of the steep events is also 
desirable because the template method of radius of 
curvature measurement becomes increasingly inac- 
curate for these tracks. The lower limit of 5 cm of track 
was chosen because momentum resolution is seriously 
impaired for shorter tracks (for tracks in the 5-6 cm 
group, the momentum resolution is ~6%). The in- 
clusion in the final sample of all tracks having lengths 
greater than 5 cm was insured by measuring all events 
showing a projected track length of >3.5 cm, and 
rejecting those having an actual length less than 5 cm 
only after all the data were in. 

Nineteen hundred uwt—e* decays were found and 


18 Sargent, Rinehart, Lederman, and Rogers, Phys. Rev. 99, 885 
(1955). 

19 The recent discovery of the nonconservation of parity in the 
u—edecay after the suggestion of C. N. Yang and T. D. Lee, [Phys. 
Rev. 104, 254 (1956) ] and through experiments of Lederman, 
Garwin, Lederman, and Weinrich [Phys. Rev. 105, 1415 (1957) ], 
and J. I. Friedman and V. L. Telegdi [Phys. Rev. 105, 1681 
(1957) ] probably does not alter the validity of such a criterion 
for this experiment. The cloud chamber, with its relatively thin 
sensitive region, strongly favors the acceptance of mesons having 
small pitch angles. The mesons, which arise mainly from forward 
a—p decays in the cyclotron, are strongly polarized in the di- 
rection of motion, as indicated by the large asymmetries found in 
the subsequent positron decays in the parity nonconservation 
experiments. The Larmor period in 7000 gauss is ~1/200th of the 
u-meson lifetime, so the decay appears isotropic. An up-down 
asymmetry was searched for in the data and was not detected. 
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measured in which the positron had a length greater 
than 3.5 cm. Four hundred of these were rejected from 
the analyzed sample because they were shorter than 
5 cm. An additional 200 events were discarded because 
they were too faint to permit precise measurement. 
Rejection of these events should not introduce any 
bias into the accepted sample. Several checks were 
performed on this group of data that indicated they 
were drawn from the same distribution as the accepted 
tracks. 

The measurements needed to specify the helix de- 
scribed by the track-forming particle were made 
according to the methods described in reference 16. 
Radii of curvature of the projected tracks were meas- 
ured by comparing the tracks with arcs of circles 
scribed in 1-mm steps of radius of curvature on thin 
Plexiglas sheets. In addition to the radius of curvature 
and the angles needed for determination of the pitch 
angle, the position of the track in the chamber was 
recorded in order to obtain information with which 
corrections could be made for the slow variation of the 
magnetic field throughout the sensitive region. A 
description of the correction technique that was used 
is given in Appendix B. The radial variation of the field 
is negligible for the central region of the chamber 
comprising a circle ~25 cm in diameter. The field drops 
off roughly parabolically thereafter and at a radius of 
20 cm, which is the usable limit of the sensitive region, 
has decreased to ~95% of the central value. The 
vertical gradient is approximately 4% per cm and has 
a more significant effect upon momentum determi- 
nations. 
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IV. EXPERIMENTAL RESULTS 


The experimental momentum spectrum has been 
plotted for the 1300 acceptable events in Fig. 2. The 
abscissa, X, is the momentum scaled in units of Eo, 
the maximum total energy available for the process 
(1) with v; and v2 neutrinos. 





, 1 
Ev=3 


M2 
M,+ . 





P 
The excellent approximation p= was made in the 
analysis. M, was taken to be (206.9+0.2)M?, which 
yields Eo=52.86+0.052 Mev. The figure shows a 
normalized histogram of the data, with momentum 
interval AX =0,025. 


V. ANALYSIS OF THE DECAY SPECTRUM 
AND RESULTS 


The reaction under investigation is assumed to be (1) 
where v; and v2 are neutrinos obeying the Dirac equa- 
tion. The data presented in Sec. IV have been compared 
with the theory of Michel'* as modified by Behrends, 
Finkelstein, and Sirlin™ for the spin-} 4 meson and with 
the theory of Behrends and Fronsdal® for the spin 3 
case. These authors proceed from the most general 
combination of relativistically invariant interactions 
that involve 4 Dirac wave functions and calculate the 
electron spectrum in Born approximation. 


A. Spin } Case 


The theory of Michel predicts a family of possible 
spectra for the decay electrons which has two free 
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experimental resolution. 
Also shown are the 1300 
acceptable events. 














0- T T T T i T T T T T 
° al 2 3 4 5 6 7? 8 9 1.0 i 
x= Bec 
Mpc? 


parameters that may, in principle, be determined by 
experiment. Each of these parameters is a bilinear 
function of the 5 coupling constants which arise in the 
theory. In the notation introduced in the fourth section, 
Michel’s result may be written: 


y 


4X 
P(X,p)dX =— —}3X(1—X)+2pX (4X —3) 
1+2nM./Eo 





M. 
+3—9(1—X) ;dX, (2) 


Eo 


where p and 7 are the two parameters and P(X,p)dX 
is the probability of a « meson decaying into an electron 
with momentum in the interval X¥, X¥+dX. Total 
energy has been set equal to momentum so terms of the 
order (M,./M,)? have been neglected in the above 
expression. Because of the way p and 7» are defined,” 
they are in general restricted by certain inequalities. 
If we neglect terms proportional to M./Eo, they are: 


O<p<1, —1<gn¢+4+1. 


For experiments such as the one described here, the 
term proportional to 7 can make only a negligible 
contribution. Because of the factor M,./Eo, it would 
manifest itself significantly only if good statistics were 
obtained on the improbable low-energy electrons. This 
term is neglected in what follows, as is customary in 
the analysis of u—e decay spectra. If the » term is 


"#1. Michel, Phys. Rev. 86, 814 (1952): L, Michel and R. Stora, 
Compt. rend, 234, 1257 (1952), 



















neglected, the Michel spectrum assumes the simple 
form, 


P(X,0)=4X%3(1—X)+3pu(4X—3)}, (3) 


and all the information contained in the measurement 
of the spectrum is the value of py. 

There is a further restriction that may be imposed 
upon p because of the possibility that the neutrinos 
emitted may be identical. That is, because they must 
be either of the Majorana type, and the particle and 
antiparticle are identical,” or they may be of the Dirac 
type but both emitted neutrinos have the same particle 
or antiparticle character. If either of these situations 
obtains, we have, as pointed out by Michel”: 


0< p<i, 


and if the neutrinos are different, we still have: 0< p< 1. 

Behrends, Finkelstein, and Sirlin (hereafter referred 
to as B.F.S.) have modified the theory of Michel by 
calculating the spectrum for the decay of spin-} yu 
mesons with the inclusion of first-order radiative effects. 
Their result may also be expressed as a one-parameter 
expression to the same approximation as Eq. (3), pro- 
vided one makes an average over the radiative cor- 
rections": 


4X? 
Pr(X,pr)dX =——_[1+h(X,AX)][3(1—X) 
1+A, 


+2or{4X—3+A,X—3A2(1—X)} dX, (4) 
21 See, however, E. R. Caianiello, Phys. Rev. 86, 564 (1952). 
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where /(X,AX) contains the average momentum 
dependence of the radiative corrections and depends 
weakly upon the experimental energy interval through 
a logarithm. The interval size influences the spectrum 
only very close to the cutoff at Y=1. A; and A, are 
defined to be: 


1 


dant f dX h(X,AX)[3X2(1—X);X*], (5) 
0 


and therefore depend upon AX also, but to a much 
weaker extent than /. A short table of values of 
h(X,AX) is given by B.F.S. along with a technique for 
transforming from one AX to a new AX*. The quan- 
tities A,, Ae, and / are all of the order of magnitude of 
the fine structure constant. Figure 3 shows the radiative 
corrected family of spectra with the experimental 
resolution folded in. Also shown are the 1300 acceptable 
events, 

As pointed out by B.F.S., the radiative corrections 
modify both the spectral shape and the structure of p 
as a function of the coupling constants. Care must be 
taken in deciding upon points like the identity of the 
neutrinos if the value of ps, deduced from experiments 
by fitting data to the original Michel theory is in the 
neighborhood of 0.75, as is, in fact, the case. The 
relationship between pr and py is 


+A, , 
pu =pr——_—. (6) 
1+3pr(Ai—Ao) 


This expression for py differs slightly, when expressed 
in terms of the coupling constants, from the original 
definition of o by Michel.” In the original Michel theory 
p is defined by p=3K2/(K,+2K:2). A small term 
(2M ../Eo)Ks in the denominator of the actual shape 
parameter was discarded to obtain this form. The K’s 
are certain bilinear functions of the coupling constants, 
e.g., in charge retention order (uevy) for the wave 
functions in the interaction invariants: (See Sec. VI, 
C for notation.) 

K,=gs'+2(gv?+gr'+ga’)+2r’, 

K.=gv’+2g7*+ 5°, 

K3= gs*—2gy?+2g4?— gp’. 
Since the experiments on the shape of the spectrum are 
now attaining accuracies of a few percent, it seems 
advisable to include this A; term again when comparing 
experimental shape parameters with values predicted 
by specific interaction mixtures. The pr introduced by 
B.F.S. includes this term and has the form 


3Ke 


SSS ges ee 

K i(1 +A,)+2K »( 1 +A.)+2(M, Ey) Ks 

22 This fact was kindly pointed out to the author by Dr. R. E. 
Behrends. 
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Formula (6) was derived from this expression with pi 
defined to be 

3K» 


A a lie laa ie Aas a i Raat aaliioe ty 
K,+2K2+2(M./Eo)Ks 


In our derivation of (6) the only approximation is the 
discarding of the higher order term 
M. Ks 


"Ey Ky+2Ko+2(M./EdKs 








It is appropriate to note that for several theoretically 
interesting interactions, namely forms like aS+7+0P, 
a=+1, b=+1, and cV+4A, c=+1, we have K;=0 
and py and the original Michel p have the same form. 

The data of this experiment was analyzed according 
to the theoretical expression (4). The momentum 
interval used in the analysis was AY =0.005 (~} Mev) 
and the corresponding values of A; and A» were calcu- 
lated to be A;(0.005)=0.0441 and A»2(0.005) =0.0130. 
A plot of {X,0.005) is shown in Fig. 4. 

Before the data can be compared with theory, it is 
necessary to modify (4) to account for the experimental 
momentum resolution. If the probability of observing 
a positron in the momentum interval X, X¥+dX is 
P(X,pr)dX, we have 


1 
P(X,pr)dX = f dX'Rx (X)Pr(X' pr), (7) 
0 


RADIATIVE CORRECTION FUNCTION 
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Fic. 4. Radiative correction function for the spin-} case, 
and for an interval size of AX =0.005. 
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where Rx/(X) dX is the probability of observing a 
positron in X, X+dX when its actual momentum at 
emission is X’. The resolution function Rx/(X) is in 
general not known a priori, and must be determined 
experimentally for any particular setup. Finite resolu- 
tion in this experiment is due primarily to two causes, 
which are (1) multiple scattering in the gas of the cloud 
chamber, and (2) uncertainty in measurement of the 
radius of curvature of positron tracks. 

Bremsstrahlung and ionization loss, which contribute 
large corrections in emulsion or spectrometer techniques 
for this experiment, are negligible in the hydrogen 
filling of the chamber. 

The determination of the resolution function is 
described in Appendix A. Rx (X) was found to be 
adequately represented by the sum of four Gaussians, 
weighted according to the observed distribution of 
tracks in length. The widths of these Gaussians depend 
upon the length of track and are proportional to the 
emission momentum. We find 





(X—X’)? 1 
(X)= = g(l) en ion drs (8) 
K2(I)X”2 (2m)1K (I)X” 
where 
"te No. of tracks observed to have length in/, +l 
10-—————— e.ca8 choml 





total meatier of tracks 


and is an estimate of the probability that a track will 
have length /, 


8\4 1\}! 
K()=0.0262| (-) +(-)| +20%, 5<l<8cm 
1\ 73 
-0.0262|1+(-)| + 20%, 
l 


(8a) 


A plot of Rx-(X) is given in Fig. 5. The half-width of 
this function at a momentum X’ is 0.033 X’. The 
resolution fold [Eq. (7)] was done analytically to 
terms of order K using expressions (8) and (8a) for the 
resolution function. 

The data were then fitted to the expected distri- 
butions by the statistically efficient method of maxi- 
mum likelihood.* We set up the expression 


B 
L(ni(X i), pr,No)= II O(ni,N 4), (9) 


i=l 


where the X; are the central points of small intervals 
AX ;=0.005. V,°®(X,)=the number of events expected 
in the ith interval if the spectrum is described by the 
parameter pr, and 


N PR ( X:)=No X ;)AX;. 


P{pr,- 


n;(X,;)=the number of events observed in the ith 
interval, B=the number of intervals used, ®(n,,N;*) 
=the probability of observing n, events in the interval 
AX; if the expected number of events is V;°*(X,), and 
No=total number of events observed. 

We take the Poisson distribution for @, 


(Wee8)** expl—Ne*] 





P(n:,N P®) = (10) 


n;! 


Statistical theory asserts that the maximum value 
of £, considered as a function of pr, occurs at that 
value of pr=pr which is an efficient estimate of pr. 
Actually the logarithm of £ was computed and the 
maximum of L=In£& was determined. 


2%N. Arley and K. R. Buch, Introduction to the Theory of 
Probability od Statistics (John Wiley and Sons, Inc., New York, 
1950). 





-raEERREQETEEENE 





MOMENTUM SPECTRUM OF POSITRONS 965 


L(ni,pr,No)=const (independent of pr) 
B 
+ > n;InP(Xi,pr), 


i=1 


y ® Nee=y ni= No, (11) 


and we seek the solution pr of dl/dpr=0. For large 
No, as is assumed to be the case in this experiment, this 
solution is approximately normally distributed about 
the true value of the parameter pr with dispersion o¢. 


PL 
a 7 |—] | 
Opr’Jorn=sR 


The function Z was computed for a group of pr 
values separated by intervals of Apr=0.05 (Fig. 6). 
The points were found to fit very well to a parabola 
whose maximum occurs at pr= pr= 0.646. The standard 
deviation of the eg pr is op=0.042. From the 
value of pr and Eq. (6), the best estimate for py de- 
duced from this path bl is 


pu =0.666+0.042 (standard deviation of the estimate) 
=0.67 +0.04. 


We must still determine the sensitivity of the estimate 
to possible systematic errors. Systematic errors may 
arise from three major sources, assuming that the 
original sample of data is unbiased. 

(1) Uncertainty in the value of the effective magnetic 
field. The effect of a systematic error in the magnetic 


U{n; pr) = +294 — 201(Pr-.e4e)” 
=.646+ oe (stanpand DEVIATION) 
Pwicner =.666+.042(stawpano OEVIATION) 


Lin, Pa)= Zn P(x;, Pa) 


295- 








4 ~ oe Ss ae a 
pr 

Fic. 6. Likelihood function for the spin } case. The interval 

size used here was AX =0.005. 


field would be to change the horizontal scale by a 
factor and, in particular, to displace the theoretical 
curves with respect to the data points in the vicinity 
of the end point of the spectrum, where the estimate for 
pr is largely determined. 

(2) Uncertainty in the value of the mass of the muon. 
This effect enters in the same way as an error in the 
magnetic field since X is proportional to B/M,. 

(3) Uncertainty in the knowledge of the resolution 
function, particularly in the width parameter K. 

The magnetic field has been measured at several 
points in the chamber with a proton resonance device. 
The variations of the field were determined with a flux 
meter using a coil and electronic integrator.’® A check 
on these measurements was performed by measuring 
the radius of curvature of a loaded, fine, current-bearing 
wire which was photographed in the chamber with the 
magnetic field on. During the cyclotron runs the current 
in the magnet was held constant to about 0.2% rms, 
by a standard current regulator, employing a Brown 
amplifier and phase-sensitive network to feed an error 
signal to an amplidyne. The uncertainty in the effective 
magnetic field is estimated to be 

AB/B) =| AX/X | p=0.0043. 
A large contribution to this uncertainty arises from the 
approximations used in estimating the corrections for 
field variations. The maximum uncertainty in M, is 
taken to be® 








=0.001. 
My 


| M, 


= 





X 


The uncertainty in A is estimated in Appendix A to 
be AK/K=09.2. The sensitivity of the result to these 
possible errors was estimaied by varying the parameters 
indicated by small amounts in the theoretical expres- 
sions or shifting the data appropriately and then re- 
computing the likelihood function and noting the shift 
in PR. 

We find: 

(Apr)x=+7.44X/X, (Apr) =0.0354K/K, 


which gives | Apr|as,=0.007, |Apr| p=0.032, | Apr|x 
=().007. If we define the standard deviation as 


= {or+ (Apr)*u,+ [ (Apr)? Jat+[ (Apr)? |x} t= 0.054, 


we have for the value of pr: pp=0.65+0.05 (standard 
deviation) and for the value of pw: pw=0.67+0.05 
(standard deviation). 

A further check for possible systematic errors was 
performed by checking the data for internal consistency. 
The pitch angle restriction of 45° was changed to ~24°, 
thus including mainly the flat tracks in the sample. 
The sample was reduced in this way to 973 events. The 
x?-minimum method of fitting for the best value of pr 
was used on both the “included” sample of 973 tracks 
and the “excluded” sample of 327 tracks; and the total 
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Paix)= 0 x? {sli—x) +x + pa(ax-s)t 
0« fs ¥.5 
= P(x) 


1 
= Sax' Ps (x') Rx'(X) 
° - 


a D ® 


on 


sample was also fitted for standardization. The results 
are listed in Table I. This information indicates that 
the data are internally consistent, and that there is no 
strong evidence for angle-dependent systematic errors. 
The effect upon the py value of changing the value of 
AX, the experimental energy interval, which enters 
weakly into the radiative corrections, was also esti- 
mated. Changing AX to 0.066, the full resolution width, 
decreases the py value by 0.005. 
B. Spin } Case 

There are only three independent scalars that can be 
formed with four wave functions, one of which repre- 
sents a spin-3 particle, and therefore, only three 
coupling constants enter the theory of the decay of a 
spin-} uw meson. The electron spectrum from the decay 
of a spin-} u meson can be put into a one parameter 
form that is similar to the spin } expression.* The 
spectra predicted for this case by Behrends and 
Fronsdal are: 


Py(X,py) = (10/3) X7{3(1—X)+4X7+ py (4X—3)}, (12) 
TABLE I. Internal consistency of the experimental 


decay spectrum.* 


Tl 








No pR a0 
1.000 < cosa < 0.707 1300 0.66 0.04 
1.000 < cosa ¢ 0.910 973 0.65 0.05 
0.910 < cosa < 0.707 327 0.68 0.09 











* The first column gives the angular interval used. No is the number of 
events, pr is the (x?)minimum estimate for pr, and oo is the standard deviation 
of the x? estimate for fr. 
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Py=.s 


Fic. 7. Spin 3} faimily 
of spectra. Also shown 
are the 1300 acceptable 
events. 


where p; is the parameter and 0<p;< 4. Here electro- 
magnetic effects are not taken into account. A plot of 
the spin 3 family of curves is shown along with the 
data in Fig. 7. 

The fit for py was obtained by the method of maxi- 
mum likelihood as described above for the spin } case. 
The result is 


p;=0.257+0.034 (standard deviation of the estimate). 


The likelihood function is displayed in Fig. 8. 
The possible systematic errors are 


|Ap;!n=0.012, |Ap;|ar,=0.003, | Ap;| «=0.003 


with p;=0.26+0.04 (standard deviation) as the final 
estimate. 


VI. DISCUSSION OF RESULTS 
A. Spin 3-3 Ambiguity 

The spin 3 and spin 3 theoretical spectra which best 
fit the data have been plotted in Fig. 2 along with the 
experimental data. A goodness-of-fit test was applied 
to the data by the x? method in order to see how 
frequently a deviation from the parent population of 
u—et decays, such as is represented by the observed 
events, should occur if the parent population is as- 
sumed to be described by either (4) or (12) with 
pr=0.65 and p;=0.26, respectively. The data were 
grouped into intervals such that the expected number 
of events in each interval was > 10 and 


B [n(X)—Nv(X,) 
i=l N+(X,) 


9 


x= 
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TABLE II. Summary of experimental determinations of the shape of the electron spectrum from ~-meson decay. 





Value of pMiche! 








No. of Quoted value corrected approx. 
Author Year Source Method Charge events Of pMiche! to My =206.9 

Leighton, Anderson 1949 cosmic rays expansion pt 75 0.075+0.20 0.4 
and Seriff* cloud chamber 
Lagarrigue and 1951. cosmic rays expansion ut 150 0.19 +0.12 0.4 
Peyrou® cloud chamber 
Bramson, Seifert, 1952 accelerator photographic pt 301 0.41 +0.13 0.48+0.i3 
and Havens® emulsions 
Hubbard4 1952 accelerator expansion ut 400 0.26 +0.26 0.4 

cloud chamber 
Villain and Williams® 1954 accelerator expansion a” 280 0.50 +0.13 0.50+0.13 

cloud chamber 
Sargent, Rinehart, 1955 accelerator diffusion rs 415 0.68 +0.11 0.68+0.11 
Lederman, and Rogers‘ cloud chamber 
Bonetti, Levi-Setti, 
Panetti, Rossi, and 1956 cosmic rays photographic pt 506 0.57 +0.14 0.57+0.14 
Tomasini* emulsions 
Crowe, Helm, and 1956 accelerator double focusing ut 0.62 +5% 0.62+5% 
Tautfest® spectrometer 
Sagane, Dudziak, and 1956 accelerator spiral orbit ae 0.72 +8% 0.72+8% 
Vedder spectrometer 
This experiment 1956 accelerator diffusion Py 1300 0.67 +0.05 0.67+0.05 


cloud chamber 





4 See reference 7. 

b A, Lagarrigue and C. Peyrou, J. phys. radium 12, 848 (1948). 

«See reference 11. 

4H. W. Hubbard, University of California Radiation Laboratory Report UCRL-1623 (unpublished). 

e J. A. Vilain and R. W. Williams, Phys. Rev. 94, 1011 (1954). 

f See reference 18. 

« Bonnetti, Levi-Setti, Panetti, Rossi, and Tomasini, Nuovo cimento 3, 33 (1956). 

b Crowe, Helm, and Tautfest, Proceedings of the Sixth Rochester Conference on High-Energy Nuclear Physics, Preliminary Report, 1956 (Interscience 


Publishers, Inc., New York, 1956). : : 
i Sagane, Dudziak, and Vedder (private communication from Walter F. Dudziak). 


was computed. The number of intervals used was 36 calculated values of (x?) minimum Were 24.79 and 24.59 
so that the expected value of (x?) minimum Was 34 for the for the spin 3 and spin 3 cases respectively. The chance 
1-parameter, normalized distributions involved. The that (x”)minimum would be as low as these values if the 
true description of the decay was given by either (4) 
Lino?) or (13) is about ra 8. The best vn curves differ by 
2904 1-2% over most of the spectrum, so that an experiment 
Uypt>-al pt an? ou that-weenhl distinguish sitieen the two mcs require 
about 100 000 events. It should be mentioned again in 
this connection that radiative effects have not been 
included in (12). Since the first radiative effects are 
typically several percent in decay processes, their 
eventual inclusion in the expressions for the decay 
probability may make such an experiment more feasible. 
| A further hope for using the decay spectrum for the 
/ determination of the spin may lie in the detailed study 
2007 ; of the low-energy part of the spectrum. In any event, 
- the results of this experiment cannot be used to dis- 
criminate between the two cases. 


P 2 = 257 + .034(stanoano deviation) 


2655 


B. Nature of the Neutrinos 


If one assumes that the ut has spin 4, the value of 
pm from this experiment (and in fact, all others that 
have been performed—see Table II) falls in the region 
<0.75 where no information is available on the nature 
270 ; — of neutrinos. The probability that pay will be greater 

pt than 9.75 is ~75 if the quoted standard deviation is 
Fic. 8. Likelihood function for spin } case. The interval taken 90 the — of a Gaussian distribution in experi- 
size here was AX =0.025. mentally determined py values. 
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TABLE III. Coupling constants for a common interaction describing 6 and mu decay.* 

Case Order Sign of gs/ger p ~srler ps (calc) (calc) Sign of gs/gr ? oaee pm (calc) d(calc) 
(a) roe negative +0.2<p<+0.9 0.658 1.21 positive +3.8<p<5+4.2 0.636 1.22 
(b) > positive —0.9<p<+0.2 0.658 1.21 negative —4.2<p<—3.8 0.636 1.22 
(c) PM” no solution no solution 


pevy 








* This table does not agree with Table II of Lederman et al.,!8 in which the results of a similar attempt at solution for the coupling constants were 
tabulated. The discrepancy has been resolved in the course of communication between Professor Lederman, Professor S. C, Wright, and the author, and 


is due to a series of typographical errors in the first paper. 


C. Nature of the Interaction 


The parameter py has no further significance than as 
a description of the u-decay spectrum unless additional 
assumptions about the interaction are made. In the 
spin } theory, knowledge of the value of pay gives one 
equation in the five coupling constants. Study of the 
low-energy end of the spectrum would give more 
information (see reference 14, the radiative corrections 
become large and significantly different for the different 
interactions) but not necessarily enough to specify the 
interaction. The relative success of the §-decay-like 
theory (though the good agreement with the spin } 
theory is discomforting), along with the similarity in 
magnitude of the coupling constants calculated from 
8-decay data and the lifetimes of the two processes 
u-+p— n+» (in a nucleus) and w+ — e++ 71+ v2 has 
led several authors to consider the possibility of a 
“universal Fermi interaction.’”™ 

The 6 interaction is known to contain scalar (S$) and 
tensor (7) components in approximately equal amounts. 
Vector (V) and axial vector (A) are supposed to be 
excluded by the absence of Fierz interference terms in 
the allowed spectra, and by evidence from the forbidden 
spectra.”> Pseudoscalar (P) interaction may enter too, 
but 6-decay data offers little information on this point. 

Michel and Wightman** have examined the conse- 
quences of assuming that there exists a universal inter- 


action of the form rS+7T+ pP. They write®?? 








8 (fr), 2B 1 
A=— == > > 
15 (fr), 1+2X (M,/M.)5r,1n2 


and py as functions of the coupling constants for the 

three essentially different correspondences of the wave 

functions in the invariants composing the interaction 
Hamiltonian: 

ev v 

@ Oo 

vuev pvev 


(c) ; 


bevy 


and the two possibilities for the neutrinos from u decay, 
v# and v=. They compare their predictions with the 
experimental values A= 1.16+0.12 and py=0.50+0.12. 
They find that the above universal interaction is ex- 
cluded by these data for |r|=|p|=1, r=gs/gr, 
p=2p/gr (see Table II of reference 26). The same 
situation obtains using the value of py determined in 
this experiment if we require a solution valid within 1 
standard deviation of the experimental quantities. 
However, if we relax the condition p=1, and allow for 
the uncertainty in the quantity r, we can find solutions 
for a universal interaction consistent with the experi- 
mental uncertainties in \ and py. We adopt r=1.00 
+0.10,8 B=2650+10%,* 7,=2.22K10-* sec. We 
thus have A=1.16+0.12. For py we take py=0.666 
+0.054. The formulas for A(g;) and p(g;) are calculated 
in the notation of Michel.“ A typical set of these 
formulas is, for case (a), »#: 


(gs—gr)’+(grt+gp)?+2(gv+ga)’ 





* gs*-+-4ev?-+-6gr?-+-4g,2+-¢p"— 4(M./Eo)[gv(gst+6gr)+ga(gp—6gr) ] 
988 + 4gv' + 6gr° +4g4°+ gr 4(M./Eo)[gv(gst6gr)+g4(gr—6gr) | 
af 





(g:) 


gs tev t+3gr+3g4" 


We set ga=gv=0, as indicated by f-decay data, and 
seek common solutions for the quantity gp/gr and for 
the sign of gs/gr. Figure 9 shows plots of A and pa in 


*E.g., E. R. Caianiello, Nuovo cimento 10, 43 (1953); R. 
Finkelstein and P. Kaus, Phys. Rev. 92, 1316 (1953). 

2 FE. J. Konopinski and L. M. Langer, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 261. 

26 L. Michel and A. Wightman, Phys. Rev. 93, 354 (1954). 

271. Michel, Progress in Cosmic Ray Physics (North-Holland 
Publishing Company, Amsterdam, 1952), Chap. 3, Eq. (43). 


the neighborhood of acceptable solutions. The overlap 
between the range of potential solutions determined 
by each curve then gives us a restriction on the forms 
of the universal interaction. The acceptable ranges of 
P are listed in Table III along with the value of \(calc) 
and pm(calc), calculated at the midpoints of these 
regions. It is interesting to note that the admissible 


28 See O. Kofoed Hansen and Aage Winther, Phys. Rev. 86, 428 
(1952) for definition and determination of x and B. 
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Fic. 9. Plots of \ and p as functions of p=gp/gr, showing acceptable domains for p if the same interaction is responsible for 
8 decay and yu decay. 


solutions require the presence of pseudoscalar inter- 
action.” 


D. Comparison with Previous Results 


The determinations of the u-decay spectrum which 
yielded quantitative results have been listed in Table 
II along with the final value reported for py in each 
case. The results of this experiment agree within the 
quoted uncertainties with those of the more recent 
experiments cited. 


APPENDIXES 


A. Momentum Resolution Function 


It is assumed, as indicated in Sec. IV, that the sources 
of finite resolution are multiple scattering and un- 


® Since the performance of these calculations, the nonconser- 
vation of parity has been discovered in the 8 decay by Wu, 
Ambler, Hayward, Hoppes, and Hudson and in uw decay as re 
ferred to in reference 19. Now, as indicated by Yang and Lee 
(reference 19), instead of |r|=|gs/gr|, we know only |r’| 
= {(gs?-+(gs-)*/Ler?+ (gr-)*)}}, where primes denote the 
parity-nonconserving component of the interaction. In general, 
the number of coupling constants has been doubled, with an 
analogous primed term appearing for each unprimed one in the 
expressions for p and \. This fact renders the solutions in cases 
(a) and (b) meaningful only in special cases such as gs=gzs: etc., 


certainty in momentum measurements. Both of these 
effects introduce a spread in the estimated momentum 
of a track-producing particle which depends upon the 
length of track. The multiple scattering acts upon the 
decay positron of emission momentum X’, to give it an 
apparent momentum X. The attempted measurement 
of X introduces the measurement uncertainty and 
results in the final estimate of the momentum X. This 
situation is formulated in the following way. 

The probability of emission of a positron with track 
length /, and momentum in the interval X’, X’+dX’ is 
g(1)Pr(X’,pr)dX", where g(1) is the frequency of occur- 
rence of measured tracks having length / in some 
suitable interval Al. If we then write S(X’,.X)dX for 
the probability that a particle having track length / 
and emission momentum X’, acquired an apparent 
momentum in X, X¥+dX due to multiple scattering, 
we have 


1 
o(X dX =dX J dX'S(X'1,X)Pr(X'pr)g()), (13) 
0 


since p cannot be expressed in terms of r’ in cases (a) and (b), »¥ 
and neither p or A can be expressed in terms of r’ for y=. The 
result for case (c), however, is still generally valid. 
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where o(X,/)dX is the probability of finding a track of 
length / with apparent momentum in X, X+dX. ¢(X,/) 
is the distribution which would describe the tracks if 
there were no uncertainty due to measurement. How- 
ever, the result of measurements of the radius of 
curvature of the tracks is not unique, and we denote by 
M (&,1,X)dX the probability for a track of length /, of 
measuring a momentum in X, X+dX when the actual 
momentum was £. In the case at hand, é is the apparent 
momentum after multiple scattering, so =X. We then 
have for the probability of measuring a track of length 
1 to have momentum in X, X+¢X irrespective of X, 


@ 


$(I,X)dX =dX f dX o(X)M(XI,X). (14) 


0 
By summing over all possible track lengths we obtain 
P(X,pr)dX =D G(I,X)dX, 


where P(X,pz)dX is the probability that a track is 
observed to have momentum in X, X+dX. 


P(X,pr)\dX=<4X ¥ ¢(l) f dM(XJ,X) 
l 6 


1 
fax (x LX)Pe(X' pn). (15) 
0 


Interchanging the order of integrations and bringing 
the summation inside the integral, we have 


1 
P(X,pr)= f dX'Rx(X)Pa(X' spr), 
0 : 


(16) 
Rx(X)=¥ gl) f aXM(X1,X)S(X',2). 
! 0 


Rx (X) is the required resolution function. 

The multiple scattering may be calculated® and 
S(X"',,X) may be adequately represented by a Gaus- 
sian of the form 


feria 1 ' X-X'\? 
senna onl (2), 
(2)tos(X’)) *\os(X'J) ' 


(18) 








os(X’,l) =0.0083(10/1)4X’, (1 in cm). 


The function M(X,1,X) was estimated by remeas- 
uring several hundred long tracks (J>8 cm). The 
difference between the original determination of X and 
the redetermination were computed and histograms 
constructed of the frequency of these fluctuations. 
Probit diagrams” of these data indicate that the fluc- 
tuations are well represented by a Gaussian distribu- 


30H. A. Bethe, Phys. Rev. 70, 821 (1946) ; E. J. Williams, Proc. 
Roy. Soc. (London) 169, 531 (1939); E. J. Williams, Phys. Rev. 
58, 292 (1940). 
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tion. This being taken as the case, M(X,/>8 cm,X) is 
assumed to be a Gaussian whose dispersion is related 
to the dispersion of the Gaussian determined by the 
fluctuation data by the expression o(X,/,>8 cm) 
=or(X,/>8 cm)/Vv2, where or (X,/>8 cm) = dispersion 
of fluctuation data. 

This procedure was carried out for two momentum 
intervals, 0.69 X <0.8, and 0.8¢X< 1.05, and the 
widths so determined were taken as estimates of 
oy(X,/>8 cm) at the mean value of X. The results 
obtained are: 


om (0.71,/>8 cm) =0.0172+0,.0038, 
om(0.91,1>8 cm) =0.0254+0.0041. 


The momentum dependence of ox is not too well 
defined by these estimates. From simple arguments 
one would expect oy to be roughly proportional to 
(X/l)?. The data indicate a dependence somewhere 
between X and X?, although complete independence 
of momentum is not precluded by the errors assigned. 
The dependence upon momentum was taken to be 
linear for analytical convenience in performing the 
resolution fold. The final result is not sensitive to the 
precise momentum dependence of oy because in the 
region of significance XY is ~1 and for values of X more 
than three or four times oy away from X =1, the reso- 
lution does not influence the shape of the spectrum at 
all, essentially because of the smooth nature of the 
functions Pr(X,pr), and the narrowness of the reso- 
lution function. 

The dependence of a1 upon length was determined 
in the following way. A group of long tracks (/>15 cm) 
was selected from the data in a particular momentum 
interval. The radius of curvature was’ carefully meas- 
ured several times for each of these and the corre- 
sponding momenta computed. The mean value of these 
momenta was taken as approximating X. Then, in each 
case, part of the long track was masked with black 
paper and the radius remeasured. The fluctuations 
about X of the momenta, determined from these 
measurements, were then plotted in histogram form 
and the dispersion determined by the direct estimates 
and probit plots as described above for the momentum 
dependence. 

We find oy « 1/7) for 5<17< 8, where an uncertainty 
of about 10% is to be attached to the exponent, and 
om essentially independent of / for />8. The expected 
dependence is 1/?. For the longer tracks the effect is 
probably real, since the limitation on accuracy of 


TABLE IV. Resolution function parameters. 





K (1) 








l g(l) 
5-6 0.1188 0.0590 
6-7 0.0957 0.0425 
7-8 0.1073 0.0323 
8 0.6782 0.0274 
® See Eq. (21). oa wads EN 











MOMENTUM 


measurements on long segments is essentially due to 
the finite steps in radius of curvature of the scribed 
comparisons curves, rather than the difficulty of fitting 
a circle to a short segment of finite width as is the case 
for the short tracks. 

As a result of these*measurements and arguments, 
the structure of o(X,/) was taken to be 


ou (X,l) = (0.02624 20%) (8/1)?X, 5<1<8 
= (0.0262+20%)X, I>8 
=K'(l)X. 


The important feature is the magnitude of K’ rather 
than the detailed length and momentum dependence. 

Finally the g(/) required for specification of the 
resolution function were estimated from the observed 
distribution of tracks in length and are listed in Table 
IV. 

Because of the small width of both M and S, the 
integration in (16) may be carried out approximately, 
with the results 


g(l) X-X'\? 
eee, exp] —3( ~——) | (20) 
t (2mr)'o(X’ J) a(X’ J) 


with ¢(X’,l)=(¢s?+o,y7)!. The approximations made 
neglect a long low tail of the resolution function. We 
may then write 


(19) 


o(X',l)=K(1)X’, 
with 
K (1) =0.0262[ (8/1)*+ (1/1) + 20%, 
=(0,0262[1+ (1/1) }#+20%, 


5<1<8 


I>8, (21) 


where the magnitude of K(/) is largely determined by 
the term corresponding to the measurement un- 
certainty. 


B. Magnetic Field Corrections 


The‘ radius of curvature, p, of a helical track at any 
point lies in the osculating plane of the helix at the 
point and has magnitude 


pe 1 
poubiaful, 
qB(r,z) \cosa 

where a= pitch angle of the helix, >= momentum of the 
particle, g=electric charge of the particle, B(r,z) 
= magnetic field, taken to be cylindrically symmetric, 
and po=pc/qB(r,z)=radius of curvature of a track 
directed perpendicular to the field direction. 

We assume that the approximate osculating plane, 
P, at some point (usually the origin of the track) has 
been found by stereoscopic coincidence technique 
described in reference 16. We assume further that the 
process of fitting arcs of circles to the tracks, in order 
to determine their average radius of curvature, proceeds 
by a subjective least-squares minimizing of the devi- 


(22) 
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Fic. 10. Geometry of track projected onto the approximate 
osculating plane P. 


ations from circularity. These deviations are due to the 
slow variations of the magnetic field. 

We wish to calculate the deflection that the track 
undergoes in the plane P (see Fig. 10) as it goes from 
(71,21) to (72,22) under the influence of the magnetic 
field, B(r,z). We then make a least-squares fit of a 
circle to this trajectory to obtain the required cor- 
rection factors. 

In the plane P, we have 


dE(s)p(s)=ds, (23) 


(24) 
where 
p(s)=p(r,2)=n/h(s), h(s)=B(r,z)/B(0,0), 
n= pc/[(cosa)qB (0,0) ], 


and E(s)=angle between the tangent to the track at s 
and the tangent at s=0, i.e., at (11,2). Then 


(25) 


1 8 
E(s)=- f ds!"h(s’”’). 
¢ 


n 


Now dx(s)=sinE(s)ds, where x(s)=distance between 
track at s and the tangent at (r;,2;). 


s’ 170” 
x()= f ds" sin f avn") (26) 
0 no 


If the orbit were actually circular with radius R, the 
track would undergo a deflection 


Ss n Hs 
nels) =R(1-c08—)="(1-cos—)), R=—. (27) 
R) a " H 
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We then set up the least-squares criterion, 


s 
in f ds’ {x(s’)—x.(s’,H)}?=0, (28) 
0 


where S=length of track between (71,21) and (fo,22). 
We obtain from this the best fit value for H, assuming 
that both H and / are not far different from 1. 


1 
H(s) =H (1,21; 72,22) = H(1; 2)= ar 


n 
s ’ sf pe” 
fess as" cos—f ds’”"[h(s’”)—1] 
0 0 no 


—_—-_____—, (29) 
f stacy 





x 





where 


Me 4 yr 3 
A(s’)= |- sin—+cos—— i} 

7 0 n 
H(1;2) is not symmetric upon interchange of (r1,2;) 
and (r»,22) demonstrating a preference for the curvature 
associated with the end of the track with which the 
comparison curve is first lined up. In the actual meas- 
urements this type of preference was not made; rather 
both ends were used equivalently, and the final recorded 
value represents something more like the mean of the 
radii of curvature that would be obtained using either 
end as origin. Thus the appropriate correction factor 
was taken to be 


H=3(H(1; 2)+A(2;1)]. 


The expression used for the reduction of measured 
radius of curvature, p to momentum was therefore: 


(31) 


(30) 


pc=qB(0,0)Hp cosa. 


An additional correction to cosa should be made due 
to the presence of small radial components of the 
magnetic field, which change the actual direction of the 
total field at any point from the assumed Z direction. 
These have not been made in the analysis, but the effect 
is small. The change in measured momentum due to 
this effect was determined for several hundred tracks 
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and found to average 1.1% disregarding signs. The 
mean value though is zero for radial field corrections, 
because it is equally likely that the track be pointing 
so as to increase or decrease the true pitch angle by the 
same amount. Neglect of this effect amounts to a slight 
broadening of the true resolution function. and a 
negligible effect upon the value of py. 

The measured field shape was inserted into (29) and 
the integrals evaluated approximately to determine a 
map of correction factors H. It is difficult to check the 
curve-fitting technique experimentally because the 
correction terms are usually small, the mean |1—A| 
being 0.013. The deviations of the effective field from 
the central field are in general too small to be checked 
with sufficient accuracy by using actual tracks because 
of the >3% measurement resolution. The correction 
terms |1—H1| were seldom more than 10-15% different 
than the increment needed to evaluate the field at the 
midpoint of the track. Taking the uncertainty in the 
correction terms |1—H| to be 25% was not thought 
to be too optimistic an estimate of the error. Thus we 
estimate that the uncertainty in the effective field due 
to the field variations is, on the average, 0.250.013 
= 0.0033. The uncertainty in the absolute current-field 
calibration of the central field, B(0,0), is 0.2% from the 
proton resonance measurements. The uncertainty in 
the magnet current throughout the runs was 0.2%. 
Combining these effects gives 


AB/B=([_(0.0033)?+ (0.002)?+ (0.002)? }}= 0.0043. 
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The magnetic moment of the positive 1 meson has been measured in several target materials by a magnetic 
resonance technique. Muons were brought to rest with their spins parallel to a magnetic field. A radio- 
frequency pulse was applied to effect a spin reorientation which was detected by counting the decay elec- 
trons emerging after the pulse in a fixed direction. Results are expressed in terms of a g factor which for a 
spin } particle is the ratio of the actual moment to e#/2m,c. The most accurate result obtained in a CHBr; 
target, is that g=2(1.0026+0.0009) compared to the theoretical prediction of g=2(1.0012). Less accurate 
measurements yielded g=2.005+0.005 in a copper target and g=2.00+0.01 in a lead target. 





I. INTRODUCTION 


HE yu meson has often been described as one of the 
more baffling of elementary particles. It alone, 
among the unstable particles, has no strong interaction. 
Aside from its usefulness as a tool in the study of nuclear 
structure and the details of parity violation in weak 
interactions it appears to play no essential role in any 
organization of fundamental particles. A precise meas- 
urement of the magnetic moment of the muon offers 
some promise for clarification of this situation. 
The Dirac equation predicts precisely 2 for the 
g value of a spin } particle. Including corrections due 
to the interaction of the particle with its radiation 
field, one obtains!” 


a a 
g.=2(14+—+0.75—+--- ) (1) 


nr 7 


=2(1.0012). 


Deviations from this prediction may occur because of 
the structure and interaction properties of the u meson. 
On the other hand, (1) provides a test of quantum 
electrodynamics in a heretofore unexplored domain. 
Whereas the major radiative corrections to the electron 
moment arise from virtual quanta of energy less than 
the electron rest mass, the meson moment correction 
involves virtual photons of 200 times the energy and 
hence wavelengths that are 200 times smaller than in 
the electron case. It has been pointed out® that the 
existence of a cutoff in quantum electrodynamics at 
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t A preliminary report of this work has been given in Phys. Rev. 
106, 1108 (1957). 

t Also at International Business Machines Watson Laboratory. 

§ A large fraction of the data utilized in this paper was obtained 
at the Carnegie Institute of Technology cyclotron at Saxonburg, 
Pennsylvania, which is also supported by the U. S. Atomic 
Energy Commission. 

1A. Petermann, Nuclear Phys. 3, 689 (1957). 

2 C. Sommerfeld, Phys. Rev. 107, 328 (1957). 

3 Beresteskii, Krokhin, and Khlebnikov, J. Exptl. Theoret. 
Phys. U. S. S. R. 30, 788 (1956) ; [translation : Soviet Phys. JETP 
3, 761 (1956) ]. 


an energy A would alter the g value as follows 


2 /m\*) a 
1+[1--(™) e+ (2) 
3X\A 2r 


It might be remarked‘ that the model used in reference 
3 implies a modification in the scattering of one Dirac 
particle by another. Such a modification can be de- 
scribed by a mean square radius, the appropriate rela- 
tion being (r?).=6(h/Ac)*. Qualitatively, at least, the 
measured proton radius should constitute an upper 
limit for such an “electrodynamic radius.”’ Hence the 
fractional alteration of the muon moment from such a 
presumed breakdown of quantum electrodynamics 
should not exceed ~0.02(a/2r). 

In the original meson parity experiment’ it was 
established that the nonconservation of parity in the 
m—utv decay leads to a high degree of polarization in 
the external » meson beam of the Nevis cyclotron. 
This polarization was deduced from the spatial anisot- 
ropy in the parity nonconserving u+—e*-+ »+ 3 decay, 
the electron direction being strongly correlated with 
the uw spin direction. In GLW the angular distribution 
of the emitted electrons was found to be ~1—0.3 cos@. 
By counting the decay electrons in a given direction, 
a change in the yw spin direction can be detected. In the 
GLW experiment a small constant magnetic field, H, 
perpendicular to the u spin direction, was set up in the 
target region. The rate of uw spin precession, given by 
w=geH/2(m,c), was detected by counting the decay 
electrons emitted at a given angle to the initial spin 
direction after a fixed time delay.® This first measure- 
ment of the spin precession rate indicated a g-value of 
2.00+0.02. A more accurate determination by a similar 
method reported a g value of 2.008+0.014.7 

A more precise method of measuring the magnetic 


g=2 





4N. M. Kroll (private communication). 

5 Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 
(1957), hereafter referred to as GLW. 

6 Similar techniques have been employed for measuring nuclear 
moments. See Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955). 
See also: M. Goldhaber, Phys. Rev. 101, 1828 (1956). 

7 Cassels, O’Keefe, Rigby, Wetherell, and Wormald, Proc. Phys. 
Soc. (London) A70, 451 (1957). 
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moment is to employ a resonance technique in which an 
oscillating magnetic field is used to reorient the yw spin 
in a large static magnetic field. The fact that the muon 
is a charged unstable particle with an asymmetric decay 
pattern permits a technique that combines some of the 
features of bulk resonance and atomic beam techniques. 
The source strength of about 100 muons per second 
eliminates the possibility of any measurement that 
depends on absorption of energy from the oscillating 
field as in bulk resonance. The charge and high velocity 
of the muon prevents measurements on a moving 
particle as in atomic beam techniques, but the fact that 
the muon decays asymmetrically with a 2.2-usec mean 
life permits a resonance measurement on individual 
particles that have been brought to rest in a target. 
The mean life, however, restricts the time available per 
measurement to ~2 usec thus setting a lower limit 
(Aw At > 1) on the sharpness of the resonance observed. 
The absolute uncertainty in frequency, Aw, due to the 
finite time available, Af, is fixed, and hence the frac- 
tional line breadth is inversely proportional to the 
magnitude of the magnetic field at which the resonance 
is obtained. 

In this experiment muons were brought to rest in a 
target with their spin polarized along a magnetic field, 
H. A pulsed rf magnetic field perpendicular to the 
fixed magnetic field was used to effect a reorientation 
of the muon spin. When the frequency of the rf field 
is equal to g(eH/2mc), i.e., at resonance, the angle 
through which the muon precesses in time / is given by 
6=4 So g(eH:/2mc)dt, where H, is the magnitude of 
the rf field. The factor } in the expression for @ is due 
to the use of an oscillating rf field. This may be con- 
sidered in the usual way as the sum of two counter 
rotating components, only one of which is effective (to 
first order). For a » meson with a g value of 2, 180° 
rotation implies a pulse for which /‘ H\dt=70 gauss- 
usec. The 180° rotation corresponds to the quantum- 
mechanical 100% transition probability between two 
states of opposite spin alignment, i.e., between m,= +3 
and m,=+}4. (Of course it is not set by such an 
experiment to determine the absolute direction of the 
spin.) 

The decay electrons emerging in the backward direc- 
tion after the rf pulse was over were counted ; the ‘“‘peak”’ 
rate was obtained for no transition, a decrease in rate 


oan pe: 


VI 


—1 | 


5 


Z/ 






1 






Ee 
VY, 











Fic. 1. Experimental arrangement. 
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(‘“‘valley” rate) indicating that a magnetic transition 
had taken place. 


II. EXPERIMENTAL ARRANGEMENT 
A. Counting Electronics 


The meson:source used in these experiments was the 
““85-Mev” a+ meson beam at the Nevis cyclotron and 
the ‘‘110-Mev”’ beam at the Carnegie Institute of Tech- 
nology cyclotron. Momentum analysis was achieved 
with a steering magnet used to bend the beam away 
from its emergent direction. Since » mesons of the same 
momentum as 7 mesons have a greater range, a rela- 
tively pure » source was obtained by including before 
the target sufficient absorber to stop most of the z’s. 

Figure 1 shows the counting arrangement. A meson 
entering through a 2-in. hole in the magnet pole piece 
and stopping in the target is identified by a fast coin- 
cidence circuit which is actuated by pulses in counters 
1, 2, and 3 together with an anticoincidence require- 
ment on counter 4. The output of the 1234 circuit is 
used to initiate two operations. An rf pulse is applied 
to a coil wound around the target, and after a 2-usec 
delay, a gate pulse 3 ysec long is formed. 

Decay electrons emitted in the backward direction are 
counted by a 2314 circuit. Only 2314 pulses that fall 
within the gate interval are counted as “events.” The 
ratio of “event” counts to “gate” counts is used to 
determine when a spin reorientation has taken place. 

The anticoincidence requirement on counter number 
1 for the 2314 coincidence serves to prevent the counting 
of incoming beam particles. The anticoincidence re- 
quirement on number 4 served as an additional dis- 
crimination against decay electrons from y’s that had 
entered the rear pole piece. Since only 2314 pulses that 
fall within the gate interval are counted as events, 
the function of the anticoincidence counters in 2314 is 
to reduce the number of accidental events to a negligible 
number, (<1%). 

Figure 2 is a block diagram of the electronic equip- 
ment. The fast coincidence circuits are of a standard 
type and are followed by EF P60 pulse shaping circuits. 
The 1234 output is used to trigger the rf gate circuit. 
The 2-usec delay for the gate is obtained by using RG 65 
delay cable. In order to allow full recovery of the thyra- 
tron circuit in the rf pulser (see below) a dead-time 
circuit follows the pulse shaper. This insures a minimum 
interval of 200 usec between counts fed to the rf 
generator. 

Decay electrons which give rise to a coincidence out- 
put within the gate interval are detected in the final 
slow coincidence between the gate pulse and the 2314 
output. The output from the slow coincidence circuit 
is scaled as ‘“‘events.’’ The number of gate pulses is also 
scaled. The resonance is indicated by a decrease in the 
number of events per gate. The total number of 2314 


coincidences is also scaled as “ungated.” The ratio of 
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ungated to gates is used during a run to check the 
counting circuit efficiencies. 


B. Counters 


The counters are constructed of }-in. plastic scintil- 
lator. Counters 1 and 2 are each 3-in. X3-in. Counter 3 
has the same cross sectional dimensions as the target, 
2-in.X2-in. This counter is kept small to reduce the 
background due to u’s stopping in the counter itself. 
Counter 4 is made large, 5-in.X5-in., to obtain maxi- 
mum efficiency in rejecting particles which in passing 
through the target have scattered through large angles. 
Counters 2, 3, and 4are mounted on 2-ft light pipes which 
serve to remove the photomultipliers from the magnetic 
field. The photomultipliers are magnetically shielded by 
a mu-metal sleeve and a }-in. iron tube. Counting rates 
were measured as a function of magnetic field with the 
absorber removed and the counter efficiency was proven 
to be independent of the magnetic field. 

The photomultipliers are 6810’s operated at from 2100 
to 2600 volts and are capable in this arrangement of 
delivering 10-volt pulses into a 120-ohm load for the 
light available from a minimum ionizing particle. 
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Fic. 2. Block diagram of the counting electronics. 


C. rf Circuit 


A phase-stable rf pulse of computable characteristics 
was obtained by ringing the resonant circuit formed by 
the target coil and its associated stray capacity. The 
circuit is shown in Fig. 3 together with a circuit for 
“de pulsing” which will be described below. The 
initiating pulse is obtained from a 1234 coincidence. 
This triggers the EFP60 univibrator which, in this 
circuit, will deliver a 600-volt pulse with a 20-usec rise 
time. The operating point of the tube is somewhat un- 
usual but it was found that most EFP60’s functioned 
without breakdown. The EF P60 pulse fires the 4C35 
hydrogen thyratron which discharges condenser C, 
into the cathode of the normally cutoff 4C33. Thus a 
large current pulse is injected through the grounded 
grid into the anode tank circuit of the 4C33 for a 
short time compared to a cycle of the resonant circuit. 

The 4C33 plate current pulse discharges C2 putting 
a large negative voltage on the resonant circuit. The 
4C33 is then cut off again by the discharge of C; permit- 
ting the cathode to rise, and the resonant circuit is free 
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Fic. 3. Circuit diagram of rf and de pulsers. 


to respond to the voltage surge it has received. The 
electrostatic shielding by the grounded grid prevents 
reduction of the Q of the resonant circuit, which other- 
wise would be coupled capacitively through the tube 
to dissipative elements in the thyratron driver circuit. 
The damped oscillation has the form Ae~* coswt and 
the magnetic field in the region of the target is adjusted 
so that fo"'Ae~*‘dt=70 gauss-ysec, where /; is the time 
interval from the initiation of the rf pulse to the center 
of the gate pulse. 


D. Magnet 


For the runs at 7 and 16 Mc/sec, 8-in. diameter pole 
pieces were used, one of which had a 2-in. hole through 
its center. The large ratio of gap width (5 in.) to pole 
diameter and the presence of the hole resulted in a 
total field inhomogeneity of 0.8% over the 2X2X#-in. 
target region. For the more accurate measurements at 
22 Mc/sec, circular pole tips 11 in. in diameter and 
? in. thick were added to the 8-in. pole pieces, the pole 
tip thickness serving as part of the absorber between 
counters 1 and 2. There were also adjustable rings ?-in. 
long and 3-in. in radial thickness around the circum- 
ference fs the pole tips. The shimming procedure 
consisted of obtaining the most homogeneous field 
possible by moving the adjustable rings and then per- 
forming fine adjustments with steel shim stock fastened 
to the rear pole tip. The total field variation over a 
2-in. diameter circular region, } in. thick, was held to 
0.08%. The target material was confined to this region 
by the Teflon insert described below. 

In the mapping of the field and in the subsequent 
monitoring, a nuclear magnetic resonance probe was 
fastened to a rigid arm which was mounted on a milling 
machine bed. Precise and reproducible motion of the 
probe was thus achieved. 

At a field of 1800 gauss the magnet required about 
7 amperes of current. A feedback series current regulator 
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incorporating 2N278 transistors was used.* The error 
signal for the regulator is taken from a type K potenti- 
ometer measuring the voltage across a current shunt 
in series with the magnet. The current is thus adjusted 
by changing the setting on the potentiometer. The 
regulator held the current variation to <0.002% when 
used with an automobile storage battery source during 
the interval of a single run (15 min). 


E. Target 


The target assembly consists of a Lucite frame, 
5-in.X5-in. which clamps onto an aluminum spacer 
held between the magnet pole pieces. The Lucite frame 
holds a box made of 35-in. Micarta on which the three- 
turn rf coil is wound. The whole assembly is wrapped 
in Styrafoam and aluminum foil for insulation against 
30 kv and for rf shielding. The liquid and powder target 
materials were held in a rectangular container 2X 2X }- 
in. which could be easily inserted into the target 
assembly. For the runs at 22 Mc, a maximum field 
homogeneity was desired. Since the field variation was 
greatest in corners of the target container, a Teflon 
insert was added which restricted the effective target 
area to a 2-in. diameter circular region. Because of the 
comparatively low density of Teflon, relatively few 
muons stopped in the corners and most of these were 
depolarized before decaying. The Micarta target holder 
contained a stop so that the target container could be 
positioned accurately, and a pickup loop was mounted 
for monitoring the rf pulse. The entire target assembly 
with cup empty contributed a background of ~30% of 
the rate. 

The target material had to fulfill four principal re- 
quirements. It should (a) have sufficient density to 
stop a large fraction of the y’s, (b) not depolarize y’s in 
the dc experiment, (c) allow the rf field to penetrate the 
target volume, and (d) have no Jarge internal fields to 
shift or broaden the resonance line. 

An initial trial run using polyethylene as a target 
material yielded a very broad shallow resonance line. 
Since polyethylene yielded a large dc effect it was con- 
cluded that the muons were not depolarized but that 
local magnetic fields were broadening the resonance 
line as in the case of the proton line in nuclear magnetic 
resonance measurements of polyethylene. The sub- 
sequent runs that were made with a view towards high 
precision used a liquid target, since the molecular 
collision times are such that local fields more effectively 
average to zero. The liquid used was bromoform, CHBrs, 
which has a density of 2.89 g/cm*® and was readily 
available. Metals to be used as target materials, had 
to be in a suitable form for use in an rf field. The copper 
was electrolytic dust with a grain size which was 
small compared to the skin depth at 22 Mc/sec. The 
lead was in the form of a 95% lead, 5% polyethylene 
emulsion. Nothing was known about the size of the 


8 R. L. Garwin, Rev. Sci. Instr. (to be published). 
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lead domains other than could be deduced from the 
behavior of the material as a target. Since the effect on 
the target coil Q was small and the rf was effective in 
flipping muon spins, it was assumed that the lead 
domains were very small compared to the skin depth. 


III. EXPERIMENTAL PROCEDURE 
A. Differential Range Curve 


The initial step in setting up the resonance apparatus 
is the determination of the optimum amount of absorber 
to be placed between counters 1 and 2. Differential range 
curves were obtained by placing a $-in. copper plate 
between counters 3 and 4 and recording the ratio of 
1234 coincidence counts to 12 coincidence counts as the 
absorber between 2 and 3 was varied. Three-eighths in. 
of copper is placed between 2 and 3, to reduce back- 
ground. The proper amount of carbon is then inserted 
in the hole in the magnet pole piece so that the total 
is sufficient to place the target at thé proper point on 
the range curve. 


B. de Pulser 


Before actual resonance measurements were made, 
it was desirable to precess muons in order to observe 
the “peak-to-valley” ratio. This was done, for example, 
in testing various target materials for muon depolariza- 
tion, in checking for excessive pion contamination and 
as a final check of the counters and electronics. A non- 
resonant spin-flipping arrangement was designed which 
made use of the same target coil and transmission line. 
In this procedure the longitudinal field of the large 
magnet is turned off and the muons are caused to precess 
by means of a 35 gauss-ysec direct-current pulse, which 
in about 3 usec effects a 180° spin rotation. Compared 
to the steady dc precession field employed previously 
in the GLW experiment, this has the advantage of 
permitting the use of a longer counting time interval 
after the pulse, since the muons are then stationary in 
their new orientation. The circuit is shown in Fig. 3. 
The EFP60 univibrator triggers the hydrogen thyratron 
causing C to discharge through the target coil. Enough 
damping is included to prevent ringing. 


C. Observation of the Resonance Line 


The procedure used in tracing out a resonance line 
was as follows. The rf frequency was first measured as 
described below. Because of the comparative difficulty 
in measuring the frequency of the pulsed rf it was left 
fixed during a run and the magnetic field used as the 
variable. A series of magnetic field settings was esti- 
mated (using g~2) so as to best define the line center. 
The required readings on the proton resonance probe 
were corrected for the difference in field between the 
target center and a standard monitor position adjacent 
to the target. This difference of 0.14% was checked 
periodically and at several magnetic field strengths and 
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remained constant. The magnetic field was then set 
to the desired value by setting the proton resonance 
oscillator at the corresponding frequency as determined 
by zero beating with a crystal-calibrated frequency 
meter (U. S. Navy type CKB 74028) and adjusting 
the magnet current until the resonance was observed. 
A typical run would last 15 minutes, after which the 
proton resonance frequency was redetermined. Repeat- 
ability was about 0.002%, which includes any possible 
drift in the magnetic field. The average counting rate 
was 2500 gate-counts per minute which yielded about 
60 events per minute. Several measurements were made 
at each value of magnetic field during a run and points 
were taken on alternate sides of the resonance so as to 
minimize the effect of possible long-term counting 
efficiency drifts on the apparent line center. 


D. Frequency Measurement 


The measurement of the center frequency of the 
1.5-usec rf pulse to the required accuracy posed some 
difficulty due to the large band width intrinsic in the 
pulse duration. In the early measurements, the spectrum 
of the triggered rf was Fourier-analyzed by using a 
General Radio wave meter type 805-C. After recording 
the rf line shape, the wave meter was set to the dial 
reading corresponding to the rf spectrum center, and 
its own frequency response was then measured with 
a GR signal generator to determine the frequency 
corresponding to the dial setting. The GR signal 
generator was then zero beat with the crystal-calibrated 
frequency meter. The method was time-consuming and 
limited in accuracy. For the last and most accurate set 
of measurements at 22 Mc/sec, a method resembling a 
direct beat-frequency measurement was used. 

A sample of the rf pulser output, obtained from a 
pickup loop near the target coil, is mixed with the output 
of the GR signal generator which is adiusted to be 
several times the amplitude of the induced rf pulse. 
The rf pulser is triggered at about a 100 cps rate. The 
resultant signal is rectified and the envelope displayed 
on an oscilloscope with long persistence screen. The 
sweep is triggered simultaneously with the rf pulser. 
The mixed signal form before detection has the wave 
form 

V in= B cosw't+ Ae cos(wi+¢@), (1) 


where w’=signal generator frequency, w=pulser fre- 
quency, 1/a=decay time of the rf pulse (1.5 wsec), and 
@ is a phase factor which is arbitrary since the rf pulser 
is triggered randomly with respect to the generator 
phase. 

For simplicity we shall discuss a square law detector 
although a linear detector was used. The envelope 
displayed on the oscilloscope face has the form 


Vout’ = B?+ A2e-*#*-+ 24 Be-* cos(o+ Aa), (2) 


where Aw=w—w’. When Aw=0, ie., the frequency 
generator is set correctly, a family of curves correspond- 
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Fic, 4. Photographs of oscilloscope screen during frequency 
measurement. The top photograph is for a frequency difference 
of 0.04%. The bottom one is for indistinguishable frequencies. 


ing to the various values of ¢ are seen. As can be seen 
from the functional form of Eqs. (1) or (2), there can 
be no crossing of curves for different values of ¢ in this 
case. However, if Aw is not equal to zero the curves seen 
on the oscilloscope face will cross since a point (V,t) at 
total phase y can be on two curves, one with ¢;,=y~— Aw! 
and the other with ¢.= —y—Aw/. For one of these, y is 
increasing, for the other, y is decreasing; therefore, the 
curves cross. The signal generator is tuned until no 
crossings are seen. The signal generator frequency 
is then measured with the same crystal calibrated fre- 
quency meter used in the magnetic field measurements. 
The accuracy of the frequency measurement is deter- 
mined by the time available before the rf pulse has 
decayed excessively, or about 2 time constants (3 usec) 
in the above arrangement. Figure 4 shows photographs 
of the oscilloscope screen for indistinguishable fre- 
quencies and for a frequency difference of 0.04%. The 
reproducibility was found to be about +0.01% and 
the method has no bias if the adjustments are made with 
both increasing and decreasing frequency. In the course 
of the run, the rf frequency was checked periodically by 
at least two observers. Long-term drifts during the 
course of a run amounted to less than 0.02%. 


ANALYSIS OF DATA 
A. Line Center 


The resonance experiment was performed at 7, 16, 
and 22 Mc/sec using bromoform, copper dust, and 
lead-polyethylene targets. 

In the most accurate measurements, i.e., those made 
at 22 Mc/sec, there were 5 useful runs made with the 
bromoform target. Since these were made at slightly 
different frequencies, the line center was determined 
for each run separately and the quoted result is the 
weighted average of these determinations. 
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Fic. 5. Theoretical line shape and composite 
of the experimental points. 


Figure 5 shows a theoretical curve for the resonance 
line computed for an rf amplitude corresponding to 100% 
transition probability. This curve and a number of 
others for different rf amplitudes were calculated 
numerically on the IBM 650 computer by integrating 
the differential equations for the expectation value of 
the muon spin in the presence of the dc field and the 
exponentially-decaying rf field. The deviation of the 
counting rate from its off-resonance value is simply 
proportional to the change of the z-component of the 
muon spin, so that after normalization to the same 
amplitude, the theoretical and experimental curve 
should be identical. Also shown is a composite of all the 
data points used in determining the line center. This 
composite was prepared by shifting the rf frequency 
to a common value and normalizing the ‘“peak-to- 
valley” ratio of the various runs. Figure 5 indicates 
that the experimental points fall on a broader curve 
than the calculated one, suggesting possible effects of 
rapidly varying local fields. 

A statistical uncertainty of 2% to 3% is associated 
with each point on a resonance curve. The best method 
of determining the line center would be to perform a 
least-squares fit of a theoretical line shape to the data 
points. Since the agreement of the experimental points 
with the calculated theoretical curve is not good, a 
determination of the line center has been made assum- 
ing only that the line is symmetric. 

Two simple arbitrary symmetric curves were fitted 
to the data points of each run by using a least-squares 
criterion. One curve was simply two straight lines of 
opposite slope fit to points in a region of the resonance 
curve where the slope is steep. The depth of the curve 
was selected visually and the point of intersection and 
the slope were varied so as to minimize the quantity 
M =2;,(6;/«€:)*, where 6; is the difference between an 
experimental point and the value of the theoretical 
curve at the same field, ¢; is the statistical uncertainty 
associated with the experimental point, and the sum- 
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mation is taken over all experimental points in the 
relevant region. The other curve was a Gaussian of the 
form A—B exp[—(f»—fo)*/C]. A is the average of 
the off-resonance counting rate. Two of the parameters, 
B and C, were selected to give a best visual fit to the 
composite of.data points in all of the runs. The curve 
center, fo, was varied so as to minimize the quantity M. 
The line centers determined by the two methods agree 
to 0.03%. Table I presents the results of each of the 
five runs made with bromoform at 22 Mc/sec in terms 
of the ratio of the muon frequency f, to proton fre- 
quency f, at the value of the magnetic field corre- 
sponding to the resonance curve center. The ratios 
quoted are in each case the average of the results of 
two methods of determination. 

Table II lists the results of earlier runs made in 
bromoform, lead, and copper at lower frequencies, as 
well as one run made in copper at 22 Mc/sec. Since the 
uncertainty in these measurements was greater than 
those in Table I, the line-center analysis was less de- 
tailed and consisted of only visual fits of straight lines 
to the data. 


ERRORS 


The greatest source of uncertainty in the experimental 
results stems from the statistical errors associated with 
each experimental point, resulting in an uncertainty in 
the determination of the line center. The standard 
deviations quoted in Table I were estimated from the 
least-squares analysis. 

The error from a possible undetected drift in counting- 
circuit efficiency was minimized by taking points con- 
secutively on opposite sides of the resonance line center. 
Since every point was measured several times, long- 
term drifts would have been detected. The extreme 
assumption of a 5% drift over the period of a run results 
in a shift in the line center that is about 0.01% and 
hence has been neglected. 

The experimental method employed here did not 
require a primary frequency standard. The result is 
expressed as a ratio of the applied rf frequency to the 
proton resonance frequency in the magnetic field corre- 
sponding to the muon resonance line center. Both fre- 
quencies were measured with the same crystal-cali- 
brated frequency meter. Thus the ultimate standard 
is the proton moment. The rf frequency measurement, 
fu, (described above) was reproducible to 0.02%, the 
proton resonance frequency, f», to much better than 


TABLE I. Results of measurements made in CHBr; at 22 Mc/sec. 








Run tp (kc/sec) 


7153411 
7146+11 
7142+11 
7133411 
7089+ 11 


Su (ke/sec) 
22770+2 
2276942 
2276342 
22741+2 
22600+2 





3.1862+0.0050 
3.1869+0.0050 
3.1881+0.0050 
3.1882+0.0050 


Average 3.1865+22 
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0.01%. Uncertainties due to drift in the magnetic field 
between points (~15 min) and in the rf during a 
resonance run were negligible. The largest error in the 
magnetic field determination was contributed by the 
field inhomogeneity over the region of the sample and 
the uncertainty in the positioning of the sample relative 
to the field map. This possible error is estimated to be 
less than 0.01%. Proton resonance measurements in 
organic liquids indicate that the correction due to dia- 
magnetism in the target material is less than 0.0005%. 
The Block-Siegert correction is less than 0.01%. 

The errors discussed above are independent and were 
compounded in quadrature and are given in Table I. 
Averaging the results from the 5 runs gives a value of 
fa/fp=3.1865+0.0022. The quantity of most interest 
is the g factor of the muon. This involves the muon 
mass in the following way 


mut\ f{ fut 
w-( ; ~)(- Je 
My Jl» 
where m,* is the muon rest mass, m, is the proton mass, 
and g, is the proton g factor. We take g,= 2.7927 and 
m,=1863.1m,.° 
The muon mass has recently been discussed by 
Crowe” whose results utilized principally the data from 
the x- and yu-mesonic x-ray,'! momentum and emulsion 
range momentum and pion capture in hydrogen to 
obtain pion masses, r—y mass difference, and muon 
masses. 
Crowe finds 
m, = 206.86+0.11m., 
which yields 
g,= 2(1.0026+0.0009). (3) 


This result is about one and one-half standard devia- 
tions higher than the electrodynamic prediction 
2(.0012), of Eq. (1). A lower limit to the muon mass 
from x-ray measurements is"! 


m, > 206.77+0.03m.,. 
Using this limit, we find 
g.> 2(1.0021+0.0007). (4) 


Another way of utilizing these results is to assume the 
validity of quantum electrodynamics to second order 


9 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 

10K, Crowe, Nuovo cimento 5, 541 (1957). 

1 Koslov, Fitch, and Rainwater, Phys. Rev. 95, 291 (1954). 

127n the use of mesonic x-ray data on the muon mass, it will 
be recalled that these include a substantial (0.4%) correction due 
to vacuum polarization. See E. Wichmann andN. M. Kroll, Phys. 
Rev. 96, 232 (1954) ; L. Foldy and E. Eriksen, Phys. Rev. 95, 1048 
(1954); A. Mickelwait and H. C. Corben, Phys. Rev. 96, 1145 
(1954). 
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TABLE II. Results of measurements made in copper, 
lead, and at lower frequencies in CHBrs. 


Frequency 





Target material (Mc/sec) g value 

Pb (in plastic) 16 2.00 +0.01 
Cu-(dust) 16 2.02 +0.01 
Cu-(dust) 22 2.005 +0.004 
CHz 735 2.01 +0.01 
CHBr; . 78 2.00 +0.01 
CHBr; 16 (3 runs) 2.0064+0.0048 





and use the f,+/f, ratio to derive the muon mass. This 
yields 
m,*= 206.58+0.14. (5) 


CONCLUSIONS 


The g value of the positive muon, arrested in liquid 
bromoform has been determined with a precision of 
0.09%. No large variations in g value have been ob- 
served among bromoform, Cu, and Pb, and therefore 
it seems reasonable to assume that the positive muon 
is “‘free’’ in these materials.'* The closeness of the result 
to the predictions of the Dirac equation with radiative 
corrections establishes more firmly the character of the 
muon as a “heavy electron” and intensifies the problem 
of the muon-electron mass difference. 

A more accurate determination of the muon moment 
is in progress which will utilize a frequency of 100 
Mc/sec and hence increase the precision by a factor of 
5. However, a better test of the radiative corrections to 
the moment depends on a more accurate mass deter- 
mination. An alternative method consists of measuring 
directly the departure of the g value from 2. Research 
along this line is being conducted at several laboratories 
at the present time. 
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13 The Knight shift in the metals is expected to be below our 
present accuracy, being less than that common to nuclei because 
of the smaller density of conduction electrons at the muon. This 
would be true even though the muon moment is considerably 
larger than ordinary nuclear moments, unless the conduction 
electrons had very predominantly / character about the nuclei. 
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K,; Decay: Tests for Time Reversal and the Two-Component Theory* 
J. J. Saxurart 
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The K,3 decay is investigated with special attention to possible muon polarization normal to the decay 
plane [¢,- (px py) _] which can be detected by observing an “up-down” asymmetry in the electron dis- 
tribution in the subsequent parity-nonconserving muon decay. If the K particle is spinless or is unpolarized, 
the presence of such polarization would indicate that invariance under time reversal is violated in the Ky3 
decay. This polarization is calculated field-theoretically for the spinless K particle. In addition a sensitive 
test for the two-component theory of the neutrino is proposed for the decay configuration in which the three 


decay products are collinear. 


i 


ECENT important developments concerning weak 
interactions were originally motivated by the per- 
plexing situation created by the decay interactions of 
K particles. Now that the violation of invariance under 
spatial reflection, P, and under charge conjugation,! C, 
has been established for processes that bear no relevance 
to K particles, it is worth examining what we can learn 
further about noninvariances under symmetry opera- 
tions from the study of K particles. Experiments that 
throw light on the question of invariance under time 
reversal, 7, are of particular interest. 

In the decay of K,2(=8@) and K,;(=7), all the infor- 
mation we can possibly obtain about symmetry proper- 
ties is precisely what has led to the r—@ puzzle, 
provided that the K particle is spinless or that the K 
particle, if it has spin, is unpolarized at the time of its 
decay. The decay of Ky» resembles that of the charged 
pion in the sense that the muon is longitudinally 
polarized if P and C are not conserved. No test for time 
reversal is possible since the only invariant we can 
construct is of the form p,-o, which remains unchanged 
under 7. 

In the decay of K,3 (or K,3) the situation is the same 
as that in the K,»2 case, so long as the pion momentum 
is not observed (or, equivalently, insofar as the decay 
plane is not defined), although the magnitude of the 
longitudinal polarization is likely to be smaller, espe- 
cially for nonrelativistic muons. On the other hand, if 
the pion momentum is measured, the muon polarization 
(a pseudovector defined as usual as the average muon 
spin in units of 4/2) is, in general, not purely longi- 
tudinal. However, unless invariance under time reversal 
is violated, the muon polarization necessarily lies in the 


* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research. 

t Cornell University Senior Graduate Fellow. 

1 We assume the validity of the TCP theorem throughout. 

2 In order that a naive approach to time-reversal invariance of 
this kind be valid, it is essential that there be no final-state inter- 
action. In the K,2* and K,y3* decays, because of the absence of 
final-state interactions, there is no counterpart of the Zem/p 
term that appears in 8 decay. For detailed discussion on the rules 
for detecting noninvariance under T see T. D. Lee, (‘Conservation 
Laws in Weak Interactions” (Lectures at Harvard University, 
March, 1957), available as Nevis Report-50, Columbia University 
(unpublished) J. 


decay plane (i.e., the plane determined by p, and p,) 
provided that the K is spinless or unpolarized. A non- 
vanishing component of the polarization vector in the 
direction normal to the decay plane would establish the 
nonconservation of JT and C, as can be seen from the 
transformation property of o,-(p,X p,).?* 

Experimentally the decay plane of the K,;* can be 
defined, if we observe, in addition to the muon, the 
electron pairs created by the two y rays which, in turn, 
arise from the r° decay. The subsequent parity-noncon- 
serving decay of the muon can be used as a “natural 
analyzer” of the muon polarization. Components of the 
muon polarization parallel to the decay plane result in 
forward-backward and right-left asymmetries in the 
distribution of the decay electron, whereas any up-down 
asymmetry is due to a polarization of the muon in the 
direction normal to the decay plane. That such a test 
for time reversal is feasible in a heavy-liquid (e.g., 
xenon) bubble chamber where the radiation length is 
short and the stopping power is large was pointed out 
by Glaser.‘ 

I. 


To see the whole situations more quantitatively, let 
us recall that an arbitrary beam of spin-} particles is 
completely specified if we know four real quantities, 
namely, the intensity, 7, and the three components of 
the polarization, (@); or, equivalently, if we know the 
density matrix, p. In our case, the state of the muon 
“beam” arising from the K,s3 decay is characterized by 


pu=1,(1+e,-(e,))/2 

=1,[1+e,:{Ap,+B(AXh,)+CA}]/2, (1) 
where 

b= P,./ | P, | , nh=(prXp,)/ | pxX P, | . 


I, A, B, and C are functions of the quantities specifying 
the kinematics of the decay system (e.g., of |p,| and 
6,, or of |p,| and @,,). 

Assuming that the muon stops and then decays, we 
obtain the following electron distribution : 


T.« f(n)[1+a(n){r:Ap,+r.B(Aaxp,)+rCA}-p.], (2) 


3 Strictly speaking, this statement is true for charged Kys 
only. For Kys°y*++2*+», the statement is valid only insofar 
as we neglect a term of the order 1/137. 

‘D. A. Glaser (private communication). 
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where 7 is the momentum of the decay electron in units 
of its maximum value (~52 Mev/c) and #, is a unit 
vector along the electron momentum; r; and 7; are the 
depolarization factors for longitudinally and trans- 
versely polarized beams, respectively. There is no 
reason @ priori to believe that r; and r; are equal, but 
since the main depolarization effect takes place after 
the muon is slowed down, it is likely that the muon has 
“forgotten” its original direction by that time, in which 
case r;=r;. This can be checked experimentally by 
studying the m-u-e sequence for muons produced in the 
backward direction from pions in flight.’ r; and r; are, 
of course, independent of the initial muonenergy. f(y) and 
a(n) are defined in such a way that a beam of 100% 
polarized muons would give the electron distribution 


I.= f(n){1+a(n) cose}, 


where ¢ is the angle between the muon polarization and 
the electron momentum. If the muon direction and the 
spin direction coincide in pion decay (as in the case of 
the positive muon within the framework of the two- 
component theory with lepton conservation), a(n) is 
on the average negative, and its magnitude is par- 
ticularly large for large values of n, whereas it may even 
have the opposite sign with rather small magnitude for 
n<4 according to the two-component theory.® Thus 
the muon decay is a good analyzer only when 7 is fairly 
large, and we may select those decay events in which 
the electron momentum exceeds some cutoff value no. 
The asymmetry coefficient C that characterizes the 
violation of time-reversal invariance in the K,; decay 
can now be expressed in terms of experimentally ob- 
servable quantities ; 


2 U—-D 
r&(no) U+D 


where U and ®D refer to the number of electrons with 
momenta greater than mo decaying above and below 
the decay plane, respectively, and 


1 1 
alm)= f sonatadan | f f(n)dn. 
n0 n0 


Ill. 


So far our results have been completely general and 
are applicable regardless of the spin of the K except 
that, if the K has spin and is polarized, 7, A, B, and C 
further depend on the state of this polarization, and an 
observation that C #0 would not necessarily imply that 
invariance under’7 is violated. We now calculate C 
within the framework of some field-theoretic model 


5 The author is indebted to Professor L. M. Lederman for this 
remark. 

6 T. Kinoshita and A. Sirlin, Phys. Rev. 107, 638 (1957). In 
fact the study of the r*-u*—e* sequence for low-energy positrons 
is consistent with essentially an isotropic distribution. Pless, 
Brenner, Williams, Bizzarri, Hildebrand, Milburn, Shapiro, 
Stanch, Street, and Young, Phys. Rev. 108, 159 (1957). 
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Fic. 1. Diagram for the decay of K,,;*-u*++7°+». The rec- 
tangular box represents virtual strong interactions such as the 
creation and annihilation of a baryon pair and other more com- 
plicated processes. 


as previously considered by Pais and Treiman,’ by 
Furuichi e¢ al. (Hiroshima group),® by Feinberg,’ by 
Werle,” and by MacDowell" in other connections. The 
basic assumptions underlying those field-theoretic cal- 
culations are: 


(1) The muon and the neutrino are created at a single 
vertex in the sense of Feynman diagrams. (Radiative 
corrections are ignored.) 

(2) The fundamental lepton interaction does not 
involve a derivative coupling. 

(3) The spin of the K is zero.” 


The appropriate Feynman diagram is shown in Fig. 1. 

With these assumptions they have arrived at the 
“effective” Hamiltonian 

m\ _ o" F fr = 

R= fs—gv— Vit — frbsyr+i—Warsy: De 


Mr MK 


Nyy ; 
+ (49-2 oro — f' binned, 
MK 
ifr’ _ 
+ — Wu 4" Pr¥sy+ H.c. (4) 
MK 


fil=f's, gv, etc.) and f,/(= fs’, gv’, etc.) are in general, 
functions of |p,|!, but if we assume the simplest 
momentum dependence, which may or may not be 
reasonable, they are just constant.” We use Hermitian 
y matrices with ys=vyryzysys and the phases of the 
“effective” coupling constants are chosen in such a way 
that they are all relatively real if invariance under time 
reversal holds." gy and fy are relatively in phase, if 
strong interactions are invariant under 7. A similar 
statement holds for gy’ and fy’, but nothing can be 


7A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957). 

8 Furuichi, Kodama, Ogawa, Sugawara, Wakasa, and Yone- 
zawa, Progr. Theoret. Phys. Japan 17, 89 (1957). 

§G. Feinberg (unpublished). 

10 J. Werle, Nuclear Phys. 4, 171 (1957). 

1S. W. MacDowell (to be published). 

® The Hiroshima group® considers the spin-1 case separately. 

18 The energy spectrum in this case has been studied by the 
Hiroshima group, and some comparison has been made with 
experiment. However, we keep in mind the possibility that f;, f;’ 
may be energy-dependent. 

4 Our definition of fr differs from that of Pais and Treiman’ by 
a factor of i. 
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said about the relative phase of f; and f;’ until we 

assume the validity of some specific parity-noncon- 

serving theories such as the two-component theory or 

1 “twin” neutrino theory, which requires f;= +¥ /,’ 
From (4) we can compute J, and C. 


I,(px,0)dp,d(cos8) « (1—2?— y*)(mx—E,)*p, 
X £(x,0) (1+ cosé) +E, “"dp,d(cos8), (5) 


Clap) &(ap) = 22 sino —ImL fafu+ fs! fr) 


Xx(1+x cos) +m] ( fa =), fr* 


MK 


My ps | 
+ (0-2 Jan's yas cos6) 


MK Mk 


pr 
—Im[_ fy fr*+ fr’ fr’* }—[a(x+c0s6)+y?]}, (6) 
MK 


where 


My 
ot PTW 


Mr 


orn 
Mx | 


late cos@)? 


e(a0)=||fs 


+L] fvl?+| fo’ |*1(a? sine+54 


pr 
+L frl?+| fr’|?}—L[ (#+c086)?+y" sin*é ] 


Mk 


My 
—2 Rel (Js-er—) fv* 
MK 


My px 
+( fs’—gv =) fy | (ahcos)(1+x co) 


MK Mk 


My 
—2 Rel fv fr*+ fv’ fr'* }—x cos0(1+- cos6), 


MK 


x= p,/(mx—E,), y= 


, 


+ + 
Pa aap m 
Vv 


Fic. 2. For the decay configurations in which the three decay 
products are collinear, the muons must be 100% polarized if the 
two-component neutrino theory holds. 


m,/(mx—E;), 
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and @ is the angle between the pion momentum and the 
neutrino momentum. In (6) the upper sign is to be used 
for the K,;~ decay, and the lower sign for the K,3* 
decay if the field operator y, in (4) annihilates w+ and 
creates u~. That the polarization is equal and opposite 
for the w* and pw is a direct consequence of TCP 
invariance, which our Hamiltonian (4) naturally 
satisfies. It appears that an “up-down” asymmetry in 
the subsequent muon decay, if present at all, is likely 
to attain its maximum value when 6=60°-90° unless 
there are fortuitous cancellations. 


IV. 


The expressions for A and B are somewhat involved 
if they are expressed in terms of x and @. We simply 
remark that a large longitudinal polarization is possible 
for relativistic muons if the two-component theory is 
valid. This situation has been previously discussed by 
Werle”> and MacDowell" independently in the case 
when the pion is not observed. 

When the pion is observed, it is particularly inter- 
esting to look into the configurations in which all three 
decay products are collinear. The decay kinematics are 
completely specified by the muon energy and the rela- 
tive direction of the muon and the neutrino (i.e., 
parallel or antiparallel). If the two-component theory 
with lepton conservation is valid, the u*+ from the Kys* 
decay is completely polarized in the direction of motion 
whenever the muon momentum and the neutrino 
momentum are antiparallel independently of the muon 
energy. Similarly, whenever the two momenta are 
parallel, the muon is completely polarized in the direc- 
tion opposite to its motion. (See Fig. 2.) This follows 
trivially from angular momentum conservation, but 
can be checked explicitly for our Hamiltonian. (See 
appendix.) 

The essential point worth noting is that this require- 
ment might be used to distinguish the original two- 
component theory of the neutrino,!® in which only 
neutrinos of one kind of “helicity” are emitted, from a 
“twin” neutrino theory, in which the “helicity” of the 
neutrino depends on the type of interaction.!” The usual 
m—u-e sequence and the K,»s-u-e sequence are not too 
sensitive to the choice between the two theories for the 
following reasons. 

(1) Although the two-component theory offers the 
simplest and most attractive explanation of the m-y-- 
sequence including the energy dependence of the asyme 
metry, which is in rough agreement with experiment, 

16 Unfortunately Werle’s paper” contains a few errors which 
have subsequently been corrected. J. Werle, Nuclear Phys. 4, 
693 (1957). 

16T. D. Lee and C. N. Yang, Phys. Rev. 
L. Landau ,Nuclear Phys. 3, 127 (1957); 
cimento 5, 299 (1957). 

17M. G. Mayer and V. L. Telegdi, Phys. Rev. 107, 1445 (1957). 
An interesting theory which starts from a very different point of 
view but leads to results somewhat similar to the Mayer-Telegdi 
theory has been proposed by R. P. Feynman. Proceedings of the 


Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1957). 


106, 1671 (1957); 
A. Salam, Nuovo 
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it is extremely difficult to show conclusively that muons 
from pion decay are completely polarized, since the 
observed asymmetry in the electron distribution (aside 
from the depolarization effect) depends on the product 
of the muon polarization produced in pion decay and 
the angular asymmetry inherent in the decay of 100% 
polarized muons. Even if the observed forward-back- 
ward asymmetry in muon decay turns out to be the 
same for muons from the r* decay and K,»2* decay, we 
can still attribute this effect to some “universal” 
property of the (uv) interaction. 

(2) A “twin” neutrino theory may give a complete 
or nearly complete polarization for the muon from pion 
decay provided that a single covariant is dominant in 
the decay interaction.'* Note in this connection that 
some of the covariants (such as tensor) cannot con- 
tribute to the r* (spin-zero K,2) decay to start with. 

In contrast, that the muon polarization be complete 
in the collinear configurations for the K,; decay is a 
far more stringent condition imposed by the two-com- 
ponent theory. If fi=—/i’ #0 and f;=+/,/ 0 for 
some pairs (i,j) as a “twin” neutrino theory suggests, 
the muon polarization necessarily varies with energy 
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and cannot stay complete as can be readily seen from 
Eq. (8) in Appendix. This effect should be significant 
in the low-energy region (p,/E,<1) where all covari- 
ants present can contribute. 

So even if time-reversal invariance is shown to hold 
in the K,3 decay, the study of the K,3-u-e sequence in 
a heavy-liquid bubble chamber is not without interest. 
In addition, the angular correlation effect discussed by 
Pais and Treiman’ for the K,;° decay works just as well 
for the K,;+ decay, which can be studied simulta- 
neously. 
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APPENDIX 


The longitudinal polarization of the positive muon from the K,3* when the three decay products are collinear, 


can be calculated from (4). We have 
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where the upper (lower) sign is to be chosen when the neutrino and muon are emitted in the same (opposite) 
direction(s). If f;=— /,’ as the two-component neutrino theory with lepton conservation requires 


(oy) Py= ¥i, 


which is obvious from angular momentum conservation. A “twin” neutrino theory with f;=—/;’ and fj=+/f; 
for some pair (i,j) gives a reduced polarization that varies with energy.t 
18 For instance, if the Feynman theory!’ is accepted, this polarization is still complete, but is in the opposite direction to that 
expected from the two-component theory, when the vector (axial vector) interaction is dominant. 

t Note added in proof.—In discussing the two-component theory of the neutrino we have used the helicity assignment that follows from 
the He® recoil experiment [B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955) ] taken together with various parity experiments. 
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Decay of the =+ Hyperon and its Antiparticle* 


Susumu OKuBo 
University of Rochester, Rochester, New York 


(Received September 23, 1957) 


Two decay modes of the 2+ hyperon and the corresponding ones for its antiparticle are investigated. The 
branching ratio may be different for both, if charge-conjugation invariance or time-reversal invariance does 


not hold. 





HE purpose of this note is to investigate the 
decay modes of 2+ and 5+. 


2+ ptr, (1a) 
T+ n+, (1b) 
=+— ptr, (2a) 
3+ ate, (2b) 


where “barred” quantities mean antiparticles (e.g., 2+ 
is the antiparticle of 2+). As a result of the TCP 
theorem,! the total lifetimes of 2+ and E+ are equal. 
However, this is generally not true for partial lifetimes, 
e.g., for (1a) and (2a), if charge conjugation or time- 
reversal invariance does not hold. Therefore, we may 
test the validity of these conditions by comparing the 
modes (1a) and (2a). 

In the lowest order of the weak interaction Hw, which 
causes these decays, the matrix elements for the 
processes if and i—f are given by 


MG f)=[WOo*(NAw¥ yO], 
M(i— f)=[(¥Oo*(NAwh¥ ad]. 
By applying the TCP theorem!” to (3b), we have 


Mi f)=[¥o*@Aw¥ ay (f)] 
=> ,.M*(i—n)S(f—n), (4) 


(3a) 
(3b) 


where we have replaced W\_)(i) by W(t), which is 
correct to the lowest order in Hw for i= +, and where 
S(i— f) is the S-matrix element. 

We may put 


M,=M(z* > p+7°) 
=((9)#As— ($)441] 


+((3)'Bs— (4)'Bi ](o-k)/k, (5a) 
M,=M (3+ n+r+) 
=[(3)#43+ (§)#41] 
+((3)'Bs+ (3)*Bi](e-k)/k, (5b) 


* This work is supported in part by the U. S. Atomic Energy 
Commission. 

1 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957) ; G. Liiders 
and B. Zumino, Phys. Rev. 106, 385 (1957), Proceedings of 
the Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics (Interscience Publishers, Inc., New York, 1957), IV, 
p. 55; S. Okubo (to be published). 

2 W. Pauli, in Niels Bohr and the Development of Physics, edited 
by W. Pauli (Pergamon Press, London, 1955), p. 30 


and 
M,=M (3+ > p+7°) 
=(@)A:-@'A 
+[(%)'Bs— (3)'B, J(o-k)/k, (6a) 
M.=M (3+ it+n-) 
=[(3)!A3+ (3)#Ai /k 7 " 
+[(3)'Bs+ (3)'B, ](o-k)/k, 


where k is the momentum of the pion in the rest system 
of the = hyperon, and we have assumed that 2 has 
spin 3. 

A3;, Bs, etc. (or Ai, By, etc.) represent the part of the 
matrix element belonging to the total isotopic spin 
T=$ (or T=}) in the final pion-nucleon system. If 
parity is conserved, either all the A’s or all the B’s 
are zero. 

The application of (4) to the processes (1) and (2) 
gives the following equations. 

A;=A;*e?*s, A,=A *e?*41, (7) 
B= —B;*e?*1, B,= —B,*e*u, 


(6b) 


where the 6’s are the usual phase shifts for pion-nucleon 
scattering. 
By using (7), we can easily verify that 


Xf dQ(|Mi|2+| M2|%) 


spin 


= > dx (|M,|2+|M-|?), (8) 


spin 


which means that the total lifetime of 5+ and 5+ are 
equal. However, in general, 


> | dQ! Mi\2~=do | dQy|M,|?. 
spin spin 

If charge conjugation holds, then in addition to (7), 
we have 


A3=A 3*e? bs, A,=A}*e?*1, 


(9) 
B;= — B;*e?*13, = — Bye? *n; 
if time reversal is valid, then 
A3=—A;*e*3, Ay=—Aj*e?*, 
3 A3 ) 1 1 @ (10) 


B3= — B;*e? #13, By= — By*e?*u, 
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In the derivation of (10), we have assumed that + 
has the same parity as the nucleon. In the case of 
opposite parity, we only have to change all the negative 
signs in (10) into positive signs. 

Returning to the general case, let us put 


A3= | A3|e*@stds) A\= |Ay|et@rtan, 


(11) 
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for charge-conjugation invariance, and 


As, Ay=+77/2; Ais, Ayw=90 or +7 (14) 


for time-reversal invariance. 
We define the relative frequency of the events (1a) 
and (2a) by 








=1| B;|eiistais), B,=1| B,| e*@ut4w | pi= p dQ, | M,|? > dQy(|M1|?+| M2|*), 
spin spin 
, al (15a) 
where the A’s are unknown phase factors. Then, the 
identity (7) gives Pe festa x f ani M,|2-+|M2)%), 
spin spin 
=| A;|ei@e-4s), A\= | A,|et@r-av), (15b) 
B;=i| By| e140), B= i! By | e*@u-4u), (12) and their ratio by 
Specifically, if invariance under charge conjugation or a dQ|M,|? 2 dQy|M,|*, (16) 
time reversal holds, then by (9) or (10), 
where we have used the identity (8). 
As, Ai, Ais, An=0, or +r (13) By (5a), (6a), (11), and (12), we get 
‘ 1—2x sin[ds—61— 2(As— A;) ] sin[}(As— A) ]—2y sin[d1s—d11— $(Ai3— Ai) J sin[} (Ais— Ars) J (17) 
= —_—___— ~— oe —— 7 
: 1+2r sin[8.—8:-+4(As— A J] sinl4(A3— A) ]+2y sin(8:s—8ur-+4 (hina) sin $(Ais— -Au)) 
where 
1 
x=3v2—|A,|-|Asl, y= %v2—| B,| -| Bs|, (18) 
D D 
D= 2 ( 43\?+ B; 2)+4/( 43;?+ | B,|*)— 2V2|A,| . cos(63—6) — 22 | B,}- | B;| cos(513—6511). 


If invariance under charge conjugation or time reversal 
is valid, so that according to (13) and (14) 


(A3—A)), (Aiz— Ann) = 9, +7, or +27, (19) 
then (17) gives 


6=1, (20) 


which means the equivalence of the partial lifetimes 
for the decays (1a) and (2a). 
The pion-nucleon phase-shifts are given*® by 


63—b,~— 23°, 613—61:~7° (at ~130 Mev). 
Thus, if x0 and the deviation from time-reversal or 
charge-conjugation invariance is rather large, (17) will 
give a value different from unity and hence may be 
detected by experiment. Otherwise x will be of order 
unity. 

In mer derivation, we assumed that the spin of © is }. 
If it is $, the final pion must be in a P or D state. We 
may orolably neglect the contribution from the D wave 
at this energy (~130 Mev). Then instead of (17), we 


have 


8de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 











Ax)] sin} (Ass— Asi) J 


“1-2 sin[6ss— b31— 1(As— 


bee 2y sin( Szs—8s1-+3 (Az3— A31) ] )} sin[3 (her adh 
(21) 
where 
§V2| Bi! - | Bs| 


a Sa 
2V2| B,| -| Bs| cos(63s—5s1) 





¥ | Bs|: 44 | B,|?— 


In this case’ 


633—631-%33° (~130 Mev), 


therefore, the deviation of # from unity will be greatly 
amplified. 

Finally, we remark that if the initial 2 hyperon is 
polarized, we can obtain much information. For 
example, the validity of parity conservation may be 
tested by observing the angular distribution of the 
final pions.‘ 
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4 Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Rev. 106, 
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Improper Lorentz Transformations* 
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The irreducible representations of the extended Lorentz group, including the space- and time-like re- 
flections, are discussed. It is shown that there exist certain representations (up to the sign) which can be 
used to describe a particle with two states of opposite parity. 





HE irreducible representations of the proper 

Lorentz group are well-known, having been 
discussed, for example, by van der Waerden! and 
Wigner.’ Wigner® has also given a discussion of the 
extended Lorentz group, containing the space- and 
time-like reflections. However, his discussion is some- 
what implicit and abstract, and as a consequence some 
of its implications do not seem to have been generally 
appreciated.* Here we shall give a more explicit treat- 
ment, which will show the existence of representations 
which have apparently not been considered in detail 
before. 

We shall be concerned with the operators repre- 
senting the reflection of the three space coordinates, 
and the reversal of the direction of time. The first of 
these we shall call P. For the reversal of the direction 
of time, we wish to consider two operators, R and 7. 
R is a linear operator, while T is the so-called Wigner* 
time reversal; T entails an operation of complex 
conjugation® and therefore is nonlinear. 

As pointed out by Wigner,’ it is not necessary to 
restrict oneself to a true representation of the Lorentz 
group. Rather, because of the arbitrariness in the phase 
of a quantum-mechanical state vector, all that is 
needed is a representation up to a factor of modulus 
one. Thus, considering first the representation by P 
and R, it may be assumed that 


R’=w,, PR=wa,,RP. (1) 


Ras 
P?=», 


Here w,, w,, and w,, are constants of modulus one. By 
multiplying P and R by a factor of modulus one, one 
may obtain 

P?= R’=1, (2) 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1B. L. van der Waerden, Gruppentheoretische Methode in der 
Quantenmechanik (Verlag Julius Springer, Berlin, 1932). 

2 E. P. Wigner, Ann. Math. 40, 149 (1939). 

3 Some recent supposedly general discussions are actually based 
on more restrictive assumptions than those given by Wigner; 
consequently, they do not include the up-to-the-sign represen- 
tations discussed here. See, for example, J. M. Jauch and F. 
Rohrlich, Theory of Photons and Electrons (Addison-Wesley Press, 
Cambridge, 1955), Appendix A3, and V. Heine, Phys. Rev. 107, 
620 (1957). 

*E. P. Wigner, Gott. Nachr. 31, 546 (1932); also see W. Pauli, 
in Niels Bohr and the Development of Physics, edited by W. Pauli 
(McGraw-Hill Book Company, Inc., New York, 1955) for a de- 
tailed discussion of time reversal. 

5 Actually, Hermitian conjugation when applied to quantized 
field operators. 


which then requires 
PR=+RP. (3) 


The usual representations are such that P and R com- 
mute for boson fields and anticommute for fermion 
fields. Clearly it is also possible that P and R anti- 
commute for boson fields and commute for fermion 
fields; we will now consider this possibility. 

It is convenient to write 


P=npp, 


Here and r are the “usual” operators,® which (anti) 
commute for (fermion) boson fields, and satisfy Eq. 
(2). It is assumed that 7, and n, commute with other 
operators, such as the y matrices of the Dirac equation. 
If we require (anti) commutation for (boson) fermion 
fields, it follows that n, and 7, satisfy 


R=n1. (4) 


> 


ap =n =1, npnrtnmp=9. (5) 


The irreducible representations of such n, and , are 
of course well-known; they are two-dimensional, and 
all are equivalent. We will henceforth assume that », 
and 7, are given in some two-dimensional repre- 
sentation. 

Clearly we have obtained a doubling of states; the 
field operators are two-component quantities in 9 space. 
The two components, say ¢; and ¢2, may be scalar, 
spinor, vector, etc., under the proper Lorentz group. 
If we choose a representation in which 


1 O 0 1 
»=( ), n= ( ), (6) 
0 -1 Oe 


then the two components ¢; and ¢: describe particles 
of opposite parity. 

For a scalar field (that is, with the two components 
¢1 and gy scalar under the proper group), the repre- 
sentation (4) of the extended Lorentz group is irre- 
ducible, since the n’s are irreducible. More generally, 
our representation is irreducible if the two components 
¢; and g» transform irreducibly under the proper 
group. This includes the usual representations for 
boson fields. 

On the other hand, a Dirac spinor transforms 


6 The usual representations for the space- and time-like re- 
flections are given in, for example, H. Umezawa, Quantum Field 
Theory (Interscience Publishers, Inc., New York, 1956). 
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reducibly under the proper group; there are two in- 
variant manifolds composed of P,y and of P_y, where 


P,=3 (175). (7) 


As a consequence, our spinor representation of the 
extended Lorentz group is reducible. To show this we 
observe that PR commutes with P and R, as well as 
the representation of the proper Lorentz group; 
furthermore, PR is not simply a multiple of the identity. 
Hence the operators }(1+PR) project into invariant 
subspaces. By considering vectors with components 
in only one subspace, one may obtain an irreducible 
representation. To carry this process through in detail, 
we choose a particular representation, say (6) for the 
n’s, and take 


p=ys, 1= 1707s. (8) 
One then obtains the irreducible transformations 
yp, and yo+ysrV, (9) 


for P and R, respectively. (Here y is a four-component 
spinor belonging to one of the invariant manifolds; 
the choice of sign above depends on which manifold 
is chosen.) The transformation (9) for R does not 
leave the Dirac equation invariant, unless the rest 
mass is zero. 

Consider next the representation by P and T rather 
than P and R. It is possible to obtain an operator T 
of the Wigner type by a relation of the form 


T= RC, 


where C contains the operation of complex conjugation 
(and possibly other operators, such as certain y 
matrices for a spinor field). However, irreducibility 
for P and R does not then necessarily imply irreduci- 
bility for P and T. Hence we will give an independent 
discussion for the representation by P and 7. 

Again we assume a representation up to a factor, 
which requires é 


P=u, T?=0, PT =pTP. (10) 


The complex conjugation involved in T requires that 


w, be real, or 
T’=+1. 


These two cases are essentially distinct; one cannot 
reduce one to the other by a change in the phase of 7. 
For P, however, we can again assume that 

P=1, 


This then requires that w,,=+1. Summing up, our 
relations for P and T are 


P=1, T=+1, PT=+TP. (11) 
As before, we write P and T as 
P=npp, T= nil, (12) 


where p and ¢ are the “usual” operators (in particular, 
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¢ contains the operation of complex conjugation). Now 
the usual representations for boson fields are such that 
p and ¢ commute; for fermion fields, p and ¢ either 
commute or anticommute, depending on the type 
assignment.’ For simplicity, we will assume that this 
assignment is such that p and ¢ commute, so that for 
both boson and fermion fields we have 


pi—tp=0. 
In addition we assume 


P=1, 


It may be verified that Eq. (14) holds for the usual 
boson representations, as well as for those fermion 
representations satisfying Eq. (13). [The +(—) choice 
of sign in Eq. (14) corresponds to the boson (fermion) 
representations. | If now we require that P and T anti- 
commute, then Eqs. (11) through (14) lead to the 
two cases, 


(13) 


P=+1. (14) 


9 


Np = 1, 7Me= 1, nomtnihp=09, (15+) 


and 
nomtnhp=9. (15—) 


p= 1, im= =f, 


Here the bar denotes the complex conjugate. We now 
wish to find the irreducible representations of the n, 
and n, determined by Eqs. (15+). 

First we note that under a change in representation 
in space, m does not undergo a similarity trans- 
formation, because of the nonlinear nature of 7. Thus 
assume the field operator ¢ to be transformed according 
to 


g—¢’=Se¢, (16) 


where S$ operates only on the components of ¢ in 
n space. No other restrictions are assumed for S, except 
that it be nonsingular. One then finds that the trans- 
formation (16) induces the following transformation 
on 7», and m, 


Np =SnyS, on! = Sn. (17) 


It is easily verified that the transformations (17) leave 
Eqs. (15+) invariant. 

Because of the nonsimilarity nature of the trans- 
formation (17) on m, the standard methods of group 
theory are not directly applicable to the problem of 
finding the irreducible representations. Hence we will 
give a direct treatment. Consider first the Eqs. (15+-). 
Define a third 7 by 

n= NpNt- (18) 
It then follows that 


im=—1, nit nie= 0. (19) 


Now by a similarity transformation, 7, can be brought 
into diagonal form, in which case its diagonal elements 
are +1. On the other hand, it follows from Eqs. (18) 


nent p= 0, 


7C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950). The 
point here is that if P and T commute, then iP and T anti- 
commute. 
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and (19) that 
Np= i= — nh, 
from which we see that the trace of 7, is pure imaginary. 
Since its diagonal elements are +1, we conclude that 
its trace must vanish, and that any representation is 
of dimension 2n, with m integral. 
We may now assume that », has the form 


) 
—1 
The entries in the above matrix are each m Xn matrices, 


if the representation is 2m dimensional. It follows from 
Eq. (15+) that 9, has the form 


0 
n=( ), 
te O 


where t;2= 1. The transformation (17) with 


0 i; 01 
ee 
1 0 t, 0 


then leads to 


-—1 0 0 1 
»=( ), n=( ). 
O04 1 0 


It is now easily seen that », and m can be reduced, if 
n>1. For example, an interchange of the second and 
(n+1)st rows, and an interchange of the corresponding 
columns, will perform the reduction. This operation 
can be accomplished by a matrix S with real elements, 
for which Eq. (17) reduces to a similarity transfor- 
mation on both y, and 7. Thus we conclude that all 
representations of dimension greater than two are 
reducible; any two-dimensional representation is 
clearly irreducible, since there is no one-dimensional 
representation. Finally we remark that all two-dimen- 
sional representations are equivalent, in the sense of 
Eq. (17), since, as shown above, any representation 
can be put into the form (20). 

We may sum up these results as follows: The only 
irreducible representations of n, and 7 are two-dimen- 
sional, and these are all equivalent. 

For Eqs. (15—) the above analysis still holds, with 
only minor modifications. The results are the same; 
the only irreducible representations are two-dimen- 
sional, and these are all equivalent. However, the 
representations corresponding to Eqs. (15+) are 
clearly not equivalent to those corresponding to Eqs. 
(15—). 

On adjoining the operators (12) to a representation 
of the proper Lorentz group, we obtain a representation 
of the extended group. As was the case for the repre- 
sentation by P and R, this representation is irreducible 
for boson fields (assuming a two-dimensional repre- 


(20) 


JAMES A. McLENNAN, 


JR. 


sentation for the n’s). For fermion fields, the represen- 
tation is again reducible; however because of the 
nonlinear nature of 7, the reduction cannot be expressed 
conveniently in terms of projection operators in an 
invariant way. Hence we will adopt a particular 
representation. Consider first the representation cor- 
responding to Eqs. (15+), for which we may take 


0 1 Ls 
n= ( ), n=( ). 
1 0 0 -1 


One may then verify that there is one invariant mani- 
fold composed of P,¥; and P_y2, and another composed 
of P_y, and Pie. (Here y; and 2 are the two com- 
ponents in » space of the field operator ; each transforms 
as an ordinary Dirac spinor under proper Lorentz 
transformations.) Again one may obtain an irreducible 
spinor by setting one manifold equal to zero; this may 
be done by, for example, 


vi= Py, Y2= P_y. 
The spinor y then transforms (irreducibly) according to 


vp, and yy, (22) 


(21) 


for P and T respectively. 
For the case (15—) we may represent 7, and ni by 


a 0 
n= ( ), n=( 
0 =% 1 


—1 
). (23) 

0 

In this case, the invariant manifolds are composed of 

Vitiyey, and of ¥:—iys2. If we assume that 


Vi=yH2=¥, 


then the (irreducible) transformations on wy are, for P 
and 7, respectively 


¥—py, and ~>—iysly. 


The transformations (22) and (24) for T do not leave 
the Dirac equation invariant, unless the rest mass is 
zero. 

The transformation (22) [or (24) ] can be used in the 
theory of the neutrino, if the neutrino rest mass is 
assumed to be zero. Because of the extra factor ys in 
the transformation for 7, it is then impossible for the 
8-decay interaction to be invariant under both P and 
T. However, invariance under T alone requires 8 
interactions of the Lee-Yang type.* Similar remarks 
apply to the interactions leading to the decays of the 
mw and uw mesons. (However, the u-decay interaction 
can be invariant under both P and T if a neutrino and 
antineutrino, rather than two neutrinos, are emitted.) 
In fact, the use of such a transformation for 7 has 
much the same effect as Salam’s requirement® of 
invariance under the operation ¥,—ysy. 

’T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); 


L. Landau, Nuclear Phys. 3, 127 (1957), and A. Salam, Nuovo 
cimento 5, 299 (1957), 


(24) 
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It is natural to attempt to apply a representation of 
the above type for bosons to the theory of K mesons. 
If this is done, the resulting scheme has many simi- 
larities to the parity doublet theory of Lee and Yang.’ 
In particular on the basis of such a scheme one would 
expect four neutral K mesons, rather than only the 
two required by the strangeness scheme.!® However, 


*T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 
10M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
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recent experimental evidence indicates that only two 
neutral K-meson states do occur." Hence, at the present 
time it does not appear likely that any of the known 
elementary particles, except possibly for the neutrino, 
are described by fields of the type considered here. 


1! Eisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957); Phys. Rev. 107, 324 (1957). 

t Note added in proof—When this paper was submitted, the 
author had overlooked a similar discussion by J. C. Taylor, 
Nuclear Phys. 3, 606 (1957). 
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An analogon to Furry’s theorem is proved for Gell-Mann’s 


9, 66 


globally symmetric” model of very stron 
y sy g 


interactions. It is shown that the contribution corresponding to a diagram with an odd number of external 
pion lines and any number of external photon lines vanishes. 


INTRODUCTION 


ELL-MANN has introduced a model of strong 
interactions in which the baryons are symmetri- 
cally coupled to the pions.’ He showed that this coupling 
may be much stronger than the coupling between 
baryons and K mesons. The former interaction is called 
very strong and the latter moderately strong. In the 
absence of the moderately strong interaction all baryons 
have the same mass. The moderately strong K-meson 
interaction that resolves this mass degeneracy is 
disregarded in this work. 
The very strong interaction is given by’ 


Onst+ Oyzt Ozet zz, 
where 
Ovx=igl (Prsp— iiysn)w°+Vv2 (pysnxt+ tyspr-) |, 
Oy, =igl (Ztyse+— P%, Y°)x 
+2 (Sty5¥ t+ Py zte-)], 
Pae=igh(— (E-)*v5(2-)*+ (2°) y5(Z") n° 
+v2((E-)*y5(Z°) “xt + (2°) *y5(2-) x) J, 
Oae=igh(— (E-)*ye(E-) “+ (EP) -v5(S) da 
+V2((E-)*ys 2) "4+ (2) s(E-)4-)]. 
The symbol for a particle denotes the field operator 


that destroys it. The operators Y° and Z° are combi- 
nations of the operators 2° and A°: 


Y= (A°—2°)/v2, Z°= (A°+2°)/v2. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Murray Gell-Mann, Phys. Rev. 106, 1296 (1957). 

? The expressions (3-)<, etc., represent the adjoints of (2-)¢, etc. 





The charge conjugate of any operator O is denoted by 
O*. The interactions considered here are these very 
strong interactions and the electromagnetic interaction. 
The total interaction may be written 


IntIy+Iz2+9z, 
where 
In= Onrtiepy pA rt) 
Sy= Oy stieS+y,2+A My 
Iz= Ozetie(Z-)*y,(2-)°A 3) 
Iz= Oz,tie(Z-)*y,(E-)*A,. 


(1) 


In quantum electrodynamics, Furry’s theorem states 
that any closed-loop diagram with an odd number of 
external photon lines gives a vanishing contribution to 
the S matrix. This theorem follows from the invariance 
of the theory under charge conjugation. It has been 
shown by Pais and Jost,’ and by Michel,‘ that, for 
pseudoscalar mesodynamics, any diagram with an odd 
number of external meson lines and no external photon 
lines does not contribute to the S matrix. Their theorem 
is a result of the charge independence of the nucleon- 
pion interaction. The corresponding theorem in the 
very-strong-interaction model is that any closed-loop 
diagram with an odd number of external pion lines and 
any number of photon lines does not contribute. The 
theorem depends on the fact that the model contains 
particle pairs [e.g., p, (Z-)*] which have identical 
electromagnetic properties but are oppositely coupled 
to the neutral pions. Because charge conservation 
requires any closed-loop diagram with an odd number 


3A. Pais and R. Jost, Phys. Rev. 87, 871 (1952). 
4L. Michel, Nuovo cimento 10, 319 (1953). 
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Fic. 1. The nature of the Gell-Mann interaction is such that 
an arbitrary closed-loop diagram can be broken up into four 
closed loops corresponding to the four basic pion interactions. 


of external pion lines to have an odd number of external 
neutral pion lines, the contributions of the two members 
of the pair to any closed-loop effect cancel. 


FURRY’S THEOREM FOR EXTERNAL PHOTON 
AND PION LINES 


Theorem.—Any closed loop, whose external. lines 
consist of an odd number of pion lines and any number 
of photon lines, vanishes. 

Proof —Consider an arbitrary diagram with external 
photon and pion lines. The internal baryon structure 
of this diagram may be broken up into four loops 
corresponding to the four interactions of Eq. (1). This 
is represented schematically in Fig. 1. The 2—Y and 
2—Z loops are superpositions of the corresponding 
diagrams with As and 2s. 

Any one loop may have, in general, any number of 
photon and pion vertices. Let NV, be the total number 
of pion vertices in the n-p loop, Nz the number in the 
=--Z® loop, and so on. Further, let Vz, Npy, Npz--- 
be the numbers of pions leaving the np loop and going 
to the 2, Y, Z, loops, respectively. Finally, let 
21 ,, 212, 2Iy, 2Iz be the numbers of vertices to which 
pions, internal to the corresponding loop, are attached. 
Then the total number of external pions emerging from 
the entire diagram is 


T=NytNztNyt+Nz—2(Nogzt+Noprt:::+Nyz) 
—2(,t+lztIy+Iz). 


Hence if T is odd, either V,+Nz or Ny+Nz is odd. 
Let us now consider the interactions giving rise to 
this diagram. It arises from a term in the S-operator 
expansion which is a time-ordered product of the 
normally ordered products pyspr°, nysnn°, ---2-ys=°r-, 
and the electromagnetic interactions py,pA,, ---, 
=-yw=A,. Now consider another diagram which is 
obtained from this one by replacing each pn term by 
the charge conjugate of the corresponding =--=° term 


PUGH 


and each =~-z° term by the charge conjugate of the 
corresponding p-n term. Note that with the exception 
of the terms multiplying 7°, all terms enter the inter- 
action with the same sign as the corresponding charge- 
conjugate term. For example, iepy,pA, and, 
ie(Z~)*y,(=-)°A, both enter with a plus sign. Because 
we have 2°ys=°= (=°)“y5(Z°)*, the same is not true for 
those terms interacting with 7’s. For example, 
—igitysnr is replaced by +ig=°ys=°r°. Hence for each 
n° leaving the p-n loop there is an over-all change of 
sign. Also, for each w° leaving the =~-=° loop there is 
an over-all change of sign. Since the total number of 
charged z’s is even, the second diagram will be from a 
term that corresponds exactly to the term from which 
the first diagram was derived except for an over-all 
factor of cosl (N,+Nz)r ]. 

Now the Green’s functions that arise in the determi- 
nation of the vacuum expectation values of these two 
terms will be the same, since in this approximation all 
the baryons have the same mass. Hence when we add 
the matrix elements of the two diagrams they cancel 
exactly if Nz+N, is odd. 

It can be seen that since the Y and Z interactions 
are identical in form to the p and © interactions, 
respectively, the same argument applies there also. 
Hence, if Vy+Nz is odd, the total matrix element is 
zero. 

Since either V,+Nz or Ny+Nz must be odd, if the 
total number of external pions is odd, we have proved 
the theorem. 


CONCLUSION 


It should be pointed out that this theorem does not 
have very strong experimental consequences because 
it does not hold in the presence of moderately strong 
interactions. Since the moderately strong interactions 
may have coupling constants of the order of unity, 
diagrams arising from such interactions cannot be 
neglected. It has been suggested® that the long life 
of the r° may be accounted for because its decay into 
two photons is forbidden in the very-strong-interaction 
model. It must be concluded that within the validity 
of Gell-Mann’s model, all contributions from closed-loop 
diagrams with an odd number of pion lines and any 
number of photon lines may be attributed to the 
moderately strong interactions. 


ACKNOWLEDGMENT 


The author would like to thank Professor Robert 
Karplus for suggesting this theorem and for several 
helpful remarks concerning it. 


5 Gell-Mann (see reference one); see also T. Kinoshita, Phys. 
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Significance of the Redundant Solutions of the Low-Wick Equation 


RicHARD NorTON* AND ABRAHAM KLEINT 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received October 14, 1957) 


The content of the Low-Wick scattering formalism is studied, using the example of a class of exactly 
soluble meson theories with fixed-source interaction. The theories in question describe a set of harmonic 
oscillators with an arbitrary distribution of frequencies, coupled to a scalar meson field by means of their 
total dipole moment. The Low equation for scattering of a meson is shown to possess infinitely many solu- 
tions. These are compared with the exact, explicit solution of the same problem, and it is shown that there 
is a one-to-one correspondence between a particular choice of theory (number of oscillators and their 
frequencies) and a given one of the aforementioned solutions of the Low equation. A similar situation is 
shown to obtain for symmetric pseudoscalar theory, and it is made plausible thereby that Chew and Low 
have chosen the particular solution appropriate to their Hamiltonian. 





I. INTRODUCTION 


HE solution of the Low equation! obtained by 

Chew and Low? for a fixed-source theory and 
with the use of the one-meson approximation has been 
shown’ not to be unique but rather only one of an 
infinite number of solutions. Since this solution is 
distinguished from the others only in that it has the 
fewest number of zeros in the scattering amplitude, 
there appears a need for justifying its choice. It has 
been variously suggested that there may exist a general 
principle which would require all the other solutions to 
be eliminated on the grounds that they are ‘“non- 
physical.” On the other hand, it may be that the Low 
equation can not imply a particular solution because 
it does not manifest the full physical content of the 
system to which it is applied, and, in this case, other 
properties of the system would have to be utilized 
before a unique solution could be obtained. 

There exists one class of theories for which the 
correctness of this latter point of view has been demon- 
strated.* However, as pointed out by Dyson,‘ the models 
comprising this class do not have the property of 
“crossing-invariance,’”’® and it is conceivable therefore 
that the conclusions drawn from a study of these 
theories may in some measure be attributable to this 
lack. In order to clear up this point and in order to 
acquire some further insight into the correct significance 
of the solutions of the Low equation, we devote our- 
selves in this paper to the study of a class of theories 
which do possess “‘crossing-invariance”’ and at the same 
time ones for which both the Low equation and the 
equations of motion can be solved exactly. 

In Sec. II the Low equation is derived, and it is 

* Now at the Physics Department, California Institute of 
Technology, Pasadena, California. 


Tt Supported in part by the Air Force Research and Develop- 
ment Command. 

1F. E. Low, Phys. Rev. 97, 1392 (1955). 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 1579 (1956). 

3 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956); 
see also A. Klein, Phys. Rev. 104, 1336 (1956). 


‘4F. J. Dyson, Phys. Rev. 106, 157 (1957). See also R. Haag, 


Nuovo cimento 5, 203 (1957). 
5M. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1433 


(1954). 


demonstrated that the same equation describes every 
model of the class. The solution for the scattering 
amplitudes are then obtained by solving the Low 
equation and also, in Sec. III, by solving the equations 
of motion. In Sec. IV these two results are compared, 
and the conclusions drawn from this comparison are 
used as the basis for a conjecture concerning the 
meaning of the additional solutions of the Low equation 
for the symmetrical, pseudoscalar theory. 


II. SOLUTION OF THE LOW EQUATION 


A typical theory of the class has the Hamiltonian 


H=H,+H, (1) 
where 
N p? 
Ho= { dk a*(k)w(b)a(k) + ¥(S+imarre), (2) 
i=l m 
N 
Hi=ef ax p(a)| Vota) r|-2, (3) 
i=1 


while the whole class is generated as N is allowed to 
assume all integral values from one to infinity. In 
addition to the free meson field, the unperturbed 
Hamiltonian in Eq. (2) describes a matter system 
composed of NV particles each of mass m and each 
bound harmonically with its own resonant frequency 
w;. Equation (3) characterizes the interaction of this 
matter system with the scalar meson field ¢. p(x) is the 
spherically symmetric form factor common to all the 
bound particles, g is the common coupling constant, 
a(k)[a*(k) ] is the destruction [creation] operator for 
a single meson of momentum k, and &£, is a c number 
introduced to fix the ground state of the complete 
Hamiltonian at zero energy. For N=1, the model is 
similar to that of a harmonically bound electron inter- 
acting with the radiation field in the electric dipole 
approximation.® The theory considered here, however, 
is not burdened with additional computational involve- 
ment arising from the boson polarization. 


®N. G. Van Kampen, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 26, No. 15 (1951); see also K. McVoy and H. Stein- 
wedel, Nuclear Phys. 1, 164 (1956). 
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By employing the methods and notation of Wick,’ 
one readily obtains for the S matrix 


(k’|.S|k) =6(k’—k) —2mid(w’—w) (K’|T|k), (4) 


where the scattering amplitude (k’| 7|k) is given by 








(k’|T|k) =@O(k),7*(¥) (5) 
= Vo, * k i(k’ Vo 
(¥s, #*— jk) 
1 
+(. i(k’) ——j*(k)¥s), 6) 
wt+in—H 
and where 
‘go(k). 
PW)=—jW)=[HrerW]="— En (0 


Vo is the ground state of the complete Hamiltonian H, 
and the symbol +77 indicates that the limy—0, is to 
be taken after the performance of all integrations. 

Noting from the form of H; in Eq. (3) that only the 
partial waves of unit angular momentum can interact, 
we take the projection of Eq. (6) onto the states of 
l/=1 by means of the relation 


Rk 
T(o)=— ¥ { d0.d0" Vin*(#)Vin(B)(k’|T|k), (8) 


m=—1 


where & is a unit vector_in the direction of k, and 
obtain, after combining the terms, 


9 


vw) . (9) 


The sum in Eq. (9) is over any complete set of eigen- 
states of H. However we will assume® that there exist 
no bound states, from which it follows that only the 
one-meson intermediate states will contribute. The 
validity of the one-meson approximation for this theory 
can be verified by noting that the Hamiltonian in 
Eq. (1) is a quadratic function of the operators for the 
meson and harmonic oscillator quanta. Due to this fact 
the Hamiltonian can be diagonalized such that the 
operators for the physical quanta are linear combina- 
tions of the operators for the free quanta. A similar 
situation exists in the case of pair theory.® 

With the choice of the incoming-wave eigenstates 
v@ (k) for |), Eq. (9) can be rewritten as 


dag?h|p(k)|?_ wn 
i = - 


| N 
: : (n/s rj 
nw — wy? + in| 


i=l 














2 
dk'w’ 

4arg?k® | p(k) |? 
~ f ; 
9 w—w"?+in 


7G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 

8 This assumption is discussed in somewhat more detail in 
Sec. II. 

® See, for example, G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 
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, (10) 
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which, by virtue of Eqs. (5), (7), and (8) becomes 
dk’ | T (w’) |? 
(*—w!*-+in)k"| p(k’) |® 





T'(w) =2&* | p(k) | f 


If we now define the function h(w), 


e*) sind(w) —2rT(w) 








h(w)= = ' (12) 
k®|p(k)|? —-¥| p(k) |? 
and use it to rewrite Eq. (11), we obtain 
2 pdk’k’*| p(k’) |?| A(w’) |? 
is) =—= f , (13) 
T w—w’?+in 


which is the Low scattering equation. We note that 
since the parameter “NV” [see Eqs. (1), (2), and (3) ] 
does not appear, every member of the infinite class of 
theories is described by this same Low equation. 

Our job now is to obtain the solution of Eq. (13). 
We first extend the argument w*+in of Eq. (13) into 
the complex z plane and thereby obtain the function 





2 pdk’k’*| p(k’) || h(w") |? 
x(z)= -=f ; (14) 
7 z—w”? 
which obviously satisfies 
h(w) = x(w*) = lim x(w?+7n). (15) 
70+ 


The additional relevant properties of x(z) are the 
following : 


(a) x(z) is analytic everywhere in the z plane except 
along the real axis between y? and infinity [jy is the rest 
mass of the mesons and hence the lower limit of w’ in 
the integral in Eq. (14) ]. 

(b) Between ,»? and infinity along the positive real 
axis, x(z) has a branch line with a discontinuity given by 


k(a-+1n) —«(x—%m) 
= 2i(x—p?)§| pl (x—u?)*]|?| x(x) |*. 


(c) As z goes to infinity x(z) goes to zero as 2". 
(d) The imaginary part of «(z) satisfies 


1 p® d(w")k’?| p(k’) |?| k(o") |? 
tma(s)=(-f MI ~ Jims, (17) 


ad |g—w"?|? 


(16) 





and since the coefficient within the parenthesis is 
positive definite, «(z) is nonvanishing off the real axis. 
More precisely, Imx(z) is positive (negative) definite 
in the upper (lower) half-plane. 

(e) «(z) is a real function of 2; that is «*(z)=x(s*). 
If we now write 


H(2)=1/x(2), (18) 


the function H(z) is well defined everywhere that x«(z) 
is nonvanishing. From the properties (a) and (d) of 
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x(z), it follows that H(z) is a well-defined, analytic 
function off the real axis. Furthermore, from (b) and 
(e), we obtain that 


x(x—1n) — x(x+in) 
| k(a-+-in) |? 
= —2i(x—p?))| p(\/(x—w?))|?, (19) 





H (x+in)— H(x—in)= 


for every value of x which does not satisfy x(x)=0. 
We now have established: 


(a) H(z) is an analytic function of z off the real axis. 

(8) H(z) has a branch line along the real axis from 
x* to infinity, and except for possible singular points, 
the discontinuity across this branch line is given by 
Eq. (19). It should be remarked that we are neglecting 
the possibility that x(x) vanishes over finite intervals 
because of the nonphysical nature of the resulting 
phase shift. For the same reason we also do not consider 
the consequence of the zeros of x(x) having a cluster 
point.? From the property (c) of x(z) we also have that 

(y) H(z) increases linearly with z as z goes to infinity, 
while the remaining necessary property of H(z) is that 

(6) the singularities of H(z) all lie on the real axis 
between yu? and infinity, and at each of them H(z) has 
only a simple pole. The first part of this statement can 
be seen immediately from Eq. (14) by noting that x(x) 
is positive definite for — © <x<y*. The fact that all 
the poles are simple can be proved as follows": 

(i) Let x; be a singularity of H(z) so that, in view of 
the discussion under property (8), H(z)~a;(z—x;)-" 
in the neighborhood of z= 2. 

(ii) Letting z—-a;=re® and a,;=|a;\e~'*, H(z) 
~ | a;|r~"e~ ("© in the neighborhood of z= ~2,. 

(iii) It now follows that n=1 and g=0 since, from 
property (d) of «(z), ImH(z)=—Imx«(z)|x(z)|~ is 
negative (positive) definite in the upper (lower) half 
plane. 

From the property (a) of H(z), we have 





=2milH(s)—Az—B], (20) 


/ 


sts 


Pea (s')—As’—B] 


where C is the contour shown in Fig. 1. Furthermore, 
by choosing for the constants A and B, 


A=limH (z)/z, 


7 


(21) 


B=l\imH (z)— Az, (22) 
Pe) 

it follows from property (y) that the integral over the 

infinite arc can be neglected. Hence, making use of 

Eq. (19) to express the discontinuity in H(z), we can 


1 The proof given here is essentially that of E. P. Wigner, 
[Ann. Math. 53, 36 (1951)]. 
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Fic. 1. The contour C for the evaluation of the integral in Eq. (20). 


rewrite Eq. (20) as 


a, 
H(z)=Az+B+> 


t 2—-%; 





, & 





<3 dx(x—?)!| p[ (x—p?)*]|? 


mJ 2 X—2 
where a; is the residue of H(z) at its pole located at 
z=x,;, and the sum is over all the singularities of H(z). 
From Eqs. (15) and (18), Eq. (23) can be rewritten as 





1 ai 1 7% 2w'duw’k’*| p(k’) |? 
—= Aw’+ B+ >> ——— f — ——., (24) 


h(w) iw—x, mm, w"?—w—in 
and by taking the real part of this expression, we obtain 


k | p(k) |? coté 
a, 1 dk’k’| p(k’) |? 
APTS ——— en teens, (0) 


$$ w’—Z%5 2r? kh? — Rk? 





by virtue of Eq. (12) for the definition of the phase 
shift 6. 

Equation (25) is the general solution of the Low 
equation, and, as expected, it does contain an infinite 
number of arbitrary constants. It is clear that with an 
appropriate choice of the constants this general solution 
must reduce to the solution for any one member of the 
infinite class of theories described in Eqs. (1), (2), and 
(3). Indeed, in the next section we will see that the 
solution obtained by any choice of the constants in 
Eq. (25) is the solution for one of the theories of this 
type. 

III. EXACT CALCULATION OF THE 
SCATTERING AMPLITUDES 

The equations of motion for the theory described by 

Eqs. (1), (2), and (3) are 


ar g 
—+wer=—(— Vo(x)dx, (26 
totr (=) few p(x)dx, (26) 
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and 


N 
O?—p*) (x,t) = —gVp- > 1: (8) (27) 


i=l 


where the forms of the expressions on the right are the 
result of integrating by parts the interaction Hy in 
Eq. (3). 

In order to solve these equations we first introduce 
the Fourier transforms" 


1 
r;(ko) =—— f eikoty, (2) dt, (28) 
(2x)! 
1 
o(k, b= f eikot—-) (x /)dxdt, (29) 
(29)? 
= femrp(aiae (30) 
(2)! 


Next, we write w? in place of k?+y? and use these 
transforms to re-express the equations of motion (26) 
and (27) in the form 


(w?— ke?)ri(Ro) = (g/m)(Vp,¢(Ro)), (31) 


and 


N 
(w*— ko?) (Ro) =gVp- >. ri(Ro) (32) 


i=l 


where the three spatial coordinates have been sup- 
pressed in favor of matrix notation. Inverting Eqs. 
(31) and (32), we have 

g (Vp, o(Ro) ) 


ri(ko) =" ,s(ko) -+— ———— (33) 
mM Wi 2__ B? 
and therefore 


¢(ko) = » (ko) +— Sp 
w— ke? 
- 


2(« yi(Ro) + 
m 


a 2 


w?— ky 


& Wp, g (Ro)) 
wanna ), (34) 


where the subscript (_ ) on the homogeneous solutions 
indicate either the “in” or the “out” operators of Yang 
and Feldman” depending upon whether singularities 
in the nonhumogeneous parts of the solutions are 
avoided by giving ko an infinitesimal positive or nega- 
tive imaginary part, respectively. The separable integral 
equation (34) can now be solved with the result that 





9(o) =O ¢ y (Ro) ec (Ro), (35) 
where 
g’/m N 1 
0, )(Ro) =1+ Vo-> 
w—ke miw2Z—k? 


Vp, (36) 


fim yx 1 7 

x{1- (vo, ——p )y; ——| . 
w—ke Simiw?—ke 

11 The methods which are used here are those of A. Klein and 


B. McCormick, [Phys. Rev. 98, 1428 (1955) ]. 
22 C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). 
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and where the correspondence between the subscript 
and the means of avoiding the singularities is the same 
as above. Note also that the factor in the middle is a 
dyadic. 

Now it is clear that we can write 


o )(K,ko) =a, )(k,ko)5(ko?—w?), (37) 


so that the positive (+) and negative (—) frequency 
parts of ¢ )(ko) take the form 


aX )(k, ko) 
¢ ) (k,ko) =- | a (koFw). 





(38) 


a) 


Consequently, if we use Eq. (38) to obtain the positive- 
frequency part of Eqs. (35) and (36), and if we write 
out explicitly the subscripts and the integration pre- 
scriptions, the result can be expressed in the form 


ko—w’) 


eo (Ikke) = f dk’ (k| wa teil 
(39) 
—w’) 
> (ko) = fake Que ey ——— out) (k’ Ro), 
2" y] 
where 
gk’ p(k) p*(k’) 
Wists A tre ree: 
m k?+in—k? Disy(k”?) 
and where 
1 N 1 
——= )> ——_—__, (41) 
Dia) (R’) i=l Dail k’) 


and 


g N 1 
Dap ilk?) = (ein—w")| 1~- (x ——-) 


3m \i=1 wo’ bin—w,; 


dk’k” | p(k’) |? 
x {| (42) 
RP+in—k” 


As previously mentioned in Sec. II, we are assuming 
that there are no bound states. In terms of this formal- 
ism, this assumption means that we are considering the 
class of problems for which g, m, and the w; have such 
magnitudes that D;, )(k?) is nonvanishing for k?<0. It 
can be easily verified that values which satisfy this 
requirement do indeed exist. On the basis of the fact 
that there are no bound states, it can be shown® that 
the matrices 24) and {_) are both unitary. Therefore, 
equating the two alternative expressions for Eq. (39), 
we obtain 


5(Ro—w) dour ) (k,ko) 
-{ dk! (k] %_)*Q4y|k)5(Bo— co" )any (K's). (43) 


wes ~ 8The pro proof of the unitarity of the Q ) matrices can be accom- 
plished by a procedure identical to that used for a slightly different 
problem in Appendix A of reference 11. 
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If we now express the 2 ) matrices defined by Eq. 
(40) in a representation in which the angular momen- 
tum is given, and restrict our attention to the only 
subspace of interest, that of /=1, we obtain 


4g? —_ p(k) p* (k’) k’k” 
(| Q¢4) |B’) =5(R— Rk’) +-—— : . 
3m (k?+in—k*) D4) (k”) 





This expression, in turn, can be rewritten as 


Day (k”) 


—, (45) 
Ds (R”) 


(RQ) | k’) _ (k|Qqay | k’) 





where the subscript ‘‘(1)” indicates the real part of the 
quantity to which it is attached. We can now make 
use of Eq. (45), and our knowledge of the unitarity of 
the 2 ) matrices, to obtain 


Do (k) 


—i(k—k’), 
Do (F*) 


(RQ )*24) | k’) = (46) 





as an expression for the matrix element appearing in 
Eq. (43). However, since the S matrix is defined to be 
the matrix which connects the “in” and the “out” 
operators in the form 


‘ 


aout (kbs) = f dk’ (k|S|k’)acin)(K’,bo), (47) 


it follows from Eqs. (43), (46), and (47) that 


. D(R*) 
(k| S| k’)=e6(k—k’) =——-—8(k—F’). (48) 


42), 
+) 


Finally, with the help of Eqs. (41) and (42) which 
define the D, ) functions, we obtain from (48) that 


3m [ N 1 i 
k®| p(k) |? cot6= — (x ) 
neg’ i=l wy’ —w,? 











2 dk’k’? | (k’) |? 
ee ae al (49) 
hk? — R? 


3m 


Equation (49) is the exact solution for coté and should 
be compared to Eq. (25) which is the general solution 
of the Low equation for this same quantity. 


IV. CONCLUSIONS 


First we note that for each value of N, the solution 
given by Eq. (49) is a special case of the general solution 
illustrated by Eq. (25). This fact can be seen by 
expanding 


N = 
bP (?-w2)>] — Avw’—B 


i=l 
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into partial fractions and noting the denominator, as a 
function of w*, has only single roots. One can therefore 
set up a “one-to-one” correspondence between the 
particular solutions of Eq. (25) and the models of the 
infinite class which they describe. We conclude, as was 
done in reference 4, that every solution of the Low 
equation is equally physical and, in fact, that the 
physical model corresponding to any one of the solutions 
differs from the model corresponding to any other 
solution only by an alteration or extension of those 
properties of the system which do not manifest them- 
selves in the Low equation. 

We observe that for the class of theories considered 
here, as well as for those studied in reference 4, the 
significance of the additional solutions of the Low equa- 
tion is well understood. The solution having the fewest 
number of arbitrary constants is the analog of the 
Chew-Low solution and describes that theory of the 
infinite class which is distinguished by a target system 
with a minimum of internal structure. All the other 
solutions correspond to models for which the target 
has excited states which lead to additional resonances 
when the interaction with the meson field is included. 

It seems reasonable to suggest that there is a similar 
origin to the many solutions of the Low equation for 
the symmetrical, pseudoscalar theory.“ For example, 
suppose we consider the infinite class of Hamiltonians 
having a typical member of the form 


H=H,+H1, (50) 
where 
N 
Ha= { dka*(k)o(8a(k) + Vi Mwai, (51) 
i=0 
N 
H1=(g/2) X v,*ero- J vetaotaax 
p=0 
+Herm. conj. (52) 


For N=0 this Hamiltonian describes the usual fixed- 
source theory for the pion-nucleon interaction, while 
for N>O the Hamiltonian represents the interaction 
of a meson field with a “nucleon” capable of existing 
in N excited states. If the M;— Mo, for i>0, are suffi- 
ciently large compared to yu, the excited states of the 
unperturbed “nucleon” do not introduce any additional 
bound states in the spectrum of the complete Hamil- 
tonian. The existence of these excited states manifests 
itself only as resonances in the transition amplitudes. 
In this case, the same Low equation describes each 
member of the infinite class of theories, and by analogy 
with the examples discussed previously, the Chew-Low 
solution would be expected to correspond to the theory 
with V=0. 

4 This suggestion is also immediately attendant upon the 


considerations of R. Norton and A. Klein, [Phys. Rev. 109, 584 
(1958) J. 
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Meson Pair Theory in Intermediate Coupling* 
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Wentzel’s scalar meson pair theory has been treated in the intermediate coupling approximation, for two 
different forms of the cutoff function, and for various values of the coupling constant. The agreement of 
the approximate values of the self-energy with the exact ones is excellent. 





INTRODUCTION 


N the course of an investigation into the validity of 
Tomonaga’s! intermediate coupling method in meson 
theory, we considered it of interest to test the method 
in an exactly soluble case. Wentzel’s? well-known 
neutral scalar pair theory is ideal, since it is more 
complex than other soluble theories, and hence offers a 
more severe test. In fact, the correlation of pairs of 
mesons in this theory might seem to rule out the applic- 
ability of the Tomonaga approximation, which explicitly 
ignores such correlations. We have found, however, 
that the ground state energy is approximated very 
well by this variational technique. 


THEORY 


The pair theory Hamiltonian? can be rewritten in 
the form 
g U(k)U(k’) 
H=)>0w,a,'a,+— a 
k 


2V x,x’ 


(xen)? 


U*(k) 
» (1) 


Wk 


§ 
Xaver tortor t oxartavtoyt}+— +e 
yk 


where U(k) is a cutoff function in momentum space, 
the a, and ax! are the conventional meson operators, 
and w,; is the total meson energy. It has been shown*® 
that the Tomonaga variational approximation is equi- 
valent to a substitution in the preceding Hamiltonian 
of the reduced-space operators, i.e., dx—f(k)a and 
a,'—f(k)at. Here f(k) is the trial function which we 
will evaluate later, and the reduced-space Hamiltonian 
is given by 


H,=wata+ gU"(atat+} (@’+a") ]+3¢4, (2) 
where 


w=) PP (R)wr; U=V-"!>. U( 
A=V" >. U?(k) ‘Wy. 


* Based on a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
Faculty of Pure Science, Columbia University. Most of this work 
was performed while the author held a National Science Founda- 
tion Predoctoral Fellowship. 

t Present address: Nucleonics Division, U. S. Naval Research 
Laboratory, Washington 25, D. C. 

1S. Tomonaga, Progr. Theoret. Phys. Japan 2, 6 (1947). 

2G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 

°T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953). 


k) f(k)/wr', 


We now have effectively reduced the problem to a 
trivial one-dimensional one, whose lowest eigenvalue 
is the best variational energy obtainable with the 
Tomonaga method.® To see the solution explicitly, we 
transform to canonical variables g=(at+a)/v2 and 
p=i(at—a)/v2. The Hamiltonian is then 


H,=jo(p?+g—1)+gU?(¢—3) +384, (3) 
and the lowest eigenvalue of energy is, by inspection, 
E=}w(Q—1)+}3g(A—U?), 


where Q=[1+2gU?/w }!. To find the best form of the 
function f(k) we must perform the analytical variation 
of H, with respect to f(R), while requiring the norma- 
lization condition >>, f?(k)=1 to be satisfied. Thus the 
exact form of f(k) is —(gUM/V')[U(k)/(witr)ox! ], 
where M is given by (ala+} (a?+-a'*))/(ata). The matrix 
elements appearing in M refer to the reduced-space 
ground state, and \ is a Lagrange multiplier, to be 
evaluated by normalization. 

The agreement of these results with the exact values 
in weak and strong coupling can be seen easily. For 
small g, we expand 2 in a binomial series. Then E= 3gA, 
to lowest order, in agreement with perturbation theory. 
This is obvious since A is independent of the details of 
the approximation method and comes only from the 
last term in the original Hamiltonian [Eq. (1) ]. 
In strong coupling, Q=U(2g/w)! and E=U(}gw)! 
+3g(A—U?*). The lowest energy is obtained for A>, 
giving A= U®, and hence the energy 


E=([$gV~ dix U*(k) J}. 


By evaluating matrix elements in the reduced space 
in a coordinate representation, in which the ground 
state wave function is that of a one-dimensional 
harmonic oscillator of angular frequency 2, we find 
M=2/(1—Q). For the actual computations we go to 
the continuum limit for the sums over momentum 
and define the three integrals: 


2U%(b) “ 
ee 
0 wn (word)? 0 


#U*(k) 
we (wer) ; 


k?U?( (k) 
(ond)? 


L—NI. 
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Then we can find an expression relating \ to the coupling 
constant g: g/m’=1/J—2/L. The explicit expression 
for the energy is now given by 

£= def (L/*I)(J—L/2)+A ]. 


To simplify the subsequent expressions, we have con- 
sidered the case of vanishing meson mass, i.e., we=k. 
Two different forms of cutoff were used: 


(a) U(k)=1 for k<K, 
U(k)=0 for k<K; 
(b) U(k) =e #4, 
Then the auxiliary functions defined above become 


(a) 4gA =38K, I=In(1+1/y)—(1+y)>, 


J=K[(1+2y)(1+y)"'—2y In(1+1/y)], (4a) 
L=K[1—y In(1+1/y)]; 

(b) 3g4=$8K, I=—1—(1+7)e7 Ei(—y), 
J=K[1+y+y(2+y)e" Ei(—¥y) J, (4b) 


L=K([1+ye7 Ei(—y) ] 


where 


jattihd, u/l, -ti-p= f dy €-¥/y 
sf 


The Appendix contains a discussion of the exact calcu- 
lations for both these cutoffs, and results are shown in 
Tables I and II. It will be seen that the agreement 
between the intermediate-coupling self-energy and the 
exact one is excellent. 
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TABLE I. Intermediate- onging «1 self- cer with A equere cutoff. 














B E/K E/K (exact) 
0.103 0.070 0.7 0.07; 
0.277 0.165 0.9 0.166 
0.380 0.213 1.0 0.21; 
0.492 0.261 1.1 0.26; 
1.043 0.456 1.5 0.457 
1.958 0.703 2.0 0.70, 
4.534 1.197 3.0 1.19, 








TABLE II. Intermediate-coupling self-energy 
with exponential cutoff. 











8 E/K Y E/K (exact) 
0.119 0.162 1S 0.161 
0.322 0.389 2.0 tes 
0.573 0.625 25 0.625 
0.867 0.860 3.0 ee 
1.204 1.10 3.5 tee 
1.593 1.35 4.0 1.34 
2.43 1.82 5.0 ee 
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After this work was completed some similar work was 
reported by Roberts and Anderson,‘ who, however, 
use a different method of minimizing the energy, and 
find somewhat different results. 


APPENDIX 


For the case of neutral scalar pair theory Wentzel? 
has given the following expression for the self-energy: 








lf sw gxU*(x) 
a Pa 
o [(x+u4)}! 2xo 
where 
_g. p® U~k)Rdk 
o=1+—P f — (A2) 
rd, R—x# 


and the arc tangent appearing above should be per- 
mitted to range from zero to 7. 

Using the exponential cutoff function U(k)=e-*?* 
and again setting the mass 1=0 for simplicity, we have 


> ye-¥ 
E/K=— f dy tan-*( 38 ), 
2r 0 ri) é 


= 1+68{1+4y[er Ei(—y)—e Ei(y) J}. 





(A3) 


Equation (A3) was numerically integrated out to a 
point A such that the arc tangent can be replaced by 
its argument with little error for y>A. The asymptotic 
formula, 


e” Ei(—y)—e~# Ei(y) 
=— (2/y)[1+2/¥}+00-9), 


is used to approximate the integrand from K to ©, 
and the correction term, 
ye- y 


ef a2 ae 


is added to the results of the numerical integration. 
Table II compares these exact numerical results with 
the intermediate coupling values for several different 
values of 8. 

The case of the square cutoff appears simpler in the 
sense that all relevant integrals are taken over a finite 
range. Wentzel’s self-energy expression becomes 


a-— f dy tan~ (=). 
r=) 


(A4) 


(AS) 


o= +69] 142 in( — 


It is apparent that the integrand in Eq. (AS) is bounded 
and always S7; hence the maximum value of the self- 
energy appears to be 0.5. This is in disagreement with 


4C. Roberts and J. L. Anderson, Bull. Am. Phys. Soc. Ser. II, 2, 
190 (1957). 
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the general intermediate coupling result that the energy 
approaches © as g’, Careful consideration of Wentzel’s 
derivation? indicates that Eq. (A5) must be supple- 
mented by an additional energy contribution arising 
from the region beyond the sharp cutoff. This addition 
has the form 3(z—1)=AE/K, where z must satisfy the 


equation 
1 ¢dz z+1 1 
75 In(—)-1-— 
0 2—x 2 z—1 68 
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For small values of 8 this term is insignificant, and 
agreement is obtained between Eq. (A5) and the weak- 
coupling result. It dominates, however, in the strong- 
coupling region, and gives a limiting value of the self- 
energy in agreement with that obtained by the inter- 
mediate-coupling method. We have determined the 
total self-energy numerically and compare it with the 
intermediate-coupling values in Table I. The agreement 
is excellent and is limited by small errors in the numeri- 
cal integration. 
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It does not seem to be generally recognized that the mass-energy 
relation is not centained implicitly in the quantum theory, but is 
something superposed upon it, and without any clear guarantee 
as to its consistency with that theory. Even classical relativistic 
particle dynamics does not provide an explanation of “‘rest-mass 
defect.” 

The first step in the paper is to produce a theory of rest-mass 
defects founded upon a concept in which a nucleon consists of a 
number of subparticles, or “specks” as they will be called, which 
specks obey conservation of relativistic energy and momentum in 
a suitably chosen frame of reference, and with rest masses which 
are regarded as absolute constants. The theory leads to a situation 
in which the nucleons act as individual entities conserving mo- 
mentum as a whole but with rest masses which can vary with the 
mutual proximities of the nucleons one to another. However, in 
place of a corresponding conservation of kinetic energy, we have 
conservation of 2(rn-+-mo,c?), where r, is the ordinary relativ- 
istic kinetic energy, so that r,= mone? (1—B,2)-*—1]. 

So far there is no mention of potential energy. However, at this 
stage we postulate that the mo, vary with the relative coordinates 
of the nucleons so that moc? really becomes the representative of 
what is ordinarily regarded as a potential energy V. Indeed, 
Monc? becomes V-+const. We thus arrive at r,+V=const, but 
with the mon occurring in 7, being functions of relative coordinates. 


I. INTRODUCTION 


HE mass-energy relation may be expressed, for a 
number of nucleons of rest masses mon, in the 

form >-(r,+o,c?)=const. Conscious of the fact that 
restricted relativity alone! does not give an explanation 
of this relation, our first purpose is to achieve an ex- 
planation by supplementing relativity to the end of 
providing for the nucleons a structure of a rather 
peculiar kind, a structure in which a nucleon is com- 
posed of a number of subparticles or specks which 
* Assisted by the joint program of the Office of Naval Research 


and the U. S. Atomic Energy Commission. 
1W. F. G. Swann, Phys. Rev. 74, 200 (1948). 


Normally, the next procedure would be to express r, in terms 
of the relativistic momentum, and then replace the momentum 
by the usual operator to form an equation for the y function. A 
transformation to center-of-gravity coordinates and relative coor- 
dinates might be expected to lead to an expression for y of the 
form ¥=¢x, where ¢ is a function only of the relative coordinates 
and x is a function of the center-of-gravity coordinates. It might 
then be expected that the mass-energy relation could reveal 
itself in the fact that the equation for x represented that of a single 
entity moving with constant velocity and with a rest mass 
> mnw—€p/c?, where the mne are the rest masses of the nucleons 
when at infinity, and eg is the binding energy which, in turn, 
would be yielded by the ¢ equation, as the negative of the lowest 
eigenvalue for the energy in that equation. Realization of this 
form for the rest mass of the nucleus is the aim of the paper. 

The y equation formed from the classical relativistic Hamil- 
tonian in the above manner is of nonlinear form, and it resists an 
immediate accommodation of itself to the above procedure. 
However, by use, for the nucleus, of a ‘‘pseudomomentum”’ 
slightly different from the true relativistic momentum as the 
quantity which is to be replaced by the operator, and by a slight 
change in the manner of making the transformation to the 
operator form, the desired results are achieved. Both modifications 
of the normal procedure revert to that procedure for the case of 
small velocities. 


individually function as particles with constant rest 
masses but which collectively provide, for the nucleon 
as a whole, a quantity which functions as a rest mass 
for that nucleon, but a quantity which can vary with 
variation of proximity of the nucleon to other nucleons. 
Basic to these considerations are two quantities, a 
scalar quantity uk, and a vector quantity u,k,u,, 
defined respectively by 


pke= us(1 ies u,?/c?)-4, Mek U,s= MU, (1 aad u,?/c?)-4, 


where yu, is an absolute constant for the sth speck, u, 
is the velocity of the speck, and c is the velocity of light. 
Even before visualizing the collection of such specks 





MASS-ENERGY 


into individual particles, we introduce our first funda- 
mental hypotheses, which are as follows: 

Considering an isolated assemblage of such specks, we 
suppose that 

1. There exists for the specks a frame of reference S’ 
moving with constant velocity in the laboratory frame 
S, and in which 


> uek.’u,’=0. (1) 
2. In the frame of reference S’ 


> uk,’ =const= Mo. (2) 


It may be stated that examples of such assemblages of 
specks will turn out to constitute isolated atomic nuclei 
or, indeed, atoms, although, for the moment, we shall 
defer limiting our considerations to this concept. 

Of course, it will naturally be said that u,k,’ simply 
represents the total energy of a speck, and y,k,’u,’ its 
momentum, while (1) simply expresses the hypothesis 
that in such an isolated system, the total momentum 
in S’ is constant and zero. Although there is funda- 
mentally no harm in observing this, we prefer, for the 
moment, to suppress emphasis on this correlation, 
reserving for the composite particles, presently to be 
defined, the terms energy and momentum in the sense 
in which we shall use those terms. 

It may be well, even at this stage, to emphasize 
certain matters concerned with (1) and (2). Equation 
(1) really constitutes more than a definition of S’, at 
any rate if we regard S’ as a system moving with 
constant velocity in the laboratory frame of reference S. 
Thus, for a group of specks “accelerated as a whole” in 
S, there would be no such frame 5S’. Our hypothesis 
amounts to assuming a property for an “‘isolated 
system.” 

In the above, it will be noted that no mention is 
made of potential energy. This concept will make its 
appearance in due course, as a special aspect of kinetic 
energy, in a manner loosely analogous to that in which, 
in electrodynamics, for example, the energy of a system 
of currents may be represented, in Lagrange’s equa- 
tions, as kinetic energy, whereas, in a different formu- 
lation, under the same equations, it may be regarded as 
potential energy with reversed sign. 


II. FUNDAMENTAL PARTICLES—NUCLEONS 


In the general picture cited under Sec. I, we shall 
restrict our interest to a case where the specks exist in 
groups which maintain an individuality in the sense 
that all the specks in a group hold together to form a 
single entity something like a planetary system. Such 
a group will form the basis of what we shall call a 
fundamental particle or,,in our case, a nucleon. However, 
it will later appear necessary, for the consistency of our 
development, to place certain restrictions upon the 
nature of the motions of the specks in such a funda- 
mental particle. 

In the frame of reference S’ cited in Sec. I, Eqs. (1) 


t 
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and (2) apply to the totality of the specks forming 
these groups. However, we shall now concentrate our 
attention on one of these groups, constituting a single 
nucleon. We shall choose a frame of reference S,’’ of 
constant velocity, such that, at some instant, in this 
frame, 


io Mewken’ Wen’ = 0, (3) 
and in this frame, we shall define mo, at the instant by 


pa Menken =Mon; (4) 


the summations being taken at constant /’’ in the 
frame ‘S,’’. The said frame of reference will, in general, 
be chosen from instant to instant, with different 
velocities in the laboratory system S, or in the system 
defined as S’. Moreover, in general we shall not assume 
mo, to be constant with time in the S,’’, as Mo defined 
by (2) is constant in S’. We shall, indeed, have occasion 
to permit mo, to vary with variation of the proximity 
of the mth nucleon to its fellows. 


1. An Apparently Paradoxical Situation Arising 
from the Theory of Relativity 


Let us consider the case of a nucleon which, while 
part of the system S’ introduced in Sec. I, is never- 
theless so far from its fellows that it may be considered 
as an isolated system moving with constant velocity in 
the laboratory system and so with a constant velocity 
in the system S’. With the summations evaluated at 
constant t' in S’, this velocity v,' must be given by 


Ve ) Menken’ = 06 Pedlicn Gen » (5) 


if it is to represent the velocity of the frame S,’’ as 
measured in 5S’; for it is easy to show that any other 
velocity would be the velocity of a point which did not 
continue to reside within the spatial limits of the coor- 
dinates of the individual specks. Since psnken'Usn’, 
Menken tc is a 4-vector, the relativity transformation 
yields 


doa Menken a he Co Menken then 
—V_ aa HenRen ), (6) 


Le Menken =Bu'LD. HMealten’ 
— (v,//c?)>-s piakie ten’) (7) 


where 8,’ = (1—»,’*/c?)-3, and where 2,’ here indicates 
the resultant velocity of the origin of the frame S,”’ 
as measured in S’, and ts,’ indicates the component 
velocity of the sth speck parallel to 2,’. 

The summations in (6) and (7) may be made at 
constant ¢’ or constant ¢/’’ so long as they are made 
consistently on each side of the equation concerned. We 
shall take the summations at constant ¢”’ in S,’’. Then, 
in view of (3), we have, from (6), 


Vn’ be Henkes = > a Bealten tens (8) 


with the summations evaluated at constant t" in S,''. The 
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question arises as to whether, in view of the fact that 
the summations in (5) are made at constant /’ in S’, 
while the summations in (8) are made at constant ¢” in 
S"’, the relations (5) and (8) can be consistent. 

Let us define for the nucleon a representative point 
by fon’, satisfying the condition 


, , , , 
Ton 26 Ren =>. Ten Ron ? 


where ¢,,' is a distance measured parallel to 2,’ in S’, 
and where, of course, we have two other such relations 
for the two directions perpendicular to »,’. Then 
ten’ =Bn' (ten +0n'Ten’’/c?). Let us write this as 


ha = Br’ (ten + Vn Ton /Cc*) +Bn'0n Aten’ /c?. 


At constant ¢,,’ for all the specks, tsn”’+0n’ron”’/c? 
+Bn'?n'Aren’/c? is constant, so that, since t_’ron’’/c? is 
constant, ten’ +8n'tn'Atfen’’/c? is constant, and f,,’" 
varies with time to the extent Af,,” given by Atl,,’’ 
=Bn'tn'Aten'’/c?. If the system is such that these 
variations in ¢,,” for the various specks produce no 
alterations in )>, Menken'’Uen’’ as evaluated at constant 
i’, the zero magnitude for this sum, as evaluated at 
constant ¢,,’, will remain zero if the evaluation is made 
at constant f,,’’, and Eqs. (5) and (8) will be consistent. 
Now there is one way in which we can secure the above 
desired end, at least in a single frame of reference. 

Suppose that the specks move in a plane in the frame 
of the nucleon itself,? which frame is S,’’. Let us call the 
“axis” of the nucleon the line perpendicular to the 
plane in S,’. Let us suppose, moreover, that the plane 
aforesaid is perpendicular to the resultant velocity 2,’ 
of the nucleon as measured in S’, so that in the frame S’, 
the resultant velocity of the nucleon is along the direc- 
tion of its axis.* In the light of these restrictions, it 
results that Ar,,’’ is constant for each speck, and con- 
stant ten’ for the specks is the equivalent of constant 
ten’. It then further results that (5) and (8) will be 
consistent. ; 

Thus, with the particular hypothesis made as to 
motion of the specks in relation to the resultant motion 
of the nucleon as a whole in the frame 5S’, we arrive at 
the conclusion 


Ze Seales” en” ri > Senltes then” =0. 


measured in S,”’ at 
constant ?” 


(9) 
measured in S,”’ at 
constant ¢’ 


2 The representative point in S,” is, of course, the point in 
respect to which 2, ken’’ARs,’’=0, where AR,,”” is the resultant 
vector distance of the speck from the said representative point. 

3It may seem strange that we still single out a special frame 
S’ when speaking of an “isolated” nucleon. It is to be noted, 
however, that our original assumptions (1) and (2) are regarded 
as applying to another “isolated” system composed of the special 
nucleon under discussion and many others; and the kind of 
“remembrance” of the past which our special nucleon seems to 
exhibit is simply a symbol of its status as part of the greater 
isolated system of which it is a part. 

All these restrictions on the motion such as are here involved, 
including the restriction to motions in planes, perform what, in 
ordinary dynamics, would be the roles of equations of motion, 
but here appear in the form of conditions imposed on our funda- 
mental hypotheses (1) and (2). 
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It further results that 
se me id = 


measured in S,”” at 
constant ¢’ 


Leetaken” (10) 


measured in S,,” at 
constant ¢”’ 


= Manz: 


2. Momentum and Energy of a Free Nucleon 


Equations (6) and (7) may be written in the 
equivalent form 


Lut Menken Mon =Ba’ 5 Menken Usn +n! a Menken’), 


> 8 piadilieat =6,'[>, s Sein 
+ (v,//c*)Do. Menken’ ten’ |. 


If the summations are made at constant /’ in S’, we 
have, in view of (9) and (10), 


Le Menken Un =Bn Vn Mn; (11) 
Le Hankan =Bn Mn. (12) 


Now the right-hand side and the left-hand side of (11) 
are both resultant values of the vectors >>. usnRen'Won’ 
and Bx V_'Mn., So that we can write 


Le Hanken Won =Bn Vn Me. (13) 


There is some latitude in our design of the nucleon. 
Thus, we could have permitted the specks to move in a 
number of parallel planes, in which case we would have 
to assume (1) and (2) as holding for each plane. 


3. Change of Velocity of Nucleons; Further 
Implications of Relativity 


If a nucleon moves with a constant velocity in some 
frame, so that, in accordance with our hypothesis, it has 
a frame S,”’ of its own in which >>, wenken’’ remains 
constant with ¢”, and if the nucleon be brought to 
another constant velocity, so that it has a new frame 
of its own, viz. S,’”’ we believe that >}, usnken’”” meas- 
ured in the nucleon’s new frame S,’” is constant with 
time in that frame and has the same value as when the 
measurements were made in S,’’ when the nucleon had 
its former constant velocity. This conclusion is not 
required by the invariance of laws under the relativity 
transformation. It is an assumption superposed upon 
relativity and depending upon different considerations. 
It is, in fact, in a class closely related to what is termed 
the Fitzgerald-Lorentz contraction hypothesis,‘ which, 
in its entirety, is an assumption introduced to provide 
for the belief that “corresponding” experiments per- 
formed on different systems moving relatively to one 
another with constant velocities give identical results. 


4. An Assemblage of Nucleons 


Now our interest naturally centers upon an assem- 
blage of nucleons; for an atom’s nucleus is such an 
assemblage. Here it will be necessary to admit that the 
Mon, as defined by (4), can change with time on account 


~ 4See W. F. G. Swann, Revs. Modern Phys. 13, 197 (1941). 
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of the interaction between the nucleons. It remains, 
among other things, to examine what generalization we 
can make of the statement that, for a free nucleon 
> + Menken’ remains constant with ¢”’ in S,”’. 

Our starting point is to consider what we may call 
an isolated assemblage of nucleons, an assemblage, 
therefore, in which, by our fundamental hypothesis, a 
system S’ exists in which (1) holds. For this assemblage, 
(2) holds by hypothesis. The sums are to be considered 
as evaluated in S’ but extended to all the specks regard- 
less of their being collected into nucleons. 

v,/ shall be the resultant velocity of the mth nucleon 
evaluated in S’. For the mth nucleon, we set up a frame 
S,’ which travels with a constant velocity equal to the 
instantaneous velocity of the nucleon. We assume that, 
in that frame, the specks of the nucleon will be found 
moving in a plane perpendicular to the resultant 
velocity v,’ as measured in S’; and at the instant con- 
cerned in S,"’, will have the same velocities and all 
time derivatives thereof which they would have if the 
particle had been moving for an infinite time with a 
constant velocity equal to the instantaneous value 2,’. 

The complication concerned above is one in which 
we apply, to a system of finite size moving with variable 
velocity, the principles whose fundamental development 
is associated with constant velocities. It is a complica- 
tion which is not new in physics. It occurs in the 
customary theory of the motion of an electron, in 
which it is assumed that, at each instant, the electron 
is a sphere in the frame in which its velocity is instan- 
taneously zero, and that it has therein an acceleration 
which makes the total electromagnetic force on the 
electron zero in that frame. 

However, we have yet to face another difficulty. With 
the situation as we have described it at some instant, 
on proceeding to the next instant the magnitude of 9,’ 
and its direction will have changed so that it will be 
necessary to take a new frame S,’” for the nucleon. If 
the nucleon moves in a curve path, the specks will find 
it impossible to confine themselves to the planes without 
having component velocities perpendicular to the 
planes. To keep in the planes, the specks must have 
zero velocity with respect to the moving rotating planes, 
and therefore finite velocities perpendicular to the 
planes regarded as fixed instantaneously in S,”. The 
only way to avoid this difficulty is to make one more 
hypothesis to the effect that the whole group of specks 
comprising a nucleon is shrunk to infinitesimal size, in 
which case the contributions of the velocities perpen- 
dicular to the planes at each instant, as measured in 
the instantaneous frame of the nucleon, will be zero. 
We thus arrive at the concept of an infinitesimal funda- 
mental nucleon comprising “within” itself a complex 
system of motions of specks. 

In concluding this section dealing with the signi- 
ficance of fundamental nucleons, it is to be remarked 
that the form of internal motions of the nucleon which 
the demands of relativity have forced upon us naturally 
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tempt us to seek correlations with the concept of 
“spin.” However, this is a matter which will not be 
developed here. 

In the light of all the foregoing we may now, without 
paradox, suppose that each nucleon continues to move 
so that its resultant velocity »,’ is in the direction of 
its axis. The considerations developed in Secs. (1) 
and (2) and leading to Eqs. (13) and (12) for an isolated 
nucleon, now, in the light of Sec. 3 and the present 
section, lead, for nonisolated nucleons, to 


0= a } MenKen Usa’ = a Bn'Vn'Mon, 
constant = Mo= ) pe Menken = - Ba'mMon- 


Our development so far does not demand that the mon 
shall vary as a result of the actions of the nucleons on 
one another, but leaves that question open. That they 
do vary will be the essence of what will develop later, 
in Sec. III, and indeed, we shall make a postulate as to 
the nature of that variation. For the present, however, 
the matter is open. 


(14) 
(15) 


5. Conservation of Momentum and the Mass- 
Energy Relation in the System S’ 


Equation (14) expresses the conservation of nucleon 
momenta in the system 5S’. 
Again, since the kinetic energy 7, of a nucleon is 
defined as 
Ta = Monc? (Bn — 1), 


Eq. (15) assumes the form 
Dd ta’ +d monc?= const. 


This result is the mass-energy relation. It does not tell 
us that the mo, will alter as the nucleons move about 
in relation to one another, but that, if they do, theri, in 
a system .S’, which is the system in which (14) holds, 
the kinetic energy of the nucleons will also change in 
such a manner as to maintain the constancy of the sum 
as demanded by (16). 

In the particular case where the nature of affairs is 
such that the nucleons separate to infinite distances 
from one another, Eq. (16) demands that 


Y te +S mone?=D raw’ +d Maxc®, (17) 


where the subscript »# implies values of the corre- 
sponding quantities at infinitely wide separation. 

Since Tn.’ can never be negative, we see that it would 
be impossible for the nucleons to separate in the 
manner described unless 


> ta +>, Mone? — >, Mawl? > 0. 


In the case where > rn’ +)>> monc?— >, mac? <0, the 
nucleons can only become infinitely separated, and 
even then to a condition of zero kinetic energy, if 
energy €z’ is supplied to the system in amount given by 


€B =>. Mal?— (Dd mone? +>. T2’). (18) 


(16) 
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We define eg’ as the binding energy of the system in S’. 
A system with a positive binding energy is represented 
in what we call an atomic nucleus. 


6. Conservation of Nucleon Momenta, and 
the Mass-Energy Relation in the 
Laboratory System 


If unprimed symbols refer to the system S, and if S’ 
moves with a constant velocity v in relation to S, with 
B= (1—v?/c?)—}, we have, 


BndnMon - B (Bn'0n'Mont+Bn Mon), 
BnMon= B (Bn'mont+Bn'?n'd/c?) ’ 


where 2, and 2,’ are the components of the nucleon’s 
velocity in the direction of »v. 
If we sum both sides at constant /’ in S’, and use (14), 


Ls BnInMon= La Bn'Mon, (19) 
ba BrMon=B Ea Bn'Mon. (2( )) 


Again we are confronted with a fact similar to that 
which appeared in the case of a single nucleon, the fact 
that the summation on the right-hand side is made at 
constant ?¢’, so that the sum on the left must be evalu- 
ated at different values of ¢. We now adopt for the 
assemblage of nucleons an artifice somewhat similar to 
that which we adopted for the specks in the case of a 
single nucleon. We assume that: (A) In the frame 5S’, 
the nucleons move in planes perpendicular to 2; (B) 
Each nucleon moves to that B,’mo, is constant with 
time in S’. These two assumptions provide for the con- 
clusion that >> Bn’mon, as evaluated in S’, is the same 
whether the sum is performed at constant ¢ or at 
constant /’ and is, in fact, equal to Mo. Thus (19) and 
(20) yield 


Len BuPnMon= BUM y= const, 
don BnMon=BM o= const. 


Again, as in the case of the specks, we can generalize 
the first of these equations to 


= BnVnMon=BVM 9, 


which expresses the law of conservation of momentum 
for the nucleons in the laboratory system S. 
Equation (21) may be written 


DL ta tL monc?=const=BM vc’, (23) 


which expresses the mass-energy relation in that 
system. In the case where, in the two situations com- 
pared, the nucleons are far apart, so that the mo, are 
constant, (23) becomes an expression of the conserva- 
tion of kinetic energy. 

A useful case for consideration is that of the impact 
of two nucleons, in which the nucleons before and after 
collision are at infinity. In this case, (22) and (23) 
enable the m,,..’s to be realized as regards their ratio for 
the two nucleons, and tells the complete story of the 


(21) 


(22) 
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other elements of the collision in terms of appropriate 
initial specifications. 

With regard to assumption (A) above, it may seem 
strange that the nucleons should “know” that they 
had to move in planes perpendicular to » as measured 
in the laboratory frame S since, at first sight, there 
might appear to be no fundamental significance to that 
frame. We have to remember, however, that the nucleus 
itself is part of a greater whole and when it received a 
velocity, that velocity must be supposed to have 
originated in relation to other nuclei which, by the 
same act, received velocities. Our starting point in this 
matter is some frame in which the nucleus and others 
of its kind constituted an isolated system as a whole. 
In that frame, which might be thought of as the frame 
S (the laboratory frame), the nucleus received the 
velocity v, and there is sense, therefore, to thinking of 
the planes of motions of its nucleons adjusting them- 
selves in relation to the velocity which it received. 

The assumption (B) might be avoided as the necessary 
means of satisfying (21) consistent with the relativity 
requirements as regards local time, if all the nucleons 
moved in asingle plane. If they moved in different planes 
with several in each, we should have to assume con- 
stancy of the summation for each plane, and if each 
moved in a separate plane, the local time considerations 
would require the assumption (B). This assumption 
is not as drastic as might be supposed at first sight, for 
it is the equivalent of assuming that r,’+-onc?= const. 
In other words, the assumption does not require the 
nucleons to move with constant velocities in S’, but 
only in such a manner as to maintain the constancy of 
Tn’ +monc?. In this connection, moreover, it is to be 
observed that S’ is a very specialized frame, since, for it, 
> 8,’u,’=0, and on this account the system, as ob- 
served in S’, has a right to have individual properties 
which would not necessarily hold in all frames. 


7. Experimental Recognition of M) as the 
Mass of the Nucleus as a Whole 


So far, Mo is simply the quantity defined by (2) or 
(15). It remains to show that if the group of nucleons 
we have discussed constitutes what we call a ‘‘nucleus,”’ 
then Mo is the rest mass of the nucleus as ordinarily 
understood. 

Let us add to our group of particles another desig- 
nated by subscript p. Then (21) and (22) yield, for this 
case, 


(24) 
(25) 


> BaVnMontBpVpMop= Const = C,, 
BpMopt+ >. BnMon = const= Ge 


When the nucleus and the additional particle are far 
apart, these equations become 


(26) 
(27) 


BvVwMo+BpV¥pMp.= Cy, 
BnMo+Bpm>.= C2, 











where subscript NV indicates values for the nucleus when 
widely separated from the additional particle. 

We now consider two states of the combined system. 
In the first, the additional particle is infinitely far from 
the nucleus but moving towards it with a certain 
velocity. In the second, it is again infinitely far from 
the nucleus, following a collision therewith, and has 
another velocity. Equating the left-hand sides of (26) 
for the two cases and equating also the left-hand sides 
of (27), we have the ordinary equations expressing the 
laws of conservation of momentum and kinetic energy 
for the two conditions. Their solution tells the complete 
story of the collision and gives Mo in terms of m,,, and 
of measured quantities. 


Ill. INTRODUCTION OF A POTENTIAL FUNCTION 
1. Expression for a Potential Function V. 


So far our developments have involved no mention 
of a potential function. All has been told in terms of 
(21) or its equivalent (23). Let us now write 


(28) 


where m,,, is the mass of the mth nucleon when widely 
separated, at infinity, from all other nucleons. Equation 
(23) then becomes? 


D> ta—0? > Amon=BM ?—c? Dd mMaw= E, 


where E is a constant. Af this stage we introduce a 
hypothesis to the effect that 


—c’Amon= Lefucus)s 


where ry, is the distance between the mth and sth 
nucleons and fns(7ns) is a function only of that distance. 
This hypothesis crystalizes the assumption that Amo, 
is caused by proximity of the nucleons to one another. 
Equation (29) now becomes 


DY tat V=BM 2-0? YS mnw=E, 
V=)0 Due fualFaad 


Equation (32) is an expression of a potential energy in 
the ordinary form, and (31) now becomes an expression 
of the law of conservation of kinetic plus potential 
energy in the sense ordinarily understood.® It is to be 


5 One who accepts the mass-energy relation without question 
will, by that very token, accept (29) as a starting point. In this 
spirit, all our very debatable assumptions, necessitated by an 
endeavor to harmonize (29) with relativity, will be unnecessary. A 
field theory adapts itself to relativistic invariance much more 
readily than does a particle theory. However, particle theory 
forms the customary classical basis from which to embark on the 
seas of the quantum theory, and what has been attempted so far 
serves at least to illustrate the logical problems which must be 
faced. 

6 It is important to realize that (31) does not imply any par- 
ticular form of “equations of motion.”’ While classical equations 
of motion, for example, contain the law of conservation of energy, 
the reverse is not true; and there may be many different forms of 
equations of motion which contain conservation of energy as a 
consequence. 


Mao — Mon= AMon, 


(29) 


(30) 


(31) 


where 
(32) 
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emphasized that we have not introduced any new 
element in our law as represented by (29). We have 
simply made a hypothesis as to the dependence of the 
Mon upon the relative coordinates of the nucleons, and 
V is now the representative of the mass defects. 


2. Comment Upon the Potential Function V 


It must be admitted that our introduction of a 
function V of the coordinates alone destroys the strict 
invariance in (31). The mon, by the very nature of 
their definition, are invariants, and so c? }> Amo, should 
be an invariant. Now there is no great difficulty in 
choosing to represent —c? }> Amo, as a function of the 
r,, and of the v,, an expression which is an invariant, 
and which reduces to a function of the r,, alone when 
the (v,/c) are small. Neglect of v,,/c in itself would not be 
satisfactory, for the mass-energy relation with which 
we are concerned does, as we shall see, involve the 
effect of the v, on the relativistic masses of the nucleons. 
It is important, therefore, to see that neglect of the v,, 
in approximating from the aforesaid invariant to the 
simple potential function V, does not affect the mass- 
energy relation itself. While it is not practicable to 
discuss this matter at this stage, since its discussion 
must naturally follow the transition to quantum theory, 
it may be said that while the effect will be to introduce 
the momenta, and so the momentum operators, into 
the invariant above mentioned, the net result, to high 
approximation, will be simply to modify slightly the 
form of V as a function of the r,,, and this, in turn, will 
produce only a small effect on the eigenvalues for the 
energies, as derived from the y equation which deter- 
mines them. 


IV. THE BRIDGE TO QUANTUM THEORY 


1. Transition from Classical Theory to 
Quantum Theory 


In the philosophy of the present epoch, any develop- 
ment of a theory on classical, or classical-relativistic, 
lines must be regarded as merely providing a framework 
of classical form on which we may erect a quantum 
theory structure, a structure which uses some of the 
parts of the classical framework, but, for the most part, 
in transformed guise. 

Thus, ordinary classical theory pictures nucleons with 
kinetic energy—or momentum—and with a potential 
function which, when the positions of the nucleons are 
assigned, provides a numerical value for a potential 
energy which, when added to the kinetic energy, pro- 
duces a quantity which is conserved with time.’ In the 
transformation to quantum theory, the kinetic energy, 
expressed in terms of the classical momenta, after re- 
placement by the operator (4/277) grad,, operates upon 





7In the present discussion, we avoid consideration of “spin,” 
which consideration involves something to be “superposed” upon 
the nonspin structure. 
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a function y of the coordinates,* as does (E—V). The 
potential function V no longer has the significance of a 
potential energy of a system of nucleons since, indeed, 
the concept of positions of nucleons has evaporated, so 
that V stands simply as a function of the coordinates in 
a 3N-dimensional space, where all that is left of the 
“nucleons” is to be found in their act of assigning the 
number, NV, which determines the dimensionality of the 
space, and their provision of certain constant numbers 
my, M2, etc., which, in the ordinary elementary classical 
theory, were the numbers functioning in the expression 
Dd pr?/Mne for twice the classical kinetic energy. In the 
ordinary elementary theory, retaining, however, recog- 
nition of the difference between mo, and my,, the 
Schrédinger equation assumes the well-known form 


1 8x* 
L —V.¥t+—(E—-V)y=0. (33) 


Mon h 


Now in our present treatment, if P, is the relativistic 
momentum given by P,=mon?,/(1—2,°/c*)!, the kinetic 
energy 7, assumes the form 


PS 


4 
ram mo (1+ ) -1) 
Mone 


which, for small values of p,?/mon2c*, assumes the clas- 
sical form r,=P,?/2mon. We shall consequently write 
(34) as 


(34) 














P,2 ((1 +P 22/morc)'—1 
Ppa: 3 ; | (35) 
me | P,2/2morC 
We shall write 
(14+P,2/morc)'—1 P.2 
=r(Z), 
P,2/2monrC MorrC 


where F,(P,2/mp,2c?) is understood to represent a 
function of P,?/mpo,2c?. In actuality, the function F,, is 
very nearly equal to unity. Our classical equation (31) 
now assumes the form 


P2 PZ 
x F.( )+ V=E. 
2mon Morc 


If we now replace P,, by the operator (h/2mi) grad,, we 
obtain 


(37) 











v," oni V2 
raf 


)rrE-vyv=0. (38) 
8rmon = \4a°morC 

Now quite apart from the ambiguity as to the order 
of the operations V,” and F, involved in writing (38), 


8 We omit here consideration of the previous step involving the 
time-dependent considerations involved in dy/dt, since our main 
discussion centers upon matters which follow after the time 
function has been split off. 
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this Eq. (38) presents an extremely difficult problem 
for solution, with no suggestion of a guarantee that the 
problem, if solved, will lead to anything like an end 
point which will exhibit the nucleons as an entity 
functioning with an effective rest mass }> mn..—ep/c’. 
However, by a recognition of the fact that the operator 
F,,, as representative of a small quantity in the classical 
equation, will also have a small effect in the quantum 
theory, we can secure conditions in which the problem 
can be handled, provided that we make a slight change 
in the method of transition from the classical Hamil- 
tonian to the corresponding expression in the quantum 
theory, a change, however, which makes no difference 
whatever in the quantum-theory Schrédinger equation 
as formulated for the elementary theory which neglects 
the difference between the relativistic expression and 
that of the classical theory for rp. 


2. A Modification of the Transition from Classical 
Theory to Quantum Theory 


If we consider the ordinary nonrelativistic Hamil- 
tonian in which, however, we may recognize the mass 
defects by writing mo, instead of m,,,, our equation of 
conservation becomes 

PZ 
© scsamaieilon®, 


2mon 





The standard procedure of making the transition to 
quantum theory is to replace P, by (4/2mi) grad,, i.e., 
to replace P,? by — (h’/4x*)V,?. We then operate on y 
with this operator and we operate on y with (E—V), 
and equate results. We thus obtain (33) immediately. 
However, we could have obtained (33) by another 
equally well-defined procedure, as follows: We replace 
P,? by —(h’/4x*)V,2, operate on y, then divide by y 
and equate the result to E—V. In this way we obtain 
Viv 49° 
dep Sonne Pal, 
2monv h? 





which is, of course, exactly the same equation as (33). 
The difference of procedure is so trivial as to invite the 
doubt of whether there is any difference at all. However, 
the difference of procedure, as we shall more precisely 
define it, will make itself evident when we apply it to 
(37). Let us then define more completely the nature of 
the procedure for use in general. 

We observe that F in (36) is a function of P,?. Our 
procedure is to replace P,? by —(1/p)(h?/42°)V,%y 
wherever P,,? occurs. It is to be noted that if we had an 
expression like (1+aP,?)—!, and should have occasion 
to expand it into 1—aP,?+a°P,'+etc., our rule would 
not involve that we replace P,‘, for example, by 
[1/P]{((A/2mi) grad, }*}y. We should first write P,4 as 
(P,,”) (P,”) and then replace P,”? by — (1/p) (#?/42°)V,%), 
so that P,* becomes replaced by (1/y*)[(/?/49°)V,2y >. 
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The procedure is, in fact, one in which, in the case cited, 
we should simply replace (1+aP,2) by [1—(a/p) 
X (i /4e2)V WP 

The effect of the procedure in question is to realize 
for F a definite quantity or, at most, a function of the 
coordinates, rather than an operator. The advantage 
of the procedure lies in the fact that if F,,(P,”) is very 
nearly equal to unity, we may, in evaluating F,[ — (1/p) 
X (h?/4m) V2], replace y by the solution for the 
elementary Eq. (33), which is derived from the non- 
relativistic classical Hamiltonian. We emphasize again 
that, although our procedure for replacing P,” by an 
operator is definitely different from the customary 
procedure, it is one which gives exactly the same results 
for the elementary Schrédinger equation as customarily 
used. 

While P,, does not occur as a first power in the energy 
equation, it does so when we deal with momentum 
equations, and in this case our plan is to replace P,, by 
(1/p)(h/2mi) grad. All of these procedures are mutu- 
ally consistent on the following general plan: Recog- 
nizing that we are concerned only with two classical 
quantities P, and P,’, in passage to quantum theory, 
we are to replace P,, by (//2m1) grad,y and then divide 
by y, and we are to replace P,” by [ (h/2mi) grad, Py 
and again divide by y, not by y. 

In the light of the foregoing procedure, our classical 
expression (37) leads to Schrédinger’s equation in the 


form 
VA 
se 


n 
Mow 


in which there is no longer any ambiguity in the matter 
of commutation of F, and the V,°y which precedes it, 
such as would have been involved in (38). 

Now, strictly speaking, F,, has the form given by 
(36). Moreover, F,, is approximately equal to unity. It 
will turn out that F,, is a function only of the relative 
coordinates An, én, Yn, Of the system, these coordinates 
being defined by An=Xn—Xn413 Mn=Vn—Vnt1; Yn=2n 
—Zn41; etc., and this characteristic for F,, holds regard- 
less of whether it has the precise form of (36) or is any 
other function of P,?/mo,2c?. We shall, for convenience, 


—RV AY \ 89 
. ) (39) 


_ +—(E-—V)=0, 
4r?mo rey h 





write 
—hV 2p 1 
F.(— —) =— (40) 
4 my cy kn 
so that Schrédinger’s equation becomes’ 
V.i.~ 8 
> ——+—(E-— V)y=0. (41) 
k,mon i? 


® The difference between 2, and unity arises entirely from the 
difference between the relationship between P, and 7, required 
by relativity and the simple nonrelativistic relationship P,? 
=2montn. If we should neglect the part played by relativity in 
this matter, the k, would become unity. There would still remain 
a significance to the mass-energy relationship in the difference 
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3. Introduction of a Pseudo-Momentum 


Now, in what follows, it will be our desire to develop 
a situation in which the nucleus represents itself as a 
whole in the form of an entity with a rest mass Mo given 
by 


Mo=>d Man €2/C, (42) 


and relativistic mass given by 8Mo, where B= (1 —1?/c?)~4 
and v is the velocity which the development will assign 
to the nucleus. However, in the development, it will be 
necessary to introduce a transformation analogous to 
the well-known transformation to the center of gravity 
system familiar in the case of two particles. In this, it 
will be necessary to have conditions such that BMo 
=D knmon in order to give meaning to the transformation. 
It will turn out that the &, developed from (40), with 
F,, defined by (36), will not satisfy this condition. As a 
result, we find it necessary to introduce a new kind of 
momentum which we shall call the pseudo-momentum 
.P,, related to r,, not by (34), but by the relation 


we Mg : 
T,=——{ 14+———]] , 
2mon 2mon'C 
and to use this momentum as the quantity which forms 
the basis of transition to quantum theory in the manner 


above described.” The above implies, from (40), with F,, 
correspondingly modified from (36), 


k,=1—PV 2b /82? mo 2p. (43) 


For the time being, we shall proceed with the trans- 
formation of our Schrédinger equation (41) with no 
restriction on k, other than the restriction implied in 
the fact that they are functions of the relative coor- 
dinates satisfying the condition, later to be substan- 
tiated, that 


BM => Ramon. (44) 


The mo, are, of course, functions of the relative coor- 
dinates through (30), although in contrast to the clas- 
sical pictures, when transformation to the quantum 
theory is made, the dependence of mp, upon the relative 
coordinates exists simply as a functional form in the 
equations. 


V. THE TRANSFORMATION 


1. We shall proceed to transform from 2, 1, 21, 
X2, V2, 22, --+ etc., involving in all 3N coordinates for NV 
nucleons, to é, n; £3 At, Mi, V1; Aa, M2, V2: -Aw-1, HN-1, 


between mo, and mn», but the binding energy eg would then turn 
out to be simply 2 mnoc?— L monc? and would not include what 
amounts to the modification of the mass of the nucleus considered, 
as a single entity, by the kinetic energy of the nucleons within it. 
With this comment, we shall not pursue the matter further, since 
it is not necessary to do so for the development of the main 
purposes involved. 

0 Tt is of interest to observe that while P»=mon?,/(1—v,2/c*)}, 
the pseudo-momentum ,P,, is equal to montn/(1—v,/c?)5/8, up to 
and including terms of the order 2,,3/c3. Of course, both P,, and ,P, 
assume the elementary form mpo,?, for very small velocities. 
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vy-1, involving 3N coordinates in all. Here we take 


Ai=%1—-%2;  Ae=Xe—H3; «AN =Xn-1—- XN (45) 


with similar expressions for the y’s and v’s. 
The é, n, ¢, transformation will take the form 


M dé = > k,MondXn, (46) 


where 


M,'=6M.=B(>. Mn — €B/C). (47) 


Our problem now involves: (A) the development of 
the details of the transformation on the basis of the 
truth of (44) and the assumption that the k, are 
functions only of the A, u, v; (B) the proof that &, is 
indeed only a function of the A, w, v (see Sec. VI); 
(C) the proof of (44) (see Sec. VI). 

The details of (A) are straightforward, although a 
little cumbersome. We shall consequently leave the said 
details to the reader and proceed immediately to the 
consequences of (A), which are as follows. 

It turns out that y of Eq. (41) can be written in the 
form 


v=x¢, (48) 


where x is a function only of &, 7, ¢, and ¢ is a function 
only of the \, u, ». The equations which govern x and 
@ are 


81? €B 
vart+—a(E mun )Ex=0, (49) 
2 c 


8x* 
Paaeet— te V)o=0, (50) 
r 

where 

E,=E-«, (51) 
and ¢ is an eigenvalue for Eq. (50), the lowest € being 
—eg, and P(\,u,v) is an operator involving only the 
relative coordinates and given by 


vn 1 0 o \* 
P(A,u,v) => |(—- ) 
1 RymMont.\OAn OAn-1 


te) é . te) 
(IE 
Oun Oun—1 OV» 
with the understanding that 0/0Xo, 0/duo, 0/Av0, 0/dXN, 
0/dun, and 0/dvy are to be replaced by zero in this 
expression. 

Equation (49), when multiplied throughout by 4¢, is 
the quantum theory representative of a “particle,” the 
nucleus, with rest mass }> m,.—€s/c? moving with a 
velocity v given, when £; is small, by 


(> mnw— €p/C)?=E;, 


and this 2 is the velocity occurring in the quantity 8. 
The conditions for finiteness, etc., for ¢, determine 


0 2 
Ye 
OVn-1 


(53) 
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eigenvalues for e, the lowest being, of course, — eg, as 
aforesaid. 

Equation (49) is really the end point of our problem 
in showing that the nucleus acts as though it had a rest 
mass >> m,,.—€s/c. There remains the problem of 
how this quantity is to be recognized as the quantity 
which becomes measured as the rest mass. Perhaps the 
simplest procedure is to consider the quantum-me- 
chanical problem of collision with an additional particle, 
for example a neutron, coming from infinity and going 
off to infinity after the collision. The solution of this 
problem then determines the ratio of the mass of the 
nucleus, regarded as }> m,..—€/c’, to the mass of the 
neutron. 


VI. SUBSIDIARY MATTERS 


1. (B. See Section V) Proof that the &,, are 
Functions Only of the 2, u, v 


Since we shall have to use the pseudo-momentum 
form of the Schrédinger equation for the development 
of the proof that }> knmon=8 D> mn.—€s/c, we shall 
use that form here, so that, in accordance with (43), 
Sec. IV-3. 


WV 2p 
Sa2montcy 


n 


Since k, is very nearly equal to unity, we may use, for 
y in this expression, the value obtained by neglecting 
relativity considerations, in which case the k, disap- 
pears from (52) and ¢, as given by (50), certainly 
involves only the A, u, v, and constants. We shall call ¢, 
as thus simplified, ¢o. We shall omit the 8 from (49) 
and call the corresponding x, so simplified, Xo, so that 
the simplified y will be Yo given by 


Vo=Xobo. 


Recognizing the meaning of Mo, we have 


2 


2riP 
Xo=C exp thet hath), 


where the /’s are the directional cosines of the velocity 
of the nucleus as a whole, Py is the momentum. Thus 


2riP 
Yo=Coo a ae ete): 


Now, it follows directly from the transformation equa- 
tions, omitting the k, and writing Mo’ = Mo, that 


OYo  AYo 
te 
Mo OEXAAn = AAn-1 


ce) 0 \? 
(Sat) 
Orn OAn-1 


0x,? Me 0? 
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hM ho 


Opp Odo 1 re) 0 2 
(Seif Jo 
Orn OAn-1 do On OrAn-1 
so that (1/Po)(do/Ax,”) is a function only of the A, u, 
v, and constants. Similar results hold for the y and z 


directions, so that (1/Po)V,"Wo is a function only of the 
\, #, v, and R, is a function only of the A, y, v. 


1 Oyo Mon 4” 
co ee enemas i ( )pacte+ 
Yo Ox,” Me \ FP? 


2. (C. See Section V) Proof that 
>» R,.Mon = 6(= Mn — ©B, ‘c?) 


In the light of the approximation from y to Yo 
explained in the preceding proof, 


>, kaMon= >, mf 1 


WV Vo ) 
82? mon?CWo 


Now Eq. (33) is the approximate equation for y. It is, 
in fact, the equation for Yo, so that 
RVs (V-E) 
— =—_—_., (54) 
8? moncWo ¢ 
Thus 
Dd knMon= 2, Mont (E—V)/e 
=> mre— >, Amount (E-V)/e 
=> Mnnt V/C—-—V/EC+E/Ce 
=P mMnot (E:—ep)/C 
=) max (1+"/2c?) —es/c to high 
approximation 
= (1+2°/2c)(S> m..—€s/c*) to high 
approximation 
=B(S m,.—€x/c) to high approximation. 


This result substantiates the validity and meaning- 
fulness of our transformation (45) and (46), Sec. V-1, 
carrying with it the conclusion that the nucleus behaves 
as a particle having a rest mass >> m,.—€p/C’. 


3. Note Concerning the Potential Function V 


“arlier, in Sec. ITI-2, we have remarked that strict 
adherence to relativity would demand that we replace 
V by an invariant. In general, such an invariant would 
involve the sum of a number of invariants, one for each 
of the nucleons. Each of these invariants might well be 
the square of a 4-vector, analogous to the 4-vector of 
electromagnetic theory, and each would represent itself 
as a pure function of relative coordinates with a cor- 
rection factor involving the squares of the v,. In trans- 
formation to quantum theory, the squares of the v, 
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would give rise, as in the main development in this 
paper, to quantities involving V,.°po/po, and, as we have 
seen, these are functions only of the relative coordinates. 
The result would thus appear to be that V would 
become modified by a correction factor involving the 
d, w, v, and the effect would be a slight modification in 
the equation for the quantity @ occurring in (48), and 
consequently, a slight change in the eigenvalues, and 
so, of eg, as derived from that equation. 


4. Bearing of the Foregoing upon the 
Single-Particle Model 


In our classical formulation, Secs. I to III, relativity 
has necessitated restriction to a very special form of 
system, a system in which, in the frame of motion S’ 
which is the frame in which (14) holds, not only is (15) 
true, but 8,’mo, must be constant for each individual 
nucleon. In other words, it is demanded that 


Tn +monc?= const, 
eee 
Tn —Amonc?=const—CMn.= En’, 


where E,.’ is a constant. 
By incorporating our hypothesis (30), and writing V, 
for >>. fn(tns), We have 
tr tVn=En, (56) 
where V, is a function of all the coordinates in 5S’, but 
is not the complete function V given by (32). Equation 
(56) approximates to 


PZ 
a (57) 


where we have dropped the primes, with the under- 
standing, however, that our equation applies to a frame 
in which the center of momentum isat rest. The ordinary 
transformation to quantum theory is now made in the 
usual manner, so that 


8° Mra. 
“ ‘ 
ViWat— a —(E,— 


h? 


V,.n=0. (58) 


This is the ordinary y equation for a single particle, 
except that the coordinates other than those of the mth 
particle occur in V,. If we now multiply by a 3(V—1) 
dimensional volume element, integrate throughout a 
large volume in the 3(N—1) dimensional space and 
divide by the volume, we obtain 


82° Mx a 
V,2W,+———(E,—V,.)¥.=0, (59) 


h 


where W,, is the average of yn, and V, is a weighted 
average of V,, throughout the volume. Both W, and V, 
are now functions only of the coordinates of the mth 
particle. 
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Equation (59) is the ordinary equation representative 
of the single-particle model. 


5. Identification of (X m,.,.—es/c*) with 
the Measured Mass 


To many, the occurrence of (> m,..—€x/c*) in place 
of >> m,.. in (49) is a sufficient criterion that the nucleus 
acting as a single particle behaves as though it had a 
rest-mass (>_ m,,.—e€g/c?) rather than }° m,,, which 
would have been the value obtained by the neglect of 
mass-energy relation. However, strictly speaking, we 
should show that in terms of quantum theory alone, 
(>> mn.—€p/c?) is the kind of mass that would be 
measured experimentally for the nucleus. The identi- 
fication of (>> m,.—€s/c) with the measured mass may 
be made in several ways. Perhaps the most clean-cut 
way is to be found through the application of the 
principles of conservation of energy and momentum to 
the collision of the nucleus with some additional particle 
coming from infinity with an initial assigned velocity, 
and mass m,,. However, it is first necessary to derive, 
from the quantum theory itself, the said principles of con- 
servation of energy and momentum, for it would not be 
logical to assume these principles as something super- 
posed upon the quantum theory. 

The development has been carried out along the lines 
above indicated, but will not be given here. Needless 


to say, the development results in the conclusion that 
(> mn.—€z/c) does represent the measured mass. 


ee 
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VII. CONCLUSION 


A summary of what has been accomplished is given 
by the abstract of this paper. A few additional remarks 
may be made. In the first place, it must be emphasized 
that no attempt is made to “prove” the quantum theory 
equations. The standard procedure of deriving the 
quantum theory from classical theory is no more 
palatable to the writer than it must be to many 
physicists. The attempt here is merely to adapt that 
procedure, with all of its logical weaknesses, toa classical 
starting point which recognizes the mass-energy relation 
in the hope that the quantum theory equations will 
themselves continue to recognize that principle in a 
form adpatable to experimental test. 

It may seem strange that, in what has been attempted, 
we have not emphasized the role of charge in the case 
of protons. Of course, this role is implicitly contained 
in the nature of the f,.(7,.) involved in the expression 
for V in (32). The role of the charge as a producer of 
magnetic effects has not been discussed in view of the 
already great length of the paper. 

Whatever may be said in the way of criticism of the 
various hypotheses which have been made to realize 
ultimately the classical situation represented by (31), 
we have to recognize that many would be willing 
(without, in our judgment, good reason) to admit that 
equation as a proper starting point for the development 
of the story along the lines of quantum theory, which 
development we have carried out. 
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Ground-State Energy and Stopping 
Power of an Electron Gas 


PuHitipre NozizrRes AND DAvip PINEs* 


Laboratoire de Physique, Ecole Normale Supérieure, Paris, France 
(Received November 18, 1957) 


E here summarize a demonstration of the equiva- 
lence of treatments of the free-electron gas 
proposed by Bohm and Pines, Gell-Mann, Brueckner, 
Sawada, and their collaborators,? and Hubbard.’ We 
further show that all of their results may be inferred 
from a knowledge of the complex dielectric constant as 
a function of frequency and wave vector. 
We make use of a simple relationship between the 
Coulomb energy in the ground state, 


9 


2x 
(Wo(e) | Hint | Vo(e)) = > 7 
k 2 


X {| (Wn(e)| ox] Yo(e))|?—N}, (1) 


and the rate of energy loss of a test charge density 
fluctuation, 7, oscillating at a frequency Q, 


2r 


4re*\? ee 
(—) rir_a| (Yale) | pu| Yo(e))|? 
nh\ R? 


XM[Q—wno(e)], (2) 
where Wo(e), V,,(e) are eigenfunctions of the interacting 
electron system. A knowledge of (dE /dt) for any 2 and k 
obviously permits the rigorous calculation of the 
Coulomb energy, (1). 

In a forthcoming paper we calculate (dE/dt) using 
the minority carrier technique previously described by 
us,‘ and making use of the random phase approxima- 
tion, which is the basic common feature of the above 
theories. We obtain in microscopic fashion just the 
result of a macroscopic dielectric constant analysis,® 


dE 8re’Q 
ia ” 


€2 


———-, (3) 
e+ €2” 


dt 


kT ky 


where the dielectric constant, ¢= €;+7€2, is defined with 
respect to the plane wave states of the electron gas in 
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the usual fashion.‘> Using (3) we may thus write the 


Coulomb energy (1) as 


i) €2 
d0———— (24 Ne?/k?). 


0 ev+e”? & 


(4) 


h 
Ein = bh 
dr & 


From (4) we may obtain the ground state energy of 
electron gas, 


3 2 d(e) 
Ey=-NErt+ f tata Se 
5 0 e 


(5) 


which is just the result of Hubbard.’ The equivalence 
of (5) with Gell-Mann ef al. may be seen most simply 
by comparing Eq. (14) of Hubbard II’ and Eq. (15) of 
Sawada, making use of the appropriate expressions for 
€, and ¢€2.° As Hubbard and Sawada et al. have pointed 
out, the residues of the poles of (1/e) in (5) give rise to 
the plasmon contribution to £o; the remaining terms 
arise from the screened electron interaction. 

From (3) we may immediately obtain the stopping 
power of the electron gas for a fast charged particle of 
velocity Vo: 


dE 2e? dk fr” Qe 
mee fas tj, 
dx mV? k Jo €1°+ €2" 


There are two interesting relations involving ¢ which 
arise because it is analytic in the upper half plane and 
behaves for large 2 as e=1—w,?/Q? where w, is the 
plasma frequency, (42ne?/m)!. The first relation is the 
usual f-sum rule, 


im| f aa ea} 
0 


The second relation, 


? Q 
J dQ -| = —}7w,’, 
0 € 


shows that the total stopping power, (6), is given by the 
usual Bethe formula.’ 

In deriving the foregoing results we have neglected 
all higher-order exchange diagrams. As Gell-Mann and 
Brueckner have shown, this is an excellent approxima- 
tion in the high-density limit. Physically, the success of 
a simple dielectric constant formulation in this limit 
arises from the fact that here the important momentum 
transfers correspond to wavelengths which are large 
compared to the interparticle spacing. For actual 
metallic densities, the correlation energy obtained from 
(5) is not as accurate as that of Bohm and Pines! or 
that of Hubbard II (with the approximate inclusion of 
exchange effects).* It is our hope that certain of the 
exchange diagrams may be included as a local field 
correction to the dielectric constant in such a way that 
one can still conserve the random-phase approximation 


(6) 


(7) 


= }1wp’. 


(8) 


Im 
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in the calculation. Finally we remark that the extension 
of the basic results (5) and (6) to an actual solid is 
trivial; as Hubbard has remarked, one need only in- 
corporate the appropriate solid dielectric constant in 


these expressions. 


* National Science Foundation Senior Postdoctoral Fellow, on 
leave of absence from Princeton University, Princeton, New 
Jersey, 1957-58. 

1D. Bohm and D. Pines, [Phys. Rev. 92, 605 (1953) ], as revised 
along the lines of P. Nozitres and D. Pines, II, [Phys. Rev. 109, 
762 (1958) this issue]. 

2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957); Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 
507 (1957); K. Sawada, Phys. Rev. 106, 369 (1957). 

8 J. Hubbard, I, Proc. Roy. Soc. (London) A240, 539 (1957); 
II, Proc. Roy. Soc. (London) A243, 336 (1959). 

4P. Nozitres and D. Pines, II, reference 1; and IV (to be 
published). 

5 See, for instance, J. Hubbard, Proc. Phys. Soc. (London) A68, 
976 (1955). 

® Usually the dielectric constant is extended to the range of 
negative frequencies by the requirement that e(—@)=e*(Q), while 
Hubbard prefers to use the relation e(—2)=«(Q). This does not 
affect our result, since we integrate only from 0 to ». We further 
remark that to get the correct result in the high-density limit, 
we should add to (5) the second order exchange energy. 

7 The integration in (8) is understood to run along a line slightly 
above the real axis. It does not involve any principal part at the 
plasma pole. ; 

8 For actual metallic densities the higher order exchange terms 
(which are negligible in the high-density limit) actually cancel 
one-half of the direct terms for the short-wavelength momentum 
transfers of interest in this domain. For a detailed discussion of 
this point we refer the reader to a forthcoming paper by us. 


Energy Levels of the Two-Electron Atom 
to Order a’ ry; Ionization Energy 
of Helium* 


J. SucHEert 
Department of Physics, Columbia University, New York, New York 


(Received December 6, 1957) 


HE a’ ry corrections to the energy levels of the 

two-electron atom have been studied and tech- 
niques have been developed for calculating at least 
some of the corrections of order a‘ry. The starting 
point has been a ‘‘mixed gauge” Bethe-Salpeter equa- 
tion, extended to the case where an external field is 
present. The term “mixed gauge” refers to the fact 
that interaction between the electrons is described in 
Coulomb gauge while self-interaction is treated in 
covariant gauge. A general proof has been obtained 
that such a mixing yields correct results in the calcula- 
tion of energy levels.! The correctness of previous 
calculations for hydrogen? and for positronium,’ in 
which some terms were calculated by comparison with 
the corresponding, non-hole-theoretic Breit equation,‘ 
has been incidentally confirmed. 

The increase AW of the nonrelativistic energy W due 
to relativistic and quantum-electrodynamic effects is 
expressible as the expectation value of certain operators 
with yg, the Schrédinger-Pauli wave function which 
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satisfies 


W e=Hoeo= 
2m 2m nr; 
One finds 


AW=(AW)atry+(AW)a*rytO(a' Ina ry), (2) 


where (AW ),?ry is obtained in agreement with previous 
work on the a’ ry corrections.® The general formula for 
(AW).*ry is lengthy.® For a singlet S state, with wave 
function of the Hylleraas-Kinoshita type,’ ie. (in 
atomic units) 

=e >S cimns'ul”, (3) 
we find 


8; 19 m\ a 14 a 
(aW)ern=| —+n( ~) Fy"——(tna)=2y” 
3130 2ko/ Ir 3 T 


5a 14 302\ a 
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abi —p3 a ry, 

3 G/ rr 
where £,", £,'", and £;” are quantities defined in 
reference 5, ko is an average excitation energy defined 


by Kabir and Salpeter* and evaluated by them for the 
ground state of helium, and 


(4) 
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F= a Cimalt’m’ a’), ps 3x2 Z, C100€1' 00 sh i. 
Fd 


(5a) 


putvx0 


p=1 p 


G=)>CimnCt'm’ nS), y,»5 (Sb) 


with A=/+/', p=m+m’, v=n-+n’, and 


Sp,ue= [1+ (—1)"JA+e+r+5)! 
XCED—M uo +3)— (+3) ptr $5)—"). (6) 


The terms in the first line of Eq. (4) have already 
been obtained and evaluated by Kabir and Salpeter* 
for the ground state of helium. Their results combined 
with the results of Kinoshita’ for W and (AW).q?;y have 
previously yielded a value of 198 310.38 cm™ for the 
ionization energy of helium.’ We have evaluated the 
remaining terms in Eq. (4) by using Kinoshita’s values’ 
for k and EF,’ in the second line of Eq. (4) and the 
6-parameter wave function of Hylleraas® in the last line 
of Eq. (4). We find an additional contribution to 
(AW) ary of amount 0.072 cm~. The theoretical value 
for the ionization energy thus becomes 


J theor= 198 310.31 cm™, (7) 


which may be compared with the experimental value’ 
J exp= 198 310.541 cm. (8) 


The uncertainty in Jtheor comes mainly from uncer- 
tainty in the values of W and (AW),*,y, as has been 
discussed by Kinoshita. The agreement between (7) 
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and (8) is of course very satisfactory but an increase 
in the knowledge of the precision of the present values 
of W and (AW),*ry and in the precision of Eq. (8) 
would be very desirable, if the combined results of 
Kabir and Salpeter® and of the present calculation are 
to be put to a more severe test.!! 

A detailed account will be published. Professor H. M. 
Foley suggested this work and his constant advice and 
encouragement are gratefully acknowledged. Thanks 
are due Professor N. M. Kroll for many profitable 
discussions. 

* Supported by the National Science Foundation. 

+ Present address: Department of Physics, University of Mary- 
land, College Park, Maryland. 
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5 J. Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954). 

®See J. Sucher, Ph.D. thesis, Columbia University, 1957 
(unpublished) and reference 11. 

7 T. Kinoshita, Phys. Rev. 105, 1490 (1957). 

§P. Kabir and E. E. Salpeter, Bull. Am. Phys. Soc. Ser. I, 1, 
46 (1956). 

9 E. Hylleraas, Z. Physik 54, 347 (1929). 

1G. Hertzberg and R. Zbinden (unpublished), quoted in 
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4 As this work was being completed, there appeared a paper by 
H. Araki [Progr. Theoret. Phys. Japan 17, 619 (1957) ] in which 
the same problem is considered. Although the approach of Araki 
differs in many details from ours, as does the appearance of his 
final formula, the results are in fact the same. This tends to confirm 
the correctness of both calculations. 


Effect of Neutron Irradiation on Infrared 
Absorption in Silicon* 
W. G. Sprrzert AND H. Y. Fan 


Purdue University, Lafayette, Indiana 
(Received November 25, 1957) 


T was observed by Becker, Fan, and Lark-Horovitz' 
that irradiation by fast neutrons or high-energy 
deuterons produces in silicon an absorption band with 
a peak at about 1.8 microns. A second effect observed 
was an apparent shift of the intrinsic absorption edge 
toward longer wavelengths. Both effects were found to 
be roughly proportional to the irradiation. The absorp- 
tion band which was attributed to the excitation of 
defect centers in the lattice has been observed also in 
electron-irradiated samples.” Three additional effects of 
fast-neutron irradiation have been found. (1) An ab- 
sorption band is produced at 20.5 microns with weaker 
bands at longer wavelength. (2) An absorption band is 
observed at 3.9 microns. It becomes more pronounced 
after the irradiated sample has been annealed at some 
elevated temperature. (3) Annealing may cause a 
general decrease of infrared transmission. This effect 
was first observed by Longo.’ 
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Fic. 1. Percent transmission as a function of wavelength for a 
p-type silicon sample irradiated with 8.5 X 10!8 cm~ fast neutrons. 
The sample had originally a resistivity of 0.007 ohm cm at room 
temperature. The anneal consisted of heating at 145°C for 80 
minutes in vacuum. 


Figure 1 shows the transmission curves for a neutron- 
irradiated sample (1.2 10* ohm cm after irradiation), 
before and after an anneal at 145°C in vacuum for 80 
minutes. Two of the absorption bands in normal silicon, 
the most prominent lattice band at 16.5 microns, and 
the 9-micron band due to the presence of oxygen, are 
seen in these curves. The strong 1.8-micron band, pro- 
duced by the irradiation, is seen at the short-wave- 
length end of the curves. The newly observed band at 
3.9 microns is seen to be more pronounced after the 
anneal, especially in the low-temperature curve. The 
additional band found at 20.5 microns with two weaker 
bands at longer wavelengths are also shown by the 
curves. 

The strongest of the additional bands at long wave- 
lengths is close to the normal 16.5-micron lattice band. 
This band at 20.5 microns is insensitive to temperature 
as shown clearly by the curves in Fig. 2. The apparent 
decrease of this band at the lower temperature is 
entirely accounted for by the diminished background of 
normal lattice absorption‘ in this wavelength region. 
The 16.5-micron band, which decreases with decreasing 
temperature,’ is seen to be stronger than the 20.5- 
micron band at room temperature but comparatively 
smaller at the lower temperature. The normal modes of 
silicon are optically inactive due to the crystal sym- 
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metry ; therefore the lattice band usually observed must 
correspond to combination modes, and the observed 
temperature dependence indicates that acoustical modes 
are also involved. The introduction of lattice defects 
affects the crystal symmetry, consequently the normal 
optical modes may become slightly active. This seems 
to be a likely explanation of the 20.5-micron band and 
its insensitiveness to the temperature variation. 

The 3.9-micron band is a direct indication that a new 
type of absorption center is formed as a result of the 
heat treatment. The curves of Fig. 1 show that, while 
the irradiation-produced long-wavelength bands were 
not affected appreciably by the heat treatment, the 
strong 1.8-micron band was considerably reduced. Thus 
it appears that the centers responsible for the 3.9- 
micron band evolved from the defects giving the 1.8- 
micron band. It is also possible that the centers are 
formed as a result of a change in the ionization of the 
defects, since the annealing lowered the resistivity and 
the Fermi level. 

Figure 1 shows that the heat treatment produced a 
general decrease of the transmission measured at room 
temperature. Longo observed that the reduction in 
transmission persists to very long wavelengths, beyond 
100 microns. This effect has been found to be much 
smaller in the transmission measured at liquid nitrogen 
temperature. Measurements made on various samples 
indicate that this effect is connected in some way with 
the presence of impurities. The effect was pronounced 
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Fic. 2. Percent transmission as a function of wavelength for a 
p-type silicon sample irradiated with 10 cm fast neutrons. The 
original resistivity of the sample was 30 ohm cm. 
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in samples which were initially p type with high ac- 
ceptor (boron) concentrations, whereas in samples of 
initial high resistivities no appreciable effect was ob- 
served after the same amount of irradiation and similar 
heat treatment. 


* Work supported by an Office of Naval Research contract. 

t Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

‘Becker, Fan, and Lark-Horovitz, Phys. Rev. 85, 730(A) 
(1952); M. Becker, Ph.D. thesis, Purdue University, 1951 
(unpublished); H. Y. Fan, Reports on Progress in Physics (The 
Physical Society, London, 1956), Vol. 19, p. 107. 

*M. Nisenoff (unpublished measurement). 

. — Longo, Ph.D. thesis, Purdue University, (1957) (unpub- 
lished). 

*R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954). 





Optical Detection of Zero-Field Hyperfine 
Splitting of Na® 
M. Arpiti, Federal Telecommunication Laboratories ,* 
Nutley, New Jersey 
AND 
T. R. Carver,t Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received December 11, 1957) 


OLLOWING a suggestion by Dicke! for an atomic 
sodium clock employing buffer gas reduction of the 
Doppler width and following recent approaches?’ to 
increasing useful population differences and detection 
sensitivity by employing optical orientation methods,‘ 
we have investigated the AF=1 hyperfine microwave 
transitions in a buffer gas cell of Na*, and especially 
the AF=1, mp=0—m,r=0 transition, with a view to 
making a redetermination of the hyperfine splitting in 
the ground state, and investigating the system as a 
possible clock. It is possible with good signal-to-noise 
to observe the depolarization of a beam of circularly 
polarized light when Am r= +1 transitions in the ground 
state hyperfine structure are saturated by either rf* or 
microwaves, because the angular momentum of the 
system is directly disturbed. We have found that an 
observable and useful depolarization is also present 
when Am r= O transitions are saturated. For the Amr=0, 
mr=O transition the effect is “second order” in com- 
parison to Amr=1 transitions. 

The experimental apparatus is essentially similar to 
that of other workers.’ Sodium in a gas cell of about 
1-liter volume was maintained at a temperature of 
120 to 130°C. Buffer gases of spectroscopically pure 
argon and neon ranging in pressure from 1 to 50 mm 
Hg were used to reduce the Doppler width. A beam of 
circularly polarized resonance radiation from standard 
sodium lamps running on dc was passed through the 
sodium cell and focused on a type 927 photocell. An 
homogenous magnetic field of a few gauss was produced 
in the region of the cell with a set of Helmholtz pairs. 
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The sodium cell was irradiated with microwave power 
by a wave guide horn with suitable polarization for 
either o or m excitation. The microwave oscillator was 
frequency-modulated at 30 cycles per second and the 
output of the photocell amplifier was fed into a phase- 
sensitive detector, thus obtaining the derivative of the 
resonance line. The microwave frequency was obtained 
by multiplication from a crystal oscillator at 24.6 
Mc/sec. The frequency of the crystal oscillator was 
measured with a Berkeley counter monitored with 
station WWV with a short-term accuracy of 1 part in 
10° to 1 part in 10’. It was found that the Ampr=0, 
mpr=Q transition would be observed with a signal-to- 
noise ratio barely sufficient for direct display on a scope 
and with a signal-to-noise ratio of 20:1 when a band- 
width reduction to 0.05 cps was made with a lock-in 
amplifier. 

The value of the hyperfine splitting of Na* in the 
ground state was found to be 


(1771.6262+-0.0022H”) X 10°+ 100 cycles/sec. 


This frequency was obtained by direct measurements on 
a line whose width was 400 cps. The line width in this 
case is determined mostly by microwave saturation 
effects and partly by noise and instability in the 
oscillator. The value obtained by this method is slightly 
lower than the value given by atomic beam meas- 
urements.° 

The effect of buffer gas pressure in shifting the 
hyperfine frequency was studied. Argon pressures of 
1 mm, 5 mm, 10 mm, and 50 mm were used. No ob- 
servable pressure shifts were measured with argon 
although the accuracy of the measurements leave the 
possibility that a pressure shift of several cps/mm 
might be present. Such a magnitude would be in agree- 
ment with measurements on Rb*’.? Neon shifts for 
pressures of 1 mm, 5 mm, 10 mm, and 50 mm were 
measured. A pressure shift to higher frequencies of 
80 cps/mm was found. This surprising result we believe 
to be caused by exchange of the valence electron to the 
similar neon core with an accompanying spin-orbit 
interaction. We have also measured by microwave 
methods an effective cross section of 5X 10~™ cm? for 
exchange collisions between sodium atoms which de- 
termine the line width at higher pressures of sodium. 


*A division of International Telephone and Telegraph Cor- 
poration. 

t Consultant to Federal Telecommunication Laboratories. 
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Ground-State Energy of Two-Electron 
Atoms. Corrective Results 


Ecrt A. HyLLERAAS AND JOHN MipTpDAL 


Institute for Theoretical Physics, University of Oslo, Oslo, Norway 
(Received December 10, 1957) 


N a Letter! last year we gave a preliminary report 
dealing with the ground-state energies of the He 
atom and homologous two-electron ions calculated by 
means of a 24-term function containing a nonconven- 
tional logarithmic term together with 3 terms of the 
type introduced by Kinoshita? in his formal solution of 
the Schrédinger equation for He. The contribution from 
this logarithmic term to the ground state energy in the 
limiting case of nuclear charge Z— was of the order 
of magnitude 5-6 in the fifth decimal place as measured 
in Rydberg units, i.e., about 5 cm~ in wave number 
units. For finite Z the contribution was smaller, but it 
did not surprise us that a contribution of about 2 cm™! 
remained in the case of He. Soon afterwards we had a 
report of results obtained by Kinoshita for the ground- 
state energy of He, using a 39-term function. His energy 
value was about one cm™ behind ours, in spite of his 
numerous terms. Because of the obviously well-adapted 
form of our logarithmic term, however, we did not for 
this reason mistrust our calculations. Then we had a 
report of the Hart and Herzberg’ calculations based on 
a 20-parameter conventional wave function. The energy 
value obtained by these authors was only about one 
cm~ behind that of Kinoshita. Next, from preliminary 
calculations they had found only a negligible contri- 
bution from our logarithmic term. On account of this 
discrepancy we decided to recalculate our matrix ele- 
ments and as a matter of fact no mistake could be found 
in our basic calculations using the matrix M—L+2N 
in place of the kinetic integral M (L and WN being 
Coulomb and normalization integrals, respectively). 
Hence the important Z— results were correct. How- 
ever, for finite Z we had at a later stage to introduce 
also the M matrix and it was finally found that in the 
transition from M—L-+2N to M two figures containing 
the sequences - - -6480--- and ---6048--- had in some 
way been confused. The mistake was, however, outside 
the row and column of the logarithmic term. 
The correction of this mistake at first displaced the 
energy of He 2-3 cm~ backwards, i.e., behind both the 
Kinoshita and the Hart-Herzberg values. It therefore 


TABLE I. Corrected values of E2(Z). 








—E:(Z) 
Incorrect Corrected 


—E:(Z) 
Inccrrect Corrected 





0.312893 
0.313192 
0.313426 
0.313613 
0.314459 0. 
0.315311 


0.305451 0.312883 
0.307457 
0.309818 
0.311131 
0.311945 
0.312496 


0.305434 
0.307443 
0.309821 
0.311126 
0.311936 
0.312486 
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became necessary to repeat the whole variational 
process with the electronic computer. The final energy 
value which could be obtained from our 24-parameter 
function is only about 0.2 cm™ behind that of 
Kinoshita. Apart from He and H~ the error in the 
energy value introduced by the incorrect matrix ele- 
ment is less than 1 cm~!. For H™ it is a little over 
1.5 cm7. 

However, the contribution from the logarithmic term 
to the energy value for both large and small nuclear 
charge Z was still practically the same as before the 
correction. 

This fairly appreciable contribution is larger than 
would be expected on the basis of the Hart-Herzberg 
results. Obviously their terms /?u, (°u‘, st? and st*u, 
which are not present in our wave function, are better 
suited to compensate for the logarithmic term than 
some of the terms used by us. 

The old incorrect values together with the corrected 
ones, all of which have been separately calculated, are 
given in Table I, E:(Z) being defined by the formula 


E=—22Z°+ (5/4)Z+E2(Z). 
A detailed account of the calculations will be pub- 
lished in the near future. 
1 E. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 


2 T. Kinoshita, Phys. Rev. 105, 1490 (1957). 
3 J. F. Hart and G. Herzberg, Phys. Rev. 108, 79 (1957). 





Lifetime of a 1- Level in Sm?**+ 


L. Gropzins 


Brookhaven National Laboratory, Upton, New York 
(Received December 11, 1957) 


A 961-kev level fed by K capture! from Eu'®*’™ has 
been identified? as 1~ by internal conversion meas- 
urements of the 961- and 837-kev gamma transitions to 
the 0* ground state and 2* first excited state of Sm'*; 
the pertinent parts of the decay scheme!:? of Eu!” 
are shown in Fig. 1. The spin of the 961-kev level has 
been confirmed’ by an angular correlation measurement 
of the 1—2—0 gamma-ray cascade. The ratio of the 
reduced transition probabilities of the 961- and 837-kev 
transitions is 0.50.05, suggesting strongly that the 
961-kev level is a member of the K=0 rotational band. 
The log ft values of the transitions, shown in Fig. 1, to 
the ground state levels of Sm1** and Gd!* and especially 
the allowed log ft value of the transition to the 961-kev 
level strongly favor odd parity for the 9-hour isomeric 
state of Eu’. For first forbidden transitions such 
small ft values occur only near double magic nuclei.‘ 
(The spin-zero assignment to Eu!**" seems most reason- 
able since a search for an isomeric transition >25 kev 
carried out with a permanent magnetic spectrograph of 
0.1% resolution places its mean life as greater than 5000 
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Fic. 1. Partial decay scheme of Eu'®™. The spin of the ground 
state has been measured as 3. {Abraham, Kedzie, and Jeffries, 
Phys. Rev. 108, 58 (1957); Manenkov, Prokhorov, Trukhlayev, 
and Yakovlev, Doklady Akad. Nauk S.S.S.R. 112, 623 (1957) 
[translation: Soviet Phys. Doklady 2, 64 (1957) ]; Nuclear Data 
1987) ire (National Research Council, Washington, D. C., 
1957). 


hours, which is more than 10" times slower than a 
single-proton AJ=2 transition.) The total K-capture 
energy is 890+50 kev, as deduced from the positron 
spectrum to the ground state of Sm!**, measured with a 
three-crystal pair spectrometer.! 

As is well known,® resonance scattering of nuclear 
gamma rays is normally impossible unless the energy 
lost in emission and absorption, AE=E,*/Mc?, is 
supplied to the emitted gamma ray. (For a 961-kev 
transition in Sm!**, AE=6.5 ev.) However, for electric 
dipole transitions the ratio of the natural width T to AE 
may be large enough so that the wings of the emission 
and absorption lines can be used to excite the level. 
[T961 kev (single proton)-~3 ev.] Also, the mean life of 
such an electric dipole transition would be short enough 
(Ts.p.2~2X10-'* sec) so that even in a solid source the 
gamma ray would be emitted before the recoiling 
nucleus slows down and would therefore be subject to a 
Doppler shift due to the recoiling nucleus. 

The resonant scattering cross section was determined 
in the standard geometry shown in Fig. 1 of the follow- 
ing paper,® but without the magnet. Solid Eu2O; sources 
and Eu,O; dissolved in HCl were used. In the initial 
runs,* thin ring scatterers of 50 grams each of Sm,O; 
and Nd.O; were alternated. Since no resonance scatter- 
ing of any kind was observed with Nd,O3;, the sub- 
sequent runs using 1850 g of Sm,0; were compared 
with a lead scatterer having a comparable number of 
electrons. The source strength was determined several 
days after a run by placing the source in a position 
corresponding to the mean distance of the scatterer, so 
that the efficiency of the detector was eliminated to a 


LETTERS TO THE EDITOR 



















10000 or T T T T T T T T T T 7 
C q 
r ° 96! kev 7 
L ' 1 
sm,0,5 
1009 -- ry SCATTERER ~ 
z Ff : 
= L ., a 
et L 4 
4 b 3 4 
2 ° 
Sif \, : 
o \ 
- LEAD SCATTERER Sy 4 
z ‘ 
a 
2 
100 - 
< q q 
r 4 
a 4 
RESONANT SCATTERING J 
DISTRIBUTION 
10 i L 1 — 1 i 1 


1 i 1 1 
18 22 26 30 34 38 
PULSE HEIGHT (ARBITRARY UNITS) 


Fic. 2. Resonant scattering distribution from a scatterer 
of ~1850 g of Sm,0;. 


first approximation. The resonant scattered gamma-ray 
distribution is shown in Fig. 2 for a source strength of 
~20 millicuries. The ratio of the 837-kev to 961-kev 
photopeaks is 1.8 which is in agreement with the ratio 
of the y rays before scattering, 1.4, corrected for detec- 
tion efficiencies and for the different angular distributions 
of the scattered gamma rays at 100°—the mean angle of 
scattering. The cross section measured with the solid 
source is (5+1)X10~** cm?, the major uncertainties 
being in the geometry and source strength determina- 
tions. The liquid source gave a 20% higher cross section ; 
the difference may be due to a slowing down of the 
recoiling nucleus in the solid or a change in its effective 
mass. 

In order to calculate the lifetime of the transition 
one should take into account the natural width of the 
emitting level, the Doppler broadening of the emitted 
gamma ray due to the neutrino recoil, the possible 
slowing down of the recoiling nucleus, the effective 
mass, and the temperature broadening of the emission 
and absorption lines. If the recoil and temperature 
effects are neglected, a lower limit on the mean life can 
be set as 1.7X10-™ sec. An upper limit is certainly the 
slowing-down time in the solid, approximately 2X10-" 
sec,’ since a stationary nucleus with a level of this 
mean life will give a cross section less than 1/100 that 
observed. Conversely, therefore, the gamma ray is 
emitted in general before the recoil slows down so that 
the Doppler broadening due to the neutrino emission 
must be taken into account, and the resonance scatter- 
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ing becomes a sensitive detector of the direction of 
neutrino emission. Taking into account the width of 
the emitting line and the Doppler shift due to the 
recoiling nucleus, assumed to have an effective mass num- 
ber equal to 152, the mean life of the 1~ level becomes 
t= (341) X10~ sec. The effect of the temperature of 
the source and scatterer has been neglected. The 
measured lifetime is thus approximately 150 times 
longer than the single proton estimate. This mean life 
corresponds, according to the formulation of Bohr and 
Mottelson,* to an octupole deformation parameter, 
B3c~0.07, for the 1- state of Sm!*. 

I would like to thank M. Goldhaber, A. W. Sunyar, 
and J. Weneser for many valuable discussions. 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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Helicity of Neutrinos* 


M. GOLDHABER, L. GropziIns, AND A. W. SUNYAR 


Brookhaven National Laboratory, Upton, New York 
(Received December 11, 1957) 


COMBINED analysis of circular polarization and 

resonant scattering of y rays following orbital 
electron capture measures the helicity of the neutrino. 
We have carried out such a measurement with Eu!®", 
which decays by orbital electron capture. If we assume 
the most plausible spin-parity assignment for this 
isomer compatible with its decay scheme,' 0—, we find 
that the neutrino is “left-handed,” i.e., o,-p,=—1 
(negative helicity). 

Our method may be illustrated by the following 
simple example: take a nucleus A (spin J=0) which 
decays by allowed orbital electron capture, to an 
excited state of a nucleus B(J/=1), from which a y ray 
is emitted to the ground state of B(J=0). The condi- 
tions necessary for resonant scattering are best fulfilled 
for those y rays which are emitted opposite to the 
neutrino, which have an energy comparable to that of 
the neutrino, and which are emitted before the recoil 
energy is lost. Since the orbital electrons captured by a 
nucleus are almost entirely s electrons (K, 1, «-- elec- 
trons of spin S= 4), the substates of the daughter nucleus 
























































1016 LETTERS 

Eu?” source 

“LIS Al RSCG 

y 

y) Y (| _—- ANALYZING 

V) , MAGNET 

oat fF. A, 
SCALE 
. 
Pb 
Sme O35 
SCATTERER Fe+Pb SHIELD 

ff 2"x3h" f 
yf NoI V 
Wi (Tey 
" U 
( y 
ARCA IY 
H) 6342 |// 
i! ; Mu METAL SHIELD 


























_ Fic. 1. Experimental arrangement for analyzing circular polar- 
ization of resonant scattered y-rays. Weight of Sm,O, scatterer: 
1850 grams. 


B, formed when a neutrino is emitted in the Z direction, 
are m= —1, 0 if the neutrino has positive helicity, and 
m=-+1, 0 if the neutrino has negative helicity. In 
either case, the helicity of the y ray emitted in the 
(—Z) direction is the same as that of the neutrino. 
Thus, a measurement of the circular polarization of 
the y rays which are resonant-scattered by the nu- 
cleus B, yields directly the helicity of the neutrino, if 
one assumes only the well-established conservation 
laws of momentum and angular momentum. 

To carry out this measurement we have used a 
nucleus which appears to have the properties postulated 
in the example given: ¢3Eu!**"(9.3 hr). It probably has 
spin 0 and odd parity. It decays to an excited state of 
625m}*2(1—) with emission of neutrinos which have an 
energy of 840 kev in the most prominent case of 
K-electron capture. This is followed by an E1 y-ray 
transition of 960 kev to the ground state (0+). The 
excited state has a mean life of (3+1)X10~" sec, as 
determined by Grodzins.! Thus, even in a solid source 
most of the y-ray emission takes place before the 
momentum of the recoil nucleus has changed appre- 
ciably. 

The experimental arrangement used is shown in 
Fig. 1. The Eu'®’” source is inserted inside an electro- 
magnet which is alternately (every three minutes) 
magnetized in the up or down direction. The y rays 
which pass through the magnet are resonant-scattered 
from a Sm,Q; scatterer (26.8% Sm**), and detected in 
a 2-in.X3}-in. cylindrical NaI (TI) scintillation counter. 
The photomultiplier (RCA 6342) is magnetically 
shielded by an iron cylinder and a mu-metal shield. 
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The effectiveness of this magnetic shield was demon- 
strated by check experiments with a Cs!’ y-ray source 
in a manner similar to that described previously.? No 
significant effect of magnetic field reversal on the photo- 
multiplier output was noticed when two narrow ac- 
ceptance channels were set on the steeply sloping low- 
and high-energy wings of the 661-kev photopeak, 
respectively. 

The source was produced by bombarding ~10 mg of 
Eu,O; in the Brookhaven reactor. In typical runs the 
intensity varied from 50-100 mC. Nine runs varying 
in length from 3 to 9 hours were carried out. The 
scattered radiation is shown in Fig. 2. It contains both 
y rays emitted from the 960-kev state (960 and 840 
kev). Counts were accumulated simultaneously in 3 
channels A, B, and C as shown in Fig. 2. A cycle of 
field reversals was used such that the decay corrections 
were negligible. No effects of field reversal or decay 
were noticed in channel C. Channel A exhibited a 
possible small magnetic field effect which was less than 
one-tenth of that observed in channel B. In channel B, 
which bracketed the photopeaks, a total of ~3X10° 
counts were accumulated. In 6 runs carried out in the 
arrangement shown in Fig. 1, an effect 6=(N_—N,)/ 
4(N_+N,)=+0.017+0.003 was found in channel B 
after the nonresonant background had been subtracted. 
Here NV, is defined as the counting rate with the mag- 
netic field pointing up, and N_ as the counting rate 
with the field pointing down. 
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Fic. 2. Resonant-scattered y rays of Eu". Upper curve is 
taken with arrangement shown in Fig. 1 with unmagnetized iron. 
Lower curve shows nonresonant background (including natural 
background). 
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The magnet response was tested with the brems- 
strahlung from a Sr®+ Y® source, for which the helicity 
is negative,” #,:p,=—1. Eu!®" runs were made with 
both solid and dissolved sources (HCI solution), and 
both gave similar results. The effective path length of 
the 960-kev y ray in the magnet was somewhat un- 
certain, partly because of the extent of the source and 
partly because of a lack of knowledge of the field 
distribution in the return path. We estimate that the 
average path is equivalent to 30.3 mean free paths in 
fully magnetized iron. From this we expect an effect of 
6=+0.025 with an accuracy of 10%, if the 960-kev 
y rays are 100% circularly polarized, with the — sign 
corresponding to positive helicity (spin parallel to their 
direction of propagation) and the + sign to negative 
helicity. Thus we find that in our case the y rays are 
(68+14%) circularly polarized, and that their helicity 
is negative. As a further check, 3 runs were carried out 
with a shorter magnet of length 3} in. with the source 
on top of the magnet. In this case also a negative 
helicity was found, the circular polarization being 
(66-+15%). 

From the energy of the neutrinos emitted, the width 
of the y-ray line, and the fact that the circular polariza- 
tion varies with the direction of emission of the y ray 
relative to the neutrino as cos, we calculate that a 
circular polarization, which in the ideal case discussed 
above would be 100%, would be reduced to ~ 75%. This 
should be further reduced to a slight extent because of 
the efect of thermal motion and because some y rays 
are emitted after the recoil has changed momentum. 
Thus our result seems compatible with spin 0— for 
Eu", and 100% negative helicity of the neutrinos 
emitted in orbital electron capture.’ 

In all formulations of 8-decay theory no distinction 
is made between the neutrino emitted in orbital electron 
capture and that emitted in 8+ decay. Taken together 
with the fact that the helicity of the positrons in a 
Gamow-Teller transition is positive or with the fact 
that positrons are emitted from oriented nuclei in the 
direction in which the nuclear spin is pointing,® our 
result indicates that the Gamow-Teller interaction is 
axial vector (A) for positron emitters, in agreement with 
the conclusions of Hermannsfeldt ef al.6 These authors 
show that all recoil experiments with 8+ emitters are 
compatible with AV, but not with 7S interactions 
which have been reported for 8~ emitters (largely based 
on He® recoil experiments).’ The AV combination may 
be compatible with lepton conservation and a universal 
Fermi interaction as pointed out by Sudarshan and 
Marshak® and by Feynman and Gell-Mann.’ This view 
is strengthened by the recent results showing positive 
helicity for the positrons from wt decay.” It would 
therefore seem desirable to apply the method described 
here to a 8 emitter in order to determine the helicity 
of the antineutrino. Although the analysis of such an 
experiment is considerably more complicated, it may 
prove possible to reach a decision between A and T, 
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which is independent of the “classical” recoil ex- 


periments. 
We wish to thank J. Weneser for many valuable 
discussions. f 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1L. Grodzins, Phys. Rev. 109, 1015 (1958), preceding Letter. 

2 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 

*It is worthwhile to inquire how our conclusions are atfected 
if the less plausible spin-parity erica gy of 1 are assumed for 


Eu'@"_ For the case of a 17 of -Lo+ transition, J. Weneser 
(unpublished) finds 


3 _ (ov: C4 | Gar|?+v2| Gar - |Gr|] 
vere |Gor|*+|Gr]? , 


where Gotr=MoarCar and Gr=MyCr. This has been calculated 
on the simplifying assumption that the two-component neutrino 
theory and time-reversal invariance hold [see T. D. Lee and 
C. N. Yang, Phys. Rev. 105, 1671 (1957)]. For a neutrino helicity 
of —1 the photon helicity varies from +0.5 to —1.0, and for a 
neutrino helicity of +1 the photon helicity varies from —0.5 to 
+1.0. Considering the reduction factors discussed above, the 
experimentally found helicity of the + rays is in agreement ‘with 
the assumption of neutrinos of negative helicity, even if Eu!" 
has spin-parity 1—. In the other very unlikely case of a 1+ assign- 
ment to Eu!®™, we could not at present draw a definite conclusion 
concerning the neutrino helicity. The theory for first forbidden 
transitions is being investigated by A. M. Bincer. 

‘L. A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 

5 Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106, 
1361 (1957); Postma, Huiskamp, Miedema, Steenland, Tolhoek, 
and Gorter, Physica 23, 259 (1957). 

* Hermannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 

7B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

8E. C. G. Sudarshan and R. Marshak, Phys. Rev. (to be 
published). 

( ®R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 

1958). 

Culligan, Frank, Holt, Kluyver, and Massam, Nature 180, 
751 (1957). 

+ Note added in proof.—According to a private communication 
from Professor V. L. Telegdi, a refinement of the experiment of 
Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, [ Phys. 
Rev. 107, 1731 (1957) ] favors V-A for the 8 interaction. 








Axial Symmetry of Nuclear 
Wave Functions 
R. K. NESBET 


Department of Physics, Boston University, Boston, 
(Received November 25, 1957) 


Massachusetts 


N connection with recent work deriving the principal 
results of the Bohr-Mottelson theory from the nu- 
clear shell model with axially symmetrical (spheroidal) 
potential,’ it should be pointed out that there is a 
simple theorem which relates the spheroidal potential 
to the a priori Hartree-Fock method. This theorem 
follows trivially from resuits given in a somewhat 
different context in earlier papers.** 

The Hartree-Fock method, for the present purpose, 
is to be thought of as a variational calculation which 
attempts to find the single Slater determinant (a nor- 
malized many-particle wave function constructed as an 
antisymmetrized product of single-particle wave func- 
tions) for which the mean value of the total energy is a 
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minimum. The one-particle wave functions (occupied 
orbitals) from which this Slater determinant is con- 
structed satisfy Hartree-Fock integro-differential equa- 
tions. The Hartree-Fock equations can be expressed as 
a one-particle Schrédinger equation for the orbitals 
with an effective Hamiltonian operator which depends 
on the set of occupied orbitals but is the same for all 
of them. 

A Slater determinant may be said not to have closed 
subshells of orbitais when the occupied orbitals, chosen 
to be basis functions for irreducible representations of 
some symmetry group, include sets of orbitals which do 
not completely span irreducible representations. For 
example, to have closed subshells in j7— 7 coupling, all 
2j+1 different orbitals with different values of the 
azimuthal quantum number m must be occupied for 
each given radial wave function. 

The theorem proved here states that, for configura- 
tions with unfilled shells in the jj-coupling model, the 
conditions of self-consistency inherent in the definition 
of the Hartree-Fock one-particle Hamiltonian require 
that it be of symmetry lower than full spherical sym- 
metry, but are always consistent with spheroidal 
symmetry. This theorem does not exclude the possi- 
bility, in special cases, that the invariance group of the 
effective Hamiltonian might be some other subgroup of 
the rotation-inversion group. 

Theorem.—If the single Slater determinant of mini- 
mum energy in the 77-coupling spherical shell model 
does not have closed subshells, then there exists a single 
determinant of lower energy (equal only in case of 
accidental degeneracy) which has orbitals characterized 
only by parity and by the azimuthal quantum number. 
These are eigenfunctions of an axially symmetrical one- 
particle effective Hamiltonian which is invariant under 
inversion and includes all exchange effects. 

Proof.—By reference 2, the occupied orbitals of a 
Slater determinant of stationary energy can be ex- 
pressed as eigenfunctions of a one-particle Hamiltonian 
which in turn depends on the occupied orbitals through 
a Hermitian quadratic form. This one-particle Hamil- 
tonian is invariant under all unitary transformations of 
the occupied orbitals, i.e., under all transformations 
which carry the corresponding Slater determinant into 
itself except for a unit phase factor. Hence, since the 
invariant quadratic combination of orbitals is always 
unique, the set of occupied orbitals must span a unitary 
representation of the invariance group of the one- 
particle Hamiltonian. This is equivalent to the state- 
ment that the orbitals fill closed subshells with respect 
to this group. Since all irreducible representations of the 
axial group with the inversion operation are one-dimen- 
sional, it is always a possible invariance group for the 
one-particle Hamiltonian corresponding to a single 
Slater determinant of minimum energy. The full rota- 
tion group can satisfy these self-consistent conditions 
only in the case of closed subshells unless there are 
accidental degeneracies. 
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This theorem applies to the Brueckner self-consistent 
method! as well as to the Hartree-Fock method if the 
Brueckner method is applied as a Hartree-Fock calcu- 
lation with a modified two-body interaction. It is 
assumed that the true many-particle Hamiltonian is 
spherically symmetrical. 


1R. E. Peierls and J. Yoccoz, Proc. Phys. Soc. (London) A70, 
381 (1957); J. Yoccoz, Proc. Phys. Soc. (London) A70, 388 (1957); 
T. H. R. Skyrme, Proc. Roy. Soc. (London) (to be published). 
2R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955), 
Sec. 4; R. K. Nesbet, Phys. Rev. 100, 228 (1955), Sec. 2. 
3 An argument for the spheroidal shell model, based on different 
= has been given by J. Rainwater, [Phys. Rev. 79, 432 
1950) }. 
4K. A. Brueckner and W. Wada, Phys. Rev. 103, 1008 (1956); 
H. A. Bethe, Phys. Rev. 103, 1353 (1956). Earlier references are 
given in these two papers. 





Interference between Gamow-Teller and 
Fermi Interaction in Mn} 


F. Borum 


California Institute of Technology, Pasadena, California 
(Received December 9, 1957) 


HE existence of a strong interference between the 
Gamow-Teller and the Fermi part of the @ inter- 
action has been reported from this laboratory!:? in a 
study of the circular polarization of the y rays measured 
in coincidence with the preceding # particles* in the 
case of Sc**. Additional but somewhat weaker evidence 
has been obtained with similar measurements? on Sc“ 
and V**. Experiments‘ on Zr® and a reinvestigation® 
of Sc** have confirmed the existence of such an inter- 
ference term. On the other hand, the angular distribu- 
tion of the 6 particles from polarized neutrons® is not 
entirely consistent with a large interference term. The 
existence of the interference has great importance be- 
cause it rules out combinations of 8 interactions of the 
form V, T and S, A and it gives, together with results on 
electron polarization measurements,’ information on the 
question of time-reversal invariance. The present note 
describes the result of studies of the interference term 
in the beta decay of Mn*®?. 

Mn* emits an allowed positron spectrum and three 
successive y rays according to the spin pattern 6-6-4-2-0. 
The 8-y circular-polarization correlation technique as 
described in reference 2 has been used to find the coeffi- 
cient A giving the circular polarization of the y rays. 
About 0.1 millicurie of carrier-free Mn** was deposited 
on a 1-mg/cm? mica foil. The difference in coincidence 
counting-rate for opposite magnetic field directions of the 
analyzer magnet was found to be 6= (—0.30+0.09%). 
Corrections have been applied for y-y coincidences. The 
experimental value is based on 18 runs. In each run 
about 510° coincidences were collected with alter- 
nating magnetic field direction.? The results of the 
different runs are statistically consistent. The average 
accepted electron velocity was 0.73v/c. From the value 
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Fic. 1. Anisotropy coefficient A for the circular polarization of 
y rays from Mn®. The experimental value of A = —0.16+0.05 is 
indicated. The theoretical curves correspond to the following 
different choices of the interference term J and the ratio x between 
Gamow-Teller and Fermi interaction: x-7>0 and |J| =maximum 
(upper branch of the ellipse), «-/<0 and || =maximum (lower 
branch of the ellipse), and J=0 (dotted straight line). In the case 
I=0 the maximum theoretical value for the anisotropy is 
A=-—0.056. The abscissa represents the percentage of Gamow- 
Teller contribution. The experimental value indicates the presence 
of an interference term. 


of 6 an asymmetry coefficient, A=—0.16+0.05, is 
derived. A decrease of the circular polarization of the 
three y rays due to nuclear recoil effects has not been 
considered. Our experimental value for | A|, therefore, 
can be considered as a lower limit. 

Figure 1 shows the experimental value of A in com- 
parison with theoretical curves derived from the paper 
by Alder, Stech, and Winther,’ assuming the maximum 
amount of interference (ellipse) and no interference 
(dotted straight line). The abscissa represents the per- 
centage of Gamow-Teller contribution. The upper and 
lower branch of the ellipse hold for positive or negative 
values, respectively, of the product «-J, where x is the 
ratio of the matrix elements for Gamow-Teller and for 
Fermi transitions multiplied with the ratio of the 
respective coupling constants and J is the interference 
term between both interactions as defined in reference 2. 
Independent of the unknown ratio of matrix elements, 
our experimental value indicates the presence of an 
interference term and shows that x-J <0. The sign of J 
would follow from this if the sign of the nuclear matrix 
elements could be predicted. 

We wish to thank Dr. B. Stech for many helpful 
discussions and Professor J. W. M. DuMond for his 
interest in this work. 

¢ Supported by the U. S. Atomic Energy Commission. 

1F, Boehm and A. H. Wapstra, Phys. Rev. 107, 1202 (1957). 

2 F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958). 

3 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957); and 
report, University of Illinois (unpublished). 

4H. Appel and H. Schopper, Z. Physik (to be published). 

5 R. Steffen (private communication). 

* Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, 
Phys. Rev. 107, 1731 (1957). 

7 See, for example, Boehm, Novey, Barnes, and Stech, Phys. 


Rev. 108, 1497 (1957); Koller, Schwarzschild, Vise, and Wu, 
Phys. Rev. 109, 85 (1958). 
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Internal Pair Creation in =° Decay* 


G. FEINBERG 


Brookhaven National Laboratory, Upton, New York 
(Received December 10, 1957) 


HE existence of a neutral counterpart of the 
charged = hyperons has been established in the 
past year by several groups.! This particle (2°) has been 
found to decay rapidly (presumably r<10~* sec) into 
a A° and photon. It is to be expected that as in the case 
of other radiative decays, the 2° will exhibit an alter- 
nate decay mode in which the photon is internally 
converted to give an electron pair. One example of such 
a decay has been found recently by the Columbia 
bubble chamber group.’ 

A discussion of the internal pair conversion of high- 
energy photons has been given by Kroll and Wada,’ 
who have emphasized that the branching ratio for this 
process as compared with the radiative decay does not 
depend strongly on the detailed properties of the system 
undergoing decay. This conclusion has been found to be 
essentially valid in the case of 2° decay. However, it 
may be pointed out that there is some dependence of 
the result on the relative parity of the 2° and A°, and 
that a measurement of the branching ratio 
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with an accuracy of 5% would give some indications of 
the relative parity of the hyperons. 

The effective interaction responsible for the 2° decay 
is taken to be of the form 


Hinc= gb nOwWs°F (1) 
in the case where A° and ¥° have the same parity, and 
Hint= 2 Vr-VsOuWsF wy (2) 


in the case of opposite parity. It has been assumed that 
~° and A° have spin 3. These are the simplest gauge- 
invariant interactions which give the decay 2°—A°+y. 
It is of course understood that the interactions (1) and 
(2) may arise through virtual dissociation of the 2° into 
charged particles, rather than being primary inter- 
actions. 

With this choice of interactions, the differential 
transverse and longitudinal conversion factors, Rr and 
R1, respectively, which are defined in Eq. (7) of 
reference 3, are, in the notation of that paper: 


Rr(x)=1—(x?/E*), Rxr(x)=0, (3) 
in the case of the same parity for 2° and A°, and 
Rr(x)=1, R(x) =3, 


in the case of opposite parity. Here E=mz:—ma, the 
mass difference of the hyperons and «x is an integration 
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variable, which is given by x?=2m,?+2E,E_—2p,- p_ 
where (p,,£,), (p_,Z_) are the momentum and energy 
of the positron and electron, respectively. We have 
neglected terms of order (E/mz)* which are about 3%. 

The corresponding values of the branching ratio p 
are p=1/184 for equal parity of the hyperons and 
p=1/165 for opposite parity of the hyperons. 

The difference in the values of the branching ratio is 
about 12% and a decision between the two cases might 
be possible with a large number of 2° decays. 

The distribution of the pairs as a function of the 
variable x is given in Fig. 1. It may be seen that the 
difference between the two distributions is no more than 
12% at any point, which means that the distribution 
in x is not a sensitive test of the parity difference either. 

A possible deviation from the values quoted here 
could arise from structure-dependent effects not yet 
considered. A general expression for the interaction 
responsible for the radiative decay can be written as 
an expression similar to that given by Foldy for the 
interaction of a spin 3 particle with a photon.‘ This is 
essentially an expansion in powers of gR, where g is the 
photon four-momentum and R is the “electromagnetic 
radius” of the particle. None of these terms in the 
expansion other than (1) and (2) contribute to the 
decay into a free photon, but they may all contribute 
to the internal conversion. For a 2° radius of the pion 
Compton wavelength, the contribution of these terms 
will be of the order of 2%, which should not seriously 
effect the comparison of the cases of same and opposite 
parities of the hyperon. A much bigger deviation would 
perhaps indicate a very large radius. 
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Fic. 1. Distribution in x of the pairs produced in 2° decay. The 
ordinate gives the proportion of all the pairs produced which have 
x<the abscissa. The variable x is defined by x*=2m,?+2E,E_ 
—2p,-p_. The solid curve is for 2° and A° with the same parity, 
while the broken curve is for opposite parity. 


I would like to thank Dr. M. Goldhaber for sug- 
gesting this calculation, and Dr. R. Behrends and 
Dr. J. Weneser for interesting discussions. I would like 
to thank Dr. M. Moravcsik and Mr. E. Windschauer 
for aid in numerical computation. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Plano, Samios, Schwartz, and Steinberger, Nuovo cimento 5, 
216 (1957); L. W. Alvarez et al., Nuovo cimento 5, 1026 (1957). 

? Eisler, Plano, Samios, Steinberger, and Schwartz, Phys. Rev. 
(to be published). 

3N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 

*L. L. Foldy, Phys. Rev. 87, 688 (1952). 





Erratum: X-Ray Study of Deuteron- 
Irradiated Copper near 10°K 
(Phys. Rev. 109, 335 (1958) ] 

R. O. Smmons AND R. W. BALLUFFI 


University of Illinois, Urbana, Illinois 


“THE last 14 pages of this paper were inadvertently 

omitted in the January 15, 1958, issue, pages 335 
to 344. The paper will be published in full in the Feb- 
ruary 15, 1958, issue. 
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